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Recap of Basic Probability Concepts

oRepresentation: the joint probability distribution on multiple binary
variables?
P(X,,X,, X, X, X, X, X, Xy)

o State configurations in total: 28
o Are they all needed to be represented?
o Do we get any scientific/medical insight?

oLearning: where do we get all this probabilities?
o Maximal-likelihood estimation?

olnference: If not all variables are observable, how to compute the
conditional distribution of latent variables given evidence?

o Computing p(H|A) would require summing over all 2% configurations of the
unobserved variables

Kinase C X. Kinase D X, Kinase E X,
TF F X,
[Slide from Eric Xing.] X X5
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Graphical Model: Structure Simplifies Representation

oDependencies among variables

[ReceptorA ] X, [ReceptorB ] X,
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[ Kinase C ] X; [ Kinase D ] X, [ Kinase E ):(5

[Slide from Eric Xing.]
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Probabilistic Graphical Models

olf X/'s are conditionally independent (as described by a PGM), the
joint can be factored to a product of simpler terms, e.g.,

P(XI, X29 X3’ X4’ XS’ X6’ X7’ X8)

= P(X)) P(X;) P(X;| X)) P(X,| X;) P(X5| X,)
P(X4| X35 Xy) PX;| Xg) P(X;| X5, Xo)

oWhy we may favor a PGM?
o Incorporation of domain knowledge and causal (logical) structures
0 2+2+4+4+4+8+4+8=36, an 8-fold reduction from 28 in representation cost!

[Slide from Eric Xing.]
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Two types of GMs

oDirected edges give causality relationships (Bayesian Network or
Directed Graphical Model):

PXpy X X3 Xpp Xoy X X Xp)

= P(X)) P(X;) P(X5| X)) P(X,| X3) P(X{| X))
P(X,| X, X,)) P(X,| X,) P(X4| X, X,)

oUndirected edges simply give correlations between variables
(Markov Random Field or Undirected Graphical model):

P(X]) XZ) ij X4, X5, X6’ X7, X8) [RC“P“"A X,

= 1/Z exp{E(X))tE(X,)*E(X;, X))tE(X, X,))*E(X, X))
+ E(Xyp X5 X)TE(X, X)TE(X X5 Xo)}

[Slide from Eric Xing.]
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Bayesian Network

oDefinition:
P(X,...X )= HP(XZ. | parents(X.))
i=1

olt consists of a graph G and the conditional probabilities P

oThese two parts full specify the distribution:
o Qualitative Specification: G
o Quantitative Specification: P

[Slide from Eric Xing.]
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Where does the qualitative specification come from?

oPrior knowledge of causal relationships
oLearning from data (i.e. structure learning)
oWe simply prefer a certain architecture (e.g. a layered graph)

O...

[Slide from Matt Gormley.]
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Quantitative Specification

oExample: Conditional probability tables (CPTs) for discrete random

variables
P(a,b,c.d) =
a® |0.75 bo |0.33 P(2)P(b)P 5)P(d
a' [0.25 b 0.67 (a) ( ) (Clar ) ( |C)

a’h a%b’ a'b? a'b’
co 0.45 1 0.9 0.7
c’ 0.55 0 0.1 0.3
l CO C1
‘ d° 0.3 |05
d’ 07 0.5

[Slide from Eric Xing.]

Yifeng Tao Carnegie Mellon University 8




Quantitative Specification

oExample: Conditional probability density functions (CPDs) for
continuous random variables

P(a,b,c.d) =
A-N(Up Z.)  B~N(us, %) P(a)P(b)P(c|a,b)P(d|c)
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[Slide from Eric Xing.]
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Observed Variables

oln a graphical model, shaded nodes are “observed’, i.e. their
values are given

P(XQ,X5 ‘ X1 =O,X3 — 1,X4 — ].)

[Slide from Matt Gormley.]
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GMs are your old friends

oDensity estimation

o Parametric and nonparametric methods m.s
oRegression X

o Linear, conditional mixture, nonparametric X
oClassification

o Generative and discriminative approach é CY)
oClustering Q Q

X
X

[Slide from Eric Xing.]
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What Independencies does a Bayes Net Model?

olndependency of X and Z given Y?
PXIY)P(Z]Y) = P(X,Z]|Y)
o Three cases of interest...

oProof?
(2
(7
)
()
iz couperodz

[Slide from Matt Gormley.]
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The “Burglar Alarm” example

oYour house has a twitchy burglar alarm that is also sometimes
triggered by earthquakes.

oEarth arguably doesn’t care whether your house is currently being
burgled.

oWhile you are on vacation, one of your neighbors calls and tells you
your home’s burglar alarm is ringing.

Qurglar Earthqu@
Alarm

Qhorvze CalD)

Quiz: True or False?

Burglar AL FEarthquake | PhoneClall

[Slide from Matt Gormley.]
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Markov Blanket

oDef: the co-parents of a node are the
parents of its children

oDef: the Markov Blanket of a node is
the set containing the node’s parents,
children, and co-parents.

oThm: a node is conditionally
independent of every other node in the
graph given its Markov blanket

oExample: The Markov Blanket of X is
{X3’ X41 X5! X81 Xg, X10}

[Slide from Matt Gormley.]
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Markov Blanket

oExample: The Markov Blanket of X is
{X37 X41 X5: X87 X91 X10}




D-Separation

oThm: If variables X and Z are d-separated given a set of variables E
Then X and Z are conditionally independent given the set £

oDefinition:
o Variables X and Z are d-separated given a set of evidence variables E
iff every path from X'to Z is “blocked”.

A path is “blocked” whenever:
1. Y onpaths.t. Y EEandYisa “common parent”

oEEeY Yoo

2. 3dYonpaths.t.YEEandYisina “cascade”

o'oY Youo

3. 3Y on paths.t. {Y, descendants(Y)} € Eand Y isina “v-structure”

® OO @

[Slide from Matt Gormley.]
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D-Separation

o Variables X and Z are d-separated

given a set of evidence variables E - % Z
iff every path from X'to Z is O _"“ —
“blocked”.
(a)
A
VAN
¥ 7
(a)
X Z
N

(@)

[Slide from Eric Xing.]
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Machine Learning

[Slide from Matt Gormley.]
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Recipe for Closed-form MLE

5.

Assume data was generated i.i.d. from some model
(i.e. write the generative story)

x( ~ p(x|0)
Write log-likelihood
40) = log p(x™|@) + ... +log p(x(V|O)
Compute partial derivatives (i.e. gradient)
00(0)/00, = ...
0((0)/06, = ...

0((0)/00, = ...
Set derivatives to zero and solve for 6
00(0)/00,, =0 forallme {1, ..., M}
OMLE = solution to system of M equations and M variables

Compute the second derivative and check that {0) is concave down
at eMLE

[Slide from Matt Gormley.]
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Learning Fully Observed BNs

oHow do we learn these conditional and marginal distributions for a
Bayes Net?

@ @ p(X17X27X37X47X5) —
g p(X5|X3)p(X4| Xo, Xs)

x) () p(X3)p(Xa2| X1 )p(X1)




Learning Fully Observed BNs

oLearning this fully observed Bayesian Network is equivalent to
learning five (small / simple) independent networks from the same
data

p(X17 X27 X37 X47 X5) —
p(X5|X3)p(X4| X2, X3)
p(X3)p(Xa| X1)p(X1)

_________________________

_________

__________________________________________

___________________________________

[Slide from Matt Gormley.]
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Learning Fully Observed BNs

How do we learn these *
conditional and marginal 0
distributions for a Bayes Net?

— a‘rgmaXIng(Xla X27 X37 X47 X5)
0

= argmax log p(X5| X3, 05) + log p(X4| Xo, X3,04)

)
@ + log p(X3|03) + log p(X2| X1, 02)
@ + log p(X1|01)

07 = argmaxlog p(X1|61)
01

@ @ 05 = argmax log p( Xo| X1, 05)

02

0z = argmax log p(X3|6s)
03

92]: — a’rgmaXIng(X4 X27 X37 94)
04

0 = argmaxlog p(X5| X3, 05)
05

[Slide from Matt Gormley.]
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Learning Partially Observed BNs

oPartially Observed Bayesian Network:
o Maximal likelihood estimation = Incomplete log-likelihood
o The log-likelihood contains unobserved latent variables

oSolve with EM algorithm
oExample: Gaussian Mixture Models (GMMs)

U, 2) = zk”kN(xa| P> 2
NN

mixture proportion  mixture component

p(x,

[Slide from Eric Xing.]
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Inference of BNs

oSuppose we already have the parameters of a Bayesian Network...

1. How do we compute the probability of a specific assignment to the
variables?
P(T=t, H=h, A=a, C=c)

2. How do we draw a sample from the joint distribution?
t,h,a,c ~ P(T, H, A, Q)

3. How do we compute marginal probabilities?

P(A) = ...
<:| Can we

4. How do we draw samples from a conditional distribution? use
t,h,a ~ P(T,H,A|C=¢)

samples
5. How do we compute conditional marginal probabilities? >,

PH|C=0)=... <: .

[Slide from Matt Gormley.]
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Approaches to inference

oExact inference algorithms
o The elimination algorithm - Message Passing
o Belief propagation
o The junction tree algorithms
oApproximate inference techniques
o Variational algorithms

o Stochastic simulation / sampling methods
o Markov chain Monte Carlo methods

[Slide from Eric Xing.]
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Marginalization and Elimination

e A food web: @
\

& &
{ | \

What is the probability that hawks are leaving given that the grass condition is poor?

Query: P(h) P=Y33>>%N% Pa,b,cde f,g.h)
g f e d ¢ b a

a haive summation needs to
(_/> enumerate over an exponential
] L number of terms
e By chain decomposition, we get
=>2.2.2.2.2.> P(a)P(b)P(c|b)P(d |a)P(e|c,d)P(f | a)P(g|e)P(h|e, [)
g f e d ¢ b a

[Slide from Eric Xing.]
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Marginalization and Elimination

e Query: P(A |h)
e Need to eliminate: B,C,.D,E.F.G H 0 o

e |Initial factors: Ce) (D)
P(a)P(b)P(c|b)P(d [a)P(e|c,d)P(f |a)P(g|e)P(h]e,[) G P

OG>

e Choose an elimination order: HG,F.ED,CB

e Step 1:

e Conditioning (fix the evidence node (i.e., h) on its observed value (i.e., fz)):

m,(e, f)=p(h=Fh|e,f)

e This step is isomorphic to a marginalization step:

m,(e, )= p(h|e, f)S(h=h) &G

[Slide from Eric Xing.]
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e Query: P(A |h) ' D

¢ Need to eliminate: B,C,D,E.F G

e [nitial factors: O Q
P(a)P(b)P(c|b)P(d|a)P(e|c,d)P(f |a)P(g|e)P(h]e, ) CE) CF)
= P(a)P(b)P(c|b)P(d |a)P(e|c,d)P(f |a)P(g|e)m, (e, [)

& D
e Step 2: Eliminate 6
e compute
m,(e)=) p(gle)=1
g B
= P(a)P(b)P(c|b)P(d | a)P(e|c,d)P(f | a)m (e)m, (e, [) O ﬂ
= P(a)P(b)P(c|b)P(d |a)P(e|c,d)P(f |a)m,(e, [) (E)—LE)

[Slide from Eric Xing.]
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e Query: P(A |h)

o Needto eliminate: BCDEFG H o o
e Initial factors: o Q

P(a)P(b)P(c|bYP(d |a)P(e|c,d)P(f |a)P(g|eyP(h]e, [)
¢ Choose an elimination order: H& F.ED,CB G 0

oStep 8: Wrap-up e 0

pa,h)= p(@ym,(@), p(h)= p(aym,(a)

_ p@m,(a)
= Pl =5 @m, (@

[Slide from Eric Xing.]
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Elimination algorithm

oElimination on trees is equivalent to message passing on branches
oMessage-passing is consistent in trees

I mif(x;)

Imji(mi) = Z(l/f(wj)w(xi,wj) 1T mkj(%‘))
zj kEN(j)\i
\mlj(wj)

mij(x;) /

oApplication: HMM

[Slide from Eric Xing.]
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Gibbs Sampling

2 p(a:) 12
p(ay |25
ww;,(t)
T

[Slide from Matt Gormley.]

(1)

(t+2)]

p(x)




Gibbs Sampling

[Slide from Matt Gormley.]
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Gibbs Sampling

Question:

How do we draw samples from a conditional distribution?
Yir Yo e Yo p(Yv Yo oo Yy I Kip Xyy eeey X )

(Approximate) Solution:

— Initialize y,(), y,(©), ..., y,(°) to arbitrary values
— Fort=1,2,...:

© v E~p(ys |29, v, X, X, %))
Y2 ~ p(y | v, y30, e v, x4 X, e, X))
Y5~ p(ys |y, v, y, 0,y X, X, e, X))

YD~ p(yy |y, v,y 0 ) g, e, %))

Properties:

— This will eventually yield samples from

p(Yv Yoy eeey YJ | Xip Xyy ey X )

— But it might take a long time -- just like other Markov Chain Monte Carlo
methods

[Slide from Matt Gormley.]
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Gibbs Sampling

oFull conditionals only need to condition
on the Markov Blanket

oMust be “easy” to sample from 1
conditionals

oMany conditionals are log-concave and
are amenable to adaptive rejection
sampling

Inp(x)

OTy IS
R

[Slide from Matt Gormley.]
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Take home message

oGraphical models portrays the sparse dependencies of variables

oTwo types of graphical models: Bayesian network and Markov
random field

oConditional independence, Markov blanket, and d-separation
oLearning fully observed and partially observed Bayesian networks
oExact inference and approximate inference of Bayesian networks
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