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A S U A

By “Basic Adjoint /

Relationship” (BAR)

see, e.g., [Miyazawa 94, 15]
[Braverman et al. 2017, 2024]

_[Q]I\/I/Gl/n < _[Q]modified M/Gl/n —

R ;
— [SZ]
/2(1 —p)
~ E[O] M/GlI/1 Fs,j
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— —hold for any number of servers n and any load p < 1
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Looking for an academic job!
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My Harris ergodicity assumptions

Assumption 1: the service time distribution should be non-lattice, i.e., its support Is
not a subset of {0, 0, 20,30, ...} forany o > 0

Assumption 2:

» Modified GI/Gl/n is positive Harris recurrent with finite [E[ O] whenever p < 1

 Each leave-one-out system is positive Harris recurrent whenever p < 1 — 1/n
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My Harris ergodicity assumptions

Assumption 2:

» Modified GI/Gl/n is Harris ergodic with [E[Q] < oo whenever p < 1

 Each leave-one-out system is Harris ergodic whenever p < 1 — 1/n
Remarks:

* Artifact of proof technique; require separate efforts

GI/Gl/n is Harris ergodic with [E[(Q] < oo whenever p < 1 if service times and interarrival times have finite
second moments (see Asmussen 2003, Section Xll)

* Intuitively, modified G/G/n should not be worse, but we may need A and S to be spread-out (roughly, have
a continuous component), and A being unbounded.

« Essentially, only need to show Harris ergodicity; E[(] < oo follows from Li and Goldberg (2025)’s proof

* Alternatively, prove using fluid limit methods (Dai and Meyn 1995)
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Results for GI/Gl/n with heterogeneous servers

Gl/Gl/n M/Gl/n

Assume E[A?] < oo, R™ < oco,p < I Assume R < oo and p < 1:

2 Z:;l (u;/ ps)RSG™ + Var(AA) — p
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Results for GI/Gl/n with heterogeneous servers

Gl/Gl/n M/Gl/n

Assume E[A?] < oo, R™ < oco,p < I Assume R < oo and p < 1:
2 Z:;l (u;/ ps)RSG™ + Var(AA) — p

2(1 = p)
+(RM™ — E[(AA)?]/2)

—[Q] <

where RM™ = sup E[uS — ¢|uS > f] and R™" = infE[AA — | AA > 1]

(Omit the Harris ergodicity assumptions)



Basic Adjoint Relationship

How It works:

= A(X(1)) — A(X(0))] = O for any “regular” test function f, if X(0) ~ stationary distr. &

[see, e.g., Braverman et al. 25]
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Basic Adjoint Relationship

How It works:

= A(X(1)) — A(X(0))] = O for any “regular” test function f, if X(0) ~ stationary distr. &

[see, e.g., Braverman et al. 25]

In modified M/GI/1, the state X = (R |, R, 5, ..., R ,,, Q)

s LYs no

What test function should we take?
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Test functions

In modified M/GI/1, the state X = (R, , R, 5, ..., R ,;, Q)

o o ’ S,n,

M/M/1 M/GI/ M/GI/n
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In modified M/GI/1, the state X = (R, , R, 5, ..., R ,;, Q)

o o ’ S,n,

M/M/1 M/GI/ M/GI/n

fiX) =0’
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Test functions

In modified M/GI/1, the state X = (RS,I,RSQ, LR, 0)

SN’

M/M/1 M/GI/ M/GI/n

fiX) =0’ fiX) =(Q+R)*
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Test functions

In modified M/GI/1, the state X = (RS,I,RSQ, LR, 0)

SN’

M/M/1 M/GI/ M/GI/n

fx) = 02 O=©@+R? 0= (0+ YR,
=1

~

Give exact formula for E[Q]

. fIX) = E[work | X]?, similar to work? in [Grosof et al. 22]




Discussion of tightness

e | ack alower bound

 Modified system is an upper bound of the original system

e The bound E[Q] <

IS likely loose:

« When R"" is large, arbitrarily worse

1
£ PQ,wherePQ—>OWhen1—p=a)( )

. Recall that for M/M/n, E[Q] =
1 —p \/%

l.e., sub-HW regime
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