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Abstract

This paper studies the optimal control problem of a queueing system with three servers: one
fast server and two identical slow servers. The two-server version of this problem, with one fast
server and one slow server, was introduced by Lin and Kumar (1984), and the optimal policy
has been shown to be of threshold type. However, generalizing this result beyond the two-server
setting has been considered an open problem. In this paper, we resolve the first nontrivial case
by proving that a threshold policy is optimal for the three-server system considered.

The core technical ideas in this paper are generated by GPT-5.5 Pro. We have included a
short report describing the authors’ interactions with GPT-5.5 Pro. The authors verified the
proofs and rewrote the paper for better rigor, clarity, and exposition. In addition, three key
lemmas have also been verified in Lean 4.

1 Introduction

We consider an optimal control problem for a single-queue system with one fast server and two
identical slow servers, as illustrated in Figure 1. Jobs arrive according to a Poisson process with
rate λ. Server 1 is the fast server and has exponentially distributed service times with rate µ1;
Servers 2 and 3 are the identical slow servers, and they have exponentially distributed service times
with rate µ2, where

0 < µ2 < µ1. (1)

The control policy decides when to assign queued jobs to idle servers, and the decisions are made
right after a job arrival or a job departure. Job assignments are nonpreemptive, i.e., once a job is
assigned to a server, it remains there until service completion. The goal of the optimal control is
to minimize the cost, where the cost is the total number of jobs in the system. We study both the
infinite-horizon discounted-cost criterion and the infinite-horizon average-cost criterion under the
stability condition λ < µ1 + 2µ2.

The two-server version of this problem, with one fast server and one slow server, was introduced
by Lin and Kumar (1984). They proved that there exists an optimal policy that is of threshold
type: the fast server is kept busy whenever possible, and the slow server is used only when the
queue length exceeds a threshold. The proof is based on policy iteration. This problem has since
been revisited by different methods, including the probabilistic coupling arguments of Walrand
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Figure 1: A queueing system with one fast server and two identical slow servers. We assume
0 < µ2 < µ1, so Server 1 is the fast server and Servers 2 and 3 are the slow servers.

(1984), and the value-iteration arguments of Koole (1995), and variants of the problem have also
been studied in asymptotic regimes (see, e.g., Teh and Ward 2002; Armony 2005). It has been
conjectured that a similar threshold structure should hold for systems with more than two servers.
However, as explained by Koole (2022) in the special issue “100 Views on Queues” celebrating
Volume 100 of Queueing Systems, this generalization is delicate; some prior attempts were later
found to be incomplete (de Véricourt and Zhou, 2006). Therefore, this problem with more than
two servers is still considered open. Koole concludes his note with the challenge: “This problem is
too fundamental to be left open” (Koole, 2022).

This paper proves the threshold conjecture for the first nontrivial open case beyond the two-
server setting: one fast server and two identical slow servers. Three key lemmas in this paper have
been verified in Lean 4 (de Moura and Ullrich, 2021),1 with code available at the GitHub repository
Nichols (2026).

Disclaimer

The core technical ideas in this paper are generated by GPT-5.5 Pro. The authors verified the proofs
and rewrote the paper for better rigor, clarity, and exposition. Thus, while the paper is written in
the usual first-person plural style, the reader should be aware that the initial discovery of the main
proof ideas was by AI. We have included a short report describing the authors’ interactions with
GPT-5.5 Pro in Appendix D.

2 Result and Approach

Theorem 1. For the considered optimal control problem for a queueing system with one fast server
and two identical slow servers, there is an optimal stationary policy under the discounted-cost
criterion with the following threshold structure. Let q denote the number of queued jobs at the
decision time. It suffices to consider the case q ≥ 1.

• Fast Server: When the fast server is idle, it is assigned one queued job.

• Slow Servers: There exist thresholds qL and qH, with 0 ≤ qL ≤ qH ≤ ∞, such that the job
assignment decisions for slow servers are as follows.

1https://lean-lang.org/
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– When both slow servers are idle, the number of jobs assigned to them is
0, if q < qL,

1, if qL ≤ q < qH,

min{2, q}, if q ≥ qH.

(2)

– When one slow server is idle, one job is assigned to it if q ≥ qH − 1.

If λ < µ1 + 2µ2, there is an average-cost optimal policy with the same structure.

Remark. We can understand the two thresholds qL and qH in the following way. When both
slow servers are idle, the job assignment decision can be thought of as consisting of two sequential
decisions. We first decide whether to raise the number of jobs at slow servers from 0 to 1, which
is determined based on the lower threshold qL. Conditional on raising to 1, the queue length q has
decreased by 1 and become q − 1, and the decision whether to further raise the number of jobs
at slow servers to 2 is the same decision as when one slow server is initially idle. Therefore, the
threshold appears as qH in the two-initially-idle case and as qH − 1 in the one-initially-idle case.

Proof Approach. The proof in this paper is based on value iteration, a common approach in the
literature (see, e.g., Hajek 1984; Koole 1995). We propagate a set of six inequalities through value
iteration. These inequalities characterize monotonicity, convexity, and supermodularity properties
of the value function. The main novelty, relative to the proof for the two-server problem using
value iteration (Koole, 1995), is a convexity property (K6) in the number of jobs at slow servers
when fixing the total number of jobs in the system. The main role of this property is to guarantee
that the two thresholds are ordered, i.e., qL ≤ qH.

Basic Notation. We use R to denote the set of real numbers, and Z+ to denote the set of
nonnegative integers. For any real number u, let u+ ≜ max{u, 0}.

Organization of the Paper. The rest of the paper is organized as follows. We first focus on
the discounted-cost problem in Sections 3 and 4. In Section 3, we set up the state representation,
value iteration, and define a cone of value functions with six desired inequalities. Section 4 is our
main section, where we prove the result for the discounted-cost problem in Theorem 1. We then
study the average-cost setting in Section 5, where we extend the result from the discounted-cost
setting to the average-cost setting using a standard approach. In addition to the technical content,
Appendix D includes a short report on the authors’ interactions with GPT-5.5 Pro.

3 Preliminaries for the Discounted-Cost Problem

This section prepares for the proof of Theorem 1 for the discounted-cost problem. We first set up
the state representation in Section 3.1 and the value iteration in Section 3.2. Then in Section 3.3,
we introduce a cone K of value functions, defined using a set of six inequalities, which are the
inequalities to be propagated through value iteration. We also show that for an optimal policy to
have the threshold structure in Theorem 1, it suffices to show that the optimal value function is in
the cone K.
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3.1 State Representation

The state of the system can be represented by

s = (q, z, y) ∈ Z+ × {0, 1} × {0, 1, 2}, (3)

where q is the number of queued jobs, z is the number of jobs at the fast server, and y is the number
of jobs at the slow servers. The cost is the total number of jobs in the system q + z + y.

When we consider the post-decision state, the state representation for the discounted-cost prob-
lem can be simplified using the following lemma.

Lemma 1. An optimal policy for the discounted-cost problem never lets the fast server idle after
a decision if there are jobs in the queue at the decision time.

Lemma 1 also establishes the structure for the fast server for the discounted-cost problem in
Theorem 1. The proof of Lemma 1 is similar to that for the two-server problem in Walrand (1984),
and thus it is deferred to Appendix A.

With Lemma 1, instead of tracking q and z, i.e., the number of jobs in the queue and at the fast
server, respectively, it suffices to track their sum x ≜ q + z. Specifically, if x = 0, the fast server
is idle and the queue is empty; if x ≥ 1, there is one job at the fast server and x − 1 jobs in the
queue. With slight abuse of notation by reusing s, the system state can be written as

s = (x, y) ∈ Z+ × {0, 1, 2}. (4)

Then the cost function is
c(x, y) = x+ y. (5)

3.2 Value Iteration Setup

We consider the post-decision value function. That is, right after each event, i.e., a job arrival or
departure, we first make the job assignment decisions, and then observe the state s = (x, y). Under
a policy π and discount rate α > 0, the value function, which is the total discounted cost, is given
by

V π
α (s) = E

[∫ ∞

0
e−αt (X(t) + Y (t)) dt

∣∣∣∣ S(0) = s

]
, (6)

where S(t) = (X(t), Y (t)) is the post-decision state at time t. This cost is finite since jobs arrive
according to a Poisson process. Let V ∗

α be the optimal discounted value function.

Bellman Operator. To define the Bellman operator for this post-decision value function, we
first introduce the following two operators defined on real-valued functions on the state space
Z+ × {0, 1, 2}.

• Job assignment operator Q. For any function f : Z+ × {0, 1, 2} → R, let

(Qf)(x, y) = min
y≤k≤min{2,(x−1)++y}

f(x+ y − k, k), (7)

where recall (x − 1)+ ≜ max{x − 1, 0}. When f is interpreted as a value function, given
the current state (x, y), the operator Q determines the number of jobs k at the slow servers
to minimize the value. The constraint k ≥ y is due to the fact that existing jobs at the
slow servers cannot be removed since job assignments are nonpreemptive. The constraint
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k ≤ (x − 1)+ + y means that at most (x − 1)+ additional jobs can be assigned to the slow
servers. This is again because job assignments are nonpreemptive; only queued jobs can
be assigned, while the job at the fast server, if any, cannot be moved. In particular, some
boundary cases are given below for clarity

(Qf)(0, y) = f(0, y), (Qf)(1, y) = f(1, y), (Qf)(2, 0) = min{f(2, 0), f(1, 1)}. (8)

• Event operator P. The event operator P captures the expected value after a job arrival or
departure. For any function f : Z+ × {0, 1, 2} → R, let

(Pf)(x, 0) = λf(x+ 1, 0) + µ1f((x− 1)+, 0) + 2µ2f(x, 0), (9)

(Pf)(x, 1) = λf(x+ 1, 1) + µ1f((x− 1)+, 1) + µ2f(x, 0) + µ2f(x, 1), (10)

(Pf)(x, 2) = λf(x+ 1, 2) + µ1f((x− 1)+, 2) + 2µ2f(x, 1). (11)

Here, the terms with λ correspond to a job arrival, the terms with µ1 correspond to a po-
tential job departure from the fast server, and the terms with µ2 correspond to potential job
departures from the slow servers. Let γ = λ + µ1 + 2µ2 be the total event rate. Then note
that 1

γP corresponds to a transition probability matrix.

We are now ready to define the Bellman operator T . For any function f : Z+ × {0, 1, 2} → R,
let

(T f)(x, y) = c(x, y) +
ρα
γ
(PQf)(x, y), (12)

where ρα = γ
α+γ < 1. Using standard arguments (see, e.g., Lin and Kumar 1984; Hajek 1984), one

can show that the following value iteration

V (n+1)
α = T V (n)

α , (13)

converges to V
(∞)
α ≜ (α + γ)V ∗

α . We will ignore the constant factor α + γ and treat V
(∞)
α as the

optimal value function.
Standard results for discounted Markov decision processes imply that any policy attaining the

minimum in QV (∞)
α is an optimal policy. Specifically, for any deterministic policy π, let π(x, y)

denote the number of jobs assigned to the slow servers given the post-event state (x, y). Define the
policy π∗ by

π∗(x, y) = min arg min
y≤k≤min{2,(x−1)++y}

V (∞)
α (x+ y − k, k), (14)

where the outer min is for tie breaking. Then π∗ is an optimal policy.

Modified Bellman Operator. In the proof, instead of using the original job assignment operator
Q and the corresponding Bellman operator T , we use modified versions of them, where we allow
the job at the fast server to be reassigned to slow servers. However, we later prove that such actions
will not be used after one step of the modified value iteration (Lemma 5). Intuitively, moving a
job from the fast server to a slow server can only increase the cost, and thus will not be used even
when allowed. Specifically, we define the modified job assignment operator Q̃ as

(Q̃f)(x, y) = min
y≤k≤min{2,x+y}

f(x+ y − k, k), (15)

which uses x + y in the upper bound for k instead of the (x − 1)+ + y in Q in (7). Then the
corresponding modified Bellman operator is defined as

(T̃ f)(x, y) = c(x, y) +
ρα
γ
(PQ̃f)(x, y). (16)
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One can still show that the value iteration

Ṽ (n+1)
α = T̃ Ṽ (n)

α , (17)

converges to a limit Ṽ
(∞)
α . We will prove that Ṽ

(∞)
α = V

(∞)
α in Lemma 5 in Section 4.

3.3 Invariant Cone

We introduce a cone K below, which is designed in a way such that if the optimal value function
is in K, then the corresponding optimal policy has the threshold structure in Theorem 1. Let cone
K be a set of functions f : Z+ × {0, 1, 2} → R that satisfy the following six properties.

(K1) Monotonicity in x:
f(x+ 1, y)− f(x, y) ≥ 0, y = 0, 1, 2, x ≥ 0. (K1)

(K2) First multimodularity inequality:
f(x+ 2, y) + f(x, y + 1)− f(x+ 1, y)− f(x+ 1, y + 1) ≥ 0, y = 0, 1, x ≥ 0. (K2)

(K3) Second multimodularity inequality:
f(x, y) + f(x+ 1, y + 1)− f(x+ 1, y)− f(x, y + 1) ≥ 0, y = 0, 1, x ≥ 0. (K3)

(K4) Monotonicity in y:
f(x, y + 1)− f(x, y) ≥ 0, y = 0, 1, x ≥ 0. (K4)

(K5) Convexity in y fixing x:
f(x, 0) + f(x, 2)− 2f(x, 1) ≥ 0, x ≥ 0. (K5)

(K6) Convexity in y fixing total population:
f(x+ 2, 0) + f(x, 2)− 2f(x+ 1, 1) ≥ 0, x ≥ 0. (K6)

It is easy to verify that a constant function, e.g., the zero function, is in K. Since these inequalities
are linear and closed under pointwise limits, it is also easy to see that K is closed under nonnegative
linear combinations and pointwise limits.

The first three properties, (K1)–(K3), are analogues of the corresponding properties in the
two-server problem in Koole (1995). It is worth noting that as in the two-server problem, the two
multimodularity inequalities (K2) and (K3) imply convexity in x:

f(x+ 2, y) + f(x, y)− 2f(x+ 1, y) ≥ 0, y = 0, 1, 2, x ≥ 0. (18)

Indeed, for y = 0, 1, (18) follows by adding (K2) and (K3) at (x, y). For y = 2, (18) follows by
adding (K2) at (x, 1) and (K3) at (x+ 1, 1).

The remaining three inequalities have not appeared in the two-server problem. Property (K4)
is a natural monotonicity property in y, and properties (K5) and (K6) are convexity properties in
y, fixing x and fixing the total population x + y, respectively. The property (K6) is particularly
novel, and it plays an especially important role in the proof.

We establish the threshold structure of the optimal policy in Lemma 2, assuming that the
optimal value function is in the cone K. The proof of Lemma 2 shows that properties (K2) and
(K6) lead to the desired threshold structure.

Intuitions on (K2) and (K6).

Here we first provide some intuitive explanation on how (K2) and (K6) lead to the threshold

structure, which is the key intuition in this paper. Suppose the optimal value function V
(∞)
α ∈ K.

Then applying (K2) gives

V (∞)
α (x+ 1, 0)− V (∞)

α (x, 1) ≥ V (∞)
α (x, 0)− V (∞)

α (x− 1, 1). (19)
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The difference V
(∞)
α (x, 0)− V

(∞)
α (x− 1, 1) on the right hand side compares two actions when both

slow servers are idle: assigning no job to a slow server leads to state (x, 0), while assigning one job
leads to state (x−1, 1). Thus, if this difference is positive, then assigning one job to a slow server is
better than assigning none. The inequality above says that once assigning one job is optimal at x,
it remains optimal at x + 1. So (K2) gives monotonicity of the assignment decision as the queue
length increases.

Property (K2), when applied to V
(∞)
α at y = 1, also gives the analogous monotonicity when one

slow server is already busy:

V (∞)
α (x, 1)− V (∞)

α (x− 1, 2) ≥ V (∞)
α (x− 1, 1)− V (∞)

α (x− 2, 2). (20)

Here V
(∞)
α (x−1, 1)−V (∞)

α (x−2, 2) compares assigning no additional job to the one idle slow server
with assigning one additional job. If it is positive, then assigning one additional job is better at
x− 1, and the inequality above says it is also better at x. Therefore, overall, property (K2) implies
that as the queue grows, the incentive to use slow servers can only increase.

The property (K6) plays a different role. Applying it to V
(∞)
α gives

V (∞)
α (x, 0)− V (∞)

α (x− 1, 1) ≥ V (∞)
α (x− 1, 1)− V (∞)

α (x− 2, 2). (21)

The left hand side compares assigning no job with assigning one job to the slow servers, and the
right hand side compares assigning one job with assigning two jobs to the slow servers. This
inequality makes it impossible to have

V (∞)
α (x, 0)− V (∞)

α (x− 1, 1) < 0 and V (∞)
α (x− 1, 1)− V (∞)

α (x− 2, 2) ≥ 0. (22)

That is, it rules out the pattern in which assigning one job is worse than assigning none, but
assigning two jobs is better than assigning one.

Lemma 2. If the optimal value function V
(∞)
α ∈ K, then the optimal policy π∗ given in (14) has

the threshold structure in Theorem 1.

Proof. Consider the value function V
(∞)
α ∈ K, and define

D∗
01(x) = V (∞)

α (x, 0)− V (∞)
α (x− 1, 1), x ≥ 1, (23)

D∗
12(x) = V (∞)

α (x− 1, 1)− V (∞)
α (x− 2, 2), x ≥ 2. (24)

Then the policy π∗ in (14) can be expressed using D∗
01 and D∗

12 as follows.

• If x = 0 or 1,

π∗(0, y) = y, π∗(1, y) = y, y = 0, 1, 2. (25)

• If x = 2,

π∗(x, 0) =

{
0, if D∗

01(x) ≤ 0,

1, if D∗
01(x) > 0,

(26)

π∗(x, 1) =

{
1, if D∗

12(x+ 1) ≤ 0,

2, if D∗
12(x+ 1) > 0,

(27)

π∗(x, 2) = 2. (28)
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• If x ≥ 3,

π∗(x, 0) =


0, if D∗

01(x) ≤ 0,

1, if D∗
01(x) > 0 and D∗

12(x) ≤ 0,

2, if D∗
12(x) > 0,

(29)

π∗(x, 1) =

{
1, if D∗

12(x+ 1) ≤ 0,

2, if D∗
12(x+ 1) > 0,

(30)

π∗(x, 2) = 2. (31)

We show below that the rules for x ≥ 2 correspond to the threshold structure in Theorem 1.
We first show that D∗

01(x) and D
∗
12(x) are nondecreasing in x. For all x ≥ 1,

D∗
01(x+ 1)−D∗

01(x) = V (∞)
α (x+ 1, 0)− V (∞)

α (x, 1)−
(
V (∞)
α (x, 0)− V (∞)

α (x− 1, 1)
)

(32)

= V (∞)
α (x+ 1, 0) + V (∞)

α (x− 1, 1)− V (∞)
α (x, 0)− V (∞)

α (x, 1) (33)

≥ 0, (34)

where the last inequality follows from (K2) at (x− 1, 0). Similarly, for all x ≥ 2,

D∗
12(x+ 1)−D∗

12(x) = V (∞)
α (x, 1)− V (∞)

α (x− 1, 2)−
(
V (∞)
α (x− 1, 1)− V (∞)

α (x− 2, 2)
)

(35)

= V (∞)
α (x, 1) + V (∞)

α (x− 2, 2)− V (∞)
α (x− 1, 1)− V (∞)

α (x− 1, 2) (36)

≥ 0, (37)

where the last inequality follows from (K2) at (x− 2, 1).
With the monotonicity of D∗

01(x) and D
∗
12(x), we define

xL = min{x ≥ 1: D∗
01(x) > 0}, (38)

xH = min{x ≥ 2: D∗
12(x) > 0}, (39)

where the min is set to ∞ when the set is empty. We now show that xL ≤ xH using (K6). To show
xL ≤ xH, it suffices to show that

D∗
01(x) ≥ D∗

12(x), x ≥ 2. (40)

Indeed, if xH = ∞, then xL ≤ xH; if xH <∞, then (40) implies

D∗
01(xH) ≥ D∗

12(xH) > 0, (41)

and hence xL ≤ xH.
To prove (40), note that for all x ≥ 2,

D∗
01(x)−D∗

12(x) = V (∞)
α (x, 0)− V (∞)

α (x− 1, 1)−
(
V (∞)
α (x− 1, 1)− V (∞)

α (x− 2, 2)
)

(42)

= V (∞)
α (x, 0) + V (∞)

α (x− 2, 2)− 2V (∞)
α (x− 1, 1) (43)

≥ 0, (44)

where the last inequality follows from (K6) at x− 2.
Now, with 1 ≤ xL ≤ xH ≤ ∞ defined, let

qL = xL − 1, (45)
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qH = xH − 1, (46)

where we use the convention ∞ − 1 = ∞. Then 0 ≤ qL ≤ qH ≤ ∞. We have the following
equivalence relationships. For all x ≥ 2, with q = x− 1,

D∗
01(x) ≤ 0 ⇔ x < xL ⇔ q < qL, (47)

D∗
12(x+ 1) ≤ 0 ⇔ x < xH − 1 ⇔ q < qH − 1. (48)

For all x ≥ 3, with q = x− 1,

D∗
12(x) ≤ 0 ⇔ x < xH ⇔ q < qH. (49)

Therefore, the optimal policy π∗ can equivalently be written as follows.

• If x = 0 or 1,

π∗(0, y) = y, π∗(1, y) = y y = 0, 1, 2. (50)

• If x = 2 and q = x− 1,

π∗(x, 0) =

{
0, if q < qL,

1, if q ≥ qL,
(51)

π∗(x, 1) =

{
1, if q < qH − 1,

2, if q ≥ qH − 1,
(52)

π∗(x, 2) = 2. (53)

• If x ≥ 3 and q = x− 1,

π∗(x, 0) =


0, if q < qL,

1, if qL ≤ q < qH,

2, if q ≥ qH,

(54)

π∗(x, 1) =

{
1, if q < qH − 1,

2, if q ≥ qH − 1,
(55)

π∗(x, 2) = 2. (56)

This is the threshold structure in Theorem 1.

4 Proof for the Discounted-Cost Problem

In this section, we prove the threshold structure in Theorem 1 for the slow servers in the discounted-
cost setting through a series of lemmas.

We perform the value iteration in (17) starting from the zero function, which is a function in
the cone K. With the construction of the cone K and Lemma 2, it suffices to show that the value

iteration in (17) preserves the cone K and that its limit Ṽ
(∞)
α coincides with the optimal value

function V
(∞)
α . Below we first state Lemmas 3–5 that establish these results, and we then prove
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these lemmas in Sections 4.1–4.3. We have also verified Lemmas 3–5 in Lean 4, with a GitHub
repository published at Nichols (2026).

Recall the value iteration in (17) below

Ṽ (n+1)
α = T̃ Ṽ (n)

α , (57)

where T̃ is defined as

(T̃ f)(x, y) = c(x, y) +
ρα
γ
(PQ̃f)(x, y), x ∈ Z+, y ∈ {0, 1, 2}. (58)

To prove that this value iteration preserves K, i.e., if f ∈ K, then T̃ f ∈ K, we note the following.
It is not hard to verify that the cost function c ∈ K. Since K is closed under nonnegative linear
combination, it suffices to prove that if f ∈ K, then PQ̃f ∈ K. This is established through
Lemmas 3 and 4 below. The result that this value iteration converges to the optimal value function
is established in Lemma 5.

Lemma 3 (Assignment closure). If f ∈ K, then Q̃f ∈ K.

Lemma 4 (Event closure). If f ∈ K, then Pf ∈ K.

Lemma 5 (Value function consistency). If f ∈ K, then T̃ (T̃ f) = T (T̃ f). Consequently, Ṽ
(∞)
α =

V
(∞)
α .

We remark that the cone K is not closed under the original job assignment operator, Q. To see
this, consider the function f(x, y) = x. We can easily verify that f ∈ K. However, note that

(Qf)(0, 0) = 0, (Qf)(1, 0) = 1, (Qf)(2, 0) = 1. (59)

Then
(Qf)(2, 0) + (Qf)(0, 0)− 2(Qf)(1, 0) = −1 < 0, (60)

which violates the convexity property in x in (18). However, by Lemma 5, for any f ∈ K, if we
apply T̃ first to get T̃ f , when T (T̃ f) = T̃ (T̃ f) ∈ K.

4.1 Proof of Lemma 3

Proof. Consider any f ∈ K, and we write f̄ = Q̃f for convenience in this proof. Similar to the
proof of Lemma 2, we first define

D01(x) = f(x, 0)− f(x− 1, 1), x ≥ 1, (61)

D12(x) = f(x− 1, 1)− f(x− 2, 2), x ≥ 2. (62)

Also following arguments similar to those in the proof of Lemma 2, we can show that D01(x) and
D12(x) are nondecreasing in x and D01(x) ≥ D12(x) for all x ≥ 2. In particular, (K2) is equivalent
to

D01(x+ 1)−D01(x) = f(x+ 1, 0) + f(x− 1, 1)− f(x, 0)− f(x, 1) ≥ 0, x ≥ 1, (63)

D12(x+ 1)−D12(x) = f(x, 1) + f(x− 2, 2)− f(x− 1, 1)− f(x− 1, 2) ≥ 0, x ≥ 2, (64)

and (K6) is equivalent to

D01(x)−D12(x) = f(x, 0) + f(x− 2, 2)− 2f(x− 1, 1) ≥ 0, x ≥ 2. (65)
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We then consider the number of jobs at the slow servers that achieves the minimum in Q̃:

a(x, y) = min arg min
y≤k≤min{2,x+y}

f(x+ y − k, k). (66)

Note that here since we use the modified job assignment operator Q̃, the upper constraint for k is
relaxed to k ≤ min{2, x + y}. It is easy to see that a(1, 0) ≤ a(0, 1) and a(x, 0) ≤ a(x − 1, 1) ≤
a(x− 2, 2) for all x ≥ 2 due to the optimization range. Also, by definition,

f̄(x, y) = f(x+ y − a(x, y), a(x, y)). (67)

Using D01(x) and D12(x), we can write a(x, y) as follows. For y = 0,

a(0, 0) = 0, (68)

a(1, 0) =

{
0, if D01(1) ≤ 0,

1, if D01(1) > 0,
(69)

and for x ≥ 2,

a(x, 0) =


0, if D01(x) ≤ 0,

1, if D01(x) > 0 and D12(x) ≤ 0,

2, if D12(x) > 0.

(70)

Similarly, for y = 1,
a(0, 1) = 1, (71)

and for x ≥ 1,

a(x, 1) =

{
1, if D12(x+ 1) ≤ 0,

2, if D12(x+ 1) > 0.
(72)

Also note that for y = 2, by definition,
a(x, 2) = 2. (73)

The properties of D01(x) and D12(x) in (63)–(65) imply that a(x, 0) ∈ {0, 1, 2} and a(x, 1) ∈ {1, 2}
are nondecreasing in x, and that for all x ≥ 2,{

a(x, 0) = 0, a(x− 1, 1) = 1, if D01(x) ≤ 0,

a(x, 0) = a(x− 1, 1) ≥ 1, if D01(x) > 0.
(74)

We will also use the following selection condition repeatedly: if a(x, y) = k∗, then

f(x+ y − k∗, k∗) ≤ f(x+ y − k, k) ∀k ∈ {y, . . . ,min{2, x+ y}}. (75)

We are now ready to prove that f̄ satisfies (K1)–(K6). In all the arguments below, the boundary
cases for x are covered, and all the inequalities hold as long as the input to f is in Z+ × {0, 1, 2}.
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Proving f̄ satisfies (K2) and (K6). Define

D̄01(x) = f̄(x, 0)− f̄(x− 1, 1), x ≥ 1, (76)

D̄12(x) = f̄(x− 1, 1)− f̄(x− 2, 2), x ≥ 2. (77)

Then proving that f̄ satisfies (K2) and (K6) is equivalent to proving that D̄01(x) and D̄12(x) are
nondecreasing in x and D̄01(x) ≥ D̄12(x) for all x ≥ 2.

By the property in (74), it is not hard to verify that

D̄01(x) = min{D01(x), 0}, x ≥ 1, (78)

D̄12(x) = min{D12(x), 0}, x ≥ 2. (79)

Therefore, since D01(x) and D12(x) are nondecreasing in x and D01(x) ≥ D12(x) for all x ≥ 2, we
know that D̄01(x) and D̄12(x) are nondecreasing in x and D̄01(x) ≥ D̄12(x) for all x ≥ 2.

Proving f̄ satisfies (K1). The desired inequality is

f̄(x+ 1, y)− f̄(x, y) ≥ 0, y = 0, 1, 2, x ≥ 0. (80)

The minimizers involved are

a0 = a(x, y), a1 = a(x+ 1, y), (81)

which are ordered as a0 ≤ a1 by the monotonicity of the minimizers. Then (80) is equivalent to

f(x+ 1 + y − a1, a1)− f(x+ y − a0, a0) ≥ 0, y = 0, 1, 2, x ≥ 0. (82)

• If a0 = a1, then (82) directly follows from (K1) for f .

• If (a0, a1) = (0, 1), then necessarily y = 0, and (82) becomes

f(x, 1)− f(x, 0) ≥ 0, (83)

which follows from (K4) for f .

• If (a0, a1) = (1, 2), then (82) becomes: if y = 0,

f(x− 1, 2)− f(x− 1, 1) ≥ 0, (84)

or if y = 1
f(x, 2)− f(x, 1) ≥ 0. (85)

Both follow from (K4) for f .

• If (a0, a1) = (0, 2), then necessarily y = 0, and (82) becomes

f(x− 1, 2)− f(x, 0) = [f(x− 1, 2)− f(x− 1, 1)] + [f(x− 1, 1)− f(x, 0)] ≥ 0, (86)

where the first bracket follows from (K4), and the second is due to the selection condition
associated with a0 = a(x, 0) = 0.

This completes the proof that f̄ satisfies (K1).
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Proving f̄ satisfies (K3). The desired inequality is

f̄(x, y) + f̄(x+ 1, y + 1)− f̄(x+ 1, y)− f̄(x, y + 1) ≥ 0, y = 0, 1, x ≥ 0. (87)

The minimizers involved are

a00 = a(x, y), a10 = a(x+ 1, y), a01 = a(x, y + 1), a11 = a(x+ 1, y + 1). (88)

They are ordered as a00 ≤ a10 and a01 ≤ a11 due to monotonicity, and a10 ≤ a01 by definition.
Then (87) is equivalent to

f(x+ y − a00, a00) + f(x+ y + 2− a11, a11)

− f(x+ y + 1− a10, a10)− f(x+ y + 1− a01, a01) ≥ 0, y = 0, 1, x ≥ 0.
(89)

We first consider the case y = 0. The possible values for (a00, a10, a01, a11) are listed below,
which are grouped based on the value of (a01, a11):

(0, 0, 1, 1), (0, 1, 1, 1), (1, 1, 1, 1), (90)

(0, 0, 1, 2), (0, 1, 1, 2), (1, 1, 1, 2), (91)

(0, 0, 2, 2), (0, 1, 2, 2), (0, 2, 2, 2), (1, 1, 2, 2), (1, 2, 2, 2), (2, 2, 2, 2). (92)

We check these cases one by one.

• If (a00, a10, a01, a11) = (0, 0, 1, 1), then (89) becomes

f(x, 0) + f(x+ 1, 1)− f(x+ 1, 0)− f(x, 1) ≥ 0, (93)

which follows from (K3) for f with y = 0.

• If (a00, a10, a01, a11) = (0, 1, 1, 1), then (89) becomes

f(x, 0) + f(x+ 1, 1)− 2f(x, 1)

=
[
f(x, 0) + f(x+ 1, 1)− f(x+ 1, 0)− f(x, 1)

]
+
[
f(x+ 1, 0)− f(x, 1)

]
≥ 0, (94)

where the first bracket is nonnegative by (K3) for f with y = 0, and the second bracket is
nonnegative by the selection condition associated with a10 = a(x+ 1, 0) = 1.

• If (a00, a10, a01, a11) = (1, 1, 1, 1), then (89) becomes

f(x− 1, 1) + f(x+ 1, 1)− 2f(x, 1) ≥ 0, (95)

which follows from the convexity property of f(x, y) in x in (18).

• If (a00, a10, a01, a11) = (0, 0, 1, 2), then (89) becomes

f(x, 0) + f(x, 2)− f(x+ 1, 0)− f(x, 1)

=
[
f(x, 0) + f(x, 2)− 2f(x, 1)

]
+
[
f(x, 1)− f(x+ 1, 0)

]
≥ 0. (96)

The first bracket is nonnegative by (K5) for f , and the second bracket is nonnegative by the
selection condition associated with a10 = a(x+ 1, 0) = 0.
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• If (a00, a10, a01, a11) = (0, 1, 1, 2), then (89) becomes

f(x, 0) + f(x, 2)− 2f(x, 1) ≥ 0, (97)

which is (K5) for f .

• If (a00, a10, a01, a11) = (1, 1, 1, 2), then (89) becomes

f(x− 1, 1) + f(x, 2)− 2f(x, 1)

=
[
f(x− 1, 1) + f(x, 2)− f(x, 1)− f(x− 1, 2)

]
+
[
f(x− 1, 2)− f(x, 1)

]
≥ 0. (98)

The first bracket is nonnegative by (K3) for f with y = 1, evaluated at x− 1, and the second
bracket is nonnegative by the selection condition associated with a01 = a(x, 1) = 1.

• If (a00, a10, a01, a11) = (0, 0, 2, 2), then (89) becomes

f(x, 0) + f(x, 2)− f(x+ 1, 0)− f(x− 1, 2)

=
[
f(x, 0) + f(x, 2)− 2f(x, 1)

]
+

[
f(x, 1)− f(x+ 1, 0)

]
+
[
f(x, 1)− f(x− 1, 2)

]
≥ 0.

(99)

The first bracket is nonnegative by (K5), the second by the selection condition associated
with a10 = a(x + 1, 0) = 0, and the third by the selection condition associated with a01 =
a(x, 1) = 2.

• If (a00, a10, a01, a11) = (0, 1, 2, 2), then (89) becomes

f(x, 0) + f(x, 2)− f(x, 1)− f(x− 1, 2)

=
[
f(x, 0) + f(x, 2)− 2f(x, 1)

]
+
[
f(x, 1)− f(x− 1, 2)

]
≥ 0. (100)

The first bracket is nonnegative by (K5), and the second is nonnegative by the selection
condition associated with a01 = a(x, 1) = 2.

• If (a00, a10, a01, a11) = (0, 2, 2, 2), then (89) becomes

f(x, 0) + f(x, 2)− 2f(x− 1, 2)

=
[
f(x, 0) + f(x, 2)− 2f(x, 1)

]
+ 2

[
f(x, 1)− f(x− 1, 2)

]
≥ 0. (101)

The first bracket is nonnegative by (K5), and the second bracket is nonnegative by the
selection condition associated with a01 = a(x, 1) = 2.

• If (a00, a10, a01, a11) = (1, 1, 2, 2), then (89) becomes

f(x− 1, 1) + f(x, 2)− f(x, 1)− f(x− 1, 2) ≥ 0, (102)

which is (K3) for f with y = 1, evaluated at x− 1.

• If (a00, a10, a01, a11) = (1, 2, 2, 2), then (89) becomes

f(x− 1, 1) + f(x, 2)− 2f(x− 1, 2)

=
[
f(x− 1, 1) + f(x, 2)− f(x, 1)− f(x− 1, 2)

]
+
[
f(x, 1)− f(x− 1, 2)

]
≥ 0. (103)

The first bracket is nonnegative by (K3) for f with y = 1, evaluated at x− 1, and the second
bracket is nonnegative by the selection condition associated with a01 = a(x, 1) = 2.
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• Finally, if (a00, a10, a01, a11) = (2, 2, 2, 2), then (89) becomes

f(x− 2, 2) + f(x, 2)− 2f(x− 1, 2) ≥ 0, (104)

which follows from the convexity property of f(x, y) in x in (18).

We now consider the case y = 1. Then

a01 = a(x, 2) = 2, a11 = a(x+ 1, 2) = 2, (105)

and the possible pairs (a00, a10) are (1, 1), (1, 2), (2, 2).

• If (a00, a10) = (1, 1), then (89) becomes

f(x, 1) + f(x+ 1, 2)− f(x+ 1, 1)− f(x, 2) ≥ 0, (106)

which is (K3) for f with y = 1.

• If (a00, a10) = (1, 2), then (89) becomes

f(x, 1) + f(x+ 1, 2)− 2f(x, 2)

=
[
f(x, 1) + f(x+ 1, 2)− f(x+ 1, 1)− f(x, 2)

]
+
[
f(x+ 1, 1)− f(x, 2)

]
≥ 0. (107)

The first bracket is nonnegative by (K3) for f with y = 1, and the second bracket is nonneg-
ative by the selection condition associated with a10 = a(x+ 1, 1) = 2.

• If (a00, a10) = (2, 2), then (89) becomes

f(x− 1, 2) + f(x+ 1, 2)− 2f(x, 2) ≥ 0, (108)

which follows from the convexity property of f(x, y) in x in (18).

This completes the proof that f̄ satisfies (K3).

Proving f̄ satisfies (K4). The desired inequality is

f̄(x, y + 1)− f̄(x, y) ≥ 0, y = 0, 1, x ≥ 0. (109)

The minimizers involved are

a0 = a(x, y), a1 = a(x, y + 1), (110)

which are ordered as a0 ≤ a1 since a0 ≤ a(x+ 1, y) ≤ a1. Then (109) is equivalent to

f(x+ y + 1− a1, a1)− f(x+ y − a0, a0) ≥ 0, y = 0, 1, x ≥ 0. (111)

• For y = 0, the possible values for (a0, a1) are (0, 1), (0, 2), (1, 1), (1, 2), (2, 2). For (a0, a1) =
(0, 1), the inequality (111) is f(x, 1) − f(x, 0) ≥ 0, which follows from (K4). For (a0, a1) =
(0, 2), the inequality (111) is f(x − 1, 2) − f(x, 0) ≥ 0, which has been proven in (86). For
(a0, a1) = (1, 1), the inequality (111) is f(x, 1) − f(x − 1, 1) ≥ 0, which follows from (K1).
For (a0, a1) = (1, 2), the inequality (111) is f(x− 1, 2)− f(x− 1, 1) ≥ 0, which follows from
(K4). For (a0, a1) = (2, 2), the inequality (111) is f(x− 1, 2)− f(x− 2, 2) ≥ 0, which follows
from (K1).

• For y = 1, the possible values for (a0, a1) are (1, 2) and (2, 2), which have been covered when
checking the case where y = 0.

This completes the proof that f̄ satisfies (K4).
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Proving f̄ satisfies (K5). The desired inequality is

f̄(x, 0) + f̄(x, 2)− 2f̄(x, 1) ≥ 0, x ≥ 0. (112)

The minimizers involved are

a0 = a(x, 0), a1 = a(x, 1), a2 = a(x, 2) = 2, (113)

which are ordered as a0 ≤ a1 ≤ a2 since a0 = a(x, 0) ≤ a(x+ 1, 0) ≤ a(x, 1) = a1 ≤ a2 = 2. Then
(112) is equivalent to

f(x− a0, a0) + f(x, 2)− 2f(x+ 1− a1, a1) ≥ 0, x ≥ 0. (114)

There are five possibilities for (a0, a1, a2), which are (0, 1, 2), (0, 2, 2), (1, 1, 2), (1, 2, 2), (2, 2, 2).

• If (a0, a1, a2) = (0, 1, 2), then (114) is f(x, 0) + f(x, 2)− 2f(x, 1) ≥ 0, which is (K5) for f .

• If (a0, a1, a2) = (0, 2, 2), then (114) becomes

f(x, 0) + f(x, 2)− 2f(x− 1, 2)

= [f(x, 0) + f(x, 2)− 2f(x, 1)] + 2[f(x, 1)− f(x− 1, 2)] ≥ 0, (115)

where the first bracket is nonnegative due to (K5), and the second bracket is nonnegative due
to the selection condition a1 = a(x, 1) = 2.

• If (a0, a1, a2) = (1, 1, 2), then (114) becomes

f(x− 1, 1) + f(x, 2)− 2f(x, 1)

= [f(x− 1, 1) + f(x, 2)− f(x, 1)− f(x− 1, 2)] + [f(x− 1, 2)− f(x, 1)] ≥ 0, (116)

where the first bracket is nonnegative due to (K3), and the second bracket is nonnegative due
to the selection condition a1 = a(x, 1) = 1.

• If (a0, a1, a2) = (1, 2, 2), then (114) becomes

f(x− 1, 1) + f(x, 2)− 2f(x− 1, 2)

= [f(x− 1, 1) + f(x, 2)− f(x, 1)− f(x− 1, 2)] + [f(x, 1)− f(x− 1, 2)] ≥ 0, (117)

where the first bracket is nonnegative due to (K3), and the second bracket is nonnegative due
to the selection condition a1 = a(x, 1) = 2.

• Finally, if (a0, a1, a2) = (2, 2, 2), then (114) becomes

f(x− 2, 2) + f(x, 2)− 2f(x− 1, 2) ≥ 0, (118)

which follows from the convexity property of f(x, y) in x in (18).

This completes the proof that f̄ satisfies (K5).
Now we have proved that f̄ = Q̃f satisfies (K1)–(K6), and thus f̄ ∈ K, which completes the

proof of Lemma 3.
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4.2 Proof of Lemma 4

Proof. Consider any f ∈ K. We first decompose the overall event operator P into three separate
event operators that correspond to the events of a job arrival, a job departure from the fast server,
and a job departure from the slow servers, respectively:

• Arrival operator A:

(Af)(x, y) = f(x+ 1, y), y = 0, 1, 2, x ≥ 0, (119)

• Fast departure operator DF:

(DFf)(x, y) = f((x− 1)+, y)

=

{
f(0, y), if x = 0,

f(x− 1, y), if x ≥ 1,
y = 0, 1, 2,

(120)

• Slow departure operator DS:

(DSf)(x, 0) = 2f(x, 0), x ≥ 0,

(DSf)(x, 1) = f(x, 0) + f(x, 1), x ≥ 0,

(DSf)(x, 2) = 2f(x, 1), x ≥ 0.

(121)

Then
Pf = λAf + µ1DFf + µ2DSf. (122)

Since K is closed under nonnegative linear combinations, it suffices to show that Af ∈ K,DFf ∈
K,DSf ∈ K.

We next rewrite the cone properties (K1)–(K6) into forms convenient for this proof. For any
function h : Z+ × {0, 1, 2} → R, define

Lh
1(x, y) = h(x+ 1, y)− h(x, y), y = 0, 1, 2, x ≥ 0, (123)

Lh
2(x, y) = h(x+ 2, y) + h(x, y + 1)− h(x+ 1, y)− h(x+ 1, y + 1), y = 0, 1, x ≥ 0, (124)

Lh
3(x, y) = h(x, y) + h(x+ 1, y + 1)− h(x+ 1, y)− h(x, y + 1), y = 0, 1, x ≥ 0, (125)

Lh
4(x, y) = h(x, y + 1)− h(x, y), y = 0, 1, x ≥ 0, (126)

Lh
5(x) = h(x, 0) + h(x, 2)− 2h(x, 1), x ≥ 0, (127)

Lh
6(x) = h(x+ 2, 0) + h(x, 2)− 2h(x+ 1, 1), x ≥ 0. (128)

Thus h ∈ K if and only if Lh
i ≥ 0, i = 1, 2, 3, 4, 5, 6, which correspond to (K1)–(K6) for h. We also

use the convexity property in x given in (18), which can be written as

Lh
7(x, y) := h(x+ 2, y) + h(x, y)− 2h(x+ 1, y) ≥ 0, y = 0, 1, 2, x ≥ 0. (129)

We have shown that this follows from (K2) and (K3) for h.
We now prove that K is closed under the arrival operator A. Let g = Af . Then, for i = 1, . . . , 6,

Lg
i (x, ·) = Lf

i (x+ 1, ·), (130)

with the obvious interpretation for Lf
5 , L

g
5, L

f
6 , L

g
6, which do not have a y-argument. Since Lf

i (x, y) ≥
0 for all x ≥ 0, we have Lf

i (x+ 1, ·) ≥ 0 for all x ≥ 0. Therefore, if f ∈ K, then g = Af ∈ K.
We next prove that K is closed under the fast departure operator DF. Let g = DFf . Using the

definition of DF in (120) and noting that g(0, y) = g(1, y) = f(0, y) for all y = 0, 1, 2, we have the
following.
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• For (K1),

Lg
1(x, y) =

{
0, x = 0,

Lf
1(x− 1, y), x ≥ 1,

y = 0, 1, 2. (131)

• For (K2),

Lg
2(x, y) =

{
Lf
1(0, y), x = 0,

Lf
2(x− 1, y), x ≥ 1,

y = 0, 1. (132)

• For (K3),

Lg
3(x, y) =

{
0, x = 0,

Lf
3(x− 1, y), x ≥ 1,

y = 0, 1. (133)

• For (K4),

Lg
4(x, y) = Lf

4((x− 1)+, y), x ≥ 0, y = 0, 1. (134)

• For (K5),

Lg
5(x) = Lf

5((x− 1)+), x ≥ 0. (135)

• For (K6),

Lg
6(x) =

{
Lf
1(0, 0) + Lf

5(0), x = 0,

Lf
6(x− 1), x ≥ 1.

(136)

Therefore, we can see that Lg
i ≥ 0 for i = 1, 2, . . . , 6, which implies that g = DFf ∈ K.

Finally we prove that K is closed under the slow completion operator DS. Let g = DSf .

• For (K1), direct substitution gives

Lg
1(x, 0) = g(x+ 1, 0)− g(x, 0)

= 2f(x+ 1, 0)− 2f(x, 0)

= 2Lf
1(x, 0), (137)

Lg
1(x, 1) = g(x+ 1, 1)− g(x, 1)

= {f(x+ 1, 0) + f(x+ 1, 1)} − {f(x, 0) + f(x, 1)}

= Lf
1(x, 0) + Lf

1(x, 1), (138)

Lg
1(x, 2) = g(x+ 1, 2)− g(x, 2)

= 2f(x+ 1, 1)− 2f(x, 1)

= 2Lf
1(x, 1). (139)

• For (K2), for all x ≥ 0,

Lg
2(x, 0) = g(x+ 2, 0) + g(x, 1)− g(x+ 1, 0)− g(x+ 1, 1)

= 2f(x+ 2, 0) + {f(x, 0) + f(x, 1)} − 2f(x+ 1, 0)− {f(x+ 1, 0) + f(x+ 1, 1)}
=

[
f(x+ 2, 0) + f(x, 1)− f(x+ 1, 0)− f(x+ 1, 1)

]
+
[
f(x+ 2, 0) + f(x, 0)− 2f(x+ 1, 0)

]
= Lf

2(x, 0) + Lf
7(x, 0), (140)

Lg
2(x, 1) = g(x+ 2, 1) + g(x, 2)− g(x+ 1, 1)− g(x+ 1, 2)
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= {f(x+ 2, 0) + f(x+ 2, 1)}+ 2f(x, 1)− {f(x+ 1, 0) + f(x+ 1, 1)} − 2f(x+ 1, 1)

=
[
f(x+ 2, 0) + f(x, 1)− f(x+ 1, 0)− f(x+ 1, 1)

]
+
[
f(x+ 2, 1) + f(x, 1)− 2f(x+ 1, 1)

]
= Lf

2(x, 0) + Lf
7(x, 1). (141)

• For (K3),

Lg
3(x, 0) = g(x, 0) + g(x+ 1, 1)− g(x+ 1, 0)− g(x, 1)

= 2f(x, 0) + {f(x+ 1, 0) + f(x+ 1, 1)} − 2f(x+ 1, 0)− {f(x, 0) + f(x, 1)}
= f(x, 0) + f(x+ 1, 1)− f(x+ 1, 0)− f(x, 1)

= Lf
3(x, 0), (142)

Lg
3(x, 1) = g(x, 1) + g(x+ 1, 2)− g(x+ 1, 1)− g(x, 2)

= {f(x, 0) + f(x, 1)}+ 2f(x+ 1, 1)− {f(x+ 1, 0) + f(x+ 1, 1)} − 2f(x, 1)

= f(x, 0) + f(x+ 1, 1)− f(x+ 1, 0)− f(x, 1)

= Lf
3(x, 0). (143)

• For (K4),

Lg
4(x, 0) = g(x, 1)− g(x, 0)

= {f(x, 0) + f(x, 1)} − 2f(x, 0)

= f(x, 1)− f(x, 0)

= Lf
4(x, 0), (144)

Lg
4(x, 1) = g(x, 2)− g(x, 1)

= 2f(x, 1)− {f(x, 0) + f(x, 1)}
= f(x, 1)− f(x, 0)

= Lf
4(x, 0). (145)

• For (K5),

Lg
5(x) = g(x, 0) + g(x, 2)− 2g(x, 1)

= 2f(x, 0) + 2f(x, 1)− 2{f(x, 0) + f(x, 1)}
= 0. (146)

• For (K6),

Lg
6(x) = g(x+ 2, 0) + g(x, 2)− 2g(x+ 1, 1)

= 2f(x+ 2, 0) + 2f(x, 1)− 2{f(x+ 1, 0) + f(x+ 1, 1)}
= 2

[
f(x+ 2, 0) + f(x, 1)− f(x+ 1, 0)− f(x+ 1, 1)

]
= 2Lf

2(x, 0). (147)

Again, we can see that Lg
i ≥ 0 for i = 1, 2, . . . , 6, which implies that g = DFf ∈ K.

We have now shown that K is closed under each of A,DF,DS, which completes the proof of
Lemma 4.
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4.3 Proof of Lemma 5

Proof. We first prove that, for any f ∈ K, after one iteration with T̃ , the function g = T̃ f satisfies

g(1, 0) ≤ g(0, 1), (148)

g(1, 1) ≤ g(0, 2). (149)

That is, if g is interpreted as a value function, then it is of lower cost to not move a job from the
fast server to the slow servers.

Before giving the proof of (148) and (149), we first show why they imply the desired result.
Note that (148) and (149) imply that

(Q̃g)(1, 0) = min
0≤k≤1

g(1− k, k) = g(1, 0) = (Qg)(1, 0), (150)

(Q̃g)(1, 1) = min
1≤k≤2

g(2− k, k) = g(1, 1) = (Qg)(1, 1), (151)

(Q̃g)(2, 0) = min
0≤k≤2

g(2− k, k) = min
0≤k≤1

g(2− k, k) = (Qg)(2, 0). (152)

Since we also know that by definition, (Q̃g)(x, y) = (Qg)(x, y) for all (x, y) that are not (1, 0),
(1, 1), and (2, 0), we have Q̃g = Qg. Thus, T̃ g = T g, i.e.,

T̃ (T̃ f) = T (T̃ f). (153)

Consequently, when we perform the value iteration with T̃ given in (17) starting from Ṽ
(0)
α ∈ K,

we have

Ṽ (∞)
α = lim

n→∞
Ṽ (n+1)
α = lim

n→∞
T̃ n+1Ṽ (0)

α = lim
n→∞

T n
(
T̃ Ṽ (0)

α

)
= V (∞)

α , (154)

as desired.
It remains to prove (148) and (149). We know that

g(x, y) = c(x, y) +
ρα
γ
(PQ̃f)(x, y). (155)

Let f̄ = Q̃f. Then

g(1, 0)− g(0, 1) (156)

=
ρα
γ

(
(P f̄)(1, 0)− (P f̄)(0, 1)

)
(157)

=
ρα
γ

(
λ(f̄(2, 0)− f̄(1, 1)) + µ1(f̄(0, 0)− f̄(0, 1)) + µ2(2f̄(1, 0)− f̄(0, 0)− f̄(0, 1))

)
(158)

=
ρα
γ

(
λ(f̄(2, 0)− f̄(1, 1)) + (µ1 − µ2)(f̄(0, 0)− f̄(0, 1)) + 2µ2(f̄(1, 0)− f̄(0, 1))

)
, (159)

g(1, 1)− g(0, 2) (160)

=
ρα
γ

(
(P f̄)(1, 1)− (P f̄)(0, 2)

)
(161)

=
ρα
γ

(
λ(f̄(2, 1)− f̄(1, 2)) + µ1(f̄(0, 1)− f̄(0, 2)) + µ2(f̄(1, 0) + f̄(1, 1)− 2f̄(0, 1))

)
(162)

=
ρα
γ

(
λ(f̄(2, 1)− f̄(1, 2)) + (µ1 − µ2)(f̄(0, 1)− f̄(0, 2))
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+ µ2(f̄(1, 0)− f̄(0, 1) + f̄(1, 1)− f̄(0, 2))
)
. (163)

By the definition of Q̃, the function f̄ = Q̃f satisfies

f̄(2, 0)− f̄(1, 1) ≤ 0, f̄(1, 0)− f̄(0, 1) ≤ 0, (164)

f̄(2, 1)− f̄(1, 2) ≤ 0, f̄(1, 1)− f̄(0, 2) ≤ 0. (165)

We also know that f̄ ∈ K by Lemma 3, so (K4) for f̄ implies

f̄(0, 0) ≤ f̄(0, 1) ≤ f̄(0, 2). (166)

Combining (159) with these inequalities for f̄ gives

g(1, 0) ≤ g(0, 1). (167)

Combining (163) with these inequalities for f̄ gives

g(1, 1) ≤ g(0, 2). (168)

This completes the proof of Lemma 5.

5 Proof for the Average-Cost Problem

In this section, we prove the result for the average-cost problem in Theorem 1 by taking the
average-cost problem as the limit of the discounted-cost problem when the discount rate α → 0.
This approach is standard and has been used in queueing-control models (see, e.g., Lin and Kumar
(1984); Hajek (1984)). Throughout this section, we assume the stability condition λ < µ1 + 2µ2.

For the average-cost problem, since it is not known a priori that the simplified state representa-
tion (x, y) in Section 3.1 is sufficient, we consider the original state representation. To distinguish
from the simplified state, we write the state as s̄ = (q, z, y), where recall that q is the number of
queued jobs, z is the number of jobs at the fast server, and y is the number of jobs at the slow
servers. Under a policy π, the long-run average cost given initial state s̄ is defined as

gπ(s̄) = lim sup
T→∞

1

T
E
[∫ T

0
(Q(t) + Z(t) + Y (t)) dt

∣∣∣∣ S̄(0) = s̄

]
, (169)

where S̄(t) = (Q(t), Z(t), Y (t)) is the post-decision state at time t.
Our proof consists of two steps. First, we consider a restricted version of the average-cost

problem in which policies are required to be based on the simplified state representation (x, y) in
Section 3.1, i.e., policies that never let the fast server idle if there are queued jobs at the decision
time. We show in Lemma 6 that for this restricted version of the average-cost problem, the optimal
relative value function is a limit of the optimal value functions for the discounted-cost problem,
and thus retains the threshold structure for an optimal policy. In the second step, we show in
Lemma 7 that the threshold policy obtained from the restricted problem is also optimal for the
original average-cost problem.

Lemma 6. Consider the average-cost problem restricted to policies that never let the fast server
idle if there are queued jobs. Then there exists a sequence (αk) with αk ↓ 0, with an associated
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sequence ραk
↑ 1, a scalar g, and a function h, such that, for every state s and a reference state

s0 = (0, 0),

(1− ραk
)V (∞)

αk
(s) → g, V (∞)

αk
(s)− V (∞)

αk
(s0) → h(s), k → ∞. (170)

Further, the pair (g, h) satisfies the average-cost optimality equation

g + h(s) = c(s) +
1

γ

(
PQh

)
(s), s ∈ Z+ × {0, 1, 2}, (171)

and any policy attaining the minimum in the operator Q in (171) is average-cost optimal with
average cost g. Consequently, the function h ∈ K, and thus the corresponding optimal policy π∗ has
the threshold structure in Theorem 1.

The proof of (170) and (171) in Lemma 6 utilizes the general results in Sennott (1989). It

is somewhat routine but we provide it in Appendix B. Once we have the limit result V
(∞)
αk (s) −

V
(∞)
αk (s0) → h(s) as k → ∞ in (170), noting that the cone K is closed under subtracting constants

and pointwise limit, it follows that h ∈ K.

Lemma 7. The policy π∗ in Lemma 6 is optimal for the original average-cost problem. Therefore,
there exists an optimal policy for the original average-cost problem that has the threshold structure
in Theorem 1.

The proof of Lemma 7 is provided in Appendix C.
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A Proof of Lemma 1

Proof. We prove that if a policy π idles the fast server after a decision when there are jobs in the
queue at the decision time, then it can be strictly improved and hence cannot be optimal.

Consider the system under such a policy π, referred to as the π-system. We will construct
another policy π̃ based on policy π and show a strict improvement. We refer to the system under
π̃ as the π̃-system. Let C(t) and C̃(t) denote the total number of jobs at time t in the π-system
and the π̃-system, respectively.

Consider the first time in the π-system such that the policy idles the fast server after a decision
when there are jobs in the queue at the decision time. Without loss of generality, we shift time so
that this time instance is time 0. There are two possible scenarios.

• Scenario 1: After the decision, the fast server is idle and there is at least one job in the
queue, regardless of whether any jobs were assigned to the slow servers during the decision.

• Scenario 2: After the decision, the fast server is idle and there is no job in the queue, which
means that at least one job was assigned to the slow servers during the decision.

We discuss these two scenarios one by one. Note that the coupling in this proof is up to possible
relabeling of job identities, which does not affect the cost.

Scenario 1

In the π̃-system at time 0, we first set the state to be the same as the post-decision state in the
π-system, but we then assign a job in the queue, call it job J , to the fast server. Denote the service
time of job J in the π̃-system by τF. Then τF ∼ Exp(µ1). We let the two systems have the same
job arrivals.

We consider the following two stopping times for the π-system. Let τ0 be the first time the
π-system assigns a job, call it job J0, to the fast server. If this never happens, let τ0 = ∞. Let τ1
be the first time the π-system assigns the last job in the queue, call it job J1, to a slow server. If
this never happens, let τ1 = ∞. Then we let τ = min{τ0, τ1}, which is still a stopping time. We
consider the two possible cases for τ , which are illustrated in Figure 2.

Case 1: τ ≤ τF. In this case, first, we let the π̃-system copy all the job assignments and
service times from the π-system except for job J until τ , which can be verified to be feasible. At
time τ , if τ = τ0, we set the service time of job J0 in the π-system equal to the remaining service
time of job J in the π̃-system. Due to the stopping time properties, the remaining service time of
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time

time

π-system

π̃-system

0

0

τF τ

Case 1: τ here Case 2: τ here

One fewer job
in the π̃-system

Figure 2: The relative positions of τ and τF.

job J in the π̃-system is still Exp(µ1). Thus the coupling is valid. From time τ onward, the states
of the two systems are coupled to be identical. Therefore,

C̃(t) = C(t), ∀t ≥ 0. (172)

Now consider the other case where τ = τ1. At time τ , the π-system assigns a queued job to a
slow server but the π̃-system does not have any jobs in the queue. Again, due to the stopping time
properties, the remaining service time of job J at τ is still Exp(µ1). Then in this case, we switch
to the coupling for Scenario 2 at time τ and resample all the job service times accordingly. The
coupling for Scenario 2 guarantees that

C̃(t) ≤ C(t), ∀t ≥ 0. (173)

Case 2: τ > τF. In this case, let the π̃-system copy all the job assignments and service times
from the π system except for job J and job J0 or J1. If τ = τ0, the π̃ system simply idles the busy
server during the service of job J0. If τ = τ1, the π̃ system simply idles the slow server that serves
job J1 in the π-system during the service of job J1. In either case,{

C̃(t) = C(t)− 1, τF ≤ t < τ,

C̃(t) ≤ C(t), otherwise.
(174)

Combining the two cases, we write the cost difference between the two systems as follows:

E
[∫ ∞

0
e−αt

(
C̃(t)− C(t)

)
dt

]
≤ −E

[∫ τ

τF

e−αt dt

∣∣∣∣ τ > τF

]
P (τ > τF) . (175)

It is clear that

E
[∫ τ

τF

e−αt dt

∣∣∣∣ τ > τF

]
> 0. (176)

Now since τ is a stopping time for the π-system with τ > 0 with probability 1 and τF is sampled
at time 0 independently, we can see that

P (τ > τF) > 0. (177)

Hence,

E
[∫ ∞

0
e−αt

(
C̃(t)− C(t)

)
dt

]
< 0. (178)

Therefore, the policy π̃ strictly improves over the policy π.
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Scenario 2

In this scenario, at time 0, the policy π must have assigned at least one job, call it J , to a slow
server. Without loss of generality, suppose this slow server is server 2. We let policy π̃ send job J
to server 1 instead in the π̃-system.

We couple the π̃-system and the π-system in the following way. We first couple the service times
of job J , denoted as τF in the π̃-system and τS in the π-system. Let τA and τB be two independent
random variables with

τA ∼ Exp(µ2), τB ∼ Exp(µ1 − µ2). (179)

Then let
τF = min{τA, τB}, τS = τA. (180)

It is easy to verify that τF ∼ Exp(µ1) and τS ∼ Exp(µ2). We then couple all future job arrival
times. We also let π̃ follow the same job assignment decisions as π, except for job J and possibly
another job discussed below. When π̃ and π make the same job assignment, we let the service times
of the job be identical in the two systems.

Let τ0 be the first time at which the π-system assigns a job, call it J0, to the fast server. If this
never happens, let τ0 = ∞. We discuss three possibilities for the ordering of τ0, τA, τB.

Case 1: τ0 ≤ min{τA, τB}. In this case, let π̃ assign job J0 to the slow server, server 2. Before
time τ0, the two systems have the same number of jobs, except that job J is at server 1 in the
π̃-system and at server 2 in the π-system. After the decision at time τ0, in the π̃-system, job J is
at server 1 and job J0 is at server 2; in the π-system, job J0 is at server 1 and job J is at server
2. At time τ0, one can verify that conditioning on τ0 ≤ min{τA, τB}, the residual service times for
job J in the π̃-system and the π-system are still Exp(µ1) and Exp(µ2), respectively. Therefore, we
can abandon τA and τB and redraw the service times for jobs J and J0. In particular, let job J
in the π̃-system and job J0 in the π-system have the same service time following Exp(µ1), and job
J0 in the π̃-system and job J in the π-system have the same service time following Exp(µ2), all
independent of everything else. Then the two systems become identical. Therefore, in this case,

C̃(t) = C(t), ∀t ≥ 0. (181)

Case 2: τA ≤ τB and τ0 > τA. When τA ≤ τB, we can see that τF = τS. Therefore, the two
systems are identical after τA, and thus

C̃(t) = C(t), ∀t ≥ 0. (182)

Case 3: τA > τB and τ0 > τB. In this case, the π̃-system is able to copy all the job assignments
except for job J , so the two systems have identical service times for all jobs except for job J . Hence

C̃(t) =

{
C(t)− 1, τB ≤ t < τA,

C(t), otherwise.
(183)

Combining these two cases, we write the cost difference between the two systems as follows:

E
[∫ ∞

0
e−αt

(
C̃(t)− C(t)

)
dt

]
= −E

[∫ τA

τB

e−αt dt

∣∣∣∣ τA > τB, τ0 > τB

]
P (τA > τB, τ0 > τB) . (184)

It is clear that

E
[∫ τA

τB

e−αt dt

∣∣∣∣ τA > τB, τ0 > τB

]
> 0. (185)
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It remains to show that P (τA > τB, τ0 > τB) > 0. Note that if there are no job arrivals before τB,
then the π system cannot assign a job to the fast server before τB. Let τC ∼ Exp(λ) be independent
of everything else. Then

P (τA > τB, τ0 > τB) ≥ P (τA > τB, τC > τB) > 0. (186)

Hence,

E
[∫ ∞

0
e−αt

(
C̃(t)− C(t)

)
dt

]
< 0. (187)

Therefore, the policy π̃ strictly improves over the policy π, which completes the proof.
Combining these two scenarios completes the proof of the lemma.

B Proof of Lemma 6

Proof. We use standard results for countable-state Markov decision processes (MDPs) in Sennott
(1989).

We first explain how our Bellman operator T defined in (12) for the post-decision-state value
function can be written as the Bellman operator for a standard-form MDP, as in Puterman (2005)
and as used in Sennott (1989). The Bellman operator for a standard-form MDP with discount
factor ρα is typically written as

(T standardf)(s) = min
a∈A(s)

{
c(s, a) + ρα

∑
s′

P (s′ | s, a)f(s′)

}
, (188)

where s is the current state, a is an action, A(s) is the set of feasible actions at state s, c(s, a) is
the one-step cost, and P (s′ | s, a) is the transition probability from state s to state s′ under action
a.

For our problem, we define a standard-form MDP as follows. The state is still s = (x, y), and
the cost function is still c(s) = x+ y. Define an action a as a vector a = (ae)e∈E , where the index
e corresponds to a type of event. Specifically, e is from the following set of events

E = {arrival, potential departure from server 1,

potential departure from server 2, potential departure from server 3}.
(189)

Each component ae can be thought of as what to do if event e happens. For each state s, let σ(s, e)
be the state immediately after event e. Then define the set of feasible actions for state s by

A(s) = {a = (ae)e∈E : for all e ∈ E , ae is a feasible job assignment for σ(s, e)} . (190)

Let ψ(σ(s, e), ae) be the post-decision state immediately after applying job assignment ae to state
σ(s, e). Now define

P (s′ | s, a) =
∑
e∈E

pe1
{
ψ(σ(s, e), ae) = s′

}
, (191)

where pe is the probability that the next event is e. It is not hard to see that this is a valid transition
probability matrix. Also note that our cost function c does not depend on the action. Therefore,
the standard Bellman operator can be written as

(T standardf)(s) = min
a=(ae)∈A(s)

{
c(s) + ρα

∑
s′

P (s′ | s, a)f(s′)

}
(192)
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= c(s) + ρα min
a=(ae)∈A(s)

∑
s′

∑
e∈E

pe1
{
ψ(σ(s, e), ae) = s′

}
f(s′) (193)

= c(s) + ρα
∑
e∈E

pe min
ae: ae feasible for σ(s,e)

∑
s′

1
{
ψ(σ(s, e), ae) = s′

}
f(s′) (194)

= c(s) + ρα
∑
e∈E

pe min
ae: ae feasible for σ(s,e)

f
(
ψ(σ(s, e), ae)

)
(195)

= (T f)(s). (196)

Thus our Bellman operator T is the same as T standard for the standard-form MDP defined above,

and our discounted optimal value function V
(∞)
α is also the value function for the associated

standard-form MDP. This assures that although we used the post-decision state and the correspond-
ing Bellman operator, it still fits into standard-form MDPs, and thus we can use tools developed
for standard-form MDPs.

We are now ready to verify the assumptions and apply the theorem in Sennott (1989), which
directly implies Lemma 6. The assumptions we verify for our problem are the following.

Assumption 1 in Sennott (1989). For every state s and every α > 0,

V (∞)
α (s) <∞. (197)

This follows from the fact that jobs arrive according to a Poisson process. We have used this

fact when defining V
(∞)
α in Section 3.2.

Assumption 2 in Sennott (1989). There exist a reference state s0 and a nonnegative constant
N such that

V (∞)
α (s)− V (∞)

α (s0) ≥ −N, ∀s, ∀α > 0. (198)

To see why this is true, choose s0 to be the state (0, 0), that is, the state where the system has

no jobs. Then, due to the monotonicity properties (K1) and (K4) established for V
(∞)
α , we know

V (∞)
α (s)− V (∞)

α (s0) ≥ 0, ∀s, ∀α > 0. (199)

Thus Assumption 2 holds with s0 = (0, 0) and N = 0.

Assumption 3 in Sennott (1989). There exist a reference state s0 and nonnegative constants
Ms such that

V (∞)
α (s)− V (∞)

α (s0) ≤Ms, ∀s, ∀α > 0. (200)

In addition, ∑
s′

P (s′ | s, a)Ms′ <∞, ∀s, ∀a ∈ A(s). (201)

To verify this assumption for our problem, we consider the work-conserving policy π̃, that is,
the policy that first uses the fast server whenever possible and also uses the slow servers whenever
possible. Below we first establish a few basic properties for the system under π̃, and then we
define nonnegative constants Ms using quantities based on this system. To simplify the argument,
consider the uniformization of the continuous-time Markov chain under π̃ with uniformization rate

γ = λ+ µ1 + 2µ2. (202)
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That is, consider the discrete-time Markov chain whose state at time step n is the post-decision
state after the n-th event, denoted as S̃(n) =

(
X̃(n), Ỹ (n)

)
. Consider the following set of states,

which consists of all states that communicate with the state s0 = (0, 0):

R = {(0, 0), (1, 0), (0, 1), (1, 1), (0, 2)} ∪ {(x, 2) : x ≥ 1} ≜ B ∪ {(x, 2) : x ≥ 1}. (203)

States not in R are in the set

Rc = {(x, y) ∈ Z+ × {0, 1, 2} : x ≥ 2, y ∈ {0, 1}}. (204)

States in Rc are transient since, starting from any s ∈ Rc, the state transitions to a state in R
after one step due to the work-conserving decision. Note that the Markov chain (S̃(n) : n ∈ Z+)
is aperiodic, since the state (0, 0) has a self-transition under uniformization and all states in R
communicate.

We now show that (S̃(n)) is positive recurrent in R. Consider the cost function c(x, y) = x+ y
as the Lyapunov function. Then for any (x, y) ∈ {(x, 2) : x ≥ 1}, the drift of c is

∆c(x, y) ≜ E
[
X̃(n+ 1) + Ỹ (n+ 1)− X̃(n)− Ỹ (n)

∣∣∣ (X̃(n), Ỹ (n)) = (x, y)
]

=
λ

γ
(x+ y + 1) +

µ1 + 2µ2
γ

(x+ y − 1)− (x+ y)

=
1

γ
(λ− µ1 − 2µ2) < 0. (205)

We also know that for any (x, y) ∈ B,
∆c(x, y) ≤ 1. (206)

Since B is a finite set, by the Foster-Lyapunov theorem, the Markov chain (S̃(n)) is positive
recurrent in R. As a result, (S̃(n)) has a unique stationary distribution with a positive probability
on each state in R.

We can also show that
E
[
c
(
X̃(∞), Ỹ (∞)

)]
<∞, (207)

where (X̃(∞), Ỹ (∞)) follows the stationary distribution. This follows from the drift bounds above
and the fact that

c
(
X̃(n+ 1), Ỹ (n+ 1)

)
− c

(
X̃(n), Ỹ (n)

)
≤ 1 a.s., (208)

using the results in Hajek (1982).
We are now ready to define the needed constants Ms for each state s. Starting the chain (S̃(n))

from s, let ns be the first time the state hits s0 = (0, 0). That is,

ns = inf{n ∈ Z+ : S̃(n) = (0, 0)}. (209)

Let

Ms = E

[
ns−1∑
n=0

c
(
X̃(n), Ỹ (n)

) ∣∣∣∣∣ (X̃(0), Ỹ (0)) = s

]
. (210)

It is easy to see that Ms does not depend on the discount rate α. We now show that

Ms <∞, ∀s. (211)
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It suffices to focus on s ∈ R, since we know that even if s /∈ R, the state at time step 1 will be in R.
When s ∈ R, we know that (S̃(n)) on R is aperiodic, irreducible, and positive recurrent. We also

know that E
[
c
(
X̃(∞), Ỹ (∞)

)]
<∞. By Proposition 4 in Sennott (1989), we know that Ms <∞.

We now verify that
V (∞)
α (s)− V (∞)

α (s0) ≤Ms, ∀s, ∀α > 0. (212)

To see this, consider the policy that runs π̃ until the first time the state hits (0, 0) and then switches
to the optimal discounted policy. Then for any state s and any α > 0

V (∞)
α (s) ≤ E

[
ns−1∑
n=0

ρnαc
(
X̃(n), Ỹ (n)

)
+ ρns

α V
(∞)
α (s0)

∣∣∣∣∣ (X̃(0), Ỹ (0)) = s

]
≤Ms + V (∞)

α (s0). (213)

In addition, for each state s, there are only finitely many states s′ such that P (s′ | s, a) > 0 for
some action a. Therefore, ∑

s′

P (s′ | s, a)Ms′ <∞, ∀s, ∀a ∈ A(s). (214)

This completes the verification of Assumption 3 in Sennott (1989).
Now we have verified all the assumptions needed. Applying the theorem in Sennott (1989) gives

the desired result. The theorem is proved in the appendix of Sennott (1989), which has explicit
limit relationships that give (170) in Lemma 6.

C Proof of Lemma 7

Proof. Let π∗ be a stationary policy attaining the minimum in the average-cost optimality equation
in Lemma 6. By Lemma 6, π∗ is average-cost optimal for the restricted problem on the reduced
state space and has long-run average cost g. We define the corresponding policy in the original
state space as follows. With a slight abuse of notation, we also call this policy π∗. At each decision
time, let the state be s̄ = (q, z, y) ∈ Z+ × {0, 1} × {0, 1, 2} in the original state representation. If
the fast server is idle and the queue is nonempty, the policy first assigns one queued job to the fast
server. It then applies the slow-server decision prescribed by the reduced-state policy π∗ at the
simplified state (q+ z, y). Then under policy π∗, the long-run average cost starting from any state
s̄ is gπ

∗
(s̄) = g. It remains to show that no admissible policy for the original problem can have

average cost smaller than g.
Consider any admissible policy π for the original problem and an arbitrary initial state s̄ =

(q, z, y). Note that here the initial state s̄ is a post-decision state, and the first decision will be
made after the first event. Let s be the corresponding simplified state s = (q + z, y). Let gπ(s̄) be
the long-run average cost of π starting from the state s̄. We also consider the total discounted cost
of π starting from s̄ under a discount rate α > 0, denoted as V̄ π

α (s̄). Our proof has two steps. In
the first step, we prove that

g ≤ lim sup
α↓0

αV̄ π
α (s̄). (215)

In the second step, we prove that

lim sup
α↓0

αV̄ π
α (s̄) ≤ gπ(s̄). (216)

Then combining them gives the desired result.
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We start with the first step. Let V̄ ∗
α (s̄) be the optimal value function for the α-discounted-cost

problem in the original state space. Then V̄ ∗
α (s̄) ≤ V̄ π

α (s̄). We now relate V̄ ∗
α (s̄) to V

(∞)
α (s). For

the full post-decision state s̄ = (q, z, y), define its fast-filled representation

s̄F =

{
(q, z, y), z = 1 or q = 0,

(q − 1, 1, y), z = 0, q ≥ 1.

Recall that the corresponding simplified state is s = (q+ z, y). It is not hard to see that V̄ ∗
α (s̄

F ) =
V ∗
α (s). Moreover,

V̄ ∗
α (s̄

F ) ≤ V̄ ∗
α (s̄),

which can be proven using the same coupling arguments in the proof of Lemma 1. Therefore,

V ∗
α (s) ≤ V̄ ∗

α (s̄) ≤ V̄ π
α (s̄). Recall that V

(∞)
α (s) = (α+ γ)V ∗

α (s), and ρα = γ
α+γ . Thus,

(1− ρα)V
(∞)
α (s) ≤ αV̄ π

α (s̄). (217)

Now take the sequence αk ↓ 0 from Lemma 6. Since

(1− ραk
)V (∞)

αk
(s) → g, (218)

we obtain
g ≤ lim sup

k→∞
αkV̄

π
αk
(s̄) ≤ lim sup

α↓0
αV̄ π

α (s̄). (219)

We now carry out the second step, where we prove (216). The arguments are standard. Let
(Q(t), Z(t), Y (t)) be the system state at time t under policy π, and let

c̄π(t) = E[Q(t) + Z(t) + Y (t) | (Q(0), Z(0), Y (0)) = s̄] . (220)

Then

V̄ π
α (s̄) =

∫ ∞

0
e−αtc̄π(t) dt. (221)

Let

Γπ(t) =

∫ t

0
c̄π(u) du. (222)

We know that c̄π(t) is nonnegative and locally integrable since c̄π(t) ≤ q + z + y + λt due to the
Poisson arrivals. Then Γπ(t) is absolutely continuous and nondecreasing.

We know that

gπ(s̄) = lim sup
T→∞

1

T
Γπ(T ). (223)

If gπ(s̄) = ∞, then there is nothing to prove. Otherwise, fix any ε > 0. By (223), there exists
T0 <∞ such that

Γπ(t) ≤
(
gπ(s̄) + ε

)
t, t ≥ T0. (224)

The properties of Γπ(t) allow the following integration by parts

αV̄ π
α (s̄) = α

∫ ∞

0
e−αt dΓπ(t) = α2

∫ ∞

0
e−αtΓπ(t) dt, (225)
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where the boundary term vanishes because Γπ(t) = O(t2). Using (224), we obtain

αV̄ π
α (s̄) = α2

∫ T0

0
e−αtΓπ(t) dt+ α2

∫ ∞

T0

e−αtΓπ(t) dt

≤ α2

∫ T0

0
e−αtΓπ(t) dt+

(
gπ(s̄) + ε

)
α2

∫ ∞

T0

e−αtt dt.

(226)

Taking the lim supα↓0 gives
lim sup

α↓0
αV̄ π

α (s̄) ≤ gπ(s̄) + ε. (227)

Letting ε ↓ 0 gives
lim sup

α↓0
αV̄ π

α (s̄) ≤ gπ(s̄). (228)

This completes the proof.

D Brief Report on Interactions with GPT-5.5 Pro

In this section, we provide a brief report on some of our interactions with GPT-5.5 Pro, also referred
to as the model. The purpose of this section is to give context for how the results in this paper
were obtained and to document the role played by the model in the discovery and writing process.
The prompting was carried out by one of the authors, Weina Wang. All prompts reported here
were quoted verbatim.

We begin with the initial prompt and the corresponding initial response from GPT-5.5 Pro,
where the model already found the key proof ideas. We next give some examples of the errors and
inaccuracies in the model’s generated content. We then present two additional prompt examples,
together with summaries of the model’s responses. The goal of this section is not to give a complete
transcript of our use of AI, but rather to demonstrate some author-AI interactions and the kinds
of reasoning produced by the model.

It is important to note that, after many rounds of interaction, the writeup produced by GPT-5.5
Pro was mostly correct at the level of the main mathematical ideas. However, its overall quality
was still far from the standard expected of a theoretical paper in computer science or operations
research. For example, it introduced many redundant notations, the logical flow was often indirect,
and some arguments were still too brief to be verifiable. The present paper is therefore a complete
human rewriting of the writeup generated by the model.

D.1 First Prompt and First Response

We started by asking GPT-5.5 Pro to solve the problem and write a paper about it, giving it some
background materials and references. The first prompt and response are given below.

First prompt

In this project, I’d like to work on an old open problem in queueing. This is a well-known
problem that has been studied by many people, but it’s still unsolved. The position paper I
uploaded to the sources named ‘‘the slower-server problem with multiple slower servers-100-
views-on-queues-Ger Koole.pdf” gives a good articulation of the problem. We can focus on
the case where there are one fast servers and two slower servers with the same rate. I’m also
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uploading some classical papers on this topic for the setting where there is one fast and one
slow server: ‘‘A simple proof of the optimality of a threshold policy in a two-server queueing
systems.pdf”, ‘‘A note on ‘Optimal control of a queuing system with two heterogeneou
servers’ ”. Those are just examples of papers in this field. Feel free to read other papers. The
position paper also has good pointers in it. Can you solve this problem?

First GPT response (scribed verbatim into LaTeX, citations omitted)

Thought for 20m 39s

I think the one-fast/two-identical-slow Poisson-arrival case can be solved by strengthening
Koole’s value-iteration cone. The key is to add one inequality that is not present in the two-
server proof: convexity in the number of busy slow servers along fixed total population.
That inequality makes the two-slow-server decision operator closed.

Koole’s position note states the conjecture exactly in the form “if sending a customer to a slow
server is optimal in (x, y), then it is also optimal in (x + 1, y)” for one fast server and two
equal slow servers, and notes that the usual inequality-propagation method breaks for multiple
slow servers. [source cited] The two-server proof propagates multimodularity plus monotonicity.
[source cited] The incomplete-proof problem flagged by de Véricourt–Zhou is that earlier multi-
server arguments missed operator cases/boundaries, so the proof below is designed around an
explicit closed cone rather than a coupling shortcut. [source cited]

Proposed theorem

For an M/M/1 + 2 system with one fast server of rate µ1, two identical slow servers of rate
µ2 < µ1, nonpreemptive assignment, linear holding cost equal to the number of customers in
system, and λ < µ1 + 2µ2, there is an optimal discounted and average-cost stationary policy
with threshold form:

if a slow-server assignment is optimal at (x, y), then it is optimal at (x+ 1, y),

for y = 0, 1. More strongly, for y = 0 there are ordered thresholds for using zero, one, or two
slow servers.

The Bellman setup

Uniformize so that λ+ µ1 + 2µ2 = 1. Let x be the number of customers in the queue plus the
customer at the fast server, and let y ∈ {0, 1, 2} be the number of busy slow servers. Write
fy(x) = f(x, y).

Use the post-decision value recursion
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Vn+1 = c+ P QVn, c(x, y) = x+ y,

where Q is the slow-server assignment operator and P is the event operator. For the proof, use
the relaxed assignment operator

(Qf)(x, y) = min
0≤a≤2−y

f(x− a, y + a),

with infeasible negative x − a terms treated as +∞. This relaxation allows “moving” a fast-
server customer to a slow server at the boundary, but such actions are dominated by keeping
that customer on the fast server. This is the same fastest-available-server principle proved by
coupling in the older literature; Weber states the general result that, when an assignment is
made, an optimal policy assigns to the fastest available processor. [source cited] Walrand’s
two-server note also uses this type of pathwise argument. [source cited] Thus the relaxed and
original models have the same optimal value, with a feasible optimal selector.

The invariant cone

Define a cone C of functions f : N0 × {0, 1, 2} → R satisfying the following inequalities.

For all valid x and y:

∆xfy(x) = fy(x+ 1)− fy(x) ≥ 0,

∆2
xfy(x) = fy(x+ 1)− 2fy(x) + fy(x− 1) ≥ 0,

fy+1(x)− fy(x) ≥ 0,

f0(x) + f2(x)− 2f1(x) ≥ 0,

Sy(x) := fy(x) + fy+1(x+ 1)− fy(x+ 1)− fy+1(x) ≥ 0,

My(x) := fy(x+ 1) + fy+1(x− 1)− fy(x)− fy+1(x) ≥ 0,

and the new fixed-total-population convexity inequality

R(x) := f0(x) + f2(x− 2)− 2f1(x− 1) ≥ 0.
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The last inequality is the crucial addition. In total-population coordinates n = x + y, it says
the value is convex in the number of busy slow servers along the line n = constant. This is
exactly the missing curvature that makes the two-slow-server minimum operator behave.

Why the cone is closed

The event operator is

(Pf)(x, 0) = λf0(x+ 1) + µ1f0((x− 1)+) + 2µ2f0(x),

(Pf)(x, 1) = λf1(x+ 1) + µ1f1((x− 1)+) + µ2f0(x) + µ2f1(x),

(Pf)(x, 2) = λf2(x+ 1) + µ1f2((x− 1)+) + 2µ2f1(x).

The nontrivial checks reduce to nonnegative combinations of the cone inequalities. For example,
away from the x = 0 boundary,

M0(Pf)(x) = λM0(f)(x+ 1) + µ1M0(f)(x− 1) + µ2{∆2
xf0(x) +M0(f)(x)} ≥ 0,

M1(Pf)(x) = λM1(f)(x+ 1) + µ1M1(f)(x− 1) + µ2{∆2
xf1(x) +M0(f)(x)} ≥ 0,

and

R(Pf)(x) = λR(f)(x+ 1) + µ1R(f)(x− 1) + 2µ2M0(f)(x− 1) ≥ 0.

The Sy inequalities are similarly closed:

S0(Pf)(x) = λS0(f)(x+ 1) + µ1S0(f)(x− 1) + µ2S0(f)(x),

S1(Pf)(x) = λS1(f)(x+ 1) + µ1S1(f)(x− 1) + µ2S0(f)(x).

The coordinate monotonicity, coordinate convexity, and same-x slow-server convexity inequali-
ties are direct positive-combination checks. Boundary cases use the same inequalities with the
fictitious fast-completion term fy((x− 1)+).

For the decision operator Q, transform to total-population coordinates:
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H(n, j) = f(n− j, j), j = 0, 1, 2.

Then Q becomes the tail-minimum operator

H̄(n, j) = min
k≥j

H(n, k).

Let

An = H(n, 0)−H(n, 1), Bn = H(n, 1)−H(n, 2).

The My inequalities imply An and Bn are nondecreasing in n. The new R-inequality gives

An ≥ Bn.

Therefore the minimizer of {H(n, 0), H(n, 1),H(n, 2)} has the ordered form

H(n, 0) → H(n, 1) → H(n, 2)

as n increases; it cannot oscillate. This ordered-tail-min property is what fails without R. A
direct three-case verification then shows Qf ∈ C. Thus

f ∈ C =⇒ Qf ∈ C =⇒ PQf ∈ C.

Since c ∈ C, all finite-horizon and discounted value iterates stay in C, and the discounted fixed
point is in C. The average-cost bias follows by the usual vanishing-discount argument because
the cone is closed under pointwise limits and additive normalization.

Threshold conclusion

Let V be the discounted value function or an average-cost bias function. Define the diagonal
differences

D0(x) = V0(x)− V1(x− 1),

D1(x) = V1(x)− V2(x− 1).

The My inequalities say precisely that D0(x) and D1(x) are nondecreasing in x.
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For y = 1, using the remaining idle slow server is optimal exactly when

V2(x− 1) ≤ V1(x) ⇐⇒ D1(x) ≥ 0.

Since D1(x) is nondecreasing, this is an upper set in x.

For y = 0, using at least one slow server is optimal when

min{V1(x− 1), V2(x− 2)} ≤ V0(x).

Equivalently,

D0(x) ≥ 0 or D0(x) +D1(x− 1) ≥ 0.

Both D0(x) and D0(x)+D1(x−1) are nondecreasing in x, so this condition is also an upper set.
The R-inequality further gives the ordered structure for choosing one versus two slow servers.

So the conjecture follows for the one-fast/two-identical-slow Poisson model.

I would treat this as a proof draft rather than a final paper proof: the main item to write out
fully is the finite three-case verification that Q preserves the cone. The argument above is the
part I’d build the note around. The MAP-arrival version should be approachable by adding an
arrival-phase index and requiring the same inequalities componentwise, but I have not checked
that extension yet.

D.2 Errors and Inaccuracies

The author found a minor algebraic error in early versions of the proofs generated by GPT-5.5 Pro.
In addition, the early versions of the proof of Lemma 1 were inaccurate and informal. Even after
several iterations, it seemed difficult to make GPT-5.5 Pro produce a fully precise proof of this
lemma, which involves stochastic coupling. However, when asked to check the correctness of this
proof, the model was able to identify logical gaps, including gaps in the enumeration of possible
scenarios.

Prompt that caught a minor algebraic error

I’m reading the proof of Lemma 3 and realized some issues. For example, when you give the
expression of X 0ˆg(x), the second term doesn’t seem to be correct when x = 0. Can you
check?

The model agreed that this was an error and revised the argument. This error occurred in the
application of the fast-departure operator DF in the proof of Lemma 4, specifically in (131). The
correct algebra is given in the present version of (131), where Lg

1(x, y) = 0 when x = 0. In the earlier
version referred to in the prompt, the corresponding term was h((x− 1)+ + 1, y)− h((x− 1)+, y),
which was incorrect since it is equal to h(1, y)− h(0, y) when x = 0.
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Below we give an example of an earlier version of Lemma 1 and its proof. It has vague descrip-
tions such as “using dummy customers only to synchronize states after the earlier of the two coupled
service completions”, without specifying what dummy customers are and how the synchronization
is constructed.

Earlier version of GPT generated Lemma 1 and its proof

Lemma 1 (Fast-server reduction). For the original nonpreemptive system, there is an optimal
policy that never routes a customer to an idle slow server while the fast server is idle and a
customer is available for service.

Proof. This is the standard fastest-available-server interchange. Suppose a policy assigns a
customer C to a slow server at an instant at which the fast server is idle. Construct a modified
policy that assigns C to the fast server instead and then mimics the original policy, using dummy
customers only to synchronize states after the earlier of the two coupled service completions.
Couple the first fast and slow service times by taking a single exponential random variable E
of rate one and setting

σ1 = E/µ1, σ2 = E/µ2.

Since µ1 > µ2, σ1 ≤ σ2 almost surely. The modified system therefore completes C no later
than the original system. Up to the synchronization time it has no more real customers than
the original system; after synchronization the two systems can be run with the same future
arrivals, services, and decisions. Dummy customers, if introduced, are not charged holding cost
and are used only to preserve the same future service-clock construction. Hence the modified
policy has pathwise holding cost no larger than the original policy. Repeating this interchange
at every violation gives an optimal policy with the stated property.

D.3 More Prompt Examples and Responses

After the first prompt, the author’s later prompts mainly asked GPT-5.5 Pro to perform several
types of tasks: check boundary cases, provide more proof steps, make the arguments more rigorous,
clarify some confusions from the authors, or revise the presentation. These demonstrate typical
interactions between the authors and the model: the authors checked the mathematical content,
raised specific concerns, and asked the model to refine the proof and the exposition. We include
two examples below.

D.3.1 Example 1

In the first example, we asked the model to add more details about a step in the proof of Lemma 2.

Prompt that asked for more proof details

In the revised manuscript, can you add more details about the following:
- When you verify monotonicity (K1) in the proof of Lemma 2, can you add a detailed
explanation on why it suffices to show H s(n+1) - H r(n) >= 0 for each possible pair r <= s?
Make sure you consider all the boundary cases for n.
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- Similarly, when you verify Convexity (K2) in the proof of Lemma 2, can you explain in
detail why (3.7) is sufficient?
Add these arguments to the manuscript without changing anything else.

We show below how the model responded to the first bullet point in the above prompt.

Relevant part in GPT generated file before the prompt above

For (K1), it suffices to show Hs(n+ 1)−Hr(n) ≥ 0 for each possible pair r ≤ s.

Relevant part in GPT generated file after the prompt above

For (K1), it suffices to show Hs(n+ 1)−Hr(n) ≥ 0 for each possible pair r ≤ s.

Here is the reduction in detail. Fix a tail level j ∈ {0, 1, 2} and an admissible total population
n ≥ j. The (K1) inequality for H̄ at this tail level is

H̄j(n+1)− H̄j(n) ≥ 0. (3.7a)

By (3.4), if r = rj(n) and s = rj(n+ 1) are the selected indices at n and n+ 1, then

H̄j(n) = Hr(n), H̄j(n+ 1) = Hs(n+ 1).

Therefore (3.7a) is exactly

Hs(n+1)−Hr(n) ≥ 0. (3.7b)

Since each selector rj(·) is nondecreasing in total population, every actual pair satisfies r ≤ s.
Conversely, every instance of (K1) for H̄ is obtained in this way from one such adjacent selector
pair. Hence checking (3.7b) for all feasible nondecreasing pairs is sufficient.

The small-population boundary cases are also covered by this reduction. For j = 0 and n = 0,
the tail at n = 0 contains only index 0, so r = 0 and s ∈ {0, 1}; the only possible pairs are
(0, 0) and (0, 1). For j = 0 and n = 1, the first tail contains only indices 0, 1 and the second
contains 0, 1, 2, so the possible pairs are a subset of (0, 0), (0, 1), (0, 2), (1, 1), (1, 2). For j = 0
and n ≥ 2, all six nondecreasing pairs in the table below can occur. For j = 1 and n = 1, the
first tail contains only index 1, so the only possible pairs are (1, 1) and (1, 2); for j = 1 and
n ≥ 2, the possible pairs are (1, 1), (1, 2), (2, 2). For j = 2, the tail always contains only index
2, so only (2, 2) occurs. Thus the table checks a superset of the boundary-feasible cases, and
every displayed term is defined whenever the corresponding pair can actually arise.

D.3.2 Example 2

In the second example, we asked the model to add more details for the proof of the average-cost
optimality result.
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Prompt

Now let’s look at Section 7. Let’s use the most updated version, ‘‘2026
05 21 One fast two slow conjecture.pdf” in sources. Section 7 is a bit rough now. I asked an
expert to review this section and got the feedback written in ‘‘mz comments.pdf” in the
sources. You can also refer to the paper ”Optimal control of a queueing system with two
heterogeneous servers” by Lin and Kumar, also in the sources, to see how they handled such
arguments. Please rewrite Section 7 to address all the issues raised. You probably want to
prove properties of the cone \K. Put those properties in Section 2. Don’t change other parts
of the paper. Give me the pdf file and latex file.

The feedback mentioned above was given by one of the authors, Matthew Zurek. In this file,
one paragraph is the following: “The current Section 7 is basically a proof sketch rather than an
acceptable proof. Many details need to be added. In particular, I think actual weights for the
weighted sup-norm need to be specified/constructed and stability should actually be checked with
a Lyapunov argument. Then one can either cite a theorem which helps with taking the limit as
α ↓ 0 [justifying that the sequence of value function differences is bounded, has a subsequence
with a limit, that limit satisfies the average-cost optimality equation, and also that this optimality
equation has a stationary minimizing policy (which is obvious since the action space is finite)].”

Before this prompt, Section 7 was short, with about half a page, and mostly a proof sketch. In
response to this, the model expanded Section 7 to about 3 pages and generated what was closer to
an actual proof. This proof used the results from Sennott (1989), and verified the assumptions. The
proof was roughly correct, but had redundant parts and was hard to read. It was later reorganized
and polished by the authors.
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