Session-Typed Ordered Logical Specifications

Henry DeYoung

CMU-CS-20-133
December 2020

Computer Science Department
School of Computer Science
Carnegie Mellon University

Pittsburgh, PA 15213

Thesis Committee:
Frank Pfenning (Chair)
Iliano Cervesato
Robert Harper
André Platzer
Simon Gay (University of Glasgow)
Carsten Schiirmann (IT University of Copenhagen)

Submitted in partial fulfillment of the requirements
for the degree of Doctor of Philosophy.

Copyright © 2020 Henry DeYoung

This research was sponsored by National Science Foundation award number: 1718276; by a Na-
tional Science Foundation Graduate Research Fellowship award; and by a Google Lime Scholar-
ship award.

The views and conclusions contained in this document are those of the author and should not be
interpreted as representing the official policies, either expressed or implied, of any sponsoring
institution, the U.S. government or any other entity.






For my parents and brother



Keywords: concurrency, bisimilarity, session types, proof construction, proof

reduction, ordered logic, singleton logic



Abstract

Concurrent systems are ubiquitous, but notoriously difficult to get right:
subtle races and deadlocks can lurk even in the most extensively tested
of systems. In a quest to tame concurrency, researchers have success-
fully applied the principle of computation as deduction to concurrency
in two distinct ways: concurrency as proof reduction and concurrency as
proof construction. These two approaches to concurrency have comple-
mentary advantages, with the proof-construction approach excelling at
global specification of a system’s dynamics, while the proof-reduction
approach is best suited to implementation of the processes that com-
prise the system.

This document explores the relationship between these two differ-
ent proof-theoretic characterizations of concurrency. To focus on the
essential aspects of their relationship, the exploration is carried out in
the context of concurrent systems that have chain topologies. From
a proof-construction perspective, chain topologies arise from ordered
logic; from a proof-reduction perspective, they arise from singleton logic,
a variant of ordered logic that restricts sequents to have exactly one an-
tecedent.

In this context, a rewriting framework is systematically derived from
the ordered sequent calculus, and a message-passing fragment of that
rewriting framework is identified. String rewriting specifications of
concurrent systems can be choreographed into this fragment, and the
fragment supports a notion of bisimilarity. Along the way, we also
uncover a semi-axiomatic sequent calculus for singleton logic, which
blends a standard sequent calculus with axiomatic aspects of Hilbert sys-
tems, and we then establish a correspondence between semi-axiomatic
proof normalization and asynchronous message-passing communica-
tion. Ultimately, the message-passing processes can be faithfully em-
bedded within the message-passing ordered rewriting framework in a
bisimilar way. Perhaps surprising is that, because the embedding is
left-invertible, we can also identify fairly broad conditions under which
local, process implementations can be extracted from global, message-
passing ordered rewriting specifications.
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Introduction

With the increasingly complex, distributed nature of today’s software sys-
tems, concurrency is ubiquitous. Concurrency facilitates distributed compu-
tation by structuring systems as nondeterministic compositions of simpler
subsystems. But, being nondeterministic, concurrent systems are notoriously
difficult to get right: subtle races and deadlocks can be lurking in even the
most extensively tested of systems.

At the same time, decades of research into connections between proof
theory and programming languages — beginning with Curry’s observation
that simplification of axiomatic proofs corresponds to combinatory reduc-
tion,! and notably continuing with Howard’s discovery of an isomorphism
between intuitionistic natural deduction and the simply-typed A-calculus? —
have firmly established the principle of computation as deduction as the gold
standard for clear, expressive, and provably correct programs. Computation-
as-deduction interpretations of intuitionistic logic, for example, are the foun-
dations for both the typed functional® and logic* programming paradigms.

The computation-as-deduction idea has also been successfully applied to
concurrent programming, originating from Girard’s suggestion of possible
connections between linear logic and concurrency.> These research efforts
have been directed along two different proof-theoretic paths: concurrency as
proof reduction and concurrency as proof construction.

Under a concurrency-as-proof-reduction view, processes are mapped to
linear sequent proofs or proof nets. Proof reduction, in the form of cut elimina-
tion, thus corresponds to concurrent, message-passing communication. This
view was pioneered by Abramsky,® further pursued by Bellin and Scott,” and
later extended to a true Curry-Howard isomorphism with the intuitionistic
linear sequent calculus by Caires and Pfenning with Toninho.® Under this
isomorphism, propositions are types — specifically, binary session types® that
describe the interaction protocol to which a process adheres. And concur-
rency arises when the various interleavings of independent proof reductions
are treated indistinguishably.

Under the other, concurrency-as-proof-construction view, computation is
the act of building a partial, cut-free proof by nondeterministically applying

1 Curry 1934.
2Howard 1969.

3 Martin-Lof 1982.
4 Miller et al. 1991; Andreoli 1992.

5 Girard 1987.

6 Abramsky 1993.
7Bellin and Scott 1994.

8 Caires and Pfenning 2010; Caires, Pfenning,
and Toninho 2012, 2016.
°Honda 1993.
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10 Miller 1992.

11 Cervesato and Scedrov 2009.

12 Toninho et al. 2013; Griffith 2016.

13 But they can livelock or diverge in the pres-
ence of recursive types, unless those re-
cursive types are strictly coinductive (Der-
akhshan and Pfenning 2020).

14 Recursion can be incorporated in functional
languages in a logically justified way, using
inductive and coinductive types (Mendler
1987). Derakhshan and Pfenning (2020) and
Somayvyajula and Pfenning (2020) are cur-
rently investigating logically justified induc-
tive and coinductive session types.

the inference rules one by one. In our setting, this proof construction tack
is perhaps best encapsulated by the process-as-formula encoding, in which
process constructors are mapped to linear logical connectives.'® Concurrency
is then manifested by the permutability of inference rules within a partial
proof.

Despite the various research efforts into proof-reduction and proof-con-
struction approaches to concurrency as deduction, it appears that relatively
little research on the relationship between the two approaches exists in the
literature, with an article by Cervesato and Scedrov being the notable in-
stance.!? In this document, we undertake a further study of the relationship
between proof reduction and proof construction.

SPECIFICALLY, WE BEGIN by noticing that each of these two approaches to
concurrency as deduction has its own strengths and weaknesses. The proof-
reduction approach excels at implementation. Under Caires, Pfenning, and
Toninho’s isomorphism, proofs are immediately and directly well-typed pro-
cess implementations.?? Properties of cut elimination also ensure that the
proof-reduction approach enjoys session-type preservation and progress the-
orems — well-typed processes will never deadlock.*?

However, the proof-reduction approach does have its weaknesses. Owing
to the binary structure of the cut elimination procedure, the proof-reduction
approach lends itself more naturally to synchronous communication, whereas
asynchronous communication is often more consistent with programming
practice and more directly realizable. Also, because processes are generally
long-running or non-terminating, recursion is even more important than in
functional programming, and it is not obvious how to incorporate recursion
in a logically justified way within the session type isomorphism.*

In contrast to proof reduction, the proof-construction approach excels at
the task of specifying the behavior of concurrent systems. It gives a more
global description of the system by focusing on the interactions between pro-
cesses, without prescribing how those interactions occur. Because computa-
tion is captured by the construction of a partial cut-free proof and each infer-
ence rule has a single principal formula, this approach reflects asynchronous
communication. Moreover, recursion is relatively easy to incorporate because
the logical aspects of proof construction are confined to hypothetical deriv-
ability and partial proofs, rather than provability and complete proofs.

On the flip side, however, it is not obvious how to extract well-behaved,
local process implementations from these global specifications. And, being
untyped, the proof-construction approach does not enjoy type preservation
and progress theorems like the concurrency-as-proof-reduction view does —
computation can easily deadlock or livelock when proof construction fails or
diverges, respectively.

In short, the strengths and weaknesses of the proof-reduction and proof-

construction approaches are almost exactly opposite each other. To gain the



1.1

strengths of both approaches without the weaknesses of either, we would like
to identify a kind of intersection between concurrency as proof reduction and
concurrency as proof construction. That is, we want to identify fragments of
proof reduction and proof construction that can be put in bijective correspon-
dence. On these fragments, we will be able to give global specifications of
concurrent systems, while still being able to extract, or project, local imple-

mentations from them.

To FOCUs OUR ATTENTION on the essential aspects of and relationship be-
tween the proof-reduction and proof-construction approaches to concurrency
as deduction, we will limit our investigation in this document to processes ar-
ranged in chain topologies, as opposed to the more general tree topologies
that Caires, Pfenning, and Toninho’s isomorphism supports. Chain topolo-
gies allow us to treat channels namelessly — each process has exactly two
channels, one with its unique left-hand neighbor and one with its right-hand
neighbor - which lifts a large but inessential notational burden.

In both the proof-reduction and proof-construction characterizations of
concurrency, chain topologies exist as logically motivated fragments of the
general case. From the proof-construction perspective, chain topologies arise
from (modality-free) ordered logic,'> an extension of the Lambek calculus;*®
from the proof-reduction perspective, chain topologies will arise from sin-
gleton logic,’” an astructural fragment of ordered and linear logics in which
sequents have exactly one antecedent and one consequent.

Thus, the remainder of this document serves to establish the following
thesis statement.

Session types form a bridge between distinct notions of concurrency in com-
putational interpretations of singleton and ordered logics based on proof
reduction, on one hand, and proof construction, on the other hand.

We also conjecture that the results contained in this document can be gen-
eralized in a relatively straightforward way to tree topologies. This will intro-
duce a moderately large notational overhead, but should present no concep-
tual difficulties. In section 11.1.1, we will sketch how we expect this generaliza-
tion to occur. Broadly, it will be based on a destination-passing style,'® and the
singleton logic used for proof-reduction-as-concurrency would be replaced
with propositional linear logic, and the modality-free ordered logic used for
proof-construction-as-concurrency would be replaced with first-order linear
logic.

Overview

In this section, we provide a high-level overview of this document.
Part I reviews some necessary background information, namely definitions

of finite automata (chapter 2) and a sequent calculus presentation of ordered

INTRODUCTION 15

15 Lambek 1961; Abrusci 1990; Kanazawa 1992;
Polakow and Pfenning 1999b.

16 Lambek 1958.

17 Santocanale 2002; Fortier and Santocanale
2013.

18 Simmons and Pfenning 2011a.
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19 Polakow and Pfenning 1999b.

20 Meseguer 1992.

21Lambek’s calculus was later extended to free
residuated lattices (Lambek 1961; Abrusci
1990; Kanazawa 1992).

22Incidentally, this focused ordered rewrit-
ing framework is roughly what would be
needed to combine the Ordered Logical
Framework (Polakow 2001) with the Con-
current Logical Framework (Watkins et al.
2002).

23 Andreoli 1992.

24 Zeilberger 2008.

25 Simmons 2012.

logic®® (chapter 3). The reader who has some familiarity with these topics
should feel free to skim or skip these chapters, returning to them as needed.

Concurrency as proof construction

Part II then delves into a proof-construction approach to concurrency, begin-
ning in chapter 4 with a review of a string rewriting framework for specifying
the dynamics of concurrent systems. Specifically, string rewriting can be used
for systems whose components are arranged into a chain topology and have
a monoidal structure. Because disjoint segments of a string may be rewritten
independently, concurrency arises when the various interleavings of these
independent rewritings are treated as equivalent. String rewriting is an in-
stance of multiset rewriting, so these ideas are not new, but are applied in a
new setting.2° Chapter 4 closes by introducing specifications for two systems
that will be used as running examples throughout this document: nondeter-
ministic finite automata (section 4.2) and binary counters (section 4.3).

Part II purports to give a proof-construction approach to concurrency, but
string rewriting, while indeed a framework for concurrency, is not obviously
connected to proof construction. For that, chapter 5 turns our attention to-
ward the Lambek calculus and ordered logic.

Implicit in Lambek’s calculus for categorial grammars is a notion of rewrit-
ing for free residuated monoids.2? Chapter 5 presents ordered rewriting, a re-
lated rewriting framework for free residuated lattices, which we will derive
from the ordered sequent calculus. As we will see, the sequent calculus’s left
rules share a large amount of boilerplate — only very little of each left rule
is devoted to the primary task of decomposing the principal proposition. In
response, we argue for a refactoring of the ordered sequent calculus, introduc-
ing a new judgment to decouple decomposition from the surrounding boil-
erplate (section 5.1.1). Ordered rewriting is then exactly the decomposition-
centered fragment of the refactored sequent calculus (section 5.1.2). To the
best of our knowledge, our refactoring of the sequent calculus left rules ap-
pears to be a new way of deriving rewriting from existing proof theory.

As in string rewriting, ordered rewriting permits disjoint segments of the
ordered context to be rewritten independently, and concurrency arises when
the different interleavings of these independent rewritings are treated indis-
tinguishably (section 5.1.3). And so ordered rewriting is the proof-construction
characterization of concurrency that we were looking for.22

Chapter 5 closes by extending ordered rewriting with ideas from focus-
ing?3 to better control the atomicity of individual rewriting steps (sections 5.2
and 5.3). The particular formulation we choose is Zeilberger’s higher-order
focusing.?* In its focused form, ordered rewriting is closely related to the

exponential-free fragment of Simmons’s SLS framework.?>

DESPITE BEING MODELS of concurrency, both string rewriting and (focused)



ordered rewriting lack an immediate notion of local execution. Both frame-
works are global, state-transformation models of concurrency that presume
the existence of a central conductor that orchestrates the computation. This
kind of global rewriting, although reasonable for concurrent specifications,
will not map well to the locally executing process implementations that a
proof-reduction approach to concurrency will eventually suggest in part III -
the gap is simply too large.

Strongly inspired by the process-as-formula view of linear logic,2¢ the first
part of chapter 6 responds to this dilemma by presenting a local, message-
passing interpretation of focused ordered rewriting (section 6.1): non-atomic
propositions are viewed as static process expressions; ordered contexts, as
runtime process configurations; and atomic propositions, as messages. Sur-
prisingly, only two simple modifications of chapter 5°s focused ordered rewrit-
ing framework are required to enable this message-passing interpretation.

With these modifications in place, a local interaction semantics for this
message-passing interpretation of (focused) ordered rewriting can be given (sec-
tion 6.2).

At this point, we also introduce coinductively defined negative proposi-
tions (section 6.1.3), described with definitions of the form p~ = A~. Tra-
ditionally, substructural frameworks introduce unbounded behavior by way
of replication and the ! exponential.?” However, surprisingly subtle interac-
tions between replication and order make recursive definitions a much more
suitable choice for bringing unbounded behavior to ordered rewriting in our

setting.

To sumMmARIZE what we have so far, ordered rewriting has provided an ex-
planation of concurrency in terms of proof construction and, looking ahead
to our ultimate goal, the message-passing interpretation identifies a fragment
of (focused) ordered rewriting that admits a local, process-like model of con-
currency. But how do the string rewriting specifications of chapter 4 fit into
this puzzle?

The second part of chapter 6 answers that question by providing a pro-
cedure for choreographing string rewriting specifications into the message-
passing interpretation of ordered rewriting (section 6.3). The basic idea is
that the programmer will assign a role to each of the string rewriting sym-
bols — a symbol becomes either an atom or a coinductively defined proposi-
tion. Thus, under the message-passing interpretation, each symbol becomes
a message or a coinductively defined process. A choreography then consists
of a role assignment together with definitions for each of its coinductively
defined propositions.

Not all role assignments will lead to sensible choreographies, however.
A sensible choreography is one in which the coinductive definitions admit
rewritings that, up to the role assignment, exactly match the string rewriting

specification’s axioms. That is, a choreography is sensible if the role assign-

INTRODUCTION

26 Miller 1992; Cervesato and Scedrov 2009.

27 Polakow 2001; Watkins et al. 2002.

17
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28 This is the first appearance of a notion of
bisimilarity in this document. Bisimilarity in
its various guises will be a recurring theme
throughout this document.

29 Deng et al. 2016.

30 Sangiorgi and Walker 2003.

31Deng et al. 2016.

32 Santocanale 2002; Fortier and Santocanale
2013.

33 Fortier and Santocanale were originally mo-
tivated by categorical semantic concerns,
more so than symmetries.

ment serves as a bisimulation between the string rewriting specification and
the message-passing choreography.?® Depending on the particular role as-
signment, it is possible that no such set of definitions exists.

Section 6.3.1 describes, informally, the conditions under which a given role
assignment fails to yield a sensible choreography. Then, in section 6.3.2, we
present a procedure for constructing a solution if one exists. The algorithm is
formulated as a judgment on role assignments and string rewriting specifica-
tions, and we prove that when a solution exists, the role assignment is indeed
a bisimulation between the string rewriting specification and its choreogra-
phy.

Chapter 6 closes by examining choreographies for the binary counter (sec-
tion 6.4) and NFAs (section 6.5). We show how to prove the end-to-end ade-
quacy of these choreographies as a composition of the string rewriting speci-
fication’s adequacy with the adequacy of the choreographing procedure.

In proving the adequacy of the NFA choreography, we find ourselves wish-
ing for an equivalence on ordered contexts that is coarser than mere equal-
ity. So chapter 7 develops a notion of bisimilarity for the message-passing
ordered rewriting framework. It is an observational equivalence in which
atomic propositions are observable when they appear at the outside edges
of an ordered context, but all other propositions are opaque. Our ordered
rewriting bisimilarity is related to Deng et al.’s contextual preorder for linear
logic,?® although differing in its formulation (as well as the underlying logic
and its structural rules).

The definition of ordered rewriting bisimilarity is suitable for directly prov-
ing that two contexts are not bisimilar, but it is difficult to directly prove that
two contexts are bisimilar. Therefore, section 7.1.1 presents a sound, and sur-
prisingly complete, proof technique for ordered rewriting bisimilarity that is
reminiscent of labeled bisimilarity from the z-calculus3® and Deng et al.’s
simulation preorder.3?

Chapter 7 closes our discussion of bisimilarity and, more broadly, the proof-
construction approach to concurrency with two examples of ordered rewrit-
ing bisimilarity in action: a proof that the NFA choreography preserves bisimi-
larity (section 7.2), and a proof that binary counters are bisimilar exactly when
they have equal denotations (section 7.3).

Concurrency as proof reduction

Part III investigates a different proof-theoretic explanation of concurrency —
concurrency as proof reduction.

Chapter 8 begins this investigation by reviewing singleton logic,>? an astruc-
tural intuitionistic logic that exhibits many of the symmetries of classical logic
by restricting sequents to have exactly one antecedent and one consequent.3?
Singleton sequents are thus A + C, as opposed to the sequents Q + C found in
ordered logic, for example. Section 8.2 verifies that singleton logic’s sequent



calculus satisfies cut and identity elimination, which ensure that singleton
logic has a well-defined proof-theoretic semantics. It is quite surprising that
such a severe restriction on the structure of sequents yields a well-defined
logic that will also prove in chapter 9 to be computationally useful.

Of course, sequent calculi are not the only way to present logics, with nat-
ural deduction and axiomatic systems being two notable alternatives. The
chapter continues in section 8.3 by introducing a novel presentation of single-
ton logic - its semi-axiomatic sequent calculus. As suggested by its name, the
semi-axiomatic sequent calculus blends the sequent calculus with axiomatic
features. Its rules are the same as those of the sequent calculus, except that
some rules3* are replaced with axioms. At first glance, making such replace-
ments might seem unmotivated — is it even possible to prove cut elimination
for such a calculus?

No, it is not possible to eliminate all cuts from semi-axiomatic proofs. But,
interestingly, the cuts that remain are nevertheless well-behaved: they are an-
alytic cuts that satisfy the subformula property. So, although cut elimination
does not, strictly speaking, hold for the semi-axiomatic sequent calculus, a
proof normalization result based on cut reduction does hold, as shown in sec-
tion 8.3.2. Key to this normalization procedure are several novel associative
cut reductions and a slightly unusual justification for their termination.

The principal cut reductions that appear in semi-axiomatic proof normal-
ization are also notable. Because axioms hold such a prominent position in
the calculus, none of these principal reductions carry over cuts — only one
of the cut’s two constituent proofs contributing to the reduced result. In this
way, the principal cut reductions are reminiscent of asynchronous message-
passing communication, an observation which will later be crucial.

The essential ideas behind the semi-axiomatic calculus appear to be widely
applicable, going beyond singleton logic. Follow-up work with Pfenning and
Pruiksma has extended the concept of semi-axiomatic sequent calculi to intu-
itionistic propositional logic, where the calculus yields an isomorphism with
shared memory concurrency.®> We further conjecture that semi-axiomatic se-
quent calculi exist for all intuitionistic logics with sequent calculi that admit
cut elimination, including linear logic and ordered logic.

CHAPTER 9, following up on the observation that the semi-axiomatic sequent
calculus’s principal cut reductions have the same structure as asynchronous
message-passing communication, develops a session-typed process calculus
from singleton logic’s semi-axiomatic sequent calculus. Under this Curry-
Howard interpretation, propositions correspond to session types that describe
a process’s behavior; proofs, to processes arranged in a chain topology; and
proof reduction, to asynchronous message-passing communication between
processes (section 9.1).

This is very closely related to SirL, the Curry-Howard interpretation of
the intuitionistic linear sequent calculus as a session-typed 7-calculus discov-
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34 Specifically, all right rules for positive con-
nectives and all left rules for negative con-
nectives.

3% DeYoung, Pfenning, and Pruiksma 2020.
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36 Caires and Pfenning 2010; Caires, Pfenning,
and Toninho 2012, 2016.

37The idea of restricting processes to have a
chain topology is also present in work by
Dezani-Ciancaglini et al. (2014); see chap-
ter 9.

38 An earlier paper (DeYoung, Caires, et al.
2012) attempted to give an asynchronous in-
terpretation of the intuitionistic linear se-
quent calculus, but, in hindsight, that work
seems rather ad hoc and unsatisfactory
when compared with the asynchronous in-
terpretation of the semi-axiomatic sequent
calculus.

1.1.3

ered by Caires, Pfenning, and Toninho,3¢ but with two key differences. First,
as previously alluded, singleton logic’s single-antecedent restriction affects
proof structure in such a way that the corresponding processes have a chain
topology, as opposed to the tree topology of SiLL processes.?” Second, and
arguably more importantly, the proof reductions of the semi-axiomatic se-
quent calculus correspond to asynchronous message-passing communication,
whereas S1LL, being based on a standard sequent calculus, most naturally cor-
responds to synchronous communication.3®

In section 9.2, coinductively defined types and processes are introduced
to make unbounded computation possible. This takes the calculus outside of
a true isomorphism, with the coinductive definitions being extralogical. But
research by Derakhshan and Pfenning (2020) and Somayyajula and Pfenning
(2020) on logical justifications for behaviorally inductive and coinductive ses-
sion types could be adapted here to restore a true isomorphism.

Chapter 9 closes with some example programs. Process definitions are
given for the binary counter (section 9.3.1); infinite-word sequential trans-
ducers (section 9.3.2), as a twist on the recurring NFA example; and Turing
machines (section 9.3.3). In particular, the Turing machine example shows
that, when combined with coinductive definitions, the computational inter-
pretation of even a logic as slight and seemingly feeble as singleton logic can

be Turing-complete.

Relationship between proof construction and proof reduction

Part IV studies the relationship between the two proof-theoretic characteriza-
tions of concurrency - concurrency as proof construction, on the one hand, as
exemplified by the (focused) ordered rewriting and choreographies of part II;
and concurrency as proof reduction, on the other hand, as exemplified by
singleton logic’s semi-axiomatic sequent calculus and the process chains of
part III. Chapter 10 begins by formalizing the message-passing view of or-
dered rewriting by defining an embedding of session-typed process chains
into ordered rewriting (section 10.1). This embedding serves as a bisimulation
between process chains and ordered contexts — between concurrency as proof
reduction and concurrency as proof construction.

The embedding is quite natural in two respects. First, it elegantly maps
process constructors to ordered logical connectives, with process composi-
tion corresponding to ordered conjunction, for example. Second, as shown in
section 10.1.4, when applied to the example processes from chapter 9, the em-
bedding results in the same coinductively defined propositions as those used
as choreographies in chapter 6.

Additionally, because the embedding is, syntactically speaking, an injec-
tive mapping, its left inverse provides a way to construct processes from a
large subset of ordered propositions. Thus, in section 10.2, we use the embed-

ding to reverse-engineer a session type system for ordered rewriting in which



well-typed processes correspond to well-typed propositions, and vice versa.

The left-invertible embedding and session type system for ordered rewrit-
ing allows us to write global, ordered rewriting specifications of concurrent
systems and then extract local, process implementations from them, provided
that the specifications are well-typed. We can have all of the advantages of
global specifications, together with all of the advantages of local implementa-
tions.

Thus, our results can be seen as a proof-theoretic analogue of multiparty
session types.3? In multiparty session types, binary session types are general-
ized to conversations among several parties. Conversations in their entirety
are specified using global session types, which can then be projected to bi-
nary session types for each pair of participants; these projections are close to
implementations.

Intuitively, global types for multiparty sessions serve the same purpose
as our choreographies: both describe the conversation as a whole. And, be-
cause both extract local information from a global description, the projection
of local types from global types is related to our embedding of well-typed
processes as choreographies. Moreover, our framework has the advantage of
generating implementations directly from choreographies, whereas the mul-
tiparty session type discipline generates only local types that programmers

must then implement.

Concluding thoughts

Chapter 10 provides final witness to the thesis stated earlier. At least for the
well-typed fragment, proof construction and proof reduction are truly two
sides of the same concurrent coin.

As described further in chapter 11, this document raises several avenues for
future work. These include the obvious generalization of choreographies and
the process embedding to proof-construction and proof-reduction notions of
concurrency found in intuitionistic linear logic, an investigation of session-
typed nondeterministic choice, a study of how the behaviorally inductive and
coinductive types of Derakhshan and Pfenning*® and sized types of Somayya-
jula and Pfenning*! might apply to the proof-construction notion of concur-
rency, and an exploration of whether generative invariants*? might relate to

session types.
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3°Honda et al. 2008.

40 Derakhshan and Pfenning 2020.
*1Somayyajula and Pfenning 2020.

42 Simmons 2012.
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Binary relations and automata

In this chapter, we review the definitions of alphabets, words, languages, and
automata that we will use in the running examples throughout this document.
Our definitions, though equivalent to the classical ones found in Hopcroft et
al.’s text,? differ slightly, having been tuned for the particular applications in
this document.

First, however, we describe our notational conventions for binary rela-

tions.

Binary relations

In this and future chapters, we make significant use of binary relations of
various kinds. These are often written in infix notation.

Given a binary relation R, we write R™! for its inverse. For relations writ-
ten as arrows, such as — and =, we often instead express their inverses
by writing the arrow in the other direction. For instance, <= would be the
inverse of =, so that y <= x exactly when x = y.

We write the relational composition of R and S as juxtaposition, so that
x RS z holds exactly when there exists a y such that x R yand y S =z
In particular, we often use relational composition in the various definitions
of bisimilarity that are presented, so that one of the relations is some form
of transition or reduction, which are often written as arrows. For