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Martingale Sequence Review

Definition. A sequence {Y,,}°2, is a martingale sequence w.r.t. {X,}2, if

— Y, is a measurable function of X1, , Xy;
— E[|Y,]] < o0, Vn;
— E[Ygt1| X1, -, Xg]) = Y4, VEk.

Examples.

1. Y, =E[f(X)|X1,- -, Xk] is a martingale given E[|f(X)|] < .
2. {X,}22, is a sequence of O-mean independent RV’s. If S, = > | X;, then {S,,}52, is a martingale.
Proof: S, satisfies the 3 conditions of the definition of martingales.

— S, is a partial sum of {X;} ;, so it’s measurable.
— E[ISa]] < 2m E[1XG]] < oo
— E[Sh+1]|X1, - Xpn] = Sy, because

E[Sni1]X1, - Xn] =B [Sn 4+ X1 | X1, X4
=S, +E[X,4+1/X1,--- X,] Sp is a constant conditioning on Xq,---, X,
= Sp + E[Xp41] Xpn+1 is independent of Xy, - X,

=5, Xp+1 has zero-mean

7.1 DMartingale Difference Sequence

Definition 7.1. {Dy}?, is a martingale difference sequence (abbr. MDS) w.r.t. {X;}32, if

— Dy is a measurable function of X1, , Xg;
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— ]E“DkH < 00, Vk,
— E[Dg41]| X4, , Xi] =0, VE.

Example. Suppose {Y;}72, is a martingale sequence w.r.t. {X;}72,. Let Dy =Y, — Yi1, £ =2,3,---.

— Dy, is measurable because Yy, Yi_1 are measurable.
— E[|Dxl] < E[|Yk]] + E[[Y—1]] < oo.
— E[Dg41|X1,- - Xp] = Dy, because

E [Dk:-‘rl‘Xl, .. Xk] =K [Yk:-l-l — Yk)‘le .. Xn]
=E Y| Xy, Xp] = Yy Y. is a constant conditioning on Xy,--- , X

=0 Y is a martingale, so it equals Y, — Y}
Hence {Dj}72, is a MDS w.r.t. {X}72,. Note that Y,, — Yy = >} _; Ds.
Theorem 7.2. Suppose {Dy}72, is a MDS w.r.t. {X}72,, satisfying

2,2
E[eAD"’le“ 7Xn71] SeXp(A;")ﬁ VA€ {0,1]

n

i.e. Dy| Xy, - Xp_1 ~ SE(vp, o). Define v = \/vi+---+ 12, af = max}_; ay. Then,

" . . t2 1
;DkNSE(un, an):ﬂP’{ZDk>t} < exp (—2%2), Vi € {O,a;]

k=1

Proof:

Ex,. .. [exp (AZDN =Ex, .,
k=1

Ex,

€Xp (AZDk> ‘Xla"' aXn—1‘|‘|

k=1

n—1

B [exp ()\ Z Dk> Ex, [e’\D”
k=1
A2p2 =2

< exp ( 5 ") Ex, .. ... |exp| A Z D,

1
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Azuma Hoeffding]

Theorem 7.3 (Azuma-Hoeffding Inequality). For a sequence of Martingale Difference Sequence random
variable { Dy }2, with respect to some other sequence of random variable {X,}32 ,, if we have Dy, € [ay, by]
almost sure for some constant ay, by and k =1,2,...,n, Then:

—2¢2

n
P Di > t) < eSimh?
k=1
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Proof: Recall that by hoeffding’s lemma [?] Dy, ~ SG(%5%), we have that Dy|Xy,... X —1 ~ SG(25%),

Ele*>k=1 P =By, _x,_, |Ex,[exp (A Dyl X1, ... ,an]]
k=1

=Ex,,.. X,

= EX1,‘~.,X7H1

n—1

L k=1

n—1

— ak)Q

L k=1
B n—1
A2(by — ag)?
exp (A Z Dy,) exp ((’“Sk))]
L k=1
n—1
)Exlwnaxnfl [exp (A Z Dk})]
k=1

By iteratively derive the bound we could get that:

E[e)‘ 2k D’“} <e

AXT_ (b —ap)?
8

That is >, Dy ~ SG(3/>1_,(bk — ax)?), By that we can prove that:

—2¢2

n
P(Y " Dy > t) < eThaatn o

k=1

Recall that a sequence of random variable {3}, where Y3, = E[f(z)| X, ...

Ex, [exp (A Di)exp (ADy)| X1, ... ,Xn_l]]

exp (A Di)Ex, [exp (AD,)| X1, ... ,an]l

, X»] respect to some sequence

of random variable { X} }7° | is a Martingale sequence, then the sequence of {Dy}72, where Dy, =Yy, — Vi1
is a Martingale Difference Sequence. We have that:

Y.~ Yo= Y
k=1

Where Y,, = f(x) and Yy = E[f(x)], under this condition, we can bound the ERM with Azuma-Hoeffding

Inequality.

7.2 Bounded Difference Inequality

Theorem 7.4 (Bounded Difference Inequality). Let X, .

R, if for all k € {1,2,...,n}, we have a set of constant Ly, where:

1F(X1,. o X

Then we have the following equation:

P(f(x) -

7Xn)_f(X1,...,X]/C7...,Xn)‘ < Ly

22

E[f(z)]| >t) <2 k=1t

.., Xn be a set of random variables, f : R™ —
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Proof: Consider a sequence of random variable { Dy} 72 ; where Dy, = E[f(x)| X1, ..., Xk]-E[f(x)| X1, .., Xk-1],
We first proof that Dy ~ SG(%). Denote By and Ay as the following:

Ak = lI;f E[f(l‘)|X1, .. ,kal,X} — E[f(l‘)le, . 7Xk;,1]
Bk = sup E[f(l‘”Xl,...,Xk_l,X} —E[f($)|X1,...7Xk_1]

we have:
Dk - Ak = E[f(l‘”Xl, “ee ,Xk] - H;f E[f(a:)|X1, “ee ,Xk_l,X] 2
By — Dy = sup E[f (2)| X1, ., X1, X] — E[f (@)| X1, Xp] 2

That is Ay < Dy < By, almost surely.
By, — Ag, =sup E[f ()| X1,..., Xp_1, X] — ir;f E[f(z)|X1,..., Xgp—1,Y]

= sup(E[f(z)| X1, ..., Xp_1, X] — E[f(2)| X1, ..., Xp_1,Y])

T,y
< Ly

That is Dy, ~ SG(Z).

By the Asuma-Hoeffding Inequality prove we get > ,_; D ~ SG(31/>_;_, L?), which result in:

22

P(|f(2) —E[f (@)]] > t) < 2¢ Zi=17%

Bounded Difference Inequality theorem is very powerful in that it can calculate the tailbounds for functions
of non-independent random variables.

Example: Let f(x1,...,2,) = >, (z; — ;) where x; € [a;,b;], we have:

i=1
|f(@1, e @y ey ) — f(T1, o Ty ooy )| = |z — 2| < g — ag

By using Bounded Difference Inequality we get:

2¢2

P(|f(z) — E[f(2)]] >t) < e ZraCe—e?

Example: U statistics
Define a function f on {Xy}32, : f(X1,....,Xp) = (,%) i<j 9(Xi, X;) where g : R? — R is a symbolic
2

function and g(z,y) < b, Va,y. We can prove that f satisfies Bounded Difference Inequality.

Proof:

1

FX1s ooy Xy ooy X)) = [(X, o, Xy s X)) = oo Y 9(X, X)) — 9(X5, X3)
(2) j#k

2(2b) 4b

<2 <=

“nn-1) T n
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As a result, plugging it into Bounded Difference Inequality where L = =2, we get:
2t2 2nt?
P(f(X) = E[f(X)]] > t) < exp <_W> = exp ( - 8b2>

Example: Rademacher Complexity
If €)...€, are Rademacher random variables where €, € [—1,41] with equal probabilities. Then we define a
function f(e;...6,) = Rn(A) = sup,c 4 a’€(A C R™) and it satisfies Bounded Difference Inequality.

Proof:
f(er..€p.€n) — f(€1...€h...cn) < supa’e —supa’e
acA acA
< {a,€) — (a*,€) (a* = sup a’e)
a€A
< <a*a € — E>

= ag(er — €;)
< 2|aj| < 2sup |ag]

ag

As a result, plugging it into Bounded Difference Inequality where Ly = sup,,, |ax|, we get:

Z sup |ag|? )

e 1a6

Example: Lipschitz functions

We can bound |f(x) — f(y)|(x,y only differs in k" coordinate) by the distance between x and y according
to some distance metric if f satisfies Lipschitz conditions. For example, if f is Lipschitz w.r.t. Hamming
distance, then

[f(@) = fWI < L-du(x,y) =L- Y La; # i)
=1

Theorem 7.5. If X1,..., X, iid, is stand Gaussian with distribution N(0,1) and f is L,-Lipschitz w.r.t.
Lo-norm distance, i.e, |f(x) — f(y)| < Ly, - |x — yll2, Yo,y € R™ Then:

B(1S(e) - B @) > 1) < 200 (515

The proof is very hard and will be omitted. For example, if X;...X,,, iid, is stand Gaussian with distribution
N(0,1) and X3, ..., X(ny is a function of X7, ..., X, that it orders it such that Xy > X2y, ...,> X3, ..., >
X(n) where X(;) is the k" largest. Then, if we X(n) and Y(y) only differs in k" component, according to
the pigeonhole principle, we have:

| Xty — Yoy S IX = Y2

As a result: ,
—t
P@&M—MX®H>ws2wp<2)
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Example: Gaussian Complexity

Xi,..., Xy, iid, is stand Gaussian with distribution N(0,1). R(A) = sup,c(a, X) with A € R™ and
f(X) =R, (A) and X,Y only differs in the k'"coordinate

Then similar to the Rademacher Complexity example, we have:

fX)=f¥) <{a", X =Y) (a” = suplla, X{)
ac
<|la*||2)| X = Y2 Cauchy Schwartz Inequality

< suplall2[|X — Y2
a€A

As a result, applying Bounded Difference Inequality:

fFX) = E[f(X)] ~ SG(iggHallz)



