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B
inary

D
ecision

D
iagram

s

O
rdered

binary
decision

diagram
s

(O
B

D
D

s)
are

a
canonicalform

for
boolean

form
ulas.

O
B

D
D

s
are

often
substantially

m
ore

com
pactthan

traditionalnorm
alform

s.

M
oreover,they

can
be

m
anipulated

very
efficiently.

�

R
.E

.B
ryant.

G
raph-based

algorithm
s

for
boolean

function
m

anipulation.
IE

E
E

Transactions
on

C
om

puters,C
-35(8),1986.
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B
inary

D
ecision

T
rees

To
m

otivate
our

discussion
of

binary
decision

diagram
s,w

e
firstconsider

binary
decision

trees.

A
binary

decision
tree

is
a

rooted,directed
tree

w
ith

tw
o

types
of

vertices,term
inalvertices

and
nonterm

inalvertices.

E
ach

nonterm
inalvertex

�

is
labeled

by
a

variable

��
�� �� and

has
tw

o
successors:

�

��
�

� �� corresponding
to

the
case

w
here

the
variable

�

is
assigned

0,and

�

�	

 �

� �� corresponding
to

the
case

w
here

the
variable

�

is
assigned

1.

E
ach

term
inalvertex

�

is
labeled

by

��
��
�� �� w

hich
is

either
0

or
1.
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B
inary

D
ecision

T
rees

(C
ont.)

A
binary

decision
tree

for
the

tw
o-bitcom

parator,given
by

the
form

ula

�
� �
�� �
����
����
�� �

� �
� �
�
��	�

� �
� �
�
�� �

is
show

n
in

the
figure

below
:
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B
inary

D
ecision

T
rees

(C
ont.)

W
e

can
decide

if
a

truth
assignm

entsatisfies
the

form
ula

as
follow

s:

�

T
raverse

the
tree

from
the

rootto
a

term
inalvertex.

�

If
variable

�

is
assigned

� ,the
nextvertex

on
the

path
w

illbe

��
�

� �� .

�

If
variable

�

is
assigned

� ,the
nextvertex

on
the

path
w

illbe

�	

 �

� �� .

�

T
he

value
thatlabels

the
term

inalvertex
w

illbe
the

value
of

the
function

for
this

assignm
ent.

In
the

com
parator

exam
ple,the

assignm
ent

�
�

�

�� �
�

�

�� �
�

�

�� �
�

�

�

leads
to

a
leaf

vertex
labeled

� ,so
the

form
ula

is
false

for
this

assignm
ent.
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A
M

ore
C

oncise
R

epresentation

B
inary

decision
trees

do
notprovide

a
very

concise
representation

for
boolean

functions.

H
ow

ever,there
is

usually
a

lotof
redundancy

in
such

trees.

In
the

com
parator

exam
ple,there

are
eightsubtrees

w
ith

roots
labeled

by�
� ,butonly

three
are

distinct.

T
hus,w

e
can

obtain
a

m
ore

concise
representation

by
m

erging
isom

orphic
subtrees.

T
his

results
in

a
directed

acyclic
graph

(D
A

G
)

called
a

binary
decision

diagram
.
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B
inary

D
ecision

D
iagram

s

M
ore

precisely,a
binary

decision
diagram

is
a

rooted,directed
acyclic

graph
w

ith
tw

o
types

of
vertices,term

inalvertices
and

nonterm
inalvertices.

E
ach

nonterm
inalvertex

�

is
labeled

by
a

variable

��
�� �� and

has
tw

o
successors,��

�
� ��

and

�	

 �

� �� .

E
ach

term
inalvertex

is
labeled

by
either

0
or

1.

A
binary

decision
diagram

w
ith

root�

determ
ines

a
boolean

function

� ����
������
� �
��

in
the

follow
ing

m
anner:

1.If

�

is
a

term
inalvertex:

(a)
If

��
��
�� �� �
�

then

� �� �
�� ���
� �
�� �

�.
(b)

If

��
��
�� �� �
�

then

� �� �
�� ���
� �
�� �

� .

2.If

�

is
a

nonterm
inalvertex

w
ith

��
�� �� �
�
� then

� �� �
������
� �
��

is
given

by

��
�	�
� 

��

 �� ���
������
� �
��
�
�
� �
� �
�� �

 �� ���
������
� �
��
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C
anonicalF

orm
P

roperty

In
practicalapplications,itis

desirable
to

have
a

canonicalrepresentation
for

boolean
functions.

T
his

sim
plifies

tasks
like

checking
equivalence

of
tw

o
form

ulas
and

deciding
if

a
given

form
ula

is
satisfiable

or
not.

Such
a

representation
m

ustguarantee
thattw

o
boolean

functions
are

logically
equivalentif

and
only

if
they

have
isom

orphic
representations.
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C
anonicalF

orm
P

roperty
(C

ont.)

Tw
o

binary
decision

diagram
s

are
isom

orphic
if

there
exists

a
bijection

�

betw
een

the
graphs

such
that�

term
inals

are
m

apped
to

term
inals

and
nonterm

inals
are

m
apped

to
nonterm

inals,

�

for
every

term
inalvertex

� ,��
��
�� ��
�

��
��
�� �

� ��� ,and

�

for
every

nonterm
inalvertex

� :

–

��
�� ��
�

��
�� �

� ��� ,

–

�
� ��

�
� ��� �

��
�

� �
� ��� ,and

–

�
� �	


 �
� ��� �

�	

 �

� �
� ��� .

9



C
anonicalF

orm
P

roperty
(C

ont.)

B
ryantshow

ed
how

to
obtain

a
canonicalrepresentation

for
boolean

functions
by

placing
tw

o
restrictions

on
binary

decision
diagram

s:

�

First,the
variables

should
appear

in
the

sam
e

order
along

each
path

from
the

rootto
a

term
inal.

�

Second,there
should

be
no

isom
orphic

subtrees
or

redundantvertices
in

the
diagram

.
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C
anonicalF

orm
P

roperty
(C

ont.)

T
he

firstrequirem
entis

easy
to

achieve:

�

W
e

im
pose

totalordering

�

on
the

variables
in

the
form

ula.

�

W
e

require
thatif

vertex�
has

a
nonterm

inalsuccessor

� ,then

��
�� �

�
�

��
�� �� .
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C
anonicalF

orm
P

roperty
(C

ont.)

T
he

second
requirem

entis
achieved

by
repeatedly

applying
three

transform
ation

rules
thatdo

not
alter

the
function

represented
by

the
diagram

:

R
em

ove
duplicate

term
inals:

E
lim

inate
allbutone

term
inalvertex

w
ith

a
given

labeland
redirect

allarcs
to

the
elim

inated
vertices

to
the

rem
aining

one.

R
em

ove
duplicate

nonterm
inals:

If
nonterm

inals�

and

�

have

��
�� �

� �
��
�� �� ,

��
�

� �
� �

��
�

� ��

and

�	

 �

� �
� �

�	

 �

� �� ,then
elim

inate
one

of
the

tw
o

vertices
and

redirectall
incom

ing
arcs

to
the

other
vertex.

R
em

ove
redundanttests:

If
nonterm

inalvertex
�

has

��
�

� �� �
�	


 �
� �� ,then

elim
inate

�

and
redirectallincom

ing
arcs

to

��
�

� �� .
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C
anonicalF

orm
P

roperty
(C

ont.)

T
he

canonicalform
m

ay
be

obtained
by

applying
the

transform
ation

rules
untilthe

size
of

the
diagram

can
no

longer
be

reduced.

B
ryantshow

s
how

this
can

be
done

by
a

procedure
called

R
educe

in
linear

tim
e.
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O
rdered

B
inary

D
ecision

D
iagram

s

T
he

term
ordered

binary
decision

diagram
(O

B
D

D
)

w
illbe

used
to

refer
to

the
graph

obtained
in

this
m

anner.

If
O

B
D

D
s

are
used

as
a

canonicalform
for

boolean
functions,then

�

checking
equivalence

is
reduced

to
checking

isom
orphism

betw
een

O
B

D
D

s,and

�

satisfiability
can

be
determ

ined
by

checking
equivalence

w
ith

the
trivialO

B
D

D
thatconsists

of
only

one
term

inallabeled
by

0.
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O
B

D
D

for
C

om
parator

E
xam

ple

If
w

e
use

the
ordering�

�
� �
�

� �
�

� �
�

for
the

com
parator

function,w
e

obtain
the

O
B

D
D

below
:
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V
ariable

O
rdering

P
roblem

T
he

size
of

an
O

B
D

D
depends

critically
on

the
variable

ordering.

W
ith

the
ordering�

�
� �
�

� �
�

� �
� ,w

e
get

a
1

a2

b
b

a2

b
b

1
1

1
1

b
b

2
2

1

0

0

1

1

1
0

0

0

1

0

1
1

1

0

0
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1
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0

a
2
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V
ariable

O
rdering

P
roblem

(C
ont.)

For
an

�

-bitcom
parator:

�

if
w

e
use

the
ordering�

�
� �
�

�
���

� �
�

� �
� ,the

num
ber

of
vertices

w
illbe

� �
�
�.

�

if
w

e
use

the
ordering�

�
�
���

� �
�

� �
� ���

� �
� ,the

num
ber

of
vertices

is

� �
� �
�

� .

In
general,finding

an
optim

alordering
is

know
n

to
be

N
P-com

plete.

M
oreover,there

are
boolean

functions
thathave

exponentialsize
O

B
D

D
s

for
any

variable
ordering.

A
n

exam
ple

is
the

m
iddle

output(����

output)
of

a
com

binationalcircuitto
m

ultiply
tw

o

�

bit
integers.
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H
euristics

for
V

ariable
O

rdering

H
euristics

have
been

developed
for

finding
a

good
variable

ordering
w

hen
such

an
ordering

exists.

T
he

intuition
for

these
heuristics

com
es

from
the

observation
thatO

B
D

D
s

tend
to

be
sm

allw
hen

related
variables

are
close

together
in

the
ordering.

T
he

variables
appearing

in
a

subcircuitare
related

in
thatthey

determ
ine

the
subcircuit’s

output.

H
ence,these

variables
should

usually
be

grouped
together

in
the

ordering.

T
his

m
ay

be
accom

plished
by

placing
the

variables
in

the
order

in
w

hich
they

are
encountered

during
a

depth-firsttraversalof
the

circuitdiagram
.
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D
ynam

ic
V

ariable
O

rdering

A
technique,called

dynam
ic

reordering
appears

to
be

usefulif
no

obvious
ordering

heuristic
applies.

W
hen

this
technique

is
used,the

O
B

D
D

package
internally

reorders
the

variables
periodically

to
reduce

the
totalnum

ber
of

vertices
in

use.
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L
ogicalO

perations
on

O
B

D
D

s

W
e

begin
w

ith
the

function
thatrestricts

som
e

argum
ent�
� of

the
boolean

function

�

to
a

constant
value�

.

T
his

function
is

denoted
by

�
� ����
� and

satisfies
the

identity

�
� ����
�

� �
�� ���
� �
�� �
�

� �
������
� �
���
�� �
� �
�	 ������
� �
�� �

If�

is
represented

as
an

O
B

D
D

,the
O

B
D

D
for

the
restriction

�
� ����
� is

com
puted

by
a

depth-first
traversalof

the
O

B
D

D
.

For
any

vertex

�

w
hich

has
a

pointer
to

a
vertex

�

such
that��

�� �
� �
�
� ,w

e
replace

the
pointer

by

��
�

� �
�

if�

is

�

and
by

�	

 �

� �
�

if�

is
1.

W
hen

the
graph

is
notin

canonicalform
,w

e
apply



��
�
��

to
obtain

the
O

B
D

D
for�

� ����
� .
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L
ogicalO

perations
(C

ont.)

A
ll16

tw
o-argum

entlogicaloperations
can

be
im

plem
ented

efficiently
on

boolean
functions

that
are

represented
as

O
B

D
D

s.

In
fact,the

com
plexity

of
these

operations
is

linear
in

the
size

of
the

argum
entO

B
D

D
s.

T
he

key
idea

for
efficientim

plem
entation

of
these

operations
is

the
Shannon

expansion

�
�
��

�
�
� ��

�

� �
�

�
� ��
� �
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L
ogicalO

perations
(C

ont.)

B
ryantgives

a
uniform

algorithm
called

�
�� ��

for
com

puting
all16

logicaloperations.

L
et �

be
an

arbitrary
tw

o
argum

entlogicaloperation,and
let�

and

���

be
tw

o
boolean

functions.

To
sim

plify
the

explanation
of

the
algorithm

w
e

introduce
the

follow
ing

notation:

�

�

and

� �

are
the

roots
of

the
O

B
D

D
s

for�
and

� �

.

��
�

��
�� ��

and� �
�

��
�� � �

� .
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L
ogicalO

perations
O

B
D

D
s

(C
ont.)

W
e

consider
severalcases

depending
on

the
relationship

betw
een

�

and

� �

.

�

If

�

and

� �

are
both

term
inalvertices,then

�
�

� �
�

��
��
�� �� �
��
��
�� � �

� .

�

If�
�
� �

,then
w

e
use

the
Shannon

expansion

�
�

� �
�
�� �

� �
� ��

� �� �
� ��

�� �
�
�

� �
� ��
� �� �
� ��
��

to
break

the
problem

into
tw

o
subproblem

s.T
he

subproblem
s

are
solved

recursively.

T
he

rootof
the

resulting
O

B
D

D
w

illbe
�

w
ith

��
�� �� �
�

.

��
�

� �� w
illbe

the
O

B
D

D
for

� �
� ��

� �� �
� ��

�� .

�	

 �

� ��

w
illbe

the
O

B
D

D
for

� �
� ��
� �� �
� ��
�� .
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L
ogicalO

perations
O

B
D

D
s

(C
ont.)

�

If�
�
� �

,then
� �
� ��

� �
� �
� ��
� �
� �

since

� �

does
notdepend

on�

.

In
this

case
the

Shannon
E

xpansion
sim

plifies
to

�
�

� �
�
�� �

� �
� ��

� �� �
� �
�
�

� �
� ��
� �� �

�

and
the

O
B

D
D

for�
�

� �

is
com

puted
recursively

as
in

the
second

case.

�

If� �
�
�

,then
the

required
com

putation
is

sim
ilar

to
the

previous
case.
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L
ogicalO

perations
(C

ont.)

B
y

using
dynam

ic
program

m
ing,itis

possible
to

m
ake

the
algorithm

polynom
ial.

�

A
hash

table
is

used
to

record
allpreviously

com
puted

subproblem
s.

�

B
efore

any
recursive

call,the
table

is
checked

to
see

if
the

subproblem
has

been
solved.

�

If
ithas,the

resultis
obtained

from
the

table;otherw
ise,the

recursive
callis

perform
ed.

�

T
he

resultm
ustbe

reduced
to

ensure
thatitis

in
canonicalform

.
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O
B

D
D

E
xtensions

Severalextensions
have

been
developed

to
decrease

the
space

requirem
ents

for
O

B
D

D
s.

A
single

O
B

D
D

can
be

used
to

representa
collection

of
boolean

functions:

�

T
he

sam
e

variable
ordering

is
used

for
allof

the
form

ulas
in

the
collection.

�

A
s

before,the
graph

contains
no

isom
orphic

subgraphs
or

redundantvertices.

Tw
o

functions
in

the
collection

are
identicalif

and
only

if
they

have
the

sam
e

root.

C
onsequently,checking

w
hether

tw
o

functions
are

equalcan
be

im
plem

ented
in

constanttim
e.
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O
B

D
D

E
xtensions

(C
ont.)

A
nother

usefulextension
adds

labels
to

the
arcs

in
the

graph
to

denote
boolean

negation.

T
his

m
akes

itunnecessary
to

use
differentsubgraphs

to
representa

form
ula

and
its

negation.

�

O
B

D
D

s
w

ith
hundreds

of
thousands

of
vertices

can
be

m
anipulated

efficiently.
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O
B

D
D

s
and

F
inite

A
utom

ata

O
B

D
D

s
can

also
be

view
ed

as
determ

inistic
finite

autom
ata.

A
n

� -argum
entboolean

function
can

be
identified

w
ith

the
setof

strings
in

�

�� �
� �

thatevaluate
to

1.T
his

is
a

finite
language.Finite

languages
are

regular.H
ence,there

is
a

m
inim

alD
FA

thataccepts
the

language.

T
he

D
FA

provides
a

canonicalform
for

the
originalboolean

function.

L
ogicaloperations

on
boolean

functions
can

be
im

plem
ented

by
standard

constructions
from

elem
entary

autom
ata

theory.
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