Typing First-Class Continuations in ML

Bruce F. Duba
Rice University

Robert Harper
Carnegie Mellon University

Abstract
An extension of Standard ML with continuation primitives similar to those found in Scheme is considered. A
number of alternative type systems are discussed, and
several programming examples are given. The semantics of type assignment for a small, purely functional
fragment of the language is presented, for which both
a Milner-style soundness theorem and an observational
soundness theorem may be established.

1 Introduction
First-class continuations are a simple and natural way
to provide access to the ow of evaluation in functional languages. The ability to seize the \current continuation" (control state of the evaluator) provides a
simple and natural basis for de ning numerous higherlevel constructs such as coroutines [15], exceptions [41],
and engines [6], for writing interpreters and compilers [30, 34], and for organizing run-time support for
multiple threads of control [40, 27]. Tractable logics
for reasoning about program equivalence in the presence of rst-class continuations in an untyped setting
have been developed [8, 9, 38]. Recent studies have
focused on questions of typing for rst-class continuations [12, 11, 14] and their impact on \full abstraction"
results [32].
The subject of this paper is the extension of Standard
ML with primitives for rst-class continuations similar
to those found in Scheme. The two new primitives are
callcc, for call with current continuation, which takes a
function as argument, and calls it with the current continuation, and throw, which takes a continuation and a
value, and passes the value to that continuation.
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This paper is organized as follows. In Section 2 we
give an informal presentation of the extension of ML
with continuation primitives, and illustrate their use in
a programming example. We also discuss the role of
continuations in the implementation of Standard ML
of New Jersey, and some problems that they raised.
In Section 3 we present a formal system of type assignment for a small functional fragment of ML. A denotational semantics for this fragment is given in Section 3, and the semantics of type assignment is considered. The main results are a Milner-style soundness
theorem (\well-typed programs cannot go wrong") and
an observational soundness theorem (\convergent programs of type int yield integers"). Finally, in Section 4
we give an operational semantics for the language in the
\natural semantics" style of Plotkin and Kahn [25, 3].
The operational presentation illustrates the extent to
which the de nition of Standard ML [22] would have to
be changed to accomodate the proposed extension.
We are grateful to Stephen Brookes, Matthias
Felleisen, Andrzej Filinski, Timothy Grin, and Olin
Shivers for their comments and suggestions.

2 Adding Continuations
Standard ML

to

A rst-class continuation is an abstraction that evolved
from various nonstandard control structures such as
Landin's J-operator [19], Reynold's escape [30], label
variables in Gedanken [29] and PAL [7], and from the semantic analyses of general control structures, including
jumps [35]. Scheme [37] originally introduced a binding construct (catch x body) that captured its own
expression continuation and bound it to the variable x,
with the expression body as the scope of the binding.
The continuation represents the \rest of the computation," and behaves as a function that takes the value of
the expression as its argument and yields the nal result of the evaluation of the remainder of the program.

In a typical implementation the nal result is passed
to the interactive top-level, which prints the result, and
continues by evaluating the next expression.
In 1982 Will Clinger and Dan Friedman [4] noticed that the act of capturing the current continuation did not require a special variable binding form,
but could be performed by a primitive operation,
called call-with-current-continuation, or call/cc
for short, whose argument was a function that would be
applied to the captured continuation, so that (catch
x body) becomes (call/cc (lambda (x) body)) in
Scheme. (This is an example of the well-known technique of replacing a special variable binding form with
an operation acting on a function, so that variable binding is handled solely by lambda abstraction.)
In an untyped language there is not much to
choose between the functional and binding forms of
continuation-capturing construct. However, in the context of an ML-like type system, the two di er substantially. To understand the distinction, it is helpful to consider the interaction between typing and the invocation
of a captured continuation. There are two main points.
First, continuations arise in a program only by capturing the evaluation context of some expression: there are
no expression forms denoting continuations (in contrast
to the language considered by Filinski [12].) Therefore
continuations expect values of the type of the expression
whose evaluation context the continuation represents.
Second, the invocation of a captured continuation discards the current evaluation context, passing a value to
the captured, instead of the current, continuation. Although the passed value must be consistent with the
argument type of the continuation, the result type is
unconstrained since invocations of continuations do not
return to the evaluation context. (For similar reasons
the exception-raising construct of Standard ML has arbitrary result type.)
For example, if k is bound to a continuation expecting
an integer value, we may invoke k in several incompatible type contexts, as in the following expression1
if b then [ (k 3) + 1) ] else 5 :: (k 4)

Here k is invoked in two contexts, one expecting an integer, the other expecting an integer list. Since continuation invocations never return, it makes sense to regard
this as a well-typed expression (of type int list).
The incorporation of continuation primitives in ML
involves making two, related decisions, namely the
continuation-capturing construct and the continuationinvoking construct. Since ML is a typed language,
continuations should be values of some type, say 
cont, the type of continuations expecting values of type
1 We (temporarily) use ordinary function application notation
to indicate invocation of a continuation.

. The continuation-capturing constructs may then be
given typing rules as follows. The functional form, written callcc in keeping with the ML lexical conventions,
may be assigned any type of the form
( cont ! ) ! 
since the body may either invoke the passed continuation, or else return normally. Written polymorphically,
the type of callcc is then
8 :( cont ! ) ! :
The variable-binding form, written let k in e, has the
following typing rule:
A; k: cont ` e : 
A ` let k in e : 
where A is a type assignment giving types to the set of
free variables of e.
The choice of functional or binding form of
continuation-capturing construct depends on the de nition of the type  cont. We consider two possibilities:
regard a continuation as a function that is invoked by
application, or regard a continuation as a new form of
value that is invoked by a special primitive. In the rst
case the type  cont is rendered as a functional type,
whereas in the second it is introduced as a new primitive
type. We consider each in turn.
If continuations are to be regarded as functions, some
provision must be made for ensuring that the result type
is allowed to vary according to context. This suggests
the following polymorphic typing:
callcc : 8 :8 :(( ! ) ! ) !
But since k is lambda-bound in the expression
callcc(fn k => ...) this does not give us the freedom to instantiate the polymorphic type variable independently at each applied occurrence of k within the
body of the abstraction. Instead we are forced to choose
a single type for suitable for all applications of k, ruling out examples such as the one considered above.
There are two ways to proceed. One involves formally
moving the quanti er over inward (which could be
formally justi ed by the observation that occurs in
a positive position in the type expression), yielding the
typing
callcc : 8 :(( ! 8 : ) ! ) ! ;
then replacing the type 8 : , which is not the type of
any de ned value, by a new primitive type void, resulting in the typing
callcc : 8 :(( ! void) ! ) ! :

The type  cont is then de ned to be the type  !
void. To match the type of a continuation invocation
(i.e., void) with its context we could either view void
as a subtype of all types and use a subsumption rule
(which introduces many of the complexities of subtyping
into the type system), or we can simply introduce a
polymorphic coercion function
ignore :

void

!

and surround applications of continuations with a call
to ignore, as in
if b then [ ignore(k 3) + 1 ]
else 5 :: ignore(k 4)

(where k is an int cont).
An alternative to ignore is a orded by exploiting the
polymorphic type system of ML, using letcc instead of
callcc. The idea is to take type  cont to stand for the
polymorphic type 8 : ! , leading to the following
typing rule for letcc:
A; k : 8 : ! ` e : 
A ` letcc k in e : 
Since k is assigned a polymorphic type, the result type,
, may be chosen freely on a case-by-case basis. This
rule is consistent with the ML type system in that letlike constructs admit assignment of polymorphic types
to the bound identi er. Since types of the form (8 : !
) !  lie outside of the scope of the ML type system,
this method may not be adapted to callcc. It is here
that the two constructs di er in an ML-like setting.
Another way of typing continuations, and the one currently adopted in Standard ML of New Jersey [2], is to
abandon the view that continuations are functions in
the ordinary sense and to consider  cont as a primitive type with an operation throw for invoking a continuation. The type of throw is given by
throw

: 8 :8 :(

) ! ( ! );

cont

and hence throw is essentially a coercion that turns a
continuation into a function, reintroducing a separate
instance of the type parameter at each invocation of
the continuation. Our example becomes
if b then [ (throw k 3) + 1 ]
else 5 :: (throw k 4)

where the rst and second occurrences of throw receive
the types int cont ! int ! int and int cont !
int ! int list; respectively. From a programming
point of view, there is not much to distinguish this
approach from the use of empty types together with
ignore: the expression throw M N could be provided as

syntactic sugar for ignore (M N). Conversely, ignore
M could be taken as standing for throw 0 M, where
0 is the initial continuation. Sine M must be of type
void, it cannot return a value, and hence the abort to
top level will never in fact occur.
It would seem, then that there are essentially two alternatives for representing continuations in ML: as polymorphic functions, using letcc as the capturing construct, and values of a new primitive type, using throw
to invoke them. Although the two are equivalent for the
purely functional fragment of ML, the approach based
on a primitive type of continuations is better-behaved
in the context of the full Standard ML language than is
the polymorphic approach. The problem is that current
schemes for introducing references (assignable cells) in
ML preclude the possibility of storing objects of polymorphic type. For instance, if the identity function is
stored into a cell, then a single instance of its polymorphic type must be chosen for all subsequent retrievals:
it's polymorphic character is lost. (See Tofte's thesis [39]
for further discussion of this point.) Thus if continuations were represented as functions of polymorphic result type, then the result type would have to be xed at
the time that the continuation is stored, rather than invoked, signi cantly limiting their utility. The approach
based on a primitive type of continuations does not suffer from this limitation, and is therefore to be preferred
for Standard ML.
We are thus led to the following simple signature for
supporting rst-class continuations in Standard ML:
type
cont
val callcc :
val throw :

(

! )!
! !

cont
cont

(We could just as well have taken letcc as primitive,
but since there is no advantage in doing so, it is simpler
to introduce callcc as a new constant of polymorphic
type.)
Some examples will suggest how rst-class continuations are used in practice. The simplest and earliest use
of continuations was to provide an escape function, as
in the following function that scans a list of integers for
a negative element and returns it via a continuation if
one is found.
fun catch neg exit x =
if x < 0 then
throw exit (SOME x)
else ()
fun find neg(l:int list):int option =
callcc(
fn exit =>
( app (catch neg exit) l);
NONE )

The function app takes two arguments, a function and
a list, and applies the function to every element of the
list. (The type  option has as values NONE, and SOME
v, where v is a value of type .)
Another common application is to implement coroutines. Here an interesting typing issue arises. A common technique is to resume a coroutine by passing the
continuation of the current coroutine as the argument to
the continuation representing the resumed coroutine. If
state is the type representing the state of a coroutine,
this leads naively to the circular identi cation
state = state cont

We cannot solve this identity directly, but we can use
a datatype declaration to de ne the type state recursively. This is illustrated by the following example of
a pair of coroutines, one producing and the other consuming a sequence of integers.
datatype state = S of state cont
fun resume(S k: state) : state =
callcc(fn k': state cont =>
throw k (S k'))
val buf = ref 0
fun produce(n: int, cons: state) =
(buf := n; produce(n+1, resume(cons)))
fun consume(prod: state) =
(print(!buf); consume(resume prod))
fun pinit (n: int) : state =
callcc(fn k : state cont =>
produce(n,S k))
fun prun () = consume(pinit(0))

Closely related to coroutines are lightweight processes
or threads, and continuations have been used as the basis for several implementations of process facilities for
Standard ML of New Jersey, some of which use preemptive scheduling [27, 5, 26, 36].
Another use of continuations is to provide a clean,
typed interface for asynchronous signal handling [28]. In
Standard ML of New Jersey the type of a signal handler
is (int * unit cont) -> unit cont, where the argument is a pair consisting of a count of pending signals of
the kind being handled, and the continuation representing the interrupted process. The continuation returned
by the signal handler is typically used to resume the
interrupted process after signals have been unmasked,
but it can also provide an alternative continuation like
aborting the computation and returning to top-level.
The signature of the signal handling facilities is:

signature SIGNALS =
sig
datatype signal =
SIGHUP | SIGINT | SIGQUIT | ...
val setHdlr : (signal * handler -> unit
val inqHdlr : signal -> handler
val maskSignals : bool -> unit
end

where handler stands for the type
(int * unit cont) -> unit cont) option.

The function setHdlr associates a handler with a signal;
inqHdlr returns the handler associated with a signal;
maskSignals masks out all catchable signals.

Remark 2.1 We de nitely need an example that stores
continuations into a ref cell since the discussion about
typing hinges on it. (RH)
In an interactive system such as Standard ML of New
Jersey, the context of a continuation has to be properly
de ned and controlled to avoid subverting the type system through continuations. This could happen in the
following way: in the context of a top-level evaluation
of an expression of type int we capture a continuation
(of type unit cont say) and store it in a global reference. Then we later invoke this stored continuation
in the context of another top level evaluation of type
boolean. This latter context receives an integer value
from the stored continuation and tries to interpret it
as a boolean value. To prevent this, we use a stack of
timestamps that allow us to detect the invocation of a
continuation outside of its proper context.

Remark 2.2 The discussion of the interactive frontend needs to be expanded. I do not understand the problem about the front-end. My understanding of it is that
in the current (at least, recent) implementation the continuation invoked by a top-level callcc is the \wrong"
one: instead of branching back to complete the valbinding for it, it instead does something else. In any
case, more examples and explanation are needed here.
(RH)

Another interesting issue is the relation between continuations and exception handling. The evaluation context of an expression in ML actually consists of two continuations, one for the \normal" value return, the other
for the exception handling context. The continuationpassing primitives discussed above provide access only
to the normal value continuation, and not to the exception handling continuation. It would be possible to add
a second primitive, say throwRaise : cont ! (exn !
) that could be used to throw an exception value to the

exception component of the continuation. This primitive is currently not provided because it could be used
in conjunction with the asynchronous signal handling
facilities to cause asynchronous exceptions, and for various reasons these are to be discouraged.

Remark 2.3 What are the various reasons? Could

you spell out in more detail why the two continuations
are needed? Describe exception raising and handling in
terms of the exception continuation. Is there a use for
throwRaise? Also, how about throwExn? It might be
worth explaining how handlers are bound, and to explain
the interaction between continuations and references in
the implementation of exceptions.
(RH)

3 A Denotational Semantics of
Typing
In this section we study the soundness of type assignment for a small, purely functional, monomorphic fragment of ML extended with primitives for rst-class continuations. Explicit treatment of polymorphism and
let is omitted since the main issues do not involve polymorphism.

3.1 Type Assignment

Consider the following language:
M ::= x j x:M j MN j letcc x in M j throw M N
The variables x, y, and z range over a set of variables,
and M, N, P, Q, and R range over the set of terms. The
expression letcc x in M binds x in M. We use letcc
in place of callcc to facilitate comparison between the
various approaches to type assignment.
Let b range over some set B of base types. Type
expressions are de ned by the following grammar:
 ::= b j 1 ! 2 j  cont
A typing context is a partial function ; mapping some
nite set of variables dom(;) to type expressions. A
typing assertion is a triple ; ` M : , where  is a type
expression.
We take as given a map type assigning a type to each
constant. (In a polymorphic system this map would
assign a type scheme to each constant.) The type assignment rules for the above language are as follows:
; ` x : ;(x)

(var)

;[x : 1 ] ` M : 2
; ` x:M : 1 ! 2

(abs)

; ` M :  ! 0 ; ` N : 
; ` MN :  0

(app)

;[x :  cont ] ` M : 
; ` letcc x in M : 

(letcc)

; ` M :  cont ; ` N : 
; ` throw M N :  0

(throw)

3.2 Denotational Semantics

We give here a denotation semantics for the untyped
language, in preparation for establishing a Milner-type
soundness theorem. The value space is given by the
following domain equations:
Val = Bas (BaseVal ) + Clsr (Val ! (Cont ! Ans ))+
Cnt (Cont )
Cont = Val ! Ans
Ans = Value (Val ) + W rong()
An answer is either a value or a special token wrong
representing a \run-time" type error.
Let Env = Var ! Val . Let the variables u, v, w, m,
and n range over Val , the variable  range over Cont ,
and the variable  range over Env .
The de nition of the meaning function [ ] : Env !
Cont ! Ans is given by induction on the structure of
expressions as follows:
[ x]]  = (x)
[ x:M]]  = (clsr (u0 :0: [ M]] [x:=u0 ]0))
[ MN]]  = [ M]] (m: [ N]] (n:
let clsr (f)=m in fn else wrong ))
[ letcc x in M]]  = [ M]] [x:= cnt ()]
[ throw M N]]  = [ M]] (m: [ N]] (n:
let cnt (0 )=m in 0n else wrong ))

3.3 Soundness

To state the semantic soundness theorem, we require
two de nitions, one for a value to be of a given type,
written v : , and one for a continuation to accept values of a given type, written  :: . These are de ned
simultaneously by induction on the structure of  as
follows:
1. v :  holds i v =? or
(a)  = b and v = bas (w) with w a value of base
type b.
(b)  = 1 ! 2 and v = clsr (f) and for all values
v1 and continuations 2, if v1 : 1 and 2 :: 2,
then f(v1 )(2) 6= wrong .

(c)  = 1 cont and v = cnt () and  :: 1 .
2.  ::  holds i (v) 6= wrong for all v such that
v : .
To check that this in fact is a proper de nition, simply
\expand" the de nition of  ::  in the de nition of
v : , and check that the membership relation is used
only on subsidiary types of the given type. The relation
v :  is extended to environments pointwise:  : ; i for
all x 2 dom(;), (x) : ;(x).

Theorem 3.1 (Soundness) If ; ` M :  and  : ;
and  ::  , then [ M]]  =
6 wrong.
The proof is by a straightforward induction on the structure of the typing derivation.
As usual in continuation semantics, we need to provide an initial continuation. In order to preserve the
soundness of typing the initial continuation must be
chosen in such a way that it yields a non-wrong result for an argument of the type of the expression.
An obvious choice is the continuation 0 de ned by
0 (v) = value (v), which is essentially the identity function. In an implementation the initial continuation
might print the result value of the computation, and
hence must be chosen on a case-by-case basis, according to the type of the expression being evaluated.

3.4 Observational Soundness

In contrast to languages with a \direct" semantics, the
soundness theorem does not yield positive results about
typing. In particular, we may not conclude that the
value of an arbitrary expression of a base type (e.g., int )
yields a result of the expected form (e.g., a numeral). A
natural attempt to obtain such results from the soundness theorem proceeds by choosing the continuation argument to be the function which yields wrong except
on values of the desired type. However, this overlooks
the fact that in a language with continuation-passing
primitives, the result of evaluating an open expression
need not be given in terms of its continuation argument.
This suggests that the best we can hope for is a \observational soundness" theorem that yields positive results
about closed expressions of base type.
It seems clear, on the basis of operational intuitions, that evaluation of a complete program either goes
wrong, or else passes a value to the initial continuation.
Unfortunately these operational intuitions do not seem
to transfer readily to the setting of the untyped denotational semantics given above. We give here a brief
sketch of the argument. The main idea is to prove that
complete programs are \non-escaping" in the sense that
their denotation is either wrong, or is determined as a

function of the initial continuation. Since the semantics
of certain closed expression involves the semantics of
open sub-expressions, we must in fact prove a stronger
result that takes account of environments and intermediate continuations. This entails extending the \nonescaping" property to arbitrary values, and to do so appears to require an inclusive predicate argument similar
to that considered by Reynolds [31]. Given that such a
predicate exists, we may choose the initial continuation
as discussed above, and conclude, by the non-escaping
property, that well-typed closed terms of base type evaluate to values of that type. Although it seems plausible
that the required predicate exists, we have not proved
this, and turn instead to a more straightforward argument.
The need for an inclusive predicate argument can be
traced to the rich structure of the semantic domain
needed to interpret untyped programs. By exploiting
the type structure of the language, the complexity of reexive domains can be avoided (while still admitting extensions such as x). The fundamental idea is to adapt
the methods of Meyer and Wand [20], and make use of
standard results of the typed -calculus to obtain the
desired result. The main idea is to de ne the meaning
of a term M in our illustrative language as the meaning
of its cps transform, M, de ned as follows:
x = : x
x:M = : (x:M)
MN = :M (m:N (n:mn))
letcc x in M = :[=x]M 
throw M N = :M (m:N (n:mn))
(In fact, the Standard ML of New Jersey compiler is
based on a similar transformation [1].)
To relate the type of a term M to the type of its cps
transform, we associate to each type  of the illustrative
language, a simple type   given by
b = b
(!) =  !((  ! )! )
( cont ) =   !
where is a xed, but arbitrary, base type. The function ( ) is extended to typing contexts pointwise: if ; is
a typing context, then ; (x) is the typing context that
assigns to each variable x 2 dom(;) the simple type
;(x) .
The following lemma relates the type of a term in the
illustrative language to the type of its cps transform:
Lemma 3.2 If ; ` M :  , then ; `! M :
(  ! )! .
(Here `! denotes derivability in the simply-typed calculus.) The proof is a simple induction on the structure of M, taking account of the de nition of M.

Let A be any model of the simply-typed -calculus
with carrier set A for each type  and application operation  : A! ! A ! A . We say that an environment  matches a typing context ; i (x) 2 A;(x)
for each x 2 dom(;). It is a standard result that if
; `! M :  and  matches ;, then A [ M]]  2 A [23].
Hence if we de ne [ M]] to be A [ M]], then [ M]]  is
in the set A(  ! )! whenever  matches ; . Now
if M is a closed term of base type b, we may take 
to be the empty environment, and = b, to obtain
[ M]]  2 A(b!b)!b. Now since the identity function on
type b is denotable by a  term, and since A is a model
of the typed  calculus, we may apply this to id b, the
initial continuation, to obtain [ M]]   id b 2 Ab . In other
words, the value of M, when applied to the identity as
initial continuation, is a value of base type b. In the
case of cpo-based models (which are needed to interpret arbitrary recursion) with base types interpreted as
at cpo's, the result is either ?, or a \true" value of the
base type. Note that this argument does not extend to
higher types  since the de nition of   for higher types
involves , and hence we may not simply choose to
coincide with .

3.5 Continuations as Functions

Two alternative type systems given in the introduction
rely on the representation of continuations as functions.
We consider here the semantics of typing for the system based on empty types, and for the system based
on regarding continuations as functions of polymorphic
result type.
To express the idea that a continuation is a function
that never returns, we introduce a type, void, with no
values, and regard a continuation accepting values of
type  as a function of type  ! void. This leads to
the following typing rule for letcc:
;[x :  ! void] ` M : 
(callcc-empty)
; ` letcc x in M : 
Since the result of application of a continuation is
now void, we must introduce, in compensation, a map
ignore witnessing the inclusion of void into every type
:
; ` M : void
(give-up)
; ` ignore M : 
(These two rules have the form of Pierce's Law and
false elimination, respectively; see [14] for further discussion.) The expression throw M N is now de ned as
ignore (MN). For the polymorphic variant, the typing
rule for letcc appears in the introduction.
The denotational semantics must be changed to reect the representation of continuations as functions.

The domain equation for values is simpli ed to
Val = Bas (BaseVal ) + Clsr (Val ! Cont ! Ans ):
and the semantic equations become:
[ x]]  = (x)
[ x:M]]  = (clsr (u0 :0: [ M]] [x:=u0 ]0))
[ MN]]  = [ M]] (m: [ N]] (n:
let clsr (f)=m in f n  ow wrong ))
[ letcc x in M]]  = [ M]] [x:= clsr (v:0 :(v))]
[ ignore M]]  = [ M]] 
A continuation is represented by a closure that ignores
its continuation argument [30]. The de nition of the
relation v :  remains essentially the same, ignoring
the clause for continuation types. Since void is a base
type, a value v is of type void i v =?: there are no
terminating values of type void.
The proof of the soundness theorem for the system
with an empty type relies on two facts. First, we must
show that a continuation  regarded as a closure has
type  ! void whenever  :: . Suppose that v :  and
that 0 :: void. Then (v:0 :(v)) v 0 = (v): Now
since  ::  and v : , it follows that (v) 6= wrong , as
required. Second, we must show that ignore M may
be assigned an arbitrary type whenever M is of type
void. But if  :: , then  :: void since ?:  for any ,
and hence the result follows by induction. For the case
of polymorphic continuations, we need only remark that
8t:(t) is de ned by intersection over all monotypes, and
note that the above argument shows that if  :: , then
v:0 :(v) :  ! 0 for any type  0 (not just void).

4 Extending the De nition of
Standard ML
An operational semantics for our language presented in
the relational semantics style of [22] may be obtained
from the denotational semantics by a process of \defunctionalization" [30] whereby closures and continuations are represented by nitary objects that are then
\interpreted" on an argument, rather than simply applied to it.
The \ nitary objects" of the operational semantics
are de ned by the following grammar:
V ::= bas(B) j clsr(x; M; E) j cnt(K)
K ::= top j farg(N; E; K) j app(V; K) j
targ(N; E) j thr(V )
A ::= valu (V ) j wrong
where B is a basic value (of unspeci ed structure), and
E is a nite function mapping variables to nitary values.

The dynamic operational semantics is de ned in
terms of two judgement forms, E; K ` M ) A and
V ` K ) A. The derivation rules for these judgements
are as follows:
E(x) ` K ) A
(o-var)
E; K ` x ) A
clsr(x; M; E) ` K ) A

E; K ` x:M ) A

(o-abs)

E; farg(N; E; K) ` M ) A
E; K ` MN ) A

(o-apply)

E[x= cnt(K)]; K ` M ) A
E; K ` letcc x in M ) A

(o-letcc)

E; targ(N; E) ` M ) A
E; K ` throw M N ) A

(o-throw)

V ` top ) valu (V )

(o-top)

E; app(V; K) ` N ) A
V ` farg(N; E; K) ) A

(o-farg)

E[x=V ]; K ` M ) A
V ` app(clsr(x; M; E); K) ) A

(o-app)

E; thr(V ) ` N ) A
(o-targ)
V ` targ(N; E) ) A
V `K )A
(o-thr)
V ` thr(cnt(K)) ) A
Here the initial continuation, designated top, is axiomatized as the trivial insertion of values into answers.
Other choices are possible.
There is an intriguing parallel between this operational semantics and a call-by-value variant of graph
reduction. The idea is that the argument K in E; K `
M ) A may be thought of as a \marked" spine stack,
with the marks indicating whether or not the argument
position has been evaluated. Rule o-apply \pushes"
a node onto the spine stack, marking it as having an
unevaluated argument. Rules o-var, and o-abs are
\turning points" at which traversal of the expression
reverses direction by sending explicit values back up toward the root. This traversal is carried out by the rules

for interpreting a continuation. Rules o-farg and otarg cover the case where the argument position is as
yet unevaluated, and proceed to evaluate it, marking
the node appropriately. Upon return to such a node,
the actual application or throw is carried out, either by
evaluating the body of the closure in the appropriate
environment, or by switching contexts entirely.
The soundness theorem for typing may be proved for
the operational semantics by proceeding along much the
same lines as for the denotational case. First, we must
augment the evaluation relation to include error checking rules that make explicit the notion of \going wrong."
These are:
V 0 6= clsr(x; M; E)
V ` app(V 0 ; K) ) wrong

(o-app-x)

V 0 6= cnt(K 0 )
(o-thr-x)
V ` thr(V 0 ; K) ) wrong
We then de ne the relations V :  and K ::  more
or less as before, except that instead of relying on the
existence of suitable functions in the value space, we
appeal directly to the operational semantics.
1. V :  holds i
(a)  = b and V = valu (W) with W a value of
type b;
(b)  = 1 ! 2 and V = clsr(x; M; E) and for
every V1 and K2 , if V1 : 1 , K2 :: 2 , and
E[x = V1 ]; K2 ` M ) A, then A 6= wrong;
(c)  = 1 cont and V = cnt(K) and K :: 1 .
2. K ::  holds i for every V such that V : , if
V ` K ) A, then A 6= wrong.
The soundness theorem for the operational semantics
is as follows:
Theorem 4.1 If ; ` M :  and E : ; and K ::  and
E; K ` M ) A, then A 6= wrong.
In contrast to the domain-theoretic semantics, the
proof of the soundness theorem is signi cantly complicated by the introduction of xed-point operators for
de ning recursive functions; see [21] for a careful discussion of a closely-related problem in the setting of
natural semantics.
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