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Abstract

We study polynomial-time approximation algorithms for the
Network Steiner Tree problem, which is a well-known prob-
lem in combinatorial optimization. One result for this prob-
lem is an 11/6-approximation, found by Zelikovsky in 1993
[Zel93]. In 2005, Robins and Zelikovsky found an algorithm
that achieves a 1 + ln 3

2 ≈ 1.55-approximation [RZ05]. These
algorithms use greedy strategies to make a set of incremen-
tal improvements to the result. We work out the details of
an idea due to Deeparnab Chakrabarty [Cha18], and inves-
tigate whether the algorithms can be simplified by reducing
to submodular function optimization under knapsack con-
straints, and applying Sviridenko’s 2004 cost-benefit greedy
algorithm, which is known to give a 1− 1/e approximation
[Svi04].

The Network Steiner Tree Problem

We are given a connected weighted graph Gfull =
(Vfull, Efull), and a set of terminals V ⊆ Vfull (blue in Fig-
ure 1). A Steiner Tree is any subtree of Gfull that spans
all terminals (red). We call any non-terminal nodes that
appear in a Steiner tree Steiner nodes (green). Given a
graph and its terminals, we want to output the minimum
cost Steiner Tree.
In general, this problem is NP-hard, so we look for
polynomial-time approximation algorithms.

The Minimum Spanning Tree

We can associate Gfull with G = (V,E), the shortest path
graph on the terminals. The minimum spanning tree (MST)
of G corresponds to a Steiner Tree in Gfull which has cost
at most 2 times the optimum.

Figure 1: A Steiner Tree in Gfull (left), and the graph G
associated with Gfull (right).

Previous Results

An 11/6-Approximation [Zel93]

The MST approximation does not capture the idea of reusing
Steiner nodes well. To improve this, Zelikovsky suggested the
idea of contracting components.

Figure 2: A component to contract in Gfull (left) and the
result of the contraction in G (right)

We commit to a component K of the graph. Now, after
spending cost(K) on this, all additional connections within
this component in G are effectively free. Zelikovsky’s algo-
rithm greedily chooses components to maximize how much
the MST improves in G. This gives an 11/6 approximation.

A
(
1 + ln 3

2

)
-Approximation [RZ05]

Robins and Zelikovsky improve on the idea above by showing
a more refined way to contract components that leads to a(
1 + ln 3

2

)
-approximation.

Both of these are great results, but they rely heavily on tech-
nical arguments about how the MST changes on each step of
the algorithm.

Submodular Functions

For a universe of items U , a let f : P(U)→ R be a function
that assigns values to subsets of U .

If for all A ⊆ B ⊆ U , we have that f (A) ≤ f (B), we call f
a monotone function.

If for all A ⊆ B ⊆ U , and elements e ∈ U \B, we have that

f (A ∪ {e})− f (A) ≥ f (B ∪ {e})− f (B)

we call f a submodular function.

Given a monotone submodular function over a universe U , a
cost function c : U → R+, and a budget B ∈ R+, a natural
question is if we can find a set S that maximizes f (S), such
that

∑
e∈S c(e) ≤ B. The cost function and budget form a

knapsack constraint on our set S.

Submodular Function Maximization

Let S∗ be the set of cost at most B that maximizes f (S∗).
In 2004, Sviridenko gave a polynomial-time algorithm that
for a fixed α ∈ R+, outputs a set S such that the cost of S
is at most α ·B, and

f (S) ≥
(

1− 1

eα

)
f (S∗) [Svi04].

This allows us to approximately maximize any monotone
submodular function f with respect to a knapsack con-
straint.

Our Results

We show that the function of how much a set of contractions
improves the MST of G from [Zel93] is monotone submod-
ular. This means that we can apply Sviridenko’s algorithm
to find a set of contractions that approximately maximizes
this function. This gives us an approximation factor of

1 + ln 2 ≈ 1.693

which is better than Zelikovsky’s 11/6 ≈ 1.833 approxima-
tion.

We then apply the same technique to the refined contrac-
tions in [RZ05]. This allows us to build a Steiner Tree that
matches their approximation factor of

1 +
ln 3

2
≈ 1.549.

This is a good result, because we are able to provide a much
simpler proof of the same approximation, that does not
rely on their technical arguments about minimum spanning
trees. In fact, we show that our algorithms behave the same,
so our proof is a simpler way to view their result.
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