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11.1 Sparse linear models in high dimensions

Linear model is largely used in machine learning and statistics. Typically in low-dimensional instantiation,
the number of predictors d is substantially less than the sample size n. In contrast, we are going to explore
the high-dimensional regime, which allows scaling that d — n or even d " n.

11.1.1 Problem formulation

Suppose that we observe yi P R, xi P Rd for i “ 1, 2, . . . , n. Then the linear model is of the form

yi “ θ˚
T

xi ` wi

, where wi „ N p0, σ2q are i.i.d. noise variables and θ˚ P Rd. In fixed design, txiu
n
i“1 are fixed whereas in

random design, each xi „ Px i.i.d.

When the number of samples n ă d, the linear system is under-determined and we need to equip the model
with some form of low-dimensional structure.

Definition 11.1 The hard sparsity assumption states that the support set of θ˚,

Spθ˚q :“ tj P t1, 2, . . . du | θ˚j ‰ 0u

has cardinality |Spθ˚q| ă n.

Definition 11.2 The p-norm of vector θ is

}θ}p “

¨

˝

d
ÿ

i“1

|θi|
p

˛

‚

1{p

When p “ 0, }θ}0 “
řd
i“1 Ipθi ‰ 0q, which corresponds to hard sparsity. For weak sparsity, }θ}p ď C which

gives a set of θ.
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Figure 11.1: Illustration of `p for parameter p P r0, 1s. (a) with p ă 1 (b) p “ 1 (convex) (c) p “ 0

Example 1 (Gaussian Sequence Model) In this model, we make observations of the form

yi “
?
nθ˚i ` wi i “ 1, 2, . . . , n

where n “ d and y “ p
?
nInqθ

˚ `w.

Example 2 (Lifting and non-linear functions) Consider polynomial functions of the form

fθptq “ θ0 ` θ1t` θ2t
2 ` . . .` θqt

q

Where we observe n samples tpti, yiqu
n
i“1. We could then define the matrix X as

X “

»

—

—

–

1 t1 t21 ... tq1
1 t2 t22 ... tq2
... ... ... ... ...
1 tn t2n ... tqn

fi

ffi

ffi

fl

More generally, we formulate

fθptq “
d
ÿ

j“1

θjφjptq

where tφ1, . . . φdu are known basis functions. Then we have y “ Xθ ` w, where Xij “ φjptiq.

11.1.2 Recovery in noiseless setting

Consider X P Rnˆd where n ă d. In noiseless setting, we assume that Dθ˚ s.t. y “ Xθ˚ and }θ˚}0 “ s˚ ! d.
In this case, we consider the following optimization problem

min
θ
}θ}0 s.t. y “ Xθ

The approach to solve the above problem works as following:

for s “ 1, . . . , d,
for all S Ď t1, . . . , du s.t. |S| “ s

check if Dθs s.t. y “ Xsθs

The complexity of this approach is then
řs˚

j“1

`

d
j

˘

— ds
˚

, which would be computationally expensive if s˚ is
large.

We could also approximate this non-convex optimization problem with a convex program by changing }θ}0
to }θ}1. This gives the following optimization problem

min
θ
}θ}1 s.t. y “ Xθ

which is known as the basis pursuit linear program.
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11.2 Exact recovery and restricted nullspace

We define the set

T pθ˚q “ t∆ |
∥∥θ˚ `∆

∥∥
1
ď
∥∥θ˚∥∥

1
u

and note that the null space of X is defined as

nullpXq “ t∆ | X∆ “ 0u

We have the following theorem.

Theorem 11.3 θ˚ is the unique solution to the above problem iff T pθ˚q X nullpXq “ t0u.

Proof: If T pθ˚q X nullpXq ‰ t0u then

D∆̄ P T pθ˚q X nullpXq

We have ∥∥θ˚ ` ∆̄
∥∥
1
ď
∥∥θ˚∥∥

1

and

Xpθ˚ ` ∆̄q “ Xθ˚ `X∆̄ “ y

Then θ˚ is not the unique solution.
The other direction is similar. For more details, please refer to theorem 7.1 in the textbook.

We define the set

CpSq “ t∆ P Rd |‖∆Sc‖1 ď‖∆S‖1u

corresponding to a cone of vectors.
In the two dimensional case, when S has only one element, the cone can be shown as follows.

The shade area corresponds to |∆1| ě |∆2|

Proposition 11.4

T pθ˚q Ă CpSq

where S is the support of θ˚.
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Proof: In this proof we define ∆S P Rd as

p∆Sqj “

#

∆j j P S

0 otherwise

@∆ P T pθ˚q,

∥∥θ˚∥∥
1
ě
∥∥θ˚ `∆

∥∥
1

“
∥∥θ˚S `∆S ` θ

˚
Sc `∆Sc

∥∥
1

“
∥∥θ˚S `∆S `∆Sc

∥∥
1

“
∥∥θ˚S `∆S

∥∥
1
`‖∆Sc‖1

ě
∥∥θ˚S∥∥1 ´‖∆S‖1 `‖∆Sc‖1

Then
‖∆Sc‖1 ď‖∆S‖1

∆ P CpSq

Proposition 11.5 Given the above definition, we have

CpSq Ă
ď

θ:θSc“0

T pθq

Proof: Say ∆ P CpSq.

In this case, ∆ P CpSq ñ ‖∆Sc‖1 ď ‖∆S‖1. We want to show: Dθ˚ such that θ˚Sc “ 0 and ∆ P T pθ˚q. By
setting δ˚s “ ´2∆s, we have:

∥∥θ˚ `∆
∥∥
1
“
∥∥θ˚s `∆s

∥∥
1
`‖∆Sc‖1

“
∥∥θ˚s ∥∥1 ´‖∆s‖1 `‖∆Sc‖1

ď
∥∥θ˚s ∥∥1

Theorem 11.6 The following two statements are equivalent:

(a) For any θ˚ with support S, θ˚ is the unique solution of the basis pursuit.

(b) X satisfies the restricted nullspace property with respect to S.

Proof: We first prove paq ùñ pbq. For a given θ˚ P nullpXqzt0u, consider the basis pursuit problem

min
βPRd

‖β‖1 s.t. Xβ “ Xrθ˚S 0sT
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By assumption, the unique optimal solution will be β1 “ rθ˚S 0sT . Since Xθ˚ “ 0, the vector r0 ´ θ˚Scs
T is

also a solution. By uniqueness, we have
∥∥β1∥∥

1
ą‖β‖1. This gives us

∥∥θ˚S∥∥1 ă∥∥θ˚Sc

∥∥
1

and therefore θ˚ R CpSq.

Then we prove pbq ùñ paq. If θ˚ is not a unique solution of the basis pursuit, we have T pθ˚qXnullpXq ‰ t0u.
Since T pθ˚q Ă CpSq, CpSq X nullpXq ‰ t0u. Thus, X does not satisfies the restricted nullspace property.

11.3 Sufficient conditions for restricted nullspace

In this section, we discuss about the ways to check Cpsq X nullpXq “ t0u. Remember that X P Rnˆd.

Definition 11.7 The pairwise incoherence δPW pXq is defined as

δPW pXq :“ max
j‰k

∣∣∣∣xXj , Xky

n

∣∣∣∣
We hope that δPW pXq is small. For an orthogonal X, δPW pXq achieve its smallest value 0 for j ‰ k. On the
other hand, if there are two columns Xj and Xk that are really close to each other, it is difficult to say which
one is more important. For example, if Xj “ Xk, we will have θjXj ` θkXk “ pθj ` θkqXj , and δPW pXq
will be large in this case.

Theorem 11.8 If the pairwise incoherence satisfies the bound

δPW pXq ď
1

3s

then X satisfies RNP for all S such that |S| ď s.

The definition of pairwise incoherence property can be further extended to the restricted isometric property.

Definition 11.9 X satisfies the restricted isometric property (RIP) of order s with constant δspXq if

|||XT
SXS{n´ Is|||2 ď δspXq

for all S such that |S| ď s.

Here, XS is defined as the sub-matrix formed by a set of columns in X, where the indices of the columns
are defined by S.

The l2-operation norm of a matrix is defined as its maximum singular value:

|||A|||2 :“ sup
u‰0

‖Au‖
‖u‖

When s “ 1, the restricted isometric property can be rewritten as:

∣∣∣∣∣∣
∥∥Xj

∥∥2
2

n
´ 1

∣∣∣∣∣∣ ď δ1pXq
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When s “ 2, the left hand side can be rewritten as:

XT
SXS

n
´ Is “

«∥∥Xj

∥∥2
2

xXj ,Xky

n
xXj ,Xky

n ‖Xk‖22

ff

´

„

1 0
0 1



(11.1)

If we assume that all columns of X are normalized to
∥∥Xj

∥∥2
2
“ n, we have

XT
SXS

n
´ Is “

«

0
xXj ,Xky

n
xXj ,Xky

n 0

ff

(11.2)

whose l2-norm is exactly maxj‰k

∣∣∣ xXj ,Xky

n

∣∣∣, the same as the form of pairwise incoherence δPW pXq.


