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Fourier Expansion

* Boolean Function f:{-1,1}" —>{-1,1}
* Fourier Expansion: Unique multilinear

Fourier coefficients

polynomial representation 1
e Examples: f(x)= z f(S)HXI.
— Parit — Sc[n] i€S
Sar| y  flx)=xx X deg[ f]=n
— Sort (

1 |fx1Sx2Sx3Sx4 orx12x22x32x4

flx)=5

| —1 otherwise

s+ Lax+ bax Loy, deglf]=2

ﬂﬂzzﬁ&+5@&+z&ﬁ—zl4
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Sparsity

Definition: sparsity|[f]
The number of non-zero coefficients in its

Fourier coefficients

Fourier expansion |
* Examples: f{x)= z f(S)HXi
Sc[n] ieAS
— Parity  f(x)= XXy X sparsity[f]=1
— Sort
1 1 1 1 o
fX)==Xx X +=X X, +=XX ——X X sparsity[f]=4
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HI function

1 if#l'sinxisl,2,6
-1 if#l'sinxis0,4,5§
?  if#l'sinxis3

[NW95] |

.

HI(xl,xz,...,x6):

HI(x) = 1iff one triangle in the graph has all vertices 1

HI(x)—l( Zx +X XX, +X XX +X XX
4 : i 1 2 3 1 2 4 1 3 6 deg[HI]:3
XXX T X XX F XXX T XXX Spa rsity[f] =16

FX XX+ X X X X X X )
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Parity Decision Tree
DT®[f]: The depth of shortest parity decision tree which computes f

PARITY, f(X)=X X X3 SORT f(x):%xlx2+1xx +1xx —lxx

1 2 23234214
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1 1 1 1
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HI(xl,xz,...,x6)=< -1 if#l'sinxis0,4,5
| ?l if#1l'sinx is 3

>
HI(x) = 1iff one triangle in the graph has all vertices 1

DT[HI]=6

DT®[HI]= 4
s
1
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Parity Decision Tree

DT®[f]: The depth of shortest parity decision tree which computes f

PARITY, f(X) — X1X2X3 SORT f(x):%xlxz+1x2x3+%x3x4—%x1x4
DT [f1=1 DT [f]=2
sparsityf]=1 1 _qsparsity[f]=4
1 -1
1 -1 1 ~1
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PDT vs Sparsity

sparsity[f] small —%— DT[f] small

—— DT®[f] small

DT®[ f] < sparsity[f]

1 1 1

SORT f(x)= —xx +2xx +2x3x4—5x1x4



These two quantities(DT “and sparsity[f]) were
linked in the papers of [MOO09] and [ZS10], both
of which posed the following question:

Given a sparse Boolean function, must it have a
short parity decision tree?
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x€{=L1Y" g(x,y) = parity(x,y) ¥ €{-1,1}"
Alice Bob

parity(x)

answer

Deterministic communication complexity:
Minimum number of bits exchanged between
Alice and Bob in the worst case
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Trivial bounds

* Upper bound:

DT®[f]< sparsity[f]
* Lower bound: SparS|ty[f]< 207U
DT®[f1> E|Og(spar5|ty[f])

()_ X1X3 ()l _X1X3 ()
_le— > f,(x)A . f.(x

S(f)SZS(fl)‘FZS(fZ)S2.4DT@[f1]+2.4DT@[f2]

I, ],



Trivial bounds

* Upper bound:

DT®[ f]< sparsity[f]
* Lower bound: SparSIty[f]< 4DT [f]
DT®[f]> Elog(sparsny[f])
R F0= o 0+ =2
fepth S(f)<2s(f)+2s(f)<2-47 B 4247 1)
f1 fz <2.4PT FFL 4 5 gPT IfFHL _ DT LS




Previous work on upper bound

DT f1< 0 sparsityl f]-log(sparsity )

[TWXZ13][STV14]



Conjecture on upper bound

For every Boolean function f:{-1,1}" — {-1,1}

DT®[ £1< O(log(sparsity[ 1))



Conjecture on upper bound

For every Boolean function f:{-1,1}" — {-1,1}

DT sty 1))



Our result on lower bound

For infinitely many n, there exist a Boolean
function f:{-1,1}" —>{-1,1} satisfying

DT?[£1> Q(log™®(sparsity[ £1)

log.6~1.63
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The minimum number of input bits one has to fix to
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NITIEE
ST Kl =3

1-1-111-1-11



Kill Number

Kill number (minimum certificate complexity) Kill[f] :

The minimum number of input bits one has to fix to
force the function to be a constant.

The length of shortest path in any decision tree of the
function

Maj, (x;,X,,X;)

DT[f]=3



Kill Number

Kill number (minimum certificate complexity) Kill[f] :

The minimum number of input bits one has to fix to
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function

DINIEE
-1
x =1
—1 1
x. =1
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Kill number (minimum certificate complexity) Kill[f] :

The minimum number of input bits one has to fix to
force the function to be a constant.
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DT[f]=3
x, =1 Kill[ f]1=2
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Kill number (minimum certificate complexity) Kill[f] :

The minimum number of input bits one has to fix to
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Killl f1<DT[f]
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The minimum number of parity on input variables one
has to fix to force the function to be a constant.

The length of shortest path in any parity decision tree
of the function

NNGIEL!
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Parity Kill Number Ki||®[f]

The minimum number of parity on input variables one
has to fix to force the function to be a constant.

The length of shortest path in any parity decision tree
of the function

Fiz) DT®[HI]=4
£
3
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Parity kill number

Parity Kill Number Ki||®[f]

The minimum number of parity on input variables one
has to fix to force the function to be a constant.

The length of shortest path in any parity decision tree
of the function

Fiz) DT®[H]=4  Kill°[HI]=3

[
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Parity kill number

Parity Kill Number Ki||®[f]

The minimum number of parity on input variables one
has to fix to force the function to be a constant.

The length of shortest path in any parity decision tree
of the function

Kill*[ f1<SDT®[f]



Parity kill number

Parity Kill Number Ki||®[f]

The minimum number of parity on input variables one
has to fix to force the function to be a constant.

The length of shortest path in any parity decision tree
of the function

KilI°[ F1<DT®[ F1<Kill°[ f]-log(sparsity[ f])
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fi{=1,1" —>{-1,1}
g:{~1,1}" —{-1,1}

feg:{-1,1}"" —>{-1,1}

foaly)=flaly™),ay?),....aly'™))
y" e{-1,1}"



Composition of Boolean function
P Fal)

fi{=1,1" —>{-1,1}
g:{~1,1}" —{-1,1}

fog:{-1,1}"" - {-1,1} y® @
foaly)=flaly™),a(y'”),...,aly'))
y(i) = {_1,1}m



Composition of Boolean function

fi{=1,1" —>{-1,1}
g:{~1,1}" —{-1,1}

foqg:{-1,1}"" —{-1,1} y(l) y y(n)
foaly)=flaly™),a(y'”),...,aly'))
FE=foforof vl e{-11}"

|

k
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1 1 1
SORT(x) = Exlx2 +EX2X3 +EX3X4 _EXIX“

1 1
02 _
SORT™“(x_,..., X )= ESORT(Xl" .»X,)SORT(x_,.. .,x8)+ESORT(x5,. . X, )SORT(x,,...,x

12)

1 1
+ESORT(x9,...,x12)SORT(x .,x16)—ESORT(x1,...,x4)SORT(x13,...,x16)

13,..



Composition of Boolean function

SORT(X)=1XX +1xx +1xx —lxx deg[SORT]:Z
IR N T M T e

1 1
02 _
SORT™“(x_,..., X )= ESORT(Xl" .»X,)SORT(x_,.. .,x8)+ESORT(x5,. . X, )SORT(x,...,x )

1 1
+§SORT(x9,. . X, )SORT(X ..., X )—ESORT(xl,. . X, )SORT(x ,,..., X )



Composition of Boolean function

1 1 1 1 —
SORT(X)=—Xxx_+—Xx.X.+—X.X ——X.X deg[SORT]—Z

2 1 2 2 2 3 2 3 4 2 1 4
SORT°2(X1,...,x16):%SORT(Xl,...,x4)SORT(x5,...,x8)+%SORT(X5,...,XS)SORT(xg,...,xlz)

1 1
+§SORT(x9,. . X, )SORT(X ..., X )—ESORT(xl,. . X, )SORT(x ,,..., X )

deg[SORT*]=4



Composition of Boolean function

SORT(X)——X X +;x2x3 +;x3x4—5x1x4 sparS|ty[SORT] —

1 1
o2 _
SORT™“(x_,..., X )= ESORT(xl,...,x4)SORT(x5,...,x8)+ESORT(x . X5 )SORT(x_,.

12)

X

1 1
+ESORT(x9,...,xlz)SORT(xB,...,x16)—ESORT(x .X,)SORT(x_,



Composition of Boolean function

SORT(X)——X X +;x2x3 +;x3x4—5x1x4 sparS|ty[SORT] —

1 1
o2 _
SORT™“(x_,..., X )= ESORT(xl,...,x4)SORT(x5,...,x8)+ESORT(x . X5 )SORT(x_,.

12)

X

1 1
+ESORT(x9,...,xlz)SORT(xB,...,x16)—ESORT(x .X,)SORT(x_,

sparsity[SORT"*]=64



Composition of Boolean function

1 1 1
SORT(x) = Exlx2 +EX2X3 +EX3X4 —Exlx4

1 1
02 _
SORT™“(x_,..., X )= ESORT(xl,. .»X,)SORT(x_,.. .,x8)+ESORT(x5,. . X, )SORT(x,...,x )

1 1
+§SORT(x9,. . X, )SORT(X ..., X )—ESORT(xl,. . X, )SORT(x ,,..., X )

deg[f*“]1=deg[fT’



Composition of Boolean function

_ 1 1 1
SORT(x) = Exlx2 +EX2X3 +EX3X4 —Exlx4
o2 _ 1 1
SORT (xl,...,x16)—ESORT(xl,...,x4)SORT(x5,...,x8)+ESORT(x5,...,XS)SORT(xg,...,xlz)

1 1
+ESORT(x9,. . X, )SORT(X ..., X )—ESORT(xl,. . X, )SORT(x ,,..., X )

deg[f]=deg[fI
sparsity[ f**]= sparsity[ f]°¢"




Properties of Boolean function
Composition by previous work

deg[fogl=deg|f]-deglg] deg[f**]1=deg[ f]}
DT[f og]=DT[f]-DT[g] DT[f*1=DT[fI
Kill[ f o g] > Kill[ £]-Kill[g] dirakdliris

[Tall3]




Properties of Boolean function
Composition by previous work

deg[fogl=deg|f]-deg|g] deg[ f**]1=deg[ f]
DT[f og]=DT[f]-DT[g] DT[f*“]1=DT[f]"
Kill[ f og]=Kill[ f]-Kill[g] Kill[ £ = Kill[ £]°

[Tall3]

logsparsity[ f™]=0O(deg[f]')



Properties of Boolean function
Composition by previous work

deg[fogl=deg|f]-deg|g] deg[ f**]1=deg[ f]
DT[f og]=DT[f]-DT[g] DT[f*“]1=DT[f]"
Kill[ f og]=Kill[ f]-Kill[g] Kill[ £ = Kill[ £]°

ey logsparsity[ f*“]= O(deg[ ")

What about DT® and Kill® ?
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Composition theorem
for parity kill number

Thm1:
Kill®[ f og] =Kill[ f]+Kill*[ £]

when Kill®[g]>2




Composition theorem
for parity kill number

Thm1:
Kill®[ f og] =Kill[ f]+Kill*[ £]

when Kill®[g]>2

KillP[F*1=Kill®[f"“ Vo f]




Composition theorem
for parity kill number

Thm1:
Kill?[fog]=Kill[f]+Kill’[f]  when Kill®[g]>2

KillP[F* = KillP[ £V o f]
>KIll[F D +KIlC[ Y] (KillP[£]=2)




Composition theorem
for parity kill number

Thm1:
Kill?[fog]=Kill[f]+Kill’[f]  when Kill®[g]>2

Klll@[fok]:Kl @[fo(k—l) Of]
>Kl[F*“ ™ +KIlIP[F*Y]  (KilIP[f]=2)
> Kill[ F14 (Kill[ 1= Kill[ 1)




Composition theorem
for parity kill number

Thm1:
Kill?[fog]=Kill[f]+Kill’[f]  when Kill®[g]>2

KiN®[F*1=Kill®[F*“ o f]
>Kl[F*“ ™ +KIlIP[F*Y]  (KilIP[f]=2)
= Q(Kill[£]°)




Composition theorem
for parity kill number

Thm1:
Kill®[ f og] =Kill[ f]+Kill*[ £]

when Kill@[g] >2

Thm?2:
Kill®[ £7%]1= Q(Kill[ F])

(f is not a parity)




Composition theorem
for parity kill number

Thm?2:
Kill®[ £*]1= Q(Kill[ f]*) (f is not a parity)

1 1 1 1
SORT(x)= Exlx2 +5X2X3 +-X,X, _EX1X4

Kill[SORT]=3

1-1-111-1-11



Composition theorem
for parity kill number

Thm?2:
Kill®[ £41= Q(KIlI[ £T°)

(f is not a parity)

1 1 1

1
SORT(X):Exlx2 +5X2X3 +—XX ——X_X

Kill[SORT]=3

3 4 214

Kill°[SORT]=2



Composition theorem
for parity kill number

Thm?2:
Kill®[ £*]1= Q(Kill[ f]*) (f is not a parity)

1 1 1 1
SORT(x)= Exlx2 +5X2X3 +-X,X, _EX1X4

Kill[SORT]=3  Kill°[SORT]=2
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Composition theorem
for parity kill number

Thm?2:
Kill®[ £*]1= Q(Kill[ f]*) (f is not a parity)

1 1 1 1
SORT(x)= Exlx2 +5x2x3 +-X,X, _EX1X4

Kill[SORT]=3  Kill’[SORT]=2
DT®[SORT™]=Kill*[SORT**]= Q(3)
logsparsity[SORT™]= O(deg[SORT]")= O(2)




Composition theorem
for parity kill number

Thm?2:
Kill®[ £41= Q(KIlI[ £T°)

(f is not a parity)

DT®[SORT*]>Kill®

1 1 1

1
SORT(X):Exlx2 +5X2X3 +—XX ——X_X

3 4 214

Kill[SORT]=3  Kill°[SORT]=2

SORT* 1= Q(3")

ogsparsity[SORT*

= O(deg[SORT]“)=0O(2")

DT®[SORT* )= Q(log*®> (sparsity[SORT*]))



Composition theorem
for parity kill number

Thm1:
Kill?[fog]=Kill[f]+Kill’[f]  when Kill®[g]>2

Klll@[fok]:Kl @[fo(k—l) Of]
>Kl[F*“ ™ +KIlIP[F*Y]  (KilIP[f]=2)
> Kill[ F14 (Kill[ 1= Kill[ 1)




Composition theorem
for parity kill number

Thm?2:
Kill®[ £*]1= Q(Kill[ f]*) (f is not a parity)

1 1 1 1
SORT(x)= Exlx2 +5X2X3 +-X,X, _EX1X4

Kill[SORT]=3  Kill’[SORT]=2
DT®[SORT™]=>Kill®[SORT**]= Q(3)
logsparsity[SORT**]= ©O(deg[SORT]") = ©(2")

. 3“+1
DT®[SORT*]= »




Composition theorem
for parity kill number

Thm?2:

Kill®[ £41= Q(KIlI[ £T°)

(f is not a parity)

DT®[SORT™]>
logsparsity[SO

i

-

|@

_ok

1 1 1 1
SORT(x)= Exlx2 +5X2X3 +-X,X, _EX1X4

Kill[SORT]=3  Kill°[SORT]=2

SORT“]=Q(Kill[SORT]*)= Q(3")

]=0O(deg[SORT]")=O(2")

DT®[SORT**]= Q(log"*®>(sparsity[SORT*]))



Composition theorem
for parity kill number

Thm?2:

Kill®[ £41= Q(KIlI[ £T°)

(f is not a parity)

DT®[SORT™]>
logsparsity[SO

i

T

1 1 1 1
SORT(x)= Exlx2 +5X2X3 +-X,X, _EX1X4

Kill[SORT]=3  Kill°[SORT]=2

SORT*]= Q(Ki [SORTjk )= Q(3)

|=©(deg[SORT]" ) =O(2")

DT®[SORT*]= Q(log">*(sparsity[SORT®]))



Composition theorem
for parity kill number

Thm?2:
Kill®[ £*]1= Q(Kill[ f]*) (f is not a parity)
Hi(x)= %(—in + XXX, X XX, X XX Kill[HI]= 4
+X, X, X, X XXX XX XXX Kill°[HI]=3

+X,X X+ XX, X, +X.X,X) deg[HI]=3




Composition theorem
for parity kill number

Thm?2:
Kill®[ £*]1= Q(Kill[ f]*) (f is not a parity)
1
HI(X):Z(—E‘XI,+x1x2x3+x1x2x4+xlx3x6 Kill[HI]= 4
+X, X, X, X XXX XX XXX Kill°[HI]=3
+X,X X+ XX, X, +X.X,X) deg[HI]=3

DTP[HI] > Kill®[HI™*]= Q(Kill[HI]*) = Q(4")
logsparsity[HI" 1= O(deg[HI*) = O(3")
DT®[HI*]= Q(log°®* (sparsity[HI**]))



DT vs Parity DT
1 if#l'sinxis1, 2 6]
HI(xl,xz,...,x6)=< —1 if#l'sinxis0,4,5
?l if#1l'sinx is 3

\

>
HI(x) = 1iff one triangle in the graph has all vertices 1

DT[HI]=6

X X X X X X -



Composition theorem
for parity kill number

Thm?2:
Kill®[ £*]1= Q(Kill[ f]*) (f is not a parity)
Hi(x)= 1(—z: X+ X XX, +X XX, +X XX,
4 5 Kill[HI,1°]=6
+X X, X+ X XX+ X X X+ XX X,
+X,X X+ XX, X, +X.X,X) deg[HI]=3

DTO[HI*]=KillP[HI* 15 1= Q(Kill[HI,1°T) = Q(6%)
logsparsity[HI" 1= O(deg[HI*) = O(3*)
DT®[HI* 1= Q(log °®° (sparsity[HI**]))



Our result

Thm1:
Kill®[ f og] =Kill[ f]+Kill*[ £]

when Kill@[g] >2

Thm?2:
Kill®[ £7%]1= Q(Kill[ F])

(f is not a parity)




Our result

Thm1:
Kill?[fog]=Kill[f]+Kill’[f]  when Kill®[g]>2

Thm2:
Kill®[ £“1= Q(Kill[ f]) (f is not a parity)

DT®[SORT*]= Q(log®° (sparsity[SORT*]))

DT®[HI*]=Q(log**" (sparsity[HI*]))



lllustration of Theorem 1

Thm1:
Kill?[fog]=Kill[f]+Kill’[f]  when Kill®[g]>2

y.y,y,=1
y,y. =1
Yo =—1
yy,y,=1

Yy, =—1
parity constraints that kill fog



lllustration of main theorem

Thm1:
Kill?[fog]=Kill[f]+Kill’[f]  when Kill®[g]>2

yy,y,=1 XX =—1
y,y. =1 XX, =1
y,=—1

V.Y, =1 x,=1

. parity constraints that kill f
Ye¥o = -1

parity constraints that kill fog



lllustration of main theorem

Thm1:
Kill?[fog]=Kill[f]+Kill’[f]  when Kill®[g]>2

Y.y, =1 xx =-1

y,y. =1 XX, =1 »

y =1 = 2Kill°[ f]
6

Yy, =1 x,=1 )

. parity constraints that kill f

Ye¥o = -1

parity constraints of fog



lllustration of main theorem

Thm1:
Kill?[fog]=Kill[f]+Kill’[f]  when Kill®[g]>2

Y.y, =1 xx =-1

y,y. =1 XX, =1 »

y =1 - >Kill®[ f]
6

Yy, =1 x,=1 )

. parity constraints that killi

vy =1 - >Kill[f]
879 _J

parity constraints of fog
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Future Direction

Q(log"*®*° (sparsity][ f]
Q(log"*®® (sparsity[ f]

>

Kill®[ £]1< O(\/sparsity[f‘])

<IDTP[f]< O(\/sparsity[f‘] -Iog(sparsity[f]))




Future Direction

>

Q(log*®*° (sparsity[ f])) < Kill®[ f1< O(\/sparsity[f‘])
Q(log** (sparsity[ 1)) <DT®[f1< O(y/sparsity[ f]-log(sparsity[ £1)

Can we do better?



Future Direction

Kill®[£*1= QIKill[ £1°] (f is not a parity)



Future Direction

Kill®[£*1= QIKill[ £1°] (f is not a parity)

What about DT®[f*“] and DT[f]?



Thank you



