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24.1 Preliminaries

Definition 24.1 (K-Person Normal Form Games) A (finite) K -person game given in its strategic (or
normal) form is defined as follows. Player k,k =1,--- | K has N € N* possible actions (or pure strategies)
to choose from. We denote the K-tuple of all players’ strategy by i = (i1, ,ik) € ®kK:1{1, -+« Ny), then
the loss suffered by player k is 1%®) (i), where %) : ®l§:1{17 N — [0,1] for each k = 1,--- | K are
given loss function for all players. Notice that although the loss function is player-specific, it depends all on
players’ actions.

Definition 24.2 (Mixed Strategy) A mized strateqy for player k is a probability distribution p*) =
(pgk)7 e ,pg\lflz over the set {1,--- , Ni} of actions. For mixed strategy, player k choose an action according

to the distribution p'¥) Denote the action played by player k by I®). Thus I'®) is a random variable taking
values in the set {1,--- | Ny} and distributed according to p®). Let T = (I ... IU)) denote the K-tuple
of all actions played by all players. If the random variables IV, .- I are independent of each other (i.e.,
the players randomize independently of each other), we denote their joint distribution by w. That is, 7 is the
joint distribution over the set ®kK:1{1, <+« N} of all possible K-tuples of actions obtained by the product
of the mized strategies p(Y). The product distribution 7 is called mized strategy profile.

m(i) =PI =1i] = p{ x - x p{&)

i1
Definition 24.3 (Expected Loss) We define the expected loss of player k by:
E IR = > m(i)1® (i)

IE@®;, {1, Ny}

N1 Ng
= Z Z p§f)---p§f)l"“)(i1w-~ JiK)

i1=1 k=1
24.2 2 Person Zero-Sum Game

24.2.1 Definition

We now consider the definition of Nash Equilibrium. For k-player game, the joint strategy distribution is
defined as,
II=PY x P& x pk

24-1
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For any j € {1...k} and any mixed strategy Q(j) # P(j) for each j, define a alternative strategy,
1 1 j k
I, = PY x ..QW... x P¥)

If Vj and Q(j), we have,
EronlY (1) < Eram 19(1)

We call such II is Nash Equilibrium strategy.

Theorem 24.4 (Nash’s Existence Theorem) Any finite game has a Nash Equilibrium. Set of Nash
Equilibrium strategies can be complez.

24.2.2 Game setting

In a 2 person zero-sum game, K = 2, and VI = (i1, i), we have

AU (105

Define [ = IV, Player 1’s goal is to minimize I, and Player 2’s goal is to maximize .

Define,
Nl = NaNQ = M) (’La.]) = (i17i2)

Then the mixed strategy for Player 1 and Player 2 is,

P = (P17"'7Pn)
Q = (Qla an)
n=(PxQ)

24.2.3 Von Neumman’s Minimax Theorem

In the above setting, assuming II = (P x Q) is the Nash Equilibrium mixed strategy,
M N M N M N
SN TP, <D PQiIGL5) < YD PQjii, )
i=1 j=1 i=1 j=1 i=1 j=1
Define,
M N
I(P,Q)=> > PQjl(i,j)

i=1 j=1

we obtain,
mQa,xl(P, Q') <U(P,Q) < minl(P', Q)

max (P, Q") < minl(P’, Q)
Q/ P/
By adding minp and maxg on left and right side, respectively,

. !/ < . /
m};nnézalxl(P,Q ) < mgxn}jl/nl(P , Q)
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Also, from the fact that,
UP',Q) > minl(P',Q)

take maxg on both side, we obtain,

I(P,Q) > in (P,
max (P, Q) > maxmin (P, Q)

Because the above inequality holds for any P’,
. / > . /
IIIIDI/HHIQaXl(P ,Q) > mgxn}l)l/nl(P , Q)
Therefore,
. P/ _ . P/
nllal/nmgxl( ,Q) mgxn})lpl( , Q)
For any Nash Equilibrium strategy Il = P x @, the value of the game is defined as,

- —mi " O — - /
V=IPQ)= II})I/HHISXZ(P ,Q) = mgxnllgl,nl(P ,Q)

Theorem 24.5 Any mized strategy (P, Q) s.t. I(P,Q) =V is a Nash Equilibrium strategy.

24.3 Generalization of Von Neumman Theorem

Now we will generalize the Von Neumman theorem to see min-max max-min equivalence for a broad variety
of functions.

Theorem 24.6 (7.1 in BL) Let f : X x Y — R be a bounded real-valued function, where X and ) are
convex sets and X is compact.

Suppose that f(-,y) is convex and continuous for each fixedy € Y and f(z,-) is concave for each fized x € X.
Then

inf sup f(x,y) = sup 1nf f(z,y) (24.1)
reX yey yeyz

Proof: First note that for any function f

inf sup f(x,y) > sup 1nf f(z,y) (24.2)
TEX yey yeyf”

because Va' € X, sup,, f(2',y) > sup, inf, f(z,y).

Now let us consider the reverse inequality. Wlog, we assume that f(z,y) € [0,1] V (z,y) € X x Y. Our
strategy is to define a covering of X and examine the worst-case difference between the expressions.

Fix € > 0, n > 0. X is compact, so there is a set {z(1,..., (™} C X such that Vz € X, d(z),z) < e. Fix
yo. Fort=1,...,n, let

ZiNﬂ MOPEUD Dk S CIRRTS)
SN e S ys)

(24.3)

Ty =
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where n = /8InN/n and y; satisfies f(zt,y:) > sup,cy f(2¢,y) — 1/n. Then, because f(-,y;) is convex, we
have that

1 & In N
- (4)
n ;f(xtayt) < izrlr,l.ln Zf ! 7yt 271 (244)
So,
inf supf(z,y)
reX yeYy
1 n
<sup f(= D w4y
gy
1 n
<sup72f(:rt,y)
vey i
é - Supf (zt,y
< EZf(xt,ymf
< mln Zf —|—\/ —&—l
>~ N ayt n
1 1
< @ = l
<, min_f(z Zyt"‘\/ +n

lnN 1
< sup min f + — 4+ —
yeyz 1,. n

Letting n — oo, we have that

inf sup f(z,y) <sup min f(z® y). (24.5)
TEX yey yey i=leN
Letting € — 0, we have that
inf sup f(x,y) <sup inf f(x,y) (24.6)
z€EX yecy yey z€X
which completes our proof. [ |

This theorem implies von Neumann’s minimax theorem for two-player zero-sum games because the loss
function is bounded, linear, and the simplex of all mixed strategies is a compact set.

24.4 Repeated Two-Player Zero-Sum Games

We investigate repeated games starting from two-player zero-sum games. At each round t, based on the past
plays of both players, the row player chooses an action I; € {1,---, N}, according to the mixed strategy
pr = (P14, -+ ,pN,) and the column player chooses an action J, = {1,---, M} according to the mixed
strategy ¢ = (¢1,6,- - ,qm ). The distributions p; and ¢ may depend on the past plays of both. The row
players loss at time ¢ is I(I;, J;) and the column players loss is (I3, J;). At each time instant, after making the
play, the row player observes the losses I(i, J;) he would have suffered had he played strategy 4,4 =1,--- | N
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We consider the view point of row player, he/she wants to minimize the difference between the his/her
cumulative loss and the cumulative loss of the best constant strategy.

S UL, g - i:T;vaZl(i, Ji)
t=1 t=1
A strategy such as the exponentially weighted average mixed strategy:
exp (—n U3 UG, L))
Pit = —
S e (-0 X ik L)

Could make the above difference grow sub-linearly almost surely. More precisely, according to Hannan-

Consistency:
i > — min Y I <0,a.s.
lim sup ( (I, J) ,in 2 1(i, Jt)> <0,a.s

,i=1,--- Nn>0

We now show the following remarkable fact: if the row player plays according to any Hannan-Consistent
strategy, then his average loss cannot be much larger than the value of the game, regardless of the opponent’s
strategy.

Recall that the value of the game characterized by the loss matrix [ is defined as:

N M
V = maxmin/(p, q) = max min iqil(i, ]
axminl(p, q) = max mi ;;pz%( 7)

We overload the notation, and also write:
) N B M
i=1 j=1

Theorem 24.7 Assume that in a two-person zero-sum game the row player plays according to a Hannan-
Consistent strategy, then:

1 n
lim sup - Z (I, Jp) <V

n—oo t—1

Proof: Per Hannan Consistency, we only need to prove that

i ) <
_wmin (i, J;) <V

i=1,,

Since the minimization of a linear function over a simplex is the same as the minimization over the simplex’s
corners only, we have:

1 n 1 n B
i — (7, J¢y) = min — l(p, J,
zzrlnlnN n tz:; @ Je) Eélﬁ n ; (P, /1)

where £ ™7 | (4, J;) are the values that function 2 > | I(p, J;) at each simplex corner.
Let ¢, = Y, be the empirical probability of the column player’s action being j:

1 N
min — Y " I(p,J;) =min Y _ ¢;nl(p. )
P n e it
= Hgn l_(pa(AIn)a where éln = ((jl,vu e a(jf\/l,n

< maxminl(p,q) =V
a p
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Corollary 24.8 If both the row player and the column player follows some Hannan-Consistent strategy (e.g.
exponentially weighted average mized strategy). Then

R
nl;n;oﬁtz:;l(lt,Jt):V a.s.

Proof: By theorem 24.7
1 n
lim sup — g (I, Jy) <V, a.s. (1)
n
t=1

n—roo

Then we apply the same theorem to the column player:

1 _
linniicgf - ;l(It, Ji) > mpinmgxl(p,q) =V as. (2)

Combine (1) and (2) gives us:

I
7}1_{1;();;[([75,‘]75) =V a.s.

Corollary 24.9 If both players follow some Hannan-Consistent strategy, then the product distribution p, X
Q. formed by the empirical distribution of play

n

N A R ,
pi,n:EZH[ItZZL qjﬂlzﬁt_zl]l[[t:j]

t=1

of the two players converges a.s. to the set of Nash Equilibria m = p X q of the game.

Proof: By 24.9, we know that

lim {(Pn,qn) =V a.s.

n—r oo

By 24.5, the empirical distribution of play will also be Nash Equilibrium strategy a.s. ]



