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1 INTRODUCTION
The cost of data structures is an important aspect of programs computer scientists seek to verify.
Although worst-case cost analysis of a data structure operation yields an accurate upper bound
on the cost of each operation, it is often more important to consider the total cost of a sequence
of operations, which is achieved via the technique of amortized analysis. This work demonstrates
a mechanization of the amortized analysis of splay trees via a lax homomorphism in the directed,
effectful cost-aware logical framework (decalf) [5].

Amortized analysis. Traditionally, amortized analysis is accomplished via the potential method [20],
which defines a real-valued potential function‘ Φ : S → R mapping each data structure state 𝑆 ∈ S
to its potential, representing the difference between the realistic and imagined costs. The amortized
cost can be thought of as the running total for how much cost will be incurred over a sequence of
operations. Moreover, the following equations relate the actual cost 𝑐 , the amortized cost 𝑎𝑐 , and Φ
over a single operation and a sequence of operations. In other words, total actual cost is equal to
total amortized cost plus change in potential.

𝑎𝑐 = 𝑐 + Φ(𝑆 ′) − Φ(𝑆)
𝑚∑︁
𝑖=1

𝑐𝑖 =

𝑚∑︁
𝑖=1

(𝑎𝑐𝑖 + Φ(𝑆𝑖−1) − Φ(𝑆𝑖 )) = Φ(𝑆0) − Φ(𝑆𝑚) +
𝑚∑︁
𝑖=1

𝑎𝑐𝑖

Cost-aware logical framework. The directed effectful cost-aware logical framework (decalf) [5, 16]
is a directed dependent call-by-push-value language [9] specialized for cost analysis. Call-by-
push-value (cbpv) distinguishes pure values and effectful computations, and employs a pair of
adjoint functors F ⊣ U to mediate between them. Of particular importance in cbpv are bind, which
sequences computations of F types, and ret, which returns values as effectless computations, which
together satisfy the standard 𝛽 and 𝜂 equations. Notationally we write 𝐴 ⇀ 𝐵 ≔ U(𝐴 → F(𝐵)) for
the (effectful) Kleisli functions. Cost is reified in decalf as a computation step𝑐 (𝑒) that records 𝑐
units of cost (over a cost monoid C) before running the computation 𝑒 . Moreover, the cost effect
satisfies equations that respect the monoid structure and commute with bind.

F-Intro
𝑎 : 𝐴

ret(𝑎) : F(𝐴)

F-Elim
𝑒 : F(𝐴) 𝑓 : 𝐴 → 𝑋

bind(𝑒; 𝑓 ) : 𝑋

bind(step𝑐 (𝑒); 𝑓 ) = step𝑐 (bind(𝑒 ; 𝑓 ))
𝑐 ≤C 𝑐′ → step𝑐 (𝑒) ≤𝑋 step𝑐

′ (𝑒)
𝑒 ≤F(𝐴) 𝑒

′ → ((𝑥 : 𝐴) → 𝑓 (𝑥) ≤𝑋 𝑓 ′ (𝑥))
→ bind(𝑒; 𝑓 ) ≤𝑋 bind(𝑒′; 𝑓 ′)

An innovation of decalf is the notion of program inequality at each type, in the sense of directed
type theory [11, 18]. Roughly speaking, 𝑒 ≤𝑋 𝑒′ at computation type 𝑋 indicates that the cost of
computation 𝑒 is bounded by that of 𝑒′ and they return the same result. This provides an integrated
way to perform simultaneous cost and correctness verification. Program inequality is reflexive and
transitive, and monotone at bind and step as shown in the inequalities above.
decalf has been used to study the cost and behavior of various algorithms and data structures

such as sorting algorithms [5, 16], amortized data structures such as batched queues and dynamic
arrays [3], red-black trees [10], and higher-order effectful programs [5].
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Splay trees. A splay tree is a self-adjusting binary search tree (BST) developed by Sleator and Tarjan
[19]. The key operation, splay : N × tree ⇀ tree, finds key 𝑘 : N in tree 𝑡 : tree, and then rotates 𝑘
to the root of 𝑡 via a sequence of single or double rotations, called splay-steps, while preserving
in-order traversal. The implementation of splay is instrumented with step annotations, with the
cost model as the number of splay-steps. Sleator and Tarjan [19] showed that the amortized cost
of a splay is 𝑂 (log𝑛) yielding an actual cost of 𝑂 (𝑚 log𝑛 + 𝑛 log𝑛) for𝑚 splay operations on an
𝑛-node tree. These two cost bounds demonstrate why splay trees are efficient, since they achieve
logarithmic time access regardless of the internal tree structure while having fast access to recently
accessed nodes. This work formalizes these aspects of splay trees via a notion of lax homomorphism.

2 AMORTIZED ANALYSIS OF SPLAY TREES VIA A LAX HOMOMORPHISM
The signature for a BST can be viewed as an algebraic signature with carrier T, representing the
abstract implementation type, and operation find. Thus, implementations of a BST are structures
that ascribe to the BST signature. In this case, the two implementations are SplayTree (abbreviated as
ST) and ListTree (abbreviated as LT). As previously stated in Section 1, the correctness specification
for ST is in terms of the preservation of the in-order traversal. To represent this in terms of lists,
fictitious cost is attached to the find operation for LT to represent the amortized cost of splay
trees which is 3⌊log2 𝑛⌋ + 11 where 𝑛 is the number of tree nodes and the return value is just the
identity to represent in-order traversal preservation. Thus, ST is an amortizing implementation of
the specification implementation LT. The definitions for the BST signature, ST, and LT, are shown
below.2

record BST where
T : tp+
find : N × T ⇀ T

ST : BST
ST.T = tree
ST.find = splay

LT : BST
LT.T = list
LT.find (𝑘, 𝑙) = step3⌊log2 |𝑙 | ⌋+1(ret(𝑙))

For demonstration purposes, this signature is slightly simplified. The complete type of find is
N × T ⇀ bool × T where the boolean indicates whether the key 𝑘 is found in tree 𝑡 . This complete
type rules out trivial implementations and allows for stronger proofs of correctness. Additionally,
the signature includes a constructor method, fromList, making the signature an abstraction for
static sets. This algebraic view of data structures gives rise to a notion of lax homomorphism
between implementations. In the context of the BST signature, a lax homomorphism from ST to
LT is an effectful map 𝜑 : ST.T ⇀ LT.T that preserves operations find𝑘 in the following sense:
bind(ST.find𝑘 (𝑡);𝜑) ≤ bind(𝜑 (𝑡); LT.find𝑘 ), where ≤ is in terms of program inequality in decalf
as described in Section 1. As observed by Grodin and Harper [3], such a lax homomorphism 𝜑 may
be seen as a generalized form of the potential function in amortized analysis that verifies not only
amortized cost bound but also behavioral correspondence between implementations.
The potential function equation from Section 1, 𝑎𝑐 = 𝑐 + Φ(𝑆 ′) − Φ(𝑆), can be relaxed to an

inequality 𝑎𝑐 ≥ 𝑐 + Φ(𝑆 ′) − Φ(𝑆), as done in Sleator and Tarjan [19] and then rearranged to form
inequality 𝑐 + Φ(𝑆 ′) ≤ Φ(𝑆) + 𝑎𝑐 . The term 𝑐 + Φ(𝑆 ′) corresponds to bind(ST.find𝑘 (𝑡);𝜑) where
bind plays the role of addition, 𝑐 is the cost of ST.find𝑘 (𝑡), and 𝜑 charges Φ(𝑆 ′) amount of potential.
Likewise, Φ(𝑆) + 𝑎𝑐 corresponds to bind(𝜑 (𝑡); LT.find𝑘 ) where 𝑎𝑐 is the fictitious amortized cost
on LT.find𝑘 . To set up the lax homomorphism for splay trees, Φ and 𝜑 are defined as follows, where
𝜑 charges the potential Φ and returns the in-order traversal (inord) representation of the tree.

Φ : ST.T → N
Φ(leaf) = 0
Φ(node 𝑙 𝑥 𝑟 ) = Φ(𝑙) + ⌊log2 | (node 𝑙 𝑥 𝑟 ) |⌋ + Φ(𝑟 )

𝜑 : ST.T ⇀ LT.T
𝜑 (𝑡) = stepΦ(𝑡 ) (ret(inord(𝑡)))

Note that Φ is the potential function originally proposed by Sleator and Tarjan [19]. Thus, the
1This is a looser, asymptotically equivalent, amortized cost bound of Sleator and Tarjan [19, Lemma 1].
2For convenience, we write find𝑘 for a family of operations indexed by key 𝑘 .
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following lemma describing the lax homomorphism in decalf verifies the behavior and the𝑂 (log𝑛)
amortized cost bound of the splay operation.

Lemma 2.1 (Generalized Access Lemma). For all keys 𝑘 and splay trees 𝑡 it follows that

bind(ST.find𝑘 (𝑡);𝜑) ≤F(LT.T) bind(𝜑 (𝑡); LT.find𝑘 ).

Intuitively, this statement means that performing find on a splay tree costs less and behaves the
same as performing find on a list, up to the potential function 𝜑 . Diagrammatically, Lemma 2.1 can
be represented as the following inequality over the Kleisli category (left) and composed horizontally
to represent a sequence of𝑚 find operations with arbitrary keys 𝑘1, 𝑘2, ..., 𝑘𝑚 (right).

ST.T ST.T

LT.T LT.T

ST.find𝑘

𝜑 ≥ 𝜑

LT.find𝑘

ST.T ST.T · · · ST.T ST.T

LT.T LT.T · · · LT.T LT.T

ST.find𝑘1

𝜑 ≥ 𝜑

ST.find𝑘𝑚

𝜑 ≥ 𝜑

LT.find𝑘1 LT.find𝑘𝑚

When considering𝑚 applications of find𝑘 , if only the cost is of interest, then a notion of cost
bound, IsBounded(𝑒, 𝑐) ≔ 𝑒; ret(★) ≤F(1) step𝑐 (ret(★)), can be used to represent the horizontally
composed commutative diagram above as the following theorem:

Theorem 2.2 (Balance Theorem). Let 𝑘1, 𝑘2, ..., 𝑘𝑚 be arbitrary keys where𝑚 is the number of
finds performed. Let 𝑛 be the number of nodes in the input splay tree 𝑡 . Then,

IsBounded (ST.find𝑚
𝑘𝑖
(𝑡)) (𝑚(3⌊log2 𝑛⌋ + 1) + 𝑛⌊log2 𝑛⌋)

where ST.find𝑚
𝑘𝑖
is the𝑚-fold application of find on keys 𝑘1, 𝑘2, · · · , 𝑘𝑚 .

This theorem matches the balance theorem shown in Sleator and Tarjan [19, Theorem 1].
Lemma 2.1 and Theorem 2.2 are mechanized in decalf embedded in the Agda proof assistant
[17] consisting of approximately 4000 lines of code (LOC) with Lemma 2.1 consisting of about 80%
of the LOC. The remaining 20% goes towards Theorem 2.2, definitions, the implementation of splay
trees (around 300 LOC), and other numeric reasoning lemmas.3

3 CONCLUSION AND RELATEDWORK
This work contributes a fully mechanized amortized analysis of splay trees in decalf using the
notion of a lax homomorphism. The result is a proof development that simultaneously verifies
both functional behavior and amortized cost. Moreover, the lax homomorphism allows for modular
verification, as downstream clients can analyze higher level data structures that are implemented
via BSTs, such as ordered sets, by reasoning about lists in terms of behavior with the efficient cost
bounds of splay trees.

RelatedWork. Another way to view the lax homomorphism𝜑 is as a cost-aware abstraction function
[6], a function that maps concrete implementations to abstract specifications, typical in verifying
correctness of data structures [4, 13, 14]. Automated approaches to amortized analysis [7, 8, 21]
typically cannot handle data structures as complex as splay trees, due to their limited ability to
infer sophisticated potential functions. Cutler et al. [2] proposed a formal system for amortized
analysis that can reason about splay trees, but their approach relies on on-paper proofs.
Other mechanizations of amortized data structures in proof assistants include verifying the

union-find data structure via separation logic with time credits [1] and verifying splay trees in the
Isabelle proof assistant [12, 15]. Compared with them, the lax homomorphism approach here is a
unifying framework in dealing with simultaneous amortized cost and behavior verification.
3The proof development can be found at https://lk672.github.io/splay/Examples.Amortized.SplayTree.html.

https://lk672.github.io/splay/Examples.Amortized.SplayTree.html
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