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1.1

Scribe: Ryan O’Donnell

Overview of what is to come
An incredibly brief history of quantum computation

The idea of quantum computation was pioneered in the 1980s mainly by Feynman [Fey82,
Fey86] and Deutsch [Deu85, Deu89], with Albert [Alb83] independently introducing quantum
automata and with Benioff [Ben80] analyzing the link between quantum mechanics and
reversible classical computation. The initial idea of Feynman was the following: Although
it is perfectly possible to use a (normal) computer to simulate the behavior of n-particle
systems evolving according to the laws of quantum, it seems be extremely inefficient. In
particular, it seems to take an amount of time/space that is exponential in n. This is
peculiar because the actual particles can be viewed as simulating themselves efficiently. So
why not call the particles themselves a “computer”? After all, although we have sophisticated
theoretical models of (normal) computation, in the end computers are ultimately physical
objects operating according to the laws of physics. If we simply regard the particles following
their natural quantum-mechanical behavior as a computer, then this “quantum computer”
appears to be performing a certain computation (namely, simulating a quantum system)
exponentially more efficiently than we know how to perform it with a normal, “classical”
computer. Perhaps we can carefully engineer multi-particle systems in such a way that
their natural quantum behavior will do other interesting computations exponentially more
efficiently than classical computers can.
This is the basic idea behind quantum computers. As it turns out, you can get (seemingly)
exponential speedups for a (seemingly) small number of natural computational problems
by carefully designing a multi-particle quantum system and letting it evolve according to
the (100-year old, extremely well-confirmed) laws of quantum mechanics. By far the most
spectacular example is Shor’s factoring algorithm [Sho97], an algorithm implementable on a
quantum computer that can factor any n-digit integer (with high probability) in roughly n2
time. This is contrast to the fact that the fastest known “classical” algorithm for factoring
1/3
n-digit integers seems to require roughly 2n time, and in fact the presumed computational
difficulty of factoring is relied upon in an enormous number of real-world cryptographic
applications (e.g., the computations done whenever you type https:// into your browser).

1.2

Plans for this course and this lecture

Very briefly, in this course we will:
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• Mathematically formulate the tiny bit of quantum mechanics that is relevant for the
field of quantum computation. (We should mention that this course will be heavily
slanted towards theoretical computer science and mathematics, and will contain almost
no physics.)
• See some quantum algorithms that solve certain computational problems much faster
than they are known to be solvable classically.
• Investigate the limits of quantum computation. (It is not the case that quantum computation automatically provides speedup over classical computation for all problems,
or even for a wide class of problems.)
• Study some quantum information theory.
The goal for this first lecture is to give a lightning-fast, as-barebones-as-possible definition
of the quantum circuit model of computation. After this lecture, you will theoretically know
all you need to know in order to implement and analyze, e.g., Shor’s algorithm. (Of course, we
will subsequently make a more thorough and leisurely development of quantum computation
before actually getting around to sophisticated algorithms.)
90% of the understanding of the quantum circuit model is achieved by reviewing three
purely “classical” topics: classical Boolean circuits; reversible classical circuits; and randomized computation. The first and third of these topics should be very familiar to anyone who
has studied the basics of theoretical computer science. And the second topic is very cute and
elementary. Once we have these three concepts in hand, quantum circuits become practically
just a tiny “twist” on randomized computation — what you might get if you tried to invent
a model of randomized computation in which “probabilities” can be negative. . .
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Classical Boolean circuits

Several models of computation/algorithms are studied in the classical theory of computation:
Turing Machines, high-level programming languages, and Boolean circuits. It turns out that
for the study of quantum computation, the Boolean circuit model is by far the easiest model
to generalize (being as it the closest model of the physical reality of computers).
We begin with the following well known fact, stating that any computational task (modeled by a Boolean function) we might want to do is doable with an AND/OR/NOT Boolean
circuit.
Proposition 2.1. Any Boolean function f : {0, 1}n → {0, 1}m is computable by a Boolean
circuit C using just AND, OR, and NOT gates. I.e., AND, OR, and NOT gates are universal.
Remark 2.2. The AND and OR gates mentioned in this proposition take 2 input bits and
produce 1 output bit. The NOT gate takes 1 input bit and produces 1 output bit.
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Remark 2.3. Once we know that every Boolean function is computable by some circuit, we
usually become interested in computing it efficiently; i.e., with a circuit C of small size. The
size of the circuit, size(C), is defined to be the number of gates it uses. Circuit size fairly
closely corresponds to running time in the Turing Machine (sequential algorithm) model.
For example, it is known that a circuit of size s can be evaluated in time O(s log s) by a
Turing Machine, and conversely, a Turing Machine operating in time t on length-n inputs
can be converted to an n-input circuit of size O(t log t).
Here is a simple example of a circuit computing the XOR function, f (x1 , x2 ) = x1 ⊕ x2 :

The lines in this diagram are called “wires”, and the things inside the rectangles are called
“gates”. In the diagram we have followed a traditional circuit-theory convention by allowing
wires to “branch”; i.e., split into two copies. In reality, some physical mechanism must exist
at these branches, and in the future it will be convenient to make this explicit. So we will
introduce a new kind of gate called a DUPE (duplicate) gate which takes 1 input bit and
outputs 2 duplicate copies of that bit. We will then redraw the above diagram as follows:

With this convention, it would be more accurate to say that AND, OR, NOT, and DUPE
gates are universal for Boolean circuit computation.
It is also a well known fact that one can get smaller universal gate sets; in fact, one
can replace AND/OR/NOT gates with just NAND gates. (Recall that NAND(x1 , x2 ) =
NOT(AND(x1 , x2 )).) To see this, first note that we can eliminate OR gates using De Morgan’s rule: OR(x1 , x2 ) = NOT(AND(NOT(x1 ), NOT(x2 ))). Then we can eliminate AND
gates in favor of NAND gates via AND(x1 , x2 ) = NOT(NAND(x1 , x2 )). Finally, we need to
show that NOT gates can be eliminated using NAND gates. One way to implement NOT(x1 )
with a NAND gate is as follows:
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On the lower left in this diagram, we have what is called an ancilla bit: an input that is
“hardwired” to the constant bit 1, for the purposes of assisting the computation. It’s actually
possible to implement NOT(x1 ) using NAND and DUPE without the use of ancillas (specifically, via NAND(DUPE(x1 ))). However the above method gives us a good opportunity to
introduce the notion of ancillas.
What we have just shown is the following:
Proposition 2.4. Boolean NAND and DUPE gates (along with the use of ancillas) are
universal for computation.
Remark 2.5. In fact, we have shown something stronger: Not only can every AND/OR/NOT/DUPE
circuit C be converted to an equivalent AND/OR/NOT circuit C’, this conversion can
be done very efficiently; there is an efficient algorithm carrying out the conversion, and
size(C 0 ) = O(size(C)).

2.1

Bra-ket notation

We take this opportunity to introduce a bit of unusual notation that will play an essential
role in the remainder of the course. This is the “bra-ket” notation invented by Paul Dirac.
Actually, we will postpone the mathematical definitions to the next lecture; for now we
will just introduce it as pure symbolism. We will henceforth enclose bits and bit-strings in
asymmetrical brackets called kets, writing |0i and |1i instead of 0 and 1. We will also usually
eliminate internal brackets when writing strings; e.g., writing |011i instead of |0i |1i |1i. As
a small example of this notation, we will redraw the previous diagram as follows:
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Reversible computation

In actual physical reality, a theoretical bit (|0i or |1i) is implemented by a particle or bunch of
particles (e.g., high or low voltage on a physical wire). Similarly, a gate is implemented by a
physical object (a “switch” or some other gadget) that manipulates the bit-representations.
We then would ideally like to think of the circuit as a “closed physical system”. Unfortunately, for a typical AND/OR/NOT/DUPE circuit, this is not possible. The reason is
that the laws of physics governing microscopic systems (both classical and quantum) are
reversible with respect to time, but this is not true of most gates we would like to physically
implement.
Take for example an AND gate. Suppose its output is |0i. Can we infer what its inputs
were? The answer is no — they could have been |00i, |01i, or |10i. The AND process is
not reversible: information sometimes needs to be deleted; “entropy” is lost. According to
the 2nd Law of Thermodynamics, a physical system consisting of a single AND gate cannot
be “closed”; its operation must dissipate some energy — typically as escaping heat. On the
other hand, a NOT gate is theoretically “reversible”: its output can be determined from its
input; no information is created or destroyed in switching |0i to a |1i or vice versa. Thus,
in principle, it is possible to construct a completely closed physical system implementing a
NOT gate, without the need for energy dissipation.
These issues were studied in the 1960s and 1970s by Landauer [Lan61] and Bennett [Ben73],
among others. They raised the question of whether there are Boolean gates that are both
reversible and universal. If so, then by using them it would be possible — at least according
to the theoretical laws of physics — to have circuits doing general computation without
dissipating any energy. On one hand, as we will see shortly, it is possible to find universal
reversible gates. On the other hand, it turned out that from a practical point of view, the
energy dissipation of standard electronic circuits did not prove to be a major problem (although laptops sometimes do get rather hot in your lap). On the other other hand, it turns
out to be important for the quantum circuit model that universal reversible computation is
possible. So we will now explain how to do it. We begin with a definition:
Definition 3.1. A Boolean gate G is said to be reversible if it has the same number of
inputs as outputs, and its mapping from input strings to output strings is a bijection.
Thus a NOT gate is reversible, whereas most other “standard” gates (e.g., AND, OR,
NAND, and DUPE) cannot be reversible since they do not have an equal number of inputs
and outputs.
Let’s introduce a new, simple, reversible gate, the CNOT (controlled-NOT) gate. It has
2 input bits and 2 output bits, and is drawn like this:
•
Its behavior is as follows:
x1
x2

•
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x1
x1 ⊕ x2

That is, the first input bit x1 is always passed through directly; the second bit gets NOT
applied to it if and only if the “control” bit x1 is |1i. To be even more explicit, CNOT has
the following truth table:

CNOT:

input output
|00i
|00i
|01i
|01i
|10i
|11i
|11i
|10i

You can see that this mapping is indeed a bijection, confirming that CNOT is a reversible
gate.
We now describe a small but important generalization, called the CCNOT (controlledcontrolled-NOT) or Toffoli gate. The below diagram indicates how this 3-input, 3-output
gate is drawn, as well as its behavior:
x1
x1
•
x2

•

x2

x3

AND(x1 , x2 ) ⊕ x3
In other words, the first two inputs to a CCNOT gate are passed through directly, and the
third input is negated if and only if the first two “control” input bits are both |1i.1 Explicitly,
we have the following truth table, showing that CCNOT is reversible:

CCNOT:

input output
|000i |000i
|001i |001i
|010i |010i
|011i |011i
|100i |100i
|101i |101i
|110i |111i
|111i |110i

Remark 3.2. The three examples of reversible gates we have seen so far — NOT, CNOT,
CCNOT — also have the extra property that they are their own inverse; i.e., applying them
twice in succession restores the original bits. This is a bit of a coincidence, insofar as it is
not a property we insist on for reversible gates. We merely insist that reversible gates have
some inverse gate; the inverse doesn’t have to be the gate itself.
The CCNOT gate is extremely handy: as the following two pictures show, we can use
it to simulate both NAND gates and DUPE gates (assuming, as always, that ancillas are
1

In general, we use the convention that attaching a dot to a k-input/k-output gate G with a vertical line
means creating a “controlled-G” gate. This is the (k + 1)-input/(k + 1)-output gate that passes through its
first, “control”, bit, and which either applies G or doesn’t depending on whether the control bit is |1i or |0i.
Assuming that a NOT gate is drawn as ⊕, this explains the picture used for CNOT and CCNOT gates.
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allowed):
x1

•

x1

x2

•

x2

|1i
x2

•
•

|1i
)
x2
DUPE(x2 )
x2

|1i
NAND(x1 , x2 )
|0i
Note that, in addition to producing the desired NAND and DUPE outputs, these conversions
also produce extra, unneeded bits (namely, x1 and x2 in the NAND case, and the top |1i
in the DUPE case). This is somewhat inevitable, given that reversible gates are required to
have equally many input and output bits. We call such unwanted outputs garbage.
As one more very minor note, the above conversions use both |0i ancillas and |1i ancillas.
We can also use CCNOT gates to generate |0i’s from |1i ancillas as follows:
|1i

•

|1i

|1i

•

|1i

|1i

|0i

We have therefore established the following key theorem, which shows that we can do
universal computation reversibly.
Theorem 3.3. The CCNOT gate is universal, assuming ancilla inputs (all set to |1i)
and garbage outputs are allowed; any standard AND/OR/NOT circuit for a function f :
{0, 1}n → {0, 1}m may be efficiently transformed into a reversible one that looks like Figure 1.
Remark 3.4. In reversible circuits we will always have n + #ancillas = m + #garbage.
Remark 3.5. “In practice”, when doing reversible computing we usually also allow ourselves
NOT and CNOT gates. (Given NOT gates, we may assume that all ancillas are fixed to |0i
rather than |1i, and this is actually a more traditional assumption.)

x1




x2
input
..



 .
xn

 |1i
..
ancillas
 .
|1i

···

•
•

•

···
···
···

•

···
···
···

•
•


f (x)1 

..
.  output

f (x)m







garbage







Figure 1: A typical reversible circuit using CCNOT gates. We remark that the output bits
need not be the “topmost” m bits on the right; we could designate any of the m bits on the
right as the outputs.
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With “standard” circuits, the number of wires carrying a bit at any one “time” (vertical
slice) may vary. However with reversible circuits, this will always equal the number of
inputs+ancillas, as you can see above. Indeed, one sort of stops thinking about wires and
instead thinks of each input/ancilla bit being carried in its own register, which maintains
its “identity” throughout the computation. It’s very helpful to think of circuits not just
as diagrams but also as “lists of instructions performed on registers”, as in the following
description, which is completely equivalent to the diagram in Figure 1:
Input is in registers x1 , x2 , . . . , xn .
“Attach” c ancillas in xn+1 , . . . , xn+c , initialized to |1i.
• CCNOT(x1 , x2 , xn )
• CCNOT(x2 , xn+1 , xn+c )
• ···
• CCNOT(xn+c , xn+1 , x1 )
Output is in registers x1 , . . . , xm .

4

Randomized computation

Although we are well used to it now, randomized computation is a bit like the “quantum
computation of the ’60s and ’70s” — a creative new twist on classical computation, seemingly
realizable in practice and potentially allowing for big speedups over deterministic computation, but one requiring its investigators to make a big investment in a new area of math (i.e.,
probability). Indeed, there are some computational tasks which we know how to provably
solve efficiently using randomized computation, but which we don’t know how to provably
solve efficiently using only deterministic computation. (An example: on input “n”, generate
an n-digit prime number.) Unlike with quantum computation, however, we believe this is
mainly due to our lack of skill in proving things, rather than an inherent major advantage of
randomized computation. (E.g., we know a deterministic algorithm that we believe efficiently
generates n-digit prime numbers; we just can’t prove its efficiency.)
It is very easy to upgrade the circuit model of computation to a randomized model: we
just introduce a single new gate called the COIN gate, drawn like this: COIN — or $ —.
It has 0 inputs and 1 output; the output is a “fair coin flip”, viz., |0i with probability 12 and
|1i with probability 21 .
Remark 4.1. You might also imagine allowing other kinds of randomized gates; for example,
a COIN 1 gate that outputs |1i with probability 31 and |0i with probability 23 . It turns out
3
that allowing such gates does not fundamentally change the model of randomized computing;
although a fair COIN gate cannot simulate a COIN 1 gate exactly, it can simulate it close3
to-exactly enough that it doesn’t really matter. For this reason we say that the plain COIN
gate is (effectively) universal for randomized computation. See Homework 1 for more details.
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We will now describe how to “analyze” randomized circuits. Although our style of analysis
will be very simple and pedantic, it will be great practice for analyzing the closely related
quantum circuits. Here is an example randomized circuit:
x1 $

•

x2 |0i
Alternatively, we could think of this circuit as the following “program”:

1. x1 initialized to $
2. x2 initialized to |0i
3. CNOT(x1 , x2 )
As you can easily see, the output of this circuit is |00i with probability 12 (if the coin flip
is |0i) and is |11i with probability 12 (if the coin flip is |1i). Nevertheless, let’s patiently
“analyze” it.
The state of x1 after the coin flip — equivalently, after Line 1 of the program — is
1
probability of |1i .
2

1
probability of |0i ,
2

(1)

Let us introduce some funny notation for this:
Notation 4.2. We will write (1) as
1
1
· |0i + · |1i .
2
2
In the next lecture we will “make mathematical sense” of this notation using linear algebra,
but for this lecture you should be perfectly happy just treating it as some “formal notation”.
The state of x2 after Line 2 of the program is
1 probability of |0i ,

0 probability of |1i ,

which we will write in our new notation as
1 · |0i + 0 · |1i = |0i .
Here we have used the “usual” laws and notation of arithmetic in the equality. (Again,
continue to think of this as shorthand notation.)
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Finally, what happens at the end of the circuit, after Line 3? One could say that we
have:
1
|0i +
2
1
|0i +
2

State of x1 :
State of x2 :

1
|1i
2
1
|1i
2

While in some sense this is true (each “register” is equally likely to be |0i or |1i), it’s grossly
misleading. It makes it looks as if the two bits are independent, when in fact they are
correlated. So the above analysis is true but incomplete; to truly capture the correlations
in the system we should say:
Joint state of x1 , x2 :

1
1
|00i + |11i .
2
2

In our analyses of randomized circuits, we will keep track of the joint state of all registers
all along. For example, in the circuit we have been analyzing the joint state just prior to
Line 3 would be
1
1
|00i + |10i .
2
2
Let’s practice some more analysis of “r-bit circuits” (where “r” standards for “randomized”). For the purposes of practice we’ll invent a new randomized gate,
CCOIN
(“controlled-coin”), which has 1 input and 1 output. Its behavior is the following:

CCOIN:

input
|0i

output
|0i
(
|0i with prob.
|1i with prob.

|1i

1
2
1
2

Now let’s extend the 2 r-bit circuit we had previously been analyzing, as follows:
x1 $

•

x2 |0i

CCOIN

Equivalently, we are adding the instruction “4. CCOIN(x1 , x2 )” to our program. Now prior
to the CCOIN gate, the joint state of the system is
1
1
|00i + |11i .
2
2
What is the state after the new CCOIN gate? Here is how you would say it in words:
Prior to the CCOIN gate, (2) tells us that there is a 12 probability that x1 is |0i
and x2 is |0i. In this case, the CCOIN does not touch x1 , so it stays |0i, and the
CCOIN gate leaves x2 as |0i as per its definition. Thus the final state in this case
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(2)

is still |00i. On the other hand, (2) tells us that there is a 21 probability that x1 is
|1i and x2 is |1i. In this case, the CCOIN does not touch x1 , so it stays |1i, and
the CCOIN gate changes x2 to |0i with probability 12 and to |1i with probability
1
, as per its definition. Thus overall the final state is |00i with probability 12 , is
2
|10i with probability 21 · 12 = 41 , and is |11i with probability 21 · 12 = 14 .
Here is the math symbolism you would write to exactly model those words:


1
1 1
1
1
1
1
the final state is
|00i +
|10i + |11i = |00i + |10i + |11i .
2
2 2
2
2
4
4
As you can see, the natural “arithmetic” you would write with this formalism matches up
with the actual probabilistic calculations.
Let’s add a few more twists. Suppose that x3 is a new register that was in the system all
along (we forgot to tell you about it), initialized to |0i and never touched. Then we would
say that the final state of the system is
1
1
1
|000i + |100i + |110i .
2
4
4
Suppose we now added a CCNOT(x1 , x2 , x3 ) gate to the end of the circuit. What would the
new state be? Clearly we just go through the above state and change each of the bit-strings
according to CCNOT’s operation, leaving the probabilities unchanged:
1
1
1
|000i + |100i + |111i .
2
4
4

(3)

Finally, suppose we now added a CCOIN(x1 ) instruction, so that the final circuit looked like
this:
x1 $ •
• CCOIN
x2 |0i

CCOIN

•

x3 |0i
Now we can calculate the final state as follows. We start with state (3) and proceed through
the “terms” (probabilistic cases) in it. For each one, the last two r-bits in the string will be
unchanged, since the final CCOIN gate only operates on x1 . If the first r-bit is |0i then it
will stay |0i, as per CCOIN’s definition. On the other hand, if the first r-bit is |1i then it will
become |0i with probability 12 and become |1i with probability 12 (generating two “terms”).
Then we simplify. The calculation is:




1
1 1
1
1 1
1
|000i +
|000i + |100i +
|011i + |111i
(4)
2
4 2
2
4 2
2
5
1
1
1
= |000i + |100i + |011i + |111i .
(5)
8
8
8
8
11

And indeed, had you been asked to compute the final joint state of the 3 r-bits in the above
circuit, however you analyzed it would ultimately be pretty close to our pedantic style, and
you would have indeed computed that there’s a 85 chance of ending with |000i, a 0 chance of
ending with |001i, a 81 chance of ending with |100i, etc.
Remark 4.3. An obvious yet important takeaway from this kind of analysis is the following:
Suppose we have a circuit with n r-bit registers. At any time, the state of the circuit can be
written as
X
px |xi ,
x∈{0,1}n

where the “coefficient” probabilities px are nonnegative and summing to 1.

4.1

On measurement

As a small note, we typically imagine that we provide the inputs to a randomized circuit,
and then we observe (or measure) the outputs. The probabilistic “state” of the registers
at some intermediate time in the circuit’s execution reflects only the uncertainty that we,
the observers, have about the registers’ values. Of course, in reality the registers always
have some definite value; it’s merely that these variables are “hidden” to us. Analytically,
once we observe one or more of the r-bits, the probabilistic state “collapses” to reflect the
information we learned.
For example, in the randomized circuit we analyzed in the previous section, the final
state (5) is
1
1
1
5
|000i + |100i + |011i + |111i .
8
8
8
8
Suppose for example we measure just the first register, x1 . The probability we observe a |0i
is
6
3
5 1
+ = = .
8 8
8
4
Supposing we do observe a |0i, if we wanted to continue the analysis we would use the law
of conditional probability to deduce that the state of the system “collapses” to
5/8
1/8
5
1
|000i +
|011i = |000i + |011i .
3/4
3/4
6
6
Here, since we observed that the first bit was |0i, only the strings consistent with that
outcome survive, and the remaining probabilities are renormalized.
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Quantum computation

Finally we can introduce the (barest essentials) of the quantum circuit model of computation.
As mentioned, it is kind of like what you would get if you took randomized computation but
found a way to allow the “probabilities” to be negative. It can also arguably be described
12

as classical reversible computation augmented with the Hadamard gate
H . In other
words, a typical quantum circuit with 5 qubit (quantum bit) registers might look like this:


x
·
·
·
•


1








x
···
•
inputs: |0i or |1i
2
H • 








x3
···
outputs/garbage





···
 |1i
•
• 
H





ancillas 

·
·
·
•
|1i
H
As usual, it is sufficient to just use CCNOT gates in addition to Hadamard gates, but for
convenience we also allow NOT and CNOT gates too.
Just as in randomized computation, to analyze such a circuit we need to keep track of
the joint state of all 5 qubits as time passes; i.e., as they proceed through the gates. Even
though each gate only affects a small subset of all qubits, nevertheless just as in randomized
computation we must track the state of all qubits at all times in order to keep track of the
“correlations”, which are called entanglement in the context of qubits.
Further, just as in randomized computation, at each time step the state of the 5 qubits
is given by an expression that looks like this:
α |00000i + β |00001i + γ |00010i + · · · + ω |11111i ,

(6)

where the 32 (in general, 2n ) coefficients are possibly negative real numbers.2 Since
these numbers may be negative, we don’t call them probabilities any more; we call them
amplitudes (and a state like (6) is called a superposition of |00000i , . . . , |11111i). Finally,
just as in Remark 4.3, there is a restriction on what amplitudes are possible; this restriction
is that the sum of their squares3 is always 1:
α2 + β 2 + · · · + ω 2 = 1.
Note that this restriction is indeed always satisfied at the input. For example, if the actual
input to the above quantum circuit is |101i, then the initial state (when ancillas are included)
is |10111i. Here the amplitude on |10111i is 1, the amplitude on the other 31 strings is 0,
and indeed 02 + · · · + 02 + 12 + 02 + · · · + 02 = 1.
Here are all the rules of how to analyze quantum circuits:
2

Actually, they can even be complex numbers. However if we stick to quantum circuits containing only
Hadamard gates and reversible classical gates, then they will always just be real numbers. Further, it is
known that these two gates are universal for quantum computation, and hence real numbers are universal
for quantum computation. I.e., strictly speaking you don’t need to worry about complex numbers if you
don’t want to; though ultimately, it will be more convenient (and physically accurate) to allow them.
3
Squared magnitudes, if they’re complex numbers
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• CCNOT gates (and other classical reversible gates like NOT and CNOT) are analyzed
exactly as in randomized circuits.
• Hadamard gates
√1 |1i and |1i 7→
2

have the following input/output behavior: |0i 7→
H
1
√ |0i − √1 |1i.
2
2

√1
2

|0i +

• Follow all the same arithmetic rules as for analyzing “r-bit (randomized) circuits”,
except say the word “amplitude” whenever you were going to say “probability”.
• At the end, when you measure the output bits, the rule is probabilistic: if the final
state is as in (6), then you “see”. . .
|00000i with probability α2 ,
|00001i with probability β 2 ,
..
.
|11111i with probability ω 2 .
For now we will assume that you always measure all the qubits at the end of a circuit’s
computation, and nowhere else. The picture for a measurement is
That’s it! We could now, in theory, describe an enormous quantum circuit that carries
out Shor’s algorithm: it takes as input an n-bit integer, uses roughly n2 CCNOT and H
gates, and has the property that when you measure the final output qubits, they give (with
probability at least 99%) the binary encoding of the prime factorization of the input integer
(plus some garbage bits). Of course, that would be like if someone described a circuit for
computing the maximum flow in a graph immediately after explaining what a NAND gate
is. But it’s possible.
Remark 5.1. As mentioned in a footnote, it is a theorem that CCNOT and Hadamard gates
together are universal for quantum computation. But they are not the only gates that are
allowed by the physical laws of quantum computation. In the next lecture we will see just
what gates nature does allow. For now, though, we will mention that any classical reversible
gate is okay, and it’s convenient to allow NOT and CNOT.
In fact, it is not complete obvious that the reversible gates and the Hadamard gate
preserve the key property of quantum states — that the sum of the squares of the (magnitudes
of the) amplitudes is 1. You will check this on the homework. In fact, the set of gates that
quantum mechanics allows is exactly the set of linear transformations of amplitudes which
preserve this property.
Remark 5.2. Quantum circuits are at least as powerful/efficient as classical circuits, since
we can just not use Hadamard gates, and we’re precisely left with reversible classical computation.
Remark 5.3. Quantum circuits are also at least as powerful/efficient as randomized circuits.
This will be mostly clear from the following example, which shows how quantum circuits can
generate COIN gates. (See the homework for a few clarifying details.)
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Let us give an extremely basic example of a quantum circuit:
x1 |0i

H

Here the single qubit x1 is initialized to |0i. By definition, after the Hadamard gate, the
state of the register is
1
1
√ |0i + √ |1i .
(7)
2
2
Finally, when the register is measured
at the end, the measurement rule tellsus that we

2

2

= 12 and we observe |1i with probability √12
= 12 .
observe |0i with probability √12
Thus the outcome is just like a fair coin flip. (This would also have been the case had
x1 been initialized to |1i; in that case, we would still see the output |1i with probability
2

1
√
− 2 = 12 .)
However an interesting thing happens if, instead of measuring the register after the
Hadamard gate is applied, we first apply another Hadamard gate and then measure:
x1 |0i

H

H

Let us do the analysis here. Just prior to the second Hadamard gate, the state of the register
is as in (7). What is the new state after the second Hadamard gate? In words, we say almost
exactly the same thing we would say in the case of a probabilistic analysis:
With probability amplitude √12 , the input is |0i, in which case by definition the
Hadamard gate outputs |0i with probability amplitude √12 and outputs |1i with
amplitude √12 . On the other hand, with amplitude √12 , the input is |1i, in which
case by definition the Hadamard gate outputs |0i with amplitude √12 and outputs
|1i with amplitude − √12 . Thus the final state is. . .

 





1
1
1
1
1 1
1 1
1
1
√
√ |0i + √ |1i + √
√ |0i − √ |1i =
+
−
|0i +
|1i = |0i !
2 2
2 2
2
2
2
2
2
2
Now when we measure the register, we will always see |0i. It’s kind of like we “unflipped
the coin”. The positive/negative cancelation achieved here is precisely both the power and
the mystery of quantum computation.
Let us do one more complicated example for practice. We will analyze this circuit:
x1 |0i

•

H

H

x2 |0i
The initial state is |00i.
After the first Hadamard gate, the state is
unchanged).
15

√1
2

|00i +

√1
2

|10i (the second qubit is always

After the CNOT gate, the state is
1
1
√ |00i + √ |11i .
2
2

(8)

(As you can see, when applying classical gates, you really just need to change bit-strings
according to the gate’s definition; there’s no need to do any arithmetic.) This state (8) is
a famous entangled state; it is called an EPR pair after Einstein, Podolsky, and Rosen.4 If
we were to measure the two qubits at this point, we would see |00i with probability 21 and
|11i with probability 12 .
Finally, after the final Hadamard gate applied to state (8), we get




1
1
1
1
1
1
√
√ |00i + √ |10i + √
√ |01i − √ |11i
2
2
2
2
2
2
1
1
1
1
= |00i + |01i + |10i − |11i .
2
2
2
2
That’s it. If we were to measure now, the rule tells us we would observe each of the four
outcomes |00i , |01i , |10i , |11i with probability 14 each.

5.1

On measurement

It is important to stress the following distinction with randomized computation. As mentioned, in the middle of a randomized circuit’s computation, the probabilistic state of the
registers only represents the uncertainty we (the analyzers) have about the bits’ values. However, it’s not like the bits have this state in Nature. Rather, the bits are actually in some
deterministic state; we just don’t know what it is.
This is not the case in quantum computation. According to the laws of physics, in the
middle of a quantum circuit’s computation, the superposition state that the n qubits are
in is literally the true state they’re in in Nature. They are not secretly in one of the basic
states; Nature is literally keeping track of the 2n amplitudes. (This gives you a hint of the
potential computational power of quantum mechanics!) In a later lecture we will describe
the theory that proves that this is the case, as well as the experimental work (including
outstanding work from earlier this month) that backs up the theory.
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Complex Numbers

From last lecture, we have seen some of the essentials of the quantum circuit model of computation, as well as their strong connections with classical randomized model of computation.
Today, we will characterize the quantum model in a more formal way. Let’s get started with
the very basics, complex numbers.

C

Definition 1.1. A complex number z ∈ is a number of the form a + bi, where a, b ∈
and i is the imaginary unit, satisfying i2 = −1.

R,

It’s always convenient to picture a complex number z = a + bi as a point (a, b) in the
two-dimensional complex plane, where the horizontal axis is the real part and the vertical
axis is the imaginary part:
Im(z)
6
√
|z| = a2 + b2
r
b
3



 θ

-

a

Re(z)

Figure 1: Geometric representation of complex number z = a + bi
Another common way of parametrizing a point in the complex plane, instead of using
Cartesian coordinates a and√b, is to use the radial coordinate r (the Euclidean distance of the
point from the origin |z| = a2 + b2 ), together with the angular coordinate θ (the angle from
the real axis). In particular, it can help us visualize geometrically what the multiplication
operation does:
Observation 1.2. The product of two complex numbers z1 , z2 has magnitude |z1 | · |z2 | and
angle θ1 + θ2 .
Figure 2 is the geometric visualization of the multiplication of two complex numbers
z = a + bi and z 0 = a0 + b0 i. Another important operation on complex numbers is the
complex conjugate:
Definition 1.3. The complex conjugate of a complex number z = a + bi is defined as
z̄ = a − bi, also denoted as z ∗ or z † .
1

Im(z · z 0 )
6

|z|

b0

r

b


r
BMB

Im(z 0 )

Im(z)

3


θ1

r

6


|z 0 |

6

|z| · |z 0 | BB
B

-

a

θ2

Re(z)

a0

-

B

Re(z 0 )

B

(b) z 0 = a0 + b0 i

(a) z = a + bi

θ1 + θ2
- Re(z · z 0 )

(c) z · z 0

Figure 2: Geometric representation of z · z 0
As a convention for complex numbers, we call the product of a complex number with its
complex conjugate the square of that complex number, which is essentially the square of its
magnitude:
z · z † = (a + bi)(a − bi) = a2 + b2 = |z|2
Notice that the result is always a real number, which becomes obvious when we realize
that z † is basically a reflection of z about the real axis. Since the sum of their angles in the
complex plane is 0, z · z † always lands on the axis. We can therefore naturally generalize the
inner product for complex vectors.
Definition 1.4. The inner product (or dot product) of two d-dimensional vectors is defined
as (z1 , . . . , zd ) · (w1 , . . . , wd ) = z1† w1 + · · · + zd† wd .
The dot product of a vector with itself now becomes:
(z1 , . . . , zd ) · (z1 , . . . , zd ) = |z1 |2 + · · · + |zd |2 .

2

Quantum Bits

Just as a classical bit can have a state of either 0 or 1, the two most common states for a
qubit (quantum bit) are the states |0i and |1i. For now, let’s just see the notation “| i” as a
way of distinguishing qubits from classical bits. The actual difference though is that a qubit
can be in linear combinations of states, also know as superpositions. In other words, we can
write a quantum state in a more general form:
|ψi = α |0i + β |1i ,

C

where α, β ∈ , and |α|2 + |β|2 = 1. Two other famous states that we will see very often in
this class are:
1
1
1
1
|+i = √ |0i + √ |1i , |−i = √ |0i − √ |1i .
2
2
2
2
We can also think of |ψi as a vector in the two-dimensional complex plane spanned by
the two basis states |0i and |1i. As mentioned last time, often we can view α and β as real
numbers without losing much. The reason we can sometimes ignore the fact that they are
complex numbers is that
can be easily simulated by 2 . That’s in fact exactly what we

C

R

2

did when we imagined the two-dimensional complex plane in the previous section. Then,
why do we even use complex numbers at all? Well, there are two major reasons: firstly,
complex phases are intrinsic to many quantum algorithms, like the Shor’s Algorithm for
prime factorization. Complex numbers can help us gain some intuitions on those algorithms.
Secondly, complex numbers are often just simpler in terms of describing unknown quantum
states, and carrying out computations.
We have been talking about qubits for a while, but how are they implemented ? In fact
many different physical systems can accomplish this. Although we won’t cover the entire
physics behind them, a general idea of how the qubits are realized physically can sometimes
help us understand the procedures and algorithms we are dealing with. In particular, they
might be represented by two states of an electron orbiting an atom; by two directions of the
spin (intrinsic angular momentum) of a particle; by two polarizations of a photon. Let’s take
a spin- 12 particle as an example. If we were to measure its spin along the z-axis, we would
observe that it is either up (in +z direction) or down (in −z direction). In many physics
papers, the two states are denoted as |z+i and |z−i, or |↑i and |↓i. For computational
purposes, we can simply regard them as our good old friends |0i and |1i.

2.1

Multiple Qubits and the Qudit System

Let’s begin the discussion on multiple-qubit system from the simpliest: a two-qubit system.
Just as classical 2-bit system, we have four possible computational basis states, namely
|00i , |01i , |10i , |11i. We can thus write a general form of the two-qubit state as follows:
|ψi = α00 |00i + α01 |01i + α10 |10i + α11 |11i ,
where the amplitudes satisfy |α00 |2 + · · · + |α00 |2 = 1. For instance, we can have a uniformly
mixed state where the scalar coefficients are the same: α00 = α01 = α10 = α11 = 21 . Or more
interestingly, we can have the following state:
1
1
|ψi = √ |00i + √ |11i .
2
2
Note that this is a system where the two qubit are correlated ! In particular, they seem to
be always in the same state. We will come back to this interesting state very often in the
future.
Now, it’s time to the extend this to a more general case: the qudit system. Specifically, a
state in the d-dimensional qudit system is a superposition of d basis states. We can write:
|ψi = α1 |1i + α2 |2i + · · · + αd |di ,
where |α1 |2 + · · · + |αd |2 = 1 as always.
How is a qudit system implemented in physical reality? In fact, particles are allowed
to have spin quantum number of 0, 21 , 1, 32 , 2, etc. For example, a spin- 12 particle, like an
electron, is a natural “qubit” system, whereas a spin-1 particle, like a photon or a gluon, is a
3

“qutrit” system. Although no fundamental particle has been experimentally found to have
spin quantum number higher than 1, the two-qubit system we mentioned earlier behaves
exactly the same as a qudit system where d = 4. In theory, we could construct any qudit
system using only qubits.

2.2

Qubits - the Mathematics

As we saw earlier, a quantum state in the qubit system can be represented as a unit (column)
vector in the 2 plane, spanned by the following two basis state:
 
 
1
0
|0i =
, |1i =
.
0
1

C

With a little bit of algebra, we can write a general state |ψi as:
     
α
0
α
|ψi = α |0i + β |1i =
+
=
,
0
β
β
where |α|2 + |β|2 = 1. Before we look into the properties of quantum states, let’s first
introduce the style of notations we use: the Bra-ket notation, also called the Dirac notation.
Notation 2.1. A quantum state |ψi is a (column) vector, also known as a ket, whereas a
state hψ| is the (row) vector dual to |ψi, also know as a bra.
To get a bra vector from a ket vector, we need to take the conjugate transpose. Thus we
can write:
 †


α
†
= α† β † .
hψ| = (|ψi) =
β
Now, suppose we have two quantum states: |x1 i = α0 |0i+α1 |1i and |x2 i = β0 |0i+β1 |1i.
One possible operation we can do is of course multiplication.
Definition 2.2. The inner product (or dot product) of two quantum states |x1 i and |x2 i is
defined as hx1 | · |x2 i, which can be further simplified as hx1 |x2 i.
For example, the inner product of |x1 i and |x2 i can be carried out:
 
 †
 β0
†
hx1 |x2 i = α0 α1 ·
= α0† β0 + α1† β1 .
β1
What if we take the inner product of |x1 i with itself? Actually, it turns out to be the
same as the sum of squares of the amplitudes, which is always 1.
hx1 |x1 i = α0† α0 + α1† α1 = |α0 |2 + |α1 |2 = 1
Definition 2.3. The outer product of two quantum states |x1 i and |x2 i is defined as |x1 i·hx2 |,
which is often written as |x1 i hx2 |.
4

This time the result would be in fact a matrix, instead of a complex number. Take the
outer product of |x2 i and |x1 i:
" †
#
 
†
α
β
α
β

0
0
β0  †
0
1
|x2 i hx1 | =
· α0 α1† = †
β1
α β1 α† β1
0

1

Observation 2.4. The relationship between the outer and the inner product: tr(|x2 i hx1 |) =
hx1 |x2 i.
Now let’s take a look at some concrete examples:
 

 0
h0|1i = 1 0 ·
= 0,
1
" 1 #
i
h
√
1 1
2
1
1
= − = 0.
h+|−i = √2 √2 ·
1
2 2
−√
2

It means |0i and |1i are orthogonal to each other, so are |+i and |−i. Therefore, we say
that they both form an orthonormal basis for 2 . For any quantum state |ψi in 2 , it can
be expressed using either basis:

C

C

|ψi = α0 |0i + α1 |1i = α+ |+i + α− |−i ,
where again |α0 |2 + |α1 |2 = |α+ |2 + |α− |2 = 1.
Let’s move on to general qudits, as we always do. A qudit state is a unit vector in
 
α1
α2 
 
|ψi =  ..  ,
.
αd

Cd:

such that hψ|ψi = 1 as always. Similarly, we have the d-dimensional bases {i}, i ∈ [d]:
 
 
1
0
0
0
 
 
|1i =  ..  , . . . , |di =  ..  ,
.
.
0
1

2.3

Multiple Qubit System - the Mathematics

Suppose we have two qubits |xi = α0 |0i + α1 |1i and |yi = β0 |0i + β1 |1i. How can we
describe their joint state? The first guess might be using multiplication of some sort. So,
let’s try it, maybe using the notation ⊗:
|xi ⊗ |yi = (α0 |0i + α1 |1i) ⊗ (β0 |0i + β1 |1i)
= α0 β0 |0i ⊗ |0i +α0 β1 |0i ⊗ |1i +α1 β0 |1i ⊗ |0i +α1 β1 |1i ⊗ |1i
| {z }
| {z }
| {z }
| {z }
|00i

|01i

5

|10i

|11i

It seems that if we regard |0i ⊗ |0i = |00i, etc., as shown above, |xi ⊗ |yi looks exactly the
same as a linear combination of the four basis states |00i , |01i , |10i , |11i. However, we do
need to check whether the result of |xi ⊗ |yi is actually a quantum state:
|α0 β0 |2 + |α0 β0 |2 + |α0 β0 |2 + |α0 β0 |2
=(|α0 |2 + |α1 |2 ) · (|β0 |2 + |β1 |2 ) = 1
So it is indeed a sensible way ofP
describing joint states!
P
In general, given kets |ai = j αj |aj i and |bi = k βk |bk i, we have:
Definition 2.5. The tensor product of kets |ai and |bi is
XX
|ai ⊗ |bi =
αj βk (|aj i ⊗ |bk i),
j

k

where |aj i ⊗ |bk i can also be written as |aj bk i or |jki.
Notice that tensor product is not commutative: |0i ⊗ |1i = |01i =
6 |10i = |1i ⊗ |0i = |00i.
To see what tensor product does more clearly, let’s go back to our kets |xi and |yi. We can
write out the matrix form:
 " # 

β0
α 0 β0
 
" # " # α0


β1 
α 0 β1 
α0
β0
 



|xi ⊗ |yi =
⊗
=  " # = 



α
β
α1
β1
β0   1 0 

α1
α 1 β1
β1
For example, we have the four basis of two-qubit system:
 
 
 
 
1
0
0
0
0
1
0
0

 
 
 
|00i = 
0 , |01i = 0 , |10i = 1 , |11i = 0 .
0
0
0
1
We have to remember that not all states in the multiple-qubit system are of tensor product
form, namely the product states. The most famous example would be:
1
1
√ |00i + √ |11i =
6 |ψ1 i ⊗ |ψ2 i .
2
2
The states that cannot be expressed in terms of a tensor product of two other states
are called the entangled states. Later in the course, we will see many different interesting
properties of the product states and the entangled states.

6

More generally, in the d dimensional qudit system, we have:
  
β0
. 
α 
 0  .. 

    

β1 
α0
β0


..
 ..   ..  

.
⊗
=
 = a long vector of length d2 .
. . 
  

αd
βd
β0 


  . 
α1  .. 
β1

3

Quantum Computation

How quantum states are allowed to change over time? We have seen some basic quantum
circuits in last lecture, but today we will define them in a more formal way. We will start
with our favorite gate, the Hadamard gate H. Recall that H maps |0i to |+i and |1i to |−i.
Graphically, it behaves like the following:
|0i

H

√1
2

|0i +

√1
2

|1i

|1i

H

√1
2

|0i −

√1
2

|1i

More generally, for any gate U, the circuit will look like this:
|ψi

U

U |ψi

But what restrictions do we have on gate U? In fact, in order for the circuit to be physically
realizable, we have two restrictions:
1. U:

Cd → Cd has to map from a quantum state to another quantum state.

2. U has to be linear (i.e. U (|x1 i + |x2 i) = U |x1 i + U |x2 i). In other words, U is a matrix.
To satisfy restriction 1, we notice that both the input and the output should be quantum
states, and thus
hψ|ψi = 1, (U |ψi)† U |ψi = 1.
Combined with restriction 2, we know that for all hψ|ψi = 1, we need,
(U |ψi)† U |ψi = 1
⇒ |ψi† U † U |ψi = 1
⇒ hψ| U † U |ψi = 1
⇒ U †U = I
In other words, U ∈

Cd×d is unitary!
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Observation 3.1. The angle between two quantum states preserves under any unitary operations.
Imagine we take two quantum states |x1 i and |x2 i. We send them both through a
unitary gate U, resulting in two states U |x1 i and U |x2 i. The angle between them can thus
be expressed in terms of their inner product:
(U |x1 i)† U |x2 i = hx1 | U † U |x2 i = hx1 |x2 i .
Observation 3.2. Unitary operations are invertible (reversible) and its inverse is its conjugate transpose.
Notice that given U † U = I, we have I = I † = (U † U )† = U U † . So it follows that
U −1 = U † . Therefore, applying U and U † back to back brings the state to its original input
state back again:
|ψi
|ψi
U
U†
Observation 3.3. Unitary operations are equivalent to changes of basis.
Suppose {|v1 i , . . . , |vd i} is any orthonormal basis of

Cd, and define the following states:

|w1 i = U |v1 i , . . . , |wd i = U |vd i .
Since we have shown that unitary operations are rotations that preserve relative angles, the
set {|wi i} are also orthonormal :

1 :i=j
hwi |wj i = hvi |vj i =
0 : i 6= j
And again this is verified by our favorite example, the Hadamard gate, which has the matrix
form:


1 1 1
H=√
2 1 −1
We can write:

 
 
1 1 1
1 1
1
H |0i = √
=√
= |+i ,
2 1 −1 0
2 1

 
 
1
1 1 1
0
1
H |1i = √
=√
= |−i .
2 1 −1 1
2 −1
We can actually construct the Hadamard matrix H from outer products:
" #
" #


1 


1 1 1
1 1 
1
1 0 +√
0 1 = (|+i h0|) + (|−i h1|).
H=√
=√
2 1 −1
2 1
2 −1
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In general, we can express unitary operations in
U=

d
X

Cd as follows:

|wi i hvi | ,

i=1

where {wi }, {vi } are the bases of
to {wi }:

Cd. In fact, the action of U is a change of basis from {vi}

U |vj i =

d
X
i=1

|wi i hvi | |vj i = |wj i ,
| {z }
δij



1 :i=j
. The same rule applies to general states that are in superpositions
0 : i 6= j
P
of basis vectors. We will employ linearity for the states like |ψi = i αi |vi i.
where δij =

3.1

Mutiple Qubits System

What if we apply unitary operations on multiple qubit systems? What does it mean to
apply gates on one of the entangled qubits? Let’s again start with the simplest, a two-qubit
system. And here is a “do-nothing” gate:
|q0 i
|q1 i
Notice that |q0 i and |q1 i individually would be described as 2 × 1 column vectors, but
when viewing them collectively we have to maintain the joint state of the entire system,
which we write as a 4 × 1 column vector. This is necessary when, e.g., |q0 i and |q1 i are
entangled. Now, this “quantum circuit” does essentially nothing to the states, so it’s not
particularly interesting, but if we wanted to describe how this circuit behaves, what matrix
would we use to describe it? The answer is the 4 × 4 identity matrix I.
The more interesting case is of course when a unitary is applied to (at least) one of the
qubits. For example:
|q0 i
U
|q1 i
As we repeatedly stressed in Lecture 1, just as in probabilistic computation you have to
always maintain the state of all qubits at all times, even though it looks like U is only
changing the first qubit. We know that coming in, the state is represented by a height-4
column vector. But U is represented by a 2 × 2 matrix. And that doesn’t type-check (can’t
multiply 2 × 2 against 4 × 1). Well, by the laws of quantum mechanics, the transformation
from input to output has to be a big 4 × 4 (unitary) matrix. To clarify things, one might
ask oneself – what operation are we applying to the second bit? Well, we’re doing nothing,
so we’re applying an (2 × 2) I. So we could draw the picture like
|q0 i

U

|q1 i

I
9

So how do U and I get combined into a 4 × 4 matrix? Or more generally, if we do
|q0 i

U

|q1 i

V

how do they get combined?
Well, the short answer is that it’s something called U ⊗ V (the Kronecker/tensor product
on matrices), but you can even tell what U ⊗ V should be. Notice that everything can
be spatially separated; perhaps the first qubit coming in is a |0i or a |1i and the second
qubit coming in is a |0i or a |1i, and they are not in any way entangled, just hanging out
in the same room. Clearly after the circuit’s over you have U |q0 i and V |q1 i hanging out,
not entangled; i.e., we determined that for |q0 i , |q1 i in {|0i , |1i}, whatever U ⊗ V is it must
satisfy
(U ⊗ V )(|q0 i ⊗ |q1 i) = (U |q0 i) ⊗ (V |q1 i).
By linearity, that’s enough to exactly tell what U ⊗ V must be. This is because for any
(possibly entangled) 2-qubit state
|ψi = α00 |00i + α01 |01i + α10 |10i + α11 |11i ,
we have that
(U ⊗ V ) |ψi = α00 (U ⊗ V ) |00i + α01 (U ⊗ V ) |01i + α10 (U ⊗ V ) |10i + α11 (U ⊗ V ) |11i ,
and we have already defined U ⊗ V for these four kets.
Of course, this just shows how U ⊗ V operates on kets, but we know that underlying
U ⊗ V must be a unitary matrix. From the above, it’s easy to derive what this unitary
matrix looks like. It’s given as follows (notice the similarity to the tensor product of two
vectors):


u
v
u
v
u
v
u
v
11
11
11
12
12
11
12
12


u11 v11 u11 v12 u12 v21 u12 v22 
u11 V u12 V

U ⊗V =
=
u21 v11 u21 v12 u22 v11 u22 v12  .
u21 V u22 V
u21 v21 u21 v22 u22 v21 u22 v22
Of course, not all 2-qubit gates are the result of tensoring two 1-qubit gates together. Perhaps
the easiest example of this is the CNOT gate.
•

|q0 i
|q1 i
In matrix form, we can write this gate as

1
0

0
0

0
1
0
0

0
0
0
1
10


0
0
.
1
0

4

Measurements

We have discussed quantum measurements on a single qubit in last lecture. Briefly, suppose
we have a state |ψi = α0 |0i + α1 |1i. Measurements on |ψi result in 0 or 1, with probability
|α0 |2 and |α1 |2 , respectively. What happens if we measure a state in a multiple qubit system?
Take the 2-qubit system as an example:
circuit
Suppose before the measurements were made, we have a joint state in the form of
 
α00
α01 
4

|ψi = α00 |00i + α01 |01i + α10 |10i + α11 |11i = 
α10  ∈ ,
α11

C

such that |α00 |2 + · · · + |α11 |2 = 1. Then we

|00i



|01i
We will observe
|10i



|11i

4.1

have the following measurement rule:
:
:
:
:

with
with
with
with

probability
probability
probability
probability

|α00 |2
|α01 |2
.
|α10 |2
|α11 |2

Partial Measurements

What if we only measure on one of the two qubits? If we measure the second qubit afterwards,
how will the outcome of the second measurement be related to the outcome of the first
measurement? The circuit for partial measurements might look like this:
Alice’s qubit
Bob’s qubit

circuit

Say Alice holds on to the first qubit and Bob holds on to the second. If Alice measures
the first qubit, her qubit becomes deterministic. We can rewrite the measurement rule as
follows:
(
|0i : with probability |α00 |2 + |α01 |2
Alice will observe
.
|1i : with probability |α10 |2 + |α11 |2
Suppose Alice observed |0i. The probability rule for Bob’s measurements on the second
qubit is now the same as the rules of conditional probability. In particular, the joint state
after Alice measured her qubit becomes:
α00 |00i + α01 |01i
α00 |0i + α01 |01i
p
= |0i ⊗ ( p
).
|α00 |2 + |α01 |2
|α00 |2 + |α01 |2
11

Notice that, the joint state is now “unentangled ” to a product state. Now, Bob measures.
We can then write his measurement rule as:

|α00 |2
 |0i : with probability
|α00 |2 +|α01 |2
.
Bob will observe
|α01 |2
 |1i : with probability
|α00 |2 +|α01 |2
The conditional probabilities is actually the straightforward consequences of the fact that,
once Alice made her measurement (say, she observed |0i), the probability of observing
|10i , |11i becomes zero.
The action of quantum measurements is in fact a lot more subtle and interesting than
what we have briefly discussed above. Sometimes a quantum system is “destroyed ” during
a measurement, but in other cases it continues to exist and preserves certain properties. To
analyze the effect of quantum measurements, we often employ the notion of “wave function
collapse”, which we will in detail next time.
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Copying bits

In lecture 2, we demonstrated that every quantum circuit can be thought of as a unitary
matrix acting on the space of quantum states as well as described the rules for measurement
and partial measurement. In this lecture, we build on these ideas to show how quantum
entanglement gives quantum computers an advantage over classical computers in certain
settings.

1.1

No-cloning theorem

To start, we describe a way in which quantum computation is not superior to classical computation. In classical computation, it is quite easy to copy information, even in a reversible
manner.
|bi

•

|bi
|bi

|0i

This leads to a natural question: given a qubit |ψi = α|0i + β|1i, is it possible to copy
|ψi so that two unentangled qubits each have state |ψi? This would require the two qubits
to be in a joint state of |ψi ⊗ |ψi. As a first attempt, it seems that the classical circuit above
meets our needs in the quantum setting, too.
|ψi

•

|0i

|ψi
|ψi

To check, before the CNOT gate, the qubits are in the joint state of (α|0i+β|1i)⊗(|0i) =
α|00i + β|10i. After the CNOT, gate the qubit are then in the joint state of α|00i + β|11i.
Unfortunately, this is not equal to our desired state of
 2
α


αβ

|ψi ⊗ |ψi = α2 |00i + αβ|01i + αβ|10i + β 2 |11i = 
αβ 
β2
1

unless α = 1 and β = 0 or α = 0 or β = 1. That is, the circuit described above fails to copy
an arbitrary quantum state into two unentangled copies. It turns out that there does not
exist any quantum circuit which can take in an arbitrary qubit |ψi and produce the state
|ψi ⊗ |ψi, even when permitted to use ancillas in the input and garbage in the output. This
result is call the No-cloning theorem and is due to Wootters and Zurek [WZ82] (see also
[dW11]).

N

Theorem 1.1 (No-cloning theorem.). For all n ∈ , there exists no quantum circuit C
which upon input |ψi ⊗ |0n−1 i outputs |ψi ⊗ |ψi ⊗ f (|ψi), where f (ψ) (the garbage) is a
possibly entangled state of n − 2 qubits.
Remark 1.2. We may assume the ancillas are all |0i since we can use a NOT gate to obtain
a |1i. Additionally, we may assume that there are no measurements in C, since we can defer
all measurements until the end of the computation, and we definitely would not want to
measure the first two qubits of the output.
Proof. Assume for sake of contradiction that such a C exits. Let U be the unitary matrix
representing C. We know that U (|0n i) = |00i ⊗ f (|0i) and U (|1i ⊗ |0n−1 i) = |11i ⊗ f (|1i).
Remember that |+i = √12 |0i + √12 |1i. By the linearity of U ,

1
1
1
1
U |+i ⊗ |0n−1 i = √ U |0n i + √ U (|1i ⊗ |0n−1 i) = √ |00i ⊗ f (|0i) + √ |11i ⊗ f (|1i).
2
2
2
2
Thus, if we measure the first two qubits, we get the state |00i with probability 1/2 and |11i
with probability 1/2. If U were copying |+i correctly, we should see each of |00i, |10i, |01i, |11i
with probability 1/4. Hence, U failed to copy |+i, so no such unitary U or circuit C exists
with the desired properties.
Although this result may seem unsettling at first, there is an intuitive analogous result in
the randomized model of computation: there is no circuit which can take as input a single
p-biased random bit (say from a COINp gate) and return as output two two independently
distributed p-biased bits.

1.2

EPR pairs

Consider the following modification of our classical bit-copying circuit.
|0i

H

•

|0i
The output of this gate is the quantum state √12 |00i + √12 |11i. This entangled state is
call an EPR pair, named after Einstein, Podolsky, and Rosen[EPR35]. Although Einstein
did not believe that EPR pairs existed, but they have been confirmed to exist through
2

experimentation (e.g. [AGR81]). EPR pairs will show up many times throughout the course,
including a few times in this lecture.
Imagine that we pass an EPR pair √12 |00i+ √12 |11i through the quantum gate H⊗H; that
is, we apply a separate Hadamard gate to each qubit. Recall that H|0i = |+i = √12 |0i+ √12 |1i
and H|1i = |−i = √12 |0i − √12 |1i. Thus, we have that


1
1
1
1
(H ⊗ H) √ |00i + √ |11i = √ (|+i ⊗ |+i) + √ (|−i ⊗ |−i)
2
2
2
2

 

1
1
1
1
1
√ |0i + √ |1i ⊗ √ |0i + √ |1i
=√
2
2
2
2
2

 

1
1
1
1
1
√ |0i − √ |1i ⊗ √ |0i − √ |1i
+√
2
2
2
2
2
1
1
1
1
= √ |00i + √ |01i + √ |10i + √ |11i
2 2
2 2
2 2
2 2
1
1
1
1
+ √ |00i − √ |01i − √ |10i + √ |11i
2 2
2 2
2 2
2 2
1
1
= √ |00i + √ |11i,
2
2
which is our original EPR pair! In general, the bookkeeping of quantum states can be rather
unintuitive.

2

Quantum teleportation

Imagine that two computer scientists, Alice and Bob, each have a qubit initialized to the
classical state |0i and that they decide to entangle their qubits into an EPR pair. Thus,
their joint state is √12 |00i + √12 |11i, where the first qubit is Alice’s and second is Bob’s.
Alice |0i

H

•

Bob |0i
Now, even if Alice’s and Bob’s qubits are physically separated (say they take their qubits
to their own homes), the two qubits will still be an EPR pair as long as neither performs a
measurement. Additionally, say that Alice has a qubit |ψi = α0 |0i + α1 |1i at her home, and
she would like to give |ψi to Bob. It turns out she can do this without leaving her home.
One plausible idea, is that she determines the values of α0 and α1 and tells these values
to Bob over a classical channel (say over the telephone). There are two problems with this
idea. First, Alice cannot learn what α0 and α1 are without performing a measurement, which
would cause her to lose |ψi. Second, even if she did know what α0 and α1 were, since they
lie in 2 , she would need infinitely many bits of precision to accurately tell Bob what α0
and α1 were.

C

3

Instead, Alice can cleverly send ψ and her half of the EPR pair through the following
quantum circuit.
|ψi

•

H

Alice’s EPR qubit
Bob’s EPR qubit
At the beginning of the circuit, the three qubits are in the joint state of


1
1
α0
α0
α1
α1
|ψi ⊗ √ |00i + √ |11i = √ |011i + √ |000i + √ |100i + √ |111i.
2
2
2
2
2
2
After passing the qubits through the quantum gates, but before the measurement, the
state of the circuit ends up being
α1
α1
α0
α0
α1
α1
α0
α0
|000i + |001i + |010i + |011i + |100i − |101i − |110i + |111i.
2
2
2
2
2
2
2
2
After Alice measures her two qubits. What could the possible states be? These are summarized in the following table. Recall that |α0 |2 + |α1 |2 = 1
Alice’s measurement
|00i
|01i
|10i
|11i

Prob. of meas.
2
|α0 |2
+ |α41 | = 14
4
2
|α1 |2
+ |α40 | = 14
4
|α0 |2
|−α1 |2
+
= 14
4
4
2
|−α1 |2
+ |α40 | = 14
4

Collapsed state
|00i ⊗ (α0 |0i + α1 |1i)
|01i ⊗ (α1 |0i + α0 |1i)
|10i ⊗ (α0 |0i − α1 |1i)
|11i ⊗ (−α1 |0i + α0 |1i)

Note that for every possible partial measurement Alice makes, the resulting state of Bob’s
qubit is equal to or very close to Alice’s original |ψi. To finish the job, Alice can call up Bob
on the telephone and tell him what her partial measurement was. What Bob does next then
splits into four cases.
 
α
• If Alice says |00i, then Bob knows his qubit is in state 0 = |ψi.
α1


 
0 1
α
• If Alice says |01i, then Bob applies a NOT gate,
, to 1 to get |ψi.
1 0
α0




1 0
α0
• If Alice says |10i, then Bob applies a
gate to
to get |ψi.
0 −1
−α1




0 1
−α1
• If Alice says |11i, then Bob applies a
, to
to get |ψi.
−1 0
α0
4

Thus, using only an EPR pair and two classical bits, Alice was able to send to Bob her
quantum state. This experiment is not a violation of the no-cloning theorem since Alice no
longer has a copy of the quantum state. Additionally, this is a not a violation of Einstein’s
special/general relativity since the necessary classical bits could not have been communicated
faster than the speed of light. One though could counter this with the following thought
experiment. Imagine that Bob measured his qubit immediately after Alice measures hers
(faster than the time it takes light to travel from Alice’s house to Bob’s house). Doesn’t Bob
then learn something about |ψi faster than the speed of light? It turns out the answer to
that question is no. Before Alice sent her qubits through the quantum circuit, if Bob were
to measure his EPR-pair, he would see |0i with probability 1/2 and |1i with probability 1/2.
After Alice uses her quantum circuit (including the measurement), the probability Bob sees
|0i after his measurement is
1
1
1
1
1
1
|α0 |2 + |α1 |2 + |α0 |2 + | − α1 |2 = (|α0 |2 + |α1 |2 ) = ,
4
4
4
4
2
2
which is the exact same probability as before. Thus, until Alice tells Bob her two classical
bits, Bob cannot learn anything about |ψi, and thus relativity is not violated in this example.
It turns out this procedure (see [Die82]), called quantum teleportationdoes not merely
works in theory but has also been verified to work in practice. This was first verified in
1992 by Bennett, et. al., [BBC+ 93]. In 2012, Ma, et. al., [MHS+ 12] performed quantum
teleportation at a distance of 143 kilometers. One drawback though to quantum teleportation
is that it does not help someone ‘believe’ in quantum mechanics. That is, in order to interpret
the results of these experiments one needs to already accept quantum mechanics. Soon, we
discuss another experiment called the CHSH game which does give definitive proof that our
world is quantum mechanical.

3
3.1

Measuring in a different basis
Measuring in an orthonormal basis

When we write |ψi = α0 |0i + α1 |1i, we are expressing |ψi in terms of the basis {|0i, |1i}.
This basis is called the standard or computational basis. When we perform a measurement
on |ψi = α0 |0i + α1 |1i, we see |0i with probability |α0 |2 and |1i with probability |α1 |2 . Since
α0 = h0|ψi and α1 = h1|ψi, we can rewrite these probabilities as
|α0 |2 = α0† α0 = hψ|0ih0|ψi

|α1 |2 = α1† α1 = hψ|1ih1|ψi.



α0
To visualize this, imagine that α0 , α1 ∈ R, thus we can image |ψi =
as a vector on the
α1
unit circle.
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|1i

|ψi

|v⊥ i

|ψi

|hv⊥ |ψi|
|vi

|α1 |
|α0 |

|0i

|hv|ψi|

If we project |ψi onto the x (or |0i)-axis, the length of the resulting vector is |α0 |2 . Furthermore, the distance from |ψi to the projection is |α1 |2 . Since the two resulting segments
for a right triangle, we have from the Pythagorean theorem that |α0 |2 + |α1 |2 = 1, which is
a familiar formula.
We can extend this analogy to an arbitrary orthonormal basis {|vi, |v ⊥ i}. If we write
|ψi = βv |vi + βv⊥ |v ⊥ i, then we have that βv = hv|ψi and βv⊥ = hv ⊥ |ψi. Thus, projecting
|ψi onto vectors |vi and |v ⊥ i results in a right triangle with legs |βv | and |βv⊥ |.
Notice that since {v, v ⊥ } is an orthonormal basis,
1 = hψ|ψi

= (βv† hv| + βv†⊥ hv ⊥ |)(βv |vi + βv⊥ |v ⊥ i)

= βv† βv hv|vi + βv† βv⊥ hv|v ⊥ i + βv†⊥ βv hv ⊥ |vi + βv†⊥ βv⊥ hv ⊥ |v ⊥ i
= |βv |2 + |βv⊥ |2 .

Thus, it is quite natural to discuss a probability distribution which says ‘|vi’ with probability |βv |2 and says ‘|v ⊥ i’ with probability |βv⊥ |2 . This is in fact the definition of measuring
in a different basis.
Definition 3.1. Let {v, v ⊥ } be an orthonormal basis. The process of measuring |ψi =
βv |vi + βv⊥ |v ⊥ i in the basis {v, v ⊥ } is a quantum circuit with a measurement which upon
input |ψi outputs |0i (representing an answer of ‘|vi’) with probability |βv |2 and outputs |1i
(representing an answer of ‘|v ⊥ i’) with probability |βv⊥ |.
It turns out that a simple quantum circuit allows us to measure in the basis {v, v ⊥ },
it consists of a one-qubit gate U and a measurement. Clearly this gate should have the
property that U |vi = |0i and U |v ⊥ i = |1i. As discussed in Lecture 2, we must then have
that U = |0ihv| + |1ihv ⊥ |. It is easy then to see that if |ψi = βv |vi + βv⊥ |vi, then measuring
U |ψi = βv |0i + βv⊥ |1i yields |0i with probability |βv |2 and |1i with probability |βv⊥ |2 , as
desired.
Remark 3.2. It is a standard assumption in quantum computing that all unitary 1-qubit
and 2-qubit gates are available to be used at unit cost. This is not necessary since any
1-qubit or 2-qubit gate can be simulated to arbitrary precision with ancillas, CCNOT gates,
and Hadamard gates; but this assumption makes quantum circuits easier to reason about.
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3.2

Example

Often, the basis we which to measure in is a counter-clockwise rotation of the standard basis
by an angle of θ. Thus, the change of basis matrix we desire for measuring is the clockwise
rotation matrix by the angle of θ, which we denote as Rotθ


cos(θ) sin(θ)
Rotθ =
.
− sin(θ) cos(θ)
Consider a pair of orthonormal bases {v, v ⊥ } and {w, w⊥ } such that {v, v ⊥ } is a θ radian
counter-clockwise rotation of the standard basis, and {w, w⊥ } is a γ radian counter-clockwise
rotation of the standard basis.
|v⊥ i

|wi

θ + π/2
θ

γ + π/2

|vi

|w⊥ i

γ

Thus, the unitary matrix V which allows us to measure in the basis {v, v ⊥ } corresponds
to a clockwise rotation by θ, V = Rotθ . Similarly, the unitary matrix W which allows us
to measure in the basis {w, w⊥ } is W = Rotγ . Imagine again that Alice and Bob share an
EPR pair √12 |00i + √12 |11i (Alice owns the first qubit and Bob the second). If Alice applies
V to her qubit, and Bob applies W to his qubit.
Alice |0i

H

•

Bob |0i

V
W

The resulting state can summarized by the following lemma.
Lemma 3.3. Let θ and γ be angles and let ∆ = θ − γ. Then,


1
1
1
(Rotθ ⊗ Rotγ ) √ |00i + √ |11i = √ (cos ∆|00i + sin ∆|01i − sin ∆|10i + cos ∆|11i).
2
2
2
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Proof. This result can be verified by direct computation.


1
1
1
(Rotθ ⊗ Rotγ ) √ |00i + √ |11i = √ (cos θ|0i − sin θ|1i) ⊗ (cos γ|0i − sin γ|1i)
2
2
2
1
+ √ (sin θ|0i + cos θ|1i) ⊗ (sin γ|0i + cos γ|1i)
2
1
= √ (cos θ cos γ + sin θ sin γ)|00i
2
1
+ √ (− cos θ sin γ + sin θ cos γ)|01i
2
1
+ √ (− sin θ cos γ + cos θ sin γ)|01i
2
1
+ √ (sin θ sin γ + cos θ cos γ)|11i
2
1
= √ (cos ∆|00i + sin ∆|01i − sin ∆|10i + cos ∆|11i).
2

Note that is θ = γ, then ∆ = 0, and the resulting state is √12 |00i + √12 |11i, which implies
the operation restored the original EPR pair. Thus, when Alice and Bob measure an EPR
pair in the same basis, they always get the same result. The lemma easily yields the following
corollary about measuring the qubits.
Corollary 3.4. After applying Rotθ ⊗ Rotγ to an EPR pair, perform a measurement. The
probability that both qubits in the collapsed state have the same value is cos2 ∆ = cos2 (θ − γ).
Likewise, the probability that both qubits collapse to different states is sin2 ∆.
Proof. The probability of measuring |00i is 21 cos2 ∆. Similarly, the probability of measuring
|11i is 21 cos2 ∆. Therefore, the probability of both qubits collapsing to the same value is
cos2 ∆. This directly implies that the probability of the qubits collapsing to different values
is 1 − cos2 ∆ = sin2 ∆.
If ∆ = π/2, then the probability of both qubits collapsing to different values is 1. This
makes sense, since the bases Alice and Bob are measuring in are a π/2 rotation of each other.

4

CHSH Game

To demonstrate the power of entanglement, we discuss how quantum computation can give
the players an edge in the following combinatorial game. Such a game was suspected by
John Bell [Bel64], and was formulated by Clauser, et. al., [CHSH69].
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4.1

Game formulation

Definition 4.1. The CHSH Game consists of a team of two players Alice and Bob who are
assisted by two referees Ref. 1 and Ref. 2. Alice and Bob are separated sufficiently far away
(say 1 light-second) so that they cannot communicate with each other during the game, but
Alice is sufficiently close to Ref. 1 and Bob is sufficiently close to Ref. 2. At the start of the
game, Ref. 1 and Ref. 2 pick select uniformly random bits x, y ∈ {0, 1}, respectively. Ref. 1
tells Alice x and Ref. 2 tells Bob y. Alice is then to respond with a bit a ∈ {0, 1} and Bob
is to respond with a bit b ∈ {0, 1}. Alice and Bob win if and only if a ⊗ b = x ∧ y.
Another way to phrase the winning condition, is that Alice and Bob must produce the
same bit when (x, y) 6= (1, 1) and must come up with different bits otherwise. Alice and Bob
are allowed to agree to a strategy before hand.

4.2

Classical strategy

It is easy to come up with a strategy in which Alice and Bob win with probability 3/4: have
both players always respond with 0. It turns out that no classical strategy can do better.
Lemma 4.2. No classical deterministic or randomized strategy which allows Alice and Bob
to win with probability greater than 3/4.
Proof. First, we prove that any deterministic strategy results in Alice and Bob winning
at most 3/4 of the time. In a deterministic strategy, Alice’s bit a must be a function of
her random bit x. Thus, Alice must choose that either a(x) = 0, a(x) = 1, a(x) = x, or
a(x) = ¬x. Similarly, Bob must choose between b(y) = 0, b(y) = 1, b(y) = y, and b(y) =6 y.
The winning probability of each pair of strategies is summarized in the following table.
b=0
b=1
b=y
b = ¬y

a=0 a=1 a=x
3/4
1/4
3/4
1/4
3/4
1/4
3/4
1/4
1/4
1/4
3/4
3/4

a = ¬x
1/4
3/4
3/4
1/4

Thus, there is no deterministic strategy which beats 3/4. Since any randomized strategy is a
probability distribution of these deterministic strategies, the best a randomized distribution
can do is also 3/4.

4.3

Quantum strategy

We now show how to beat 3/4 using a quantum strategy. For this quantum strategy to
work, we will have Alice and Bob each share a qubit of an EPR pair. Alice and Bob will
independently decide which basis to measure their qubit in the EPR pair based on the
random bit they receive. By exploiting the correlations of the EPR pair, Alice and Bob will
get a win probability significantly greater than 3/4.
9

Theorem 4.3. There is a quantum strategy which allows Alice and Bob to win with probability cos2 (π/8) ≈ .85 > 3/4.
Proof. Have Alice and Bob share an EPR pair √12 |00i + √12 |11i. Alice will measure her qubit
in either basis {v0 , v0⊥ } = {|0i, |1i} or {|v1 i, |v1⊥ i} = {|+i, |−i}, which is a π/4 counterclockwise rotation of the standard basis. Similarly, Bob will measure his qubit in either
{|w0 i, |w0⊥ i} which is a π/8 rotation of the standard basis or {|w1 i, |w1⊥ i} which is a −π/8
rotation of the standard basis.
|v1⊥ i

|v0⊥ i

|w0⊥ i

|v1 i

|w1⊥ i
|w0 i
π/8
π/8
|w1 i

π/4
|v0 i

Now, when Alice and Bob receive x and y, respectively, Alice will measure in basis {|vx i, |vx⊥ i}
to determine a and Bob will measure in basis {|wx i, |wx⊥ i} to determine b. Applying Corollary
3.4, we have that the possible scenarios are as follows
x y
0 0
0 1
1 0
1 1

Alice’s rotation θ
0
0
π/4
π/4

Bob’s rotation γ
π/8
−π/8
π/8
−π/8

∆=θ−γ
−π/8
π/8
π/8
3π/8

Pr[win]
cos2 (−π/8)
cos2 (π/8)
cos2 (π/8)
sin2 (3π/8)

We take the sine instead of the cosine when x = y = 1 since we want a 6= b in that case. In
all four scenarios the probability of winning is equal to cos2 (π/8), so that is the overall win
probability, as desired.

4.4

Experimental verification

Like with quantum teleportation, multiple experiments have been done to verify that the
quantum strategy beats the classical one. The first such experiment was done in 198182 by Aspect et. al. [AGR81, AGR82, ADR82]. Although the these results very much
supported quantum mechanics, there were still “classical” explanations of the results. In
2015, this experiment was redone by Hensen, et. al., [HBD+ 15] at the University of Delft
in a “loophole free” manner to essentially eliminate the possibility that our universe is not
quantum mechanical. For a more detailed discussion, see Aaronson’s article on the topic
[Aar15].

10

References
[Aar15]

Scott Aaronson. Bell inequality violation finally done right. Shtetl-Optimized, sep
2015. URL: http://www.scottaaronson.com/blog/?p=2464.

[ADR82]

A. Aspect, J. Dalibard, and G. Roger. Experimental Test of Bell’s Inequalities Using Time- Varying Analyzers. Physical Review Letters, 49:1804–1807, December
1982. doi:10.1103/PhysRevLett.49.1804.

[AGR81]

A. Aspect, P. Grangier, and G. Roger. Experimental Tests of Realistic Local
Theories via Bell’s Theorem. Physical Review Letters, 47:460–463, August 1981.
doi:10.1103/PhysRevLett.47.460.

[AGR82]

A. Aspect, P. Grangier, and G. Roger. Experimental Realization of EinsteinPodolsky-Rosen-Bohm Gedankenexperiment: A New Violation of Bell’s Inequalities. Physical Review Letters, 49:91–94, July 1982. doi:10.1103/PhysRevLett.
49.91.

[BBC+ 93] Charles H Bennett, Gilles Brassard, Claude Crépeau, Richard Jozsa, Asher Peres,
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Introduction

In the previous lecture, we discussed how a quantum state may be transferred via quantum
teleportation and how quantum mechanics is, in a sense, more powerful than classical mechanics in the CHSH game. Today, we are going to move on to discussing how we can apply
quantum mechanics to computer science. We will see our first example of a quantum algorithm: Grover’s algorithm, described in a paper published by Lov Grover in 1996 [Gro96].
Much of the excitement over quantum computation comes from how quantum algorithms can
provide improvements over classical algorithms, and Grover’s algorithm exhibits a quadratic
speedup.

2
2.1

Grover’s algorithm
What it solves

Grover’s algorithm solves the problem of unstructured search.
Definition 2.1. In an unstructured search problem, given a set of N elements forming a set
X = {x1 , x2 , . . . , xN } and given a boolean function f : X → {0, 1}, the goal is to find an
element x∗ in X such that f (x∗ ) = 1.
Unstructured search is often alternatively formulated as a database search problem in
which we are given a database and we want to find an item that meets some specification.
For example, given a database of N names, we might want to find where your name is located
in the database.
The search is called “unstructured” because we are given no guarantees as to how the
database is ordered. If we were given a sorted database, for instance, then we could perform
binary search to find an element in logarithmic time. Instead, we have no prior knowledge about the contents of the database. With classical circuits, we cannot do better than
performing a linear number of queries to find the target element.
Grover’s algorithm leads to the following theorem:
√
Theorem 2.2. The unstructured search problem can be solved in O( N ) queries using
quantum computation.

1

In fact, this is within a constant factor of the best we can√do for this problem under the
quantum computation model, i.e. the query complexity is Θ( N ) [BBBV97]. In particular,
since we cannot solve the unstructured search problem in logarithmic time, this problem
cannot be used as a way to solve NP problems in polynomial time; if we did have a logarithmic
time algorithm, we could, given n variables arranged in clauses, solve the SAT problem
by searching all 2n possibilities in O(log(2n )) √= O(n) queries after a few manipulations.
Nonetheless, solving the search problem in Θ( N ) queries is still significantly better than
what we can do in the classical case.
√
In addition, Grover’s algorithm uses only O( N log N ) gates. If we think of the number
of
√ gates as being roughly running time, then we have running time almost proportional to
N.
There is a caveat: the algorithm only gets the correct answer with high probability, say
with probability greater than 23 . Of course, we can then make the probability of correctness
an arbitrarily large constant. We do this by running the algorithm multiple times to get
many different outputs. Then we can run each of our inputs through f to see if any match
the criterion desired. This strategy only fails if all
moutputs fail, and since these are all
independent outputs, our probability of failure is 13 .
Note that even with classical algorithms that only need to output the correct answer
with two-thirds probability, we still need a linear number of queries. Therefore, this caveat
does not provide an unfair advantage to the quantum algorithm.

2.2

The classical case

We need some sort of model for how we are allowed to interact with our database. In a
classical algorithm, our medium of interaction is an oracle Of that implements a function f .
The function f encodes information about the element of interest, and we query the oracle
to fetch results from the function. Think of the oracle as a quantum circuit or a big gate.
This oracle, given an input of i, outputs f (i) in constant time. We do not care about the
details of how it works, and instead treat it as a black box.
i

Of

f (i)

As we do with any good algorithm, we want to limit resources used, which in this case are
running time and number of queries to the oracle. Of course, in any classical algorithm, the
best we can do is Θ(N ) queries and Θ(N ) running time – because the data is unstructured,
we cannot help but look at every element in the worst case no matter how cleverly we choose
our queries.
(Note that, in general, number of queries and running time are not the same, but in
this case they are both linear. We care more about queries because they are simpler to
reason about, plus they represent a lower bound to running time. Running time by itself
involves many other factors that we do not know much about. In this course, we will be
more concerned about number of queries as a measure of resources used.)
This is the end of the story in the classical situation; we have tight upper and lower
bounds, and not much more can be done. Now we shall switch to the quantum setting.
2

2.3

Modifications in the quantum case

Right off the bat, we’re going make some simplifications. First, we are going to assume that
the element x∗ that satisfies f (x∗ ) = 1 is unique. Second, we are going to assume the size of
our database is is a power of two, letting N = 2n where N is the size of the database. Lastly,
we are also going assume that the data is labeled as n-bit boolean strings in {0, 1}n rather
than being indexed from 1 to N . In turn, our boolean function f that we are studying will
map {0, 1}n to {0, 1}. These conditions will be more convenient for us, and we do not lose
much; the algorithm can be extended to relax the uniqueness assumption, we can always
add garbage entries to the database to make the size of the database a power of two, and
the naming of the elements is arbitrary.
Our interface with our database is not much different compared to the interface in the
classical case. We have an oracle Of that we give |xi, and it will output |f (x)i, as shown
below:
Of
|f (x)i
|xi
We immediately see a problem: this oracle gate is not a valid quantum gate. It takes an
n-bit input and gives a 1-bit output, and thus is not unitary or even reversible. There are a
couple of ways we can fix this.
Our first possible fix is to give the gate an extra bit |bi to use for the output. Call this
new gate the f flip gate.
|xi
|xi
f flip
|bi
|b ⊕ f (x)i
In particular, if we have |bi be an ancillary |0i qubit, it will end up as |f (x)i after passing
through the gate. However, this gate is somewhat unwieldy because we have to carry around
that extra qubit |bi with us. That brings us to our next fix.
Our second possible fix is to flip the input if and only if f (x) is 1. We will call the gate
that does this Of± . Given an input |xi, Of± will output
(
|xi
if f (x) = 0
(−1)f (x) |xi =
− |xi if f (x) = 1.
The diagram of the gate is given below.
|xi

Of±

(−1)f (x) |xi

This avoids the annoyance of the extra bit that our first fix had.
These two gates are both valid versions of the oracle, and they are equivalent in the sense
that one can be constructed from the other. For example, we will prove that Of± may be
constructed using f flip .
Proof. Suppose we wanted to construct the Of± gate given access to the f flip gate. Then we
choose our ancillary bit that we send along with |xi into f flip to be |−i.
3

Before we hit the f flip gate, we have the state
1
1
|xi ⊕ |−i = |xi ⊗ √ (|0i − |1i) = √ (|x0i − |x1i).
2
2
After we pass the gate, there are two cases. If f (x) = 0, then the state is unchanged.
Otherwise, if f (x) = 1, then we end up with the state
1
1
1
|xi ⊗ √ (|0 ⊕ 1i − |1 ⊕ 1i) = |xi ⊗ √ (|1i − |0i) = √ (|x1i − |x0i)
2
2
2
which is the negative of the state we began with. Thus we have
|xi ⊗ |−i 7→ (−1)f (x) (|xi ⊗ |−i)
as desired to simulate the Of± gate.
Because the gates are equivalent, we may use either. For the circuits in this lecture, we
will use the Of± gate.

2.4

The algorithm

Recall that our goal is to, given the ability to query f using our oracle gate, find x∗ such that
f (x∗ ) = 1. We shall start by diagramming the entire circuit below and explain the details
following that.

|0i







|0i





n qubits
..
...
Of±
Of±
D
D
H ⊗n
.






|0i






|0i
√
×O( N ) times

We start with n qubits all initialized to |0i. Think of these as forming an n-bit string,
or an input to f . Let us make our goal concrete by saying that we would like the amplitude
of |x∗ i to be at least .1 in magnitude at the end of the circuit so that when we measure at
the end, we have a .12 = .01 probability of measuring |x∗ i.
What can we do with our quantum circuit that is not possible classically? We can
perhaps exploit superposition. We shall begin by transforming our input into the uniform
superposition
X
1
√ |xi .
N
x∈{0,1}n
4

The uniform amplitudes of all the n-bit strings, in a sense, represents our current complete
uncertainty as to what x∗ is.
We achieve this uniform superposition of all the basis states by sticking a Hadamard gate
on every wire, or equivalently a H ⊗n gate on all wires. This superposition trick is common
in quantum algorithms, so get used to it.
The current state can be visualized with a diagram representing amplitudes in a fashion
similar to a bar graph.
µ = mean of amplitudes
√1
N

{00 . . . 00}

{00 . . . 01}

...

...

x∗

{11 . . . 11}

0

Now we shall query this state by adding an oracle Of± gate. That flips the amplitude of
the x∗ component and leaves everything else unchanged, giving us a state of
X 1
1
√ |xi .
− √ |x∗ i +
N
N
n
x∈{0,1}
x6=x∗

Graphically, we now have
µ
∼

√1
N

x∗
{00 . . . 00}

{00 . . . 01}

...

...

{11 . . . 11}

What we want is to increase the amplitude of x∗ absolutely. This motivates the introduction of a new gate that performs what is called the Grover diffusion operator. What does
this gate do? First, we have to define a new number
1 X
µ=
αx = average of αx for x ∈ {0, 1}n .
N x
where for αx is the amplitude of x for a given x in {0, 1}n . Our Grover diffusion gate is
defined to have the mapping
X
X
(2µ − αx ) |xi .
αx |xi 7→
x∈{0,1}

x∈{0,1}n

Note that this is a valid quantum gate; it is linear since all the operations in the mapping
are linear, and it is also unitary. We can show it is unitary by verifying that the operation
preserves the norm of the input. In addition, we will later construct the gate out of other
unitary gates.
O.K., what does this gate really do? It flips amplitudes around the average, µ. To
illustrate this, we will apply the gate, labeled D on the original circuit diagram, after the
oracle gate. Here is what our amplitudes look like after application:
5

µ − αx∗
∼

√3
N

µ
∼

√1
N

{00 . . . 00}

{00 . . . 01}

...

x∗

µ − αx∗

...

{11 . . . 11}

The mean amplitude prior to applying the gate was
X
2n − 1
1
2n − 2
N
1
αx = √
−√ = √
≈√ =√
N
N
N
N
N
x∈{0,1}n
i.e. √1N minus an insignificant amount. That means when the “reflection around the mean”
occurs with the application of the Grover diffusion operator, almost all the entries x ∈ {0, 1}n
stay roughly the same. But – and here is where the magic happens – the amplitude of x∗
gets magnified to about √3N in magnitude!
Still, this is quite far from our goal of making the amplitude of x∗ greater than a constant.
To make further progress, we can try the most brain-dead thing possible: apply the oracle
and the Grover diffusion gate again! After applying Of± for the second time, we have
µ
∼

√1
N

x∗
{00 . . . 00}

{00 . . . 01}

...

...

∼

{11 . . . 11}

√3
N

and after applying the Grover diffusion for the second time, we obtain

∼

√5
N

µ
∼

√1
N

{00 . . . 00}

{00 . . . 01}

...

x∗

6

...

{11 . . . 11}

The computation to see that this is true is more or less the same. We flip x∗ to its
negative, and then flip it around the mean while everything else stays roughly unchanged.
The √
intuitive, high-level picture of what is happening is that αx∗ is going up by more
than 1/ N each time we repeat the application of the pair of gates Of± and D. With that
√
logic, after O( N ) steps, αx∗ should exceed the√constant .1 as desired.
Of course, αx∗ cannot actually increase by 1/ N at every step since the amplitude cannot
go above 1. The increase of αx∗ has to slow down or reverse at some point. For instance, if
αx∗ is sufficiently large, then when we flip αx∗ to negative by using the Of± gate, this large
negative value might actually drag the mean down to be negative. With a negative mean,
the magnitude of x∗ will decrease after using the Grover diffusion gate. In light of that, we
must be careful when we are analyzing this algorithm to make sure we never get that kind
of negative progress. However, so long as αx∗ is not too large, it seems we will always step
closer to our goal.

2.5

Analysis

We have constructed the circuit, and now it remains to formally show that the math behind
the circuit actually works out.
First, we will introduce some notation. Let α(t) be the amplitude of x∗ after the t-th
step, where one step consists of applying an Of± gate and then a Grover diffusion gate. Let
β (t) be the amplitude of any other x ∈ {0, 1}n after the t-th step. Finally, let µ(t) be the
mean of all the amplitudes, which is −α(t) + NN−1 β (t) , after the oracle gate on the t-th step.
For example, α(0) = β (0) = √1N . Also, if we know the values for a given step t, we can
calculate α(t+1) = 2µ(t) + α(t) and so forth.
Now that notation is defined, we can move on to the body of the proof. We first show
that α increases by a significant amount if α is not already too large.
Proposition 2.3. Suppose α(t) ≤ 1/2 and N ≥ 4. Then α(t+1) ≥ α(t) +
Proof. The sum of all the squares of the amplitudes is one, so
1 = (α(t) )2 + (N − 1)(β (t) )2
1
≤ + (N − 1)(β (t) )2 .
4
With some rearranging, we get a bound on β (t) of
s
3
β (t) ≥
.
4(N − 1)

7

√1 .
N

Therefore,
µ(t) =
≥

−α(t) + (N − 1)β t
N
q
1
− 2 + (N − 1) 4(N3−1)

N
q
3
1 (N − 1) N −1 − 1
=
2√
N
1 3N − 3 − 1
=
2
N
1 1
≥ √ given N ≥ 4.
2 N
Knowing this bound on µ(t) , we may calculate α(t+1) to be
1
α(t+1) = 2µ(t) + α(t) ≥ √ + α(t) ,
N
and the result is proven.
The next proposition tells us that the increases of α(t+1) are relatively controlled. This
is useful because it will be used to show that α(t) stays below one-half for a number of steps
so that the previous proposition may be applied.
Proposition 2.4. For any t, α(t+1) ≤ α(t) +

√2 .
N

Proof. For any given step t, α(t) is positive, and therefore
N − 1 (t)
−α(t) + (N − 1)β (t)
≤
β .
µ =
N
N
2
We also know that (N − 1) β (t) ≤ 1, and so β (t) ≤ √N1−1 . This gives us
(t)

α(t+1) = 2µ(t) + α(t)
N − 1 (t)
≤2
β + α(t)
N
N −1
1
√
≤2
+ α(t)
N
N −1
√
N −1
=2
+ α(t)
N
2
≤ √ + α(t) ,
N
which is the desired result.
8

√
Now we can show that we get α > .1 with O( N ) steps. If N < 16, then α(t) =
√
so we are already done. Otherwise, if N ≥ 16, as long as t ≤ N /8 we get

√1
N

≥ .25,

2
α(t) ≤ α(0) + √ t
N
√
2
N
(0)
≤α +√
N 8
1
1
=√ +
4
N
1
≤
2
√
by Proposition 2.4. This means that we may apply Proposition 2.3 for N /8 steps to get
√
√
N 1
1
( N /8)
√ = > .1,
≥
α
8
8
N
√
and so we are indeed done with O( N ) steps.
Of course, with just this one pass through the circuit, our probability of measuring x∗ is
√

2

only α( N /8) > .01. However, if we repeat the process a constant number of times, say
110 times, our probability of finding x∗ is
Pr[one output out of 110 being x∗ ] = 1 − Pr[output is not x∗ ]110
≥ 1 − .99110
2
≥
3
which is certainly a respectable probability.

2.6

Gate complexity

√
We also promised an O( N log N ) bound on the number of gates used in the algorithm. To
prove this bound, it suffices to construct the Grover diffusion gate. To do so, we will invent
yet another gate Z0 defined by
(
|xi
if |xi = |0n i
Z0 |xi =
− |xi otherwise
In unitary matrix form, Z0 = 2 |0n i h0n | − I where I is the n × n identity matrix. We can
confirm that this matrix indeed implements Z0 by trying different inputs. If we give the
input |0n i, we get
Z0 |0n i = 2 |0n i h0n |0n i − |0n i = 2 |0n i 1 − |0n i = |0n i
9

as desired, and if we give some input |xi that has no 0n component, then we know that
h0n |xi = 0, so we get
Z0 |xi = 2 |0n i h0n |xi − |xi = − |xi
also as desired.
Now we can construct the Grover diffusion gate, D, with a Z0 gate and O(n) = O(log N )
Hadamard gates. In matrix form, knowing that the Hadamard gate is its own inverse, we
can write the diffusion gate as
D = H ⊗n Z0 H ⊗n
= H ⊗n (2 |0n i h0n | − I)H ⊗n

† 
− H ⊗n H ⊗n
= 2 (H |0i)⊗n (H |0i)⊗n
= 2 |+n i h+n | − I.
It is the same as Z0 but with |+i instead of |0i. In diagram form, it is
|x1 i

H

|x2 i

H

H
H
Z0

..
.

H

H

|xn i

H

H

Let us try giving the matrix an arbitrary input |ψi =
works. We get

P

D |ψi = (2 |+n i h+n | − I) |ψi
= 2 |+n i h+n |ψi − |ψi .
Notice that we can rewrite h+n | to get
⊗n
h0| + h1|
√
h+ | =
2
X
1
√ hx| ,
=
N
x∈{0,1}n


n

and therefore
α
√ x hx|xi
N
x∈{0,1}n
X αx
√
=
N
x∈{0,1}n
√
= µ N.

h+n |ψi =

X
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x∈{0,1}n

αx |xi to make sure it

That means that we can continue simplifying D |ψi to get
D |ψi = 2 |+n i h+n |ψi − |ψi
√
= 2 |+n i µ N − |ψi


√
|0i + |1i
√
=2
µ N − |ψi
N


X
√
1
√ |xi µ N − |ψi
= 2
N
x∈{0,1}n


X
= 2
µ |xi − |ψi
x∈{0,1}n

=

X

(2µ − αx ) |xi

x∈{0,1}n

which is precisely what we expect from the diffusion operator.
Lastly, we need to show that we actually can construct the Z0 gate. What does Z0 do?
It negates |xi if and only if the logical OR of {x1 , x2 , . . . , xn } is 1, where xi is the i-th qubit
that makes up |xi. These kinds of logical operations are easy to compute. In particular,
there is a classical circuit that computes the logical OR of n bits with O(n) = O(log N )
Toffoli or CNOT gates. This circuit is not reversible, but of course we may use the results
of problem 4 on homework 1 to fix that. Given a circuit C that computes the logical OR of
n bits, we can construct a circuit C 0 with m ∈ N ancillary bits that does the following:
|x1 i

|x1 i

|x2 i
..
.
|xn i

|x2 i
..
.
|xn i

|bi

C0

|0i
..
.
|0i

|b ⊕ OR(x1 , x2 , . . . , xn )i
|0i
..
.
|0i

Now if we send |xi ⊗ |−i ⊗ |0m i into C 0 , we get (−1)OR(x) (|xi ⊗ |−i ⊗ |0m i) out, which is
exactly what Z0 does. There are some extra gabrage bits, but those can be ignored.
Ultimately, what this all means is that the Grover diffusion
√gate can be constructed with
O(log N ) gates. That means that Grover’s algorithm takes O( N log N ) gates to implement.
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3

Conclusion

We now are closely familiar with Grover’s algorithm, one of the most famous quantum
algorithms at present. It demonstrates a provable polynomial improvement over its classical
counterpart by combining the quantum features of superposition and negative amplitudes to
solve the unstructured search√problem. In this lecture, we showed how to find a unique entry
x∗ from a database using O( N ) iterations, but, in general, if there are k entries thatpmatch
the desired criterion, then Grover’s algorithm can be extended to find an item in O( N/k)
iterations. Next lecture, we’ll discuss the quantum query model and learn about some other
algorithms that are based on querying the black-box implementation of a function.
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Quick Summary

Today, we’ll introduce the query model, in which you get a black-box function f and have to
answer a question about it. We’ll show off various query problems where quantum computers
give a huge speedup over classical computers. Without the query model, we wouldn’t be
able to do this, because we have no idea how to prove useful lower bounds for ordinary time
complexity.

2

Grover Recap

This is the problem which Grover’s algorithm [Gro96] solves:
Problem. (Grover) You get a function f : {0, 1}n → {0, 1}. You are promised that there is
a unique input x such that f (x) = 1. You have to find x.
A few details need clarifying. How do we “get” the function f ? In order to use f in a
quantum algorithm, we had better be able to put it in a quantum circuit. To put it in a
quantum circuit, we need to make it reversible. So, we will think of f as a big gate which
inputs x, and CNOTs f (x) over to some free registers. In bra-ket terms, we will get f in the
form of a black box gate Of which does |xi ⊗ |bi 7→ |xi ⊗ |b ⊕ f (x)i.1
In CS, this kind of black-box computation is often called an oracle, after the mysterious
question-answering Usenet Oracle. So we will call Of an oracle gate for f .
When the output of f is only one bit, as it is for Grover’s algorithm, it is often convenient
to define an alternate oracle gate Of± by |xi → (−1)f (x) |xi. It doesn’t matter which one we
pick; if you have one of Of and Of± , you can easily emulate the other. After all, they differ
by a unitary transformation.
Using Of± , we can rewrite Grover’s algorithm.
1

In real life, when computing f we will probably need some ancillas. But we can ignore them. We just
have to remember to use the ’uncompute’ trick to set them all back to |0i, so that they don’t interfere with
amplitude cancellation later.

1

1. Start with the state |000 . . . 00i, with the same number n of registers as the number of
input bits to f .
2. Apply a Hadamard gate to each qubit. This is the same as applying H ⊗n , the Hadamard
gate tensored with itself n times.
3. Apply Of± .
4. Apply the Grover flip operator
√ D, which flips all the amplitudes over their average.
5. Repeat steps 3 and 4 for O( 2n ) many times. Then measure all the qubits. With > 1%
probability, you will measure the hidden answer x. (The value of 1% doesn’t matter – as
long as it’s a nonzero constant, you can repeat the algorithm O(1) times until it works.)
Grover’s algorithm shows the power of quantum
√ computing. A quantum computer can
search a black-box list of N = 2n items in O( N ) time. Compare this to the classical
setting: with no information about f , you would have to try O(N ) inputs on average to find
the right answer.
Grover’s algorithm
gives a free quadratic speedup for any search problem. For example,
√
n
to solve SAT in 2 time, just set f to a checker for your SAT instance, and use Grover to
check all 2n assignments to your variables.
(Actually, this has a catch: Grover’s algorithm requires that f have a unique input
returning 1, whereas a SAT instance need not have a unique solution. You will show how to
patch this hole in Homework 3.)
Intuitively, quantum computers excel at finding patterns in data. Many quantum algorithms follow the same lines as Grover: input a black-box function f with some pattern, and
figure out what the pattern is.

3

The Query Model

Let’s invent a model to analyze algorithms like Grover’s. In this query model, you are given
black-box access to some function f . You have to answer some question about f . Instead
of measuring the time complexity of your algorithm, we measure the query complexity: the
number of queries it makes to f .
Why do we use the query model? Shouldn’t we, as computer scientists, only care about
how much time an algorithm takes? It turns out that the query model has several advantages:
• It’s simple to analyze.
• In the query model, we can prove nontrivial lower bounds! Compare this to the rest of
complexity theory, where we don’t even know whether you can solve SAT in linear time.
• Often, the query complexity of an algorithm is the same as its time complexity. That
is to say, often the function f is efficient to implement, and often the non-oracle parts of an
algorithm are also efficient.
• All (?) known interesting quantum algorithms fit in the query paradigm. (For example,
Shor’s factorization algorithm is really a special use-case of a general period-finding query
problem. More about that later!)
2

4

Example Query Problems

In this section, all our black-box functions will input a string of n bits. We will set N = 2n
to be the number of possible inputs to the function.
We will sometimes think of a function as a list of N outputs. For example, Grover’s
algorithm
√ inputs a list f containing N bits, and finds the location of the unique 1 bit using
only N queries.

4.1

The Hidden Shift Problem

Input: two lists f and g, both containing N distinct elements. It is promised that f and g
are rotations of each other; that is, there exists s such that f (x) = g(x + s (mod N )) for all
integers x ∈ [N ].
Output: the hidden shift s.
For now, ignore quantum, and say we’re in the classical setting. Then the obvious hidden
shift finding algorithm
√ has complexity O(N ). However, it is possible to solve this problem
classically with O( N ) queries. Notice that since f has all distinct elements, it suffices to
find one pair of matching elements between
f and g. One can do this using the baby-step
√
giant-step attack. Look at the first N elements of f (“the baby steps”), and also look at
√ th
every N element of g (“the giant steps”). Since every shift can be expressed as a baby
step plus a giant step, you’re guaranteed
to find a match.2
√
Classically, you can’t beat N . However, in the quantum case, one can actually solve
the problem in O(log N ) queries! The algorithm is as follows... kind of.
Step 1: Prepare the state
1 X
√
|xf (x)i + |xg(x)i .
2N x∈[N ]
Step 2: Apply a Fourier transformation over ZN . (We’ll explain what that means later in
the course.)
Step 3: Do some more stuff. [Ip02]
We may fill in the “more stuff” later in the course. The point of this example is (1) that
quantum computers can do some pretty crazy things, and (2) that the first two steps of this
algorithm are extremely common in quantum query algorithms. Prepare a superposition
over all states, and then apply a Fourier transform. Intuitively, the period-finding qualities
of the Fourier transform help extract hidden patterns in f .
2

Baby-step giant-step is a real attack used to break cryptosystems such as discrete log.

3

4.2

Simon’s Problem

Simon’s problem [Sim94] is the same as the hidden shift problem, except that instead of a
shift, we have an XOR.
Input: two lists f and g, both containing N distinct elements. It is promised that f and g
are XOR-shifts of each other; that is, there exists s such that f (x) = g(x ⊕ s) for all integers
x ∈ {0, 1}n .
Output: the hidden XOR-shift s.
√
Again, this problem takes N queries classically. Use the baby-step giant-step algorithm,
where the first n/2 bits are the baby steps and the last n/2 bits are the giant steps. Also
again, this problem takes O(log N ) queries quantumly. The algorithm is practically the
same:
Step 1: Prepare the state
1 X
√
|xf (x)i + |xg(x)i .
2N x∈[N ]
Step 2: Apply a Fourier transformation over Z/nZ. (This turns out to be the same as
applying H ⊗n , i.e. applying a Hadamard gate to every register.)
Step 3: Do some more stuff.
Sorry about the repeated “do some more stuff.” I swear, we will do actual math in section
4.4.

4.3

Period Finding

This is the problem that Shor used, along with some number-theoretic trickery, to factor
numbers efficiently on a quantum computer. [Sho99]
Input: a list f of N distinct elements. Note: here, N is NOT necessarily a power of 2. It is
promised that f is periodic with some period dividing N .
Output: the period of f .
Clasically, there’s a tricky way to do this in N 1/4 time. But that’s still exponential.
Quantumly, this is again possible
in O(log N ) time. Can you guess the algorithm? That’s
P
1
√
right: prepare the state N x∈[N ] |xf (x)i and apply a Fourier transform. This time, there
is no “do some more stuff”: you just measure and you’re done. We’ll cover this algorithm
in more detail soon.

4

4.4

Deutsch-Josza

We’ve had enough “do some more stuff.” Let’s do some math. Here’s the Deutsch-Jozsa
problem.[DJ92]
Input: a list f of N bits. The list is either all-zero or balanced. That is, either all of the bits
are 0, or exactly half of them are 1.
Output: whether the list is all-zero or balanced.
Clasically, this is easy. By inspecting bits randomly, you can find the answer with error 
with just log(1/) queries. On the other hand, if you want a 100% correct answer, you need
to examine more than N/2 bits.
But quantumly, you can find the answer, 100% of the time, in one query. Here’s the
algorithm.
Step 0: Initialize n registers to |000 . . . 0i.
Step 1: Apply H ⊗n , i.e. apply a Hadamard gate to each wire. The resulting state is
1 X
√
|xi .
N x∈[N ]
Step 2: Apply Of± . (This is the oracle gate |xi 7→ (−1)f (x) |xi discussed in the Grover Recap
section.)
Step 3: Apply (H ⊗n )−1 .
Step 4: Measure. If the result is all 0, return “all zeroes.” Otherwise, return “balanced.”
Let’s prove that this works.
Proof. Suppose, initially, that the list was all zeroes. Then Of± is the identity transformation.
Then the overall transformation in steps 1-3 is (H ⊗n )−1 IH ⊗n . This cancels out to the
identity, so steps 1-3 have no overall effect. Therefore, when you measure, you will find the
initial state |000 . . . 0i. So, you will correctly output “all zeroes.”
Now suppose, initially, that the list was balanced. Then, after applying Of± , you have
the state
1 X
± |xi
ψ=√
N x∈[N ]
where the ± is + half of the time and - half of the time.
Then, in Step 4, we apply (H ⊗n )−1 . Now, we could do the math and find the amplitude
of |000 . . . 0i after applying (H ⊗n )−1 . This would be fairly straightforward, and it would give
the answer 0 as we want, but instead we can use P
a clever trick.
1
√
The state ψ is orthogonal to the state χ = N x∈[N ] |xi, as one can check by performing
an inner product. Therefore, after applying the unitary transformation (H ⊗n )−1 , the states
(H ⊗n )−1 χ and (H ⊗n )−1 ψ are still orthogonal. But since χ = H ⊗n |000 . . . 0i, the state
(H ⊗n )−1 χ is equal to |000 . . . 0i. Therefore, the state (H ⊗n )−1 ψ is orthogonal to |000 . . . 0i.
5

Therefore, the amplitude of |000 . . . 0i in the final state (H ⊗n )−1 ψ must be zero. As a consequence, when we measure our qubits, we can never measure the all-zero state. Therefore,
we will always correctly say that the list was balanced.

5

Coming soon...

Later in the course, we’ll cover some of these algorithms in more detail, especially the
quantum Fourier transform. We’ll also show how
√ to prove lower bounds in query complexity,
such as proving that you can’t beat Grover’s N performance.
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Short Summary

Today we will cover the Fourier transform over Zn2 . Fourier transformation can be viewed
as a change of basis transformation. Functions expressed in this basis can make certain
patterns in a function more evident. In quantum computing, we frequently perform a Fourier
transform. Given its ability to reveal some pattern in the function, it’s in some sense at the
heart of various quantum algorithms and we will specifically see its role in Deutsch-Josza
algorithm [DJ92], Grover’s algorithm [Gro96] and Simon’s Problem [Sim94].

2

Fourier Transform over Zn2

We will show that a Fourier Transform essentially
• Is a change of basis
• Makes it easy to find certain patterns in the function
• In quantum computing parlance it can be computed using H ⊗n .
Consider a set of functions {δy (x)}y∈{0,1}n with the property that
(
1 if x = y
δy (x) =
0 else
This set of functions constitute a basis for any function g(x) : {0, 1}n 7→ C (for example
g(x) = (−1)f (x) where f : {0, 1}n 7→ {0, 1}), in the sense that we can expand any g(x) as
follows
X
g(x) =
g(y)δy (x)
(1)
y∈{0,1}n

quite generally the coefficients of δy (x) are called expansion coefficients, in the case at hand
they take the value g(y) (the actual value of the function at y). The representation of the
function g(x) in equation (1) is called the standard representation.

1

We may represent the function g(x) as a column vector with 2n rows, such that the (i, 1)th
entry i ∈ {0, 1}n is g(i) i.e.


g(0n )
 g(0n−1 1) 




.



.
g≡




.




.
n
g(1 )
In this representation δy is the column vector with 0’s everywhere except the y th position
where we have a 1.
By expressing a function in the standard basis we may not be able to observe certain
patterns as efficiently as we would like. For e.g. in the Deutsch-Josza problem, classical
algorithms sample the function in the standard basis and we need n2 + 1 samplings before
we can decide whether the function is balanced or all-zero.

2.1
2.1.1

Fourier/Parity basis
Definitions

Let σ, X ∈ Fn2 then
σ.X ≡

n
X

σ i Xi

(2)

i=1

=

M

Xi

(3)

i:σi =1

L
where
is additional mod 2. Equation (3) allows us to interpret σ.X as the parity of the
bits in X where σi = 1 i.e. the parity of a subset of the entries in X. We may also consider
the ± version of the parity function.
(
1
if σ.X = 0
(−1)σ.X =
(4)
−1 if σ.X = 1
Y
=
(−1)Xi
(5)
i:σi =1

≡ χσ (X)

(6)

Where the final equality introduced the χσ (X) function which is called the Fourier characteristic.
Example 2.1. σ = 0n ≡ 0 then σ.X = 0.X = 0 which gives
χ0 (X) = (−1)σ.X = (−1)0 = 1
2

We define the Fourier basis as {χσ }σ∈Fn2 whose elements may be represented as column
vectors


χσ (0n )
 χσ (0n−1 1) 




.



.
χσ = 




.




.
n
χσ (1 )
2.1.2

Properties

In order to show {χσ }σ∈Fn2 is a basis we show
(i) χσ are orthogonal
(ii) χσ are 2n in number
The second condition follows from the definition of our set of functions. The first can be
restated as follows
(
X
0 if σ 6= γ
χσ (X)χγ (X) =
2n if σ = γ
X∈{0,1}n
alternatively
1
2n

(
0 if σ =
6 γ
χσ (X)χγ (X) =
1 if σ = γ
X∈{0,1}n
X

(7)

We can also write the lhs in equation (7) as EX [χσ (X)χγ (X)] where X ∈ uniform {0, 1}n .
Finally the condition (i) can be restated as follows.
(
0 if σ 6= γ
EX
[χσ (X)χγ (X)] =
(8)
1 if σ = γ
X∈uniform {0,1}n
Before we show equation (8) we compute

EX
[χσ (X)],
X∈uniform {0,1}n

(i) Case 1: Assume σ 6= 0 then
EX
[χσ (X)]
X∈uniform {0,1}n

=

EX
[(−1)σ.X ]
X∈uniform {0,1}n

=

EX
X∈uniform

=

Y
i:σi =1

=

[
{0,1}n

EX
X∈uniform

Y

(−1)Xi ]

(9)
(10)

i:σi =1

[(−1)Xi ]

(11)

{0,1}n

Y 1
[(−1)1 + 10 ]
2
i:σ =1

(12)

i

=0
3

(13)

The first and second equality follow from the definition, the third follows from the fact
the all Xi ’s are from a i.i.d source, the fourth come from taking the expectation over
uniform random Xi ∈ {0, 1}, the final one from basic algebra.
(ii) Case 2: σ = 0 then it is easy to see
EX
X∈uniform

[χσ (X)] =
{0,1}n

EX
X∈uniform

[(−1)0.X ] =

EX

{0,1}n

X∈uniform

[(−1)0 ] = 1
{0,1}n

hence
(
1 if σ = 0
EX
[χσ (X)] =
0 else
X∈uniform {0,1}n
We now compute

EX
X∈uniform

EX
[χσ (X)χγ (X)]
X∈uniform {0,1}n
[χσ (X)χγ (X)] =

{0,1}n

which is given by

EX
X∈uniform

=

EX

[
{0,1}n

X∈uniform {0,1}n

=

(14)

Y

(−1)Xi

i:σi =1

[

Y

Y

(−1)Xi ]

(15)

i:γi =1

(−1)Xi ]

(16)

i:σi ⊕γi =1

EX
[χσ⊕γ (X)]
X∈uniform {0,1}n

(
1 if σ ⊕ γ = 0
=
0 else

(17)
(18)

Here ⊕ refers to the entrywise XOR. The first equality follows from definition, the second
can be obtained by a direct calculation or by studying simple examples like σ = 0101 . . .
and γ = 0011 . . . and observing the pattern, the final equality follows from equation (14).
σ ⊕ γ = 0 implies σ = γ this gives the desired result of equation (8). Consequently we have
verified conditions (i) and (ii)

2.2

Change of Basis view

We can represent any function g(X) : {0, 1}n 7→ C in the Fourier basis i.e. we may write
X
g(X) =
ĝ(γ)χγ (X)
(19)
γ∈F2n

where
Claim 2.2.
ĝ(σ) =

EX
[χσ (X)g(X)]
X∈uniform {0,1}n
4

(20)

Proof.
X

EX [χσ g(X)] = EX [

ĝ(γ)χσ (X)χγ (X)]

(21)

ĝ(γ)EX [χσ (X)χγ (X)]

(22)

γ∈F2n

=

X
γ∈F2n

= ĝ(σ)

(23)

where the final equality follows from equation (8).
Let us see a few examples
Example 2.3. What is ĝ(0)?
ĝ(0) = EX [χ0 (X)g(x)] = EX [1.g(x)] = EX [g(x)]

(24)

Example 2.4. Let g(X) = (−1)f (X) where f (X) = σ.X, then what is the Fourier representation of g(X).
g(X) = (−1)σ.X

(25)

= 1.χσ (X) +

X

0.χγ (X)

(26)

γ6=σ

which gives
(
1 if γ = σ
ĝ(γ) =
0 else

(27)

If f (X) ≈ σ.X with probability 1 −  where  is a small positive number then
ĝ(γ) =

2.3

EX
[χσ (X)(−1)
X∈uniform {0,1}n

f (x)

]≈1−

Implementation with Hadamard

In quantum circuits the Fourier transform of a set of qubits is implemented by a Hadamard
transformation on the set. Specifically
P
Claim 2.5. For |ψi = √1N X g(X) |Xi where N ≡ 2n
H ⊗n |ψi =

X
γ

5

ĝ(γ) |γi

(28)

Proof.
1 X
H ⊗n |ψi = √
g(X)H ⊗n |Xi
N X

(29)

What is the coefficient of |γi = |γ1 γ2 . . . γn i in equation (29)? We may write
H ⊗n |011 . . .i = (

|0i + |1i
|0i − |1i
|0i − |1i
√
)⊗( √
)⊗( √
)...
2
2
2

0

0+1+0...

The coefficient of |000 . . . 0i is (−1)
, the coefficient of |010 . . . 0i is (−1)2n/2 , the coefficient
2n/2
0+1+0...
of |110 . . . 0i is (−1)2n/2 . In general the coefficient of |γ1 γ2 . . . γn i is accumulated as follows,
for each γi = 0 we get (−1)0 , for each γi = 1 we get a (−1)Xi , the general coefficient of
|γ1 γ2 . . . γn i is a product of the accumulated coefficients which can be written as
1

L

(−1) i:γi =1 Xi
2n/2
1
= n/2 (−1)γ.X
2
=

(30)
(31)

continuing the calculation from equation (29) we may write
X 1
1 X
√ (−1)γ.X |γi
H ⊗n |ψi = √
g(X)
N X
N
γ
X 1 X
g(X)(−1)γ.X |γi
=
N
γ
X
X
EX
[g(X)χγ ] |γi
=
γ

=

X

(32)
(33)
(34)

X∈uniform {0,1}n

ĝ(γ) |γi

(35)

γ

It is worth noting that
H.H = I and hence H ⊗n H ⊗n = In . An immediate consequence
P
of this is for |ψi = √1N X g(X) |Xi we my write
|ψi = H ⊗n H ⊗n |ψi
1 X
|ψi = H ⊗n [H ⊗n √
g(X) |Xi]
N X
X
|ψi = H ⊗n
ĝ(γ) |γi

(36)
(37)
(38)

γ

The final equality implies that we can invert the Fourier transform by simply acting H ⊗n .
6

2.4
2.4.1

Use in Quantum Algorithms
Deutsch-Josza algorithm

In this problem we are given a function f : {0, 1}n 7→ {0, 1} with the promise that
1. Either f is always 0
2. Or f is balanced (0 and 1 with equal probability)
The goal is to find which of the two is true. The Deutsch-Josza algorithm proceeds by
applying the following circuit.

|0i⊗n



|0i








|0i









.






.







.








 |0i








|0i

HN

Of±

HN

Where HN ≡ H ⊗n where N = 2n , the Of± is the ± version of the oracle for the function
f . After the measurement, if we get |0in we say condition (1) is true, else we say condition
(2) is true.
One way to see why this procedure is essentially extracting information about the pattern
in the function f as revealed by the Fourier transform is as follows. Set
g(X) = (−1)f (X)
then the above circuit produces the Fourier transform of g(X), observe
1
HN
√
|0i⊗n −−→
N
1
=√
N

X
Of±
1
|Xi −−→ √
(−1)f (X) |Xi
N
X∈{0,1}n
X∈{0,1}n
X
X
HN
g(X) |Xi −−→
ĝ(γ) |γi
X

X∈{0,1}n

γ

7

hence the output is the Fourier transform of the function g(X). We notice that
ĝ(0) = EX [g(X)] = EX [(−1)f (X) ]
(
1 if condition 1 is true
=
0 if condition 2 is true
Hence the probability of the outcome |0i⊗n which is |ĝ(0)|2 essentially tells us which of the
conditions 1 or 2 is true.
2.4.2

Grover’s Algorithm

One key component
P of the Grover’s algorithm is the diffusion operator (D) whose action on
1
√
a state |ψi = N X g(X) |Xi is given by
1 X
D |ψi = √
(2µ − g(X)) |Xi
N X

(39)

where µ = EX [g(X)]. The circuit that does the job is easy to see once we do the Fourier
analysis,
X
g(X) =
ĝ(γ)χγ (X)
(40)
γ

= ĝ(0)χ0 (X) +

X

ĝ(γ)χγ (X)

(41)

γ6=0

=

EX

[g(X)]χ0 (X) +

X∈uniform {0,1}n

X

ĝ(γ)χγ (X)

(42)

γ6=0

(43)
We can define a function g 0 (X) such that
g 0 (X) ≡

EX

[g(X)]χ0 (X) −

X∈uniform {0,1}n

X

ĝ(γ)χγ (X)

(44)

γ6=0

= µχ0 (X) − (g(X) − µχ0 (X))
= 2µχ0 (X) − g(X)

(45)
(46)

We wish to replace g(X) with g 0 (X). Which can be done by taking an input and going to the
Fourier basis, then putting a − sign in front of all states that are not 0 and then returning
from the Fourier basis. If we define
(
|xi if x = 0
Jn |xi =
(47)
− |xi else

8

The the circuit that does the job can be written as follows.




















HN
Jn
HN
D= 


















2.4.3

Simon’s Problem

Simon’s Problem is the precursor to the period finding algorithm which is a precursor to
Shor’s factorization. It utilizes quantum Fourier transform in a non-trivial way. The problem
can be described as follows
• Given: f : {0, 1}n 7→ {0, 1}n
• Promise:
(i) f is 2 to 1
(ii) f (X) = f (X ⊗ s) for some s ∈ {0, 1}n and s 6= 0
• Goal: Find s

√
From last lecture, we note that classically this would take O( N ) queries and the quantum
version takes O(log N ) queries. We now proceed to explain the quantum circuit that does the
job. Consider the circuit given below, n + m wires come in (only 3 are shown schematically),

|0i






n
|0i
|0i
HN
HN






|0i
Of

|0im


|0i






|0i






|0i
9

Here Of is the oracle that acts such that
sOf |xi |yi = |xi |y ⊕ f (x)i
The state in the circuit changes as follows
Of
1 X
1 X
HN
√
|0in |0im −−→
|xi |0im −→ √
|xi |f (x)i
N x
N x

(48)

Once we perform the measurement on the lower m qubits we get some value y. The conditional quantum state of the first n qubits is
1
|ψiy = √ (|xi + |x ⊕ si)
2

(49)

where y = f (x). Then by applying the final Hadamard gates we get
X
X
1
HN |ψiy = √ (
(−1)γ.x |γi +
(−1)γ.(x⊕s) |γi)
2N γ∈{0,1}n
γ∈{0,1}n
X
1
=√
(−1)γ.x [1 + (−1)γ.s ] |γi
2N γ∈{0,1}n
(
X
2(−1)γ.s if γ.s = 0
1
=√
|γi
0
if γ.s = 1
2N γ∈{0,1}n
r
X
2
=
(−1)γ.s |γi
N
n

(50)
(51)

(52)

(53)

γ∈{0,1} ,γ.s=0

The final measurement gives a uniformly random γi such that γi .s = 0. By doing a large
enough number of runs of the circuit i.e. by getting many different γi ’s we may recover s.
But how many γi ’s do we need? n − 1 linearly independent ones, here’s why.
After n − 1 runs we’ll get γi ’s which satisfy
γ1 .s = 0
γ2 .s = 0
...
γn .s = 0

(54)

We make two claims
(i) If the γi ’s are linearly independent, then this system of linear equations fully determines
s
(ii) With constant probability, running the Simon circuit will output n − 1 linearly independent γi ’s
10

The above two claims imply, that we have a constant probability of success, which as we
have seen, is good enough.
We prove claim (i) by noticing that each linearly independent γi cuts down the number
of possibilities for s by half. So after n − 1 equations, there are 2n−1 /2n = 2 possibilities for
s, one of whom is 0 which is ruled out assuming that s is non-trivial, hence s is given by the
other possibility.
To show (ii), let’s first consider the subspace of Fn2
s⊥ := {γ|γ.s = 0}
This subspace has dimension n − 1 since it is defined by a single linear equality, and thus
the subspace contains 2n−1 distinct vectors.
The easiest way to prove (ii) is to show that γ2 is linearly independent from γ1 with high
probability, then showing that γ3 is linearly independent from γ1 ,γ2 with high probability,
and so forth. So, let’s suppose that γ1 , . . . γk are linearly independent. Then what’s the
probability that γk+1 is linearly independent from them? i.e.:
Pr[γ1 , . . . γk+1 are linearly independent] = 1 − Pr[γk+1 is in the span ofγ1 , . . . γk ]
=1−

2k
2n−1

The last line follows because there are 2n−1 possibilities in s⊥ for γk+1 , and 2k of them are
in the span of γ1 , . . . , γk . Now, the probability that γ1 , . . . , γn−1 are all linearly independent
is what we get when we multiply the quantities we just got here for k = 0, . . . , n − 2 (the
k = 0 case gives the probability that γ1 is not 0), i.e.


1−

1 
2n−1

1−

1 
2n−2

n−1

1
1 
1 Y 
1− i
... 1 −
1−
=
4
2
2
i=1

(55)

To analyze this product, we note that (1 − a)(1 − b) ≥ (1 − (a + b)) when a, b ∈ [0, 1].
Applying this inequality to every term but the (1 − 21 ) term, we get
n−1
Y
i=1

1−

 1
1 
1
1  1
1
≥
1
−
+
.
.
.
.
≥
2i
2n−1 2n−2
22
2
4

(56)

Thus, Simon’s algorithm succeeds with probability at least 14 , and this probability can be
improved via repetition.
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1

Scribe: Chris Jones

Overview

Last time, we talked about two main topics:
• The quantum Fourier transform over

Zn2

• Solving Simon’s problem with the transform over

Zn2

In this lecture and the next, the theory will be developed again, but over a different group,
N . We’ll talk about:

Z

• The quantum Fourier transform over

ZN (today)

• Solving the period-finding problem with the transform over ZN (next time)
As a side note, for this lecture and in general, one should not stress too much about
maintaining normalized quantum states, that is, states with squared amplitudes that sum
to 1. Carrying around (and computing) the normalizing factor can be a big pain, and it’s
understood that the “true” quantum state has normalized amplitudes. To this end, we agree
that the quantum state
X
αx |xi
x∈{0,1}n

is in all respects equivalent to the normalized quantum state

−1 

X
X

|αx |2  
αx |xi
x∈{0,1}n

x∈{0,1}n

This tradition is due to physicists who tend to omit normalizing constants for convenience.

2

Defining the Fourier transform over

2.1

Review of the transform over

ZN

Zn2

For now, we will forget all we know of quantum computing, except for what we learned last
lecture. Let’s think about the Fourier transform over n2 , and see if we can adopt the idea
to N .

Z

Z

1

C

Consider an arbitrary function g : {0, 1}n → . In the previous lecture, we looked at the
vector space of functions from {0, 1}n to , and thought of g as an element of that vector
space. This vector space is 2n -dimensional, with a “standard” basis being the indicator
functions {δy }y∈{0,1}n . With respect to this basis, we have the representation


g(0n )
g(0n−1 1)


g=

..


.
n
g(1 )

C

We’ll more often see vectors of the form



h(0n )
1 

h = √  ... 
N
h(1n )
√
i.e. with respect to the basis { N δy }y∈{0,1}n . This is nicer because the standard dot product
of such vectors is an expectation:
hg, hi =

1
N

X

g(x)∗ h(x) =

x∈{0,1}n

E

x∼{0,1}n

[g(x)∗ h(x)]

In particular, if g : {0, 1}n → {−1, +1}, g is a unit vector.
Remember: no stress about the constant √1N . It’s just there to make more things unit
vectors more often.
In this vector space, we found a particular orthonormal basis that made representations
of f particularly nice to work with: the basis of parity functions {χγ }γ∈Zn2 , defined by
χγ (x) = (−1)γ·x
where γ · x is the dot product in

Zn2 . In the vector representation,



+1
γ·0n−1 1 
1 
(−1)

|χγ i = √ 

..

N
.
γ·1n
(−1)
We used the notation gb(γ) to denote the coefficient of χγ in the representation of g. All this
notation gave us the final form
X
g(x) =
gb(γ) |χγ i
n
γ∈Z2
If we endowed the domain with the group structure of
n
n
2 , the χγ are nice because they are characters on
2.

F

Z

2

Zn2 , or equivalently, the vector space

C

Definition 2.1. Let ∗ denote the nonzero complex numbers. For a group G with operation
∗, a character on G is a function χ : G → ∗ satisfying

C

χ(g ∗ h) = χ(g) · χ(h)
In mathematical terms, χ is a homomorphism from G into

C∗.

We observed that a couple of properties were true of these characters:
• χ0 ≡ 1
•

E

x∼{0,1}n

[χγ (x)] = 0 for γ 6= 0.

• χα (z) = χz (α)
This one is new. Though it’s true, conceptually, it’s generally good to segment the
inputs from the index set of the Fourier coefficients.
• hχγ |gi =

E

x∼{0,1}n

[χγ (x)g(x)] = gb(γ)

This is a statement of a more general fact about orthonormal bases: if F is any
orthonormal basis, the coefficient on f ∈ F in the representation of v with respect to
F is given by hf, vi.
As a consequence of the above properties, we had one further property:
• χγ (x)χσ (x) = χγ+σ (x)

Z

In summary, the Fourier transform over n2 is defined as the unitary transformation that
takes a function into its representation with respect to the χγ :




g(0, . . . , 0)
gb(0, . . . , 0)
gb(0, . . . , 0, 1) X

X
1 
1
g(0, . . . , 0, 1)


√
gb(γ) |γi
g(x) |xi = √ 
 7→ 
=
..
..


 γ∈Zn
.
.
N x∈{0,1}n
N
2
g(1, . . . , 1)
gb(1, . . . , 1)
Example 2.2. Let

 √
gx (y) =

N y=x
0
o.w.

then the vector representation of gx is
1
√
N

X

gx (y) |yi = |xi

y∈{0,1}n

and
gb(γ) =

E

[gx (y)(−1)γ·y ] =
n

y∼{0,1}

1√
1
N (−1)γ·x = √ (−1)γ·x
N
N

1 X
|xi = √
(−1)γ·x |χγ i
N γ∈Zn
2
3

Remark 2.3. Another way to compute the Fourier expansion of |xi is to note that the
Fourier expansion of χγ is |γi, and that the Fourier transform is an involution (since HN is
its own inverse).

Z

Representing a function with respect to this basis revealed patterns specific to the n2
group structure. The main advantage of quantum computing, though, is that the Fourier
transform over n2 is efficiently computable on a quantum computer. The matrix that implements it, HN , consists of exactly n gates. In comparison to the classical situation, the
fastest known method to compute the Fourier expansion is the fast Walsh-Hadamard transform, which requires O(N log N ) time. See [FA76] for an overview.
All this begs the questions: can we do the same for N ? What are the characters on
N , and do they form an orthonormal basis? If such a unitary transformation exists, can
we implement it efficiently on a quantum computer? As we will now see, the answer is yes.

Z

Z

Z

2.2

An Orthogonal Basis of Characters

Let’s look first at the characters on
Theorem 2.4.

ZN .

ZN has exactly N characters.

Proof. Let’s try and first deduce what form the characters must have. If χ is a character,
for any x ∈ N we have

Z

χ(x) = χ(x + 0) = χ(x)χ(0)
If χ(x) 6= 0 for some x, we can conclude χ(0) = 1. We’ll ignore the case where χ ≡ 0, as
this is the zero vector in this vector space and won’t be helpful to forming an orthonormal
basis. So let’s conclude χ(0) = 1.
We also know
k times
z }| {
χ(x + · · · + x) = χ(x)k
In particular, if we take k = N , then kx = N x = 0, modulo N . Combining this with the
above, we have, for every x ∈ N ,
χ(x)N = 1

Z

That is, χ(x) is an N -th root of unity. We also know
k times

z }| {
χ(k) = χ(1 + · · · + 1) = χ(1)k
2π

χ is completely determined by its value on 1! Let ω = ei N be a primitive N -th root of
unity. χ(1) is an N -th root of unity, so write
χ(1) = ω γ

4

for some γ ∈

ZN . From all of this we deduce that χ must be given by the formula
χ(x) = ω γ·x

where γ · x is regular integer multiplication.
For each γ ∈ N , define the function χγ : N →
by χN (x) = ω γ·x . To complete the
theorem we check that every γ creates a distinct character i.e. χγ satisfies the homomorphism
property:

Z

Z

C

χγ (x + y) = ω γ(x+y) = ω γ·x+γ·y = ω γ·x ω γ·y = χγ (x)χγ (y)

With the set {χγ }γ∈ZN in hand, we can check that these do indeed form an orthonormal
basis. First we check that the analogous properties from the Fourier basis over n2 carry
over:

Z

• χ0 ≡ 1
Proof. χ0 (x) = ω 0·x = 1
•

E [χγ (x)] = 0 for γ 6= 0.

x∼ZN

Proof. This is a happy fact about roots of unity. Geometrically, the powers of ω are
equally spaced around the unit circle, and will cancel upon summation. Algebraically,
when γ 6= 0,
N −1
1 X γx
1 ω γN − 1
=0
ω =
N i=0
N ωγ − 1

• χα (z) = χz (α)
Proof. χα (z) = ω α·z = ω z·α = χz (α)
As before these can be used to deduce one further property,
• χσ (x)χγ (x) = χσ+γ (x)
There’s also a new, very important property that we wouldn’t have noticed before, when we
were only working over :

R

• χγ (x)∗ = χ−γ (x) = χγ (−x)

5

Proof.
χγ (x)∗ = (ω γ·x )∗ = ω −γ·x = ω (−γ)·x = χ−γ (x)
= ω γ·(−x) = χγ (−x)

From these, the orthonormality of the characters falls right out:
Theorem 2.5. The functions {χγ }γ∈ZN form an orthonormal basis.
Proof. For σ, γ ∈

ZN ,
hχσ |χγ i = E [χσ (x)∗ χγ (x)]
x∼ZN
= E [χ−σ (x)χγ (x)]
x∼ZN
= E [χγ−σ (x)]
x∼Z
 N
1 γ−σ =0
=
0
o.w.

We have N orthonormal elements in a space of dimension N , implying they form a basis for
the space.
As before, we use the notation gb(γ) to denote the coefficient on χγ in the representation
of a function g with respect to this basis. The notation has almost the same form as before:
X
g(x) =
gb(γ) |χγ i
γ∈ZN
The difference is in how we think about the domain of summation: in the first case it
was n2 , and now it is N .
Also as before, and as a consequence of orthonormality, we have a method of computing
the Fourier coefficients:

Z

Z

gb(γ) = hχγ |gi =

E

x∼{0,1}n

[χγ (x)∗ g(x)]

We call the unitary transformation that takes a function to its Fourier representation the
Fourier transform over n2 :




g(0, . . . , 0)
gb(0, . . . , 0)

gb(0, . . . , 0, 1)
X
X
1 
1
g(0, . . . , 0, 1)


√
g(x) |xi = √ 
→
7
=
gb(γ) |γi



..
..


 γ∈Z
.
.
N x∈{0,1}n
N
N
g(1, . . . , 1)
gb(1, . . . , 1)

Z

6

Example 2.6. Let

 √
gx (y) =

N y=x
0
o.w.

Then the vector representation of gx is |xi, and
gbx (γ) =

E

1 X
|xi = √
χγ (x)∗ |χγ i
N γ∈ZN

[χγ (y)∗ gx (y)] = χγ (x)∗
n

y∼{0,1}

Z

Z

The Fourier transform over N will help to solve the N -analogue of Simon’s problem,
the period-finding problem, in the next lecture. From there it is an easy step to Shor’s
factorization algorithm.
One thing remains for now: efficient implementation of a circuit to compute the transform. This is what the remainder of the lecture will do.
Remark 2.7. The entire analysis above goes through without assuming that N is a power
of 2. Though for the most part, we will only concern ourselves with cases where N is a power
of 2.
Remark 2.8. Taking N = 2 gives an equivalent formulation as taking n = 1: the characters
are 1, and (−1)x .

3

Implementing the Fourier transform over

ZN
Z

The goal of this section is to implement the quantum Fourier transform over N efficiently,
that is using only poly(n) 1- or 2-qubit gates. Once we have a circuit computing the Fourier
transform over N , it will be a valuable tool for use in quantum algorithms.
A life lesson to take away: if a unitary matrix has easy-to-write-down entries, it can
probably be computed using poly(n) gates.

Z

Z

Theorem 3.1. The quantum Fourier transform over N can be implemented with O(n2 ) 1and 2-qubit gates.

Proof. We will build a circuit with exactly n+1
gates. As usual for a quantum circuit, it
2
suffices to create a circuit that is correct on each classical input |xi, x ∈ {0, 1}n ; by linearity
such a circuit is correct on all superpositions.
We want to implement the map
1 X
χγ (x)∗ |γi
|xi 7→ √
N γ∈ZN
where χγ (x)∗ = ω −γ·x . Consider as example n = 4, N = 2n = 16
|xi 7→


1
|0000i + ω −x |0001i + ω −2x |0010i + ω −3x |0011i + · · · + ω −15x |1111i
4
7

A key realization is that the above output state is actually unentangled. That is, there are
qubits |ψ0 i , |ψ1 i , |ψ2 i , |ψ3 i such that the above state equals |ψ1 i ⊗ |ψ2 i ⊗ |ψ3 i ⊗ |ψ4 i. In
particular, it is equal to
 
 
 


|0i + ω −4x |1i
|0i + ω −2x |1i
|0i + ω −x |1i
|0i + ω −8x |1i
√
√
√
√
⊗
⊗
⊗
2
2
2
2
In the case for general n, we want to take
!




n−1
n
|0i + ω −2 x |1i
|0i + ω −x |1i
|0i + ω −2 x |1i
√
√
√
⊗
⊗ ··· ⊗
|xi 7→
2
2
2
In order to do so, it suffices to perform the transformation wire-by-wire.
We return to our example. Let’s write the input |xi = |x0 x1 . . . xn−1 i and the output
|γi = |γn−1 . . . γ0 i and fill in gates as we need them:

As suggested by the notation, it’s actually easier to do this transformation if we take the
least significant bit of x to the most significant bit of the output. To see this, on the most
significant output wire we want √12 (|0i + ω −8x |1i. At first glance it looks like we need all
of x for this. However, since ω N = ω 16 = 1, we only need the least significant bit |x0 i. A
similar situation occurs for other wires, as we will see. We can finish the circuit by reversing
the order of the output bits, for example implemented by n2 XOR swaps.
As we just computed, the most significant output bit will be √12 (|0i + (−1)−x0 |1i). This
is exactly the Hadamard gate applied to input |x0 i. Here’s a circuit that correctly computes
the first wire:

What about the second wire? We want to perform
1
|x1 i 7→ √ (|0i + ω −4x |1i)
2
8

This time, ω −4x depends only on the two lowest bits of x, and is equal to ω −8x1 −4x0 =
(−1)−x1 ω −4x0 . We need:
1
|x1 i 7→ √ (|0i + (−1)−x1 ω −4x0 |1i)
2
First, apply Hadamard to |x1 i to get √12 (|0i+(−1)−x0 |1i). What we need now is a “controlled
ω −4 gate”: if x0 = 1, multiply the amplitude of |x1 i on |1i by ω −4 , else do nothing. Under
the assumption that we can implement 1- and 2-qubit gates, use a gate that implements the
(unitary) matrix


1 0 0 0
0 1 0 0 


0 0 1 0 
0 0 0 ω −4
Adding these two gates to the circuit correctly computes the second wire.

The situation for other wires, and other n, is similar. To finish off the example, we need
to compute

 

|0i + ω −2x |1i
|0i + (−1)x2 ω −4x1 −2x0 |1i
√
√
|x2 i 7→
=
2
2

 

−x
−x3 −4x2 −2x1 −x0
|0i + ω |1i
|0i + (−1) ω
|1i
√
√
|x3 i 7→
=
2
2
We can build controlled ω −2 and ω −1 gates as well. Use the same paradigm: hit each
k
wire with a Hadamard, then use the controlled ω −2 gates on the lower-order bits. The final
circuit looks like this:

9

To generalize this to any n, transform on |xi i by first applying a Hadamard gate, then
k
applying a controlled ω −2 gate controlled by |xk i, for each k < i. This works so long as we
first transform wire |xn−1 i, then |xn−2 i, and so on down to |x0 i; no wire depends on wires
that are below it. The circuit looks something like:

With the aforementioned reversing of the output wires, this completes the circuit to
compute the Fourier transform
over N . The total number of gates in this part of the circuit

n+1
2
1 + 2 + · · · + n = 2 = O(n ). Including the O(n) for swapping gives O(n2 ) size overall.

Z

k

Remark 3.2. The uncontrolled, 1-qubit version of the controlled ω −2 is called the “phase
shift gate”, with matrix


1 0
0 eiφ
This gate does not change the probability of outcome |0i or |1i for this qubit.

Z

Remark 3.3. One can compute the transform to Fourier transform over N to accuracy 
using only O(n log n ) gates. The idea is simple enough: phase shifts of very small amounts
will change the overall quantum state very little, so if we allow ourselves a little error we can
afford to skip a few. A more exact analysis can be found in [HH00].
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1

Scribe: Nicolas Resch

Problem

As mentioned previously, period finding is a rephrasing of Simon’s algorithm, but instead of
using the Fourier transform over Zn2 , we will use the Fourier transform over ZN . Moreover,
an efficient quantum algorithm for period finding will “essentially” give us Shor’s algorithm
[Sho97] for efficient factorization – the details will be presented next lecture.
Definition 1.1 (Period-Finding Problem). Given is some f : ZN → “colors” (i.e. the image
of f is some “unstructured” set). Pictorially, f can be imagined as an array:
R G
|

B Y

R G B
{z
length N

Y ···
}

As usual, we have oracle access to f , and we denote the oracle by Of . For this problem, it is
most convenient to work with the oracle which behaves as follows:
Of (|xi|bi) = |xi|b ⊕ f (x)i,
where b is an m-qubit string. We have the promise that f is periodic; namely for some
s ∈ ZN \ {0}, f (x) = f (x + s) for all x ∈ ZN . Otherwise, all of f ’s values are assumed to be
distinct: that is, we never have f (x) = f (y) if x and y don’t differ by a multiple of s. The
goal of the problem is to find s.
Remark 1.2. Classically, we can actually solve this problem very efficiently. Note that the
condition on s implies that s divides N . Assuming N = 2n , then s must lie in the set
{1, 2, 4, . . . , N }. So we obtain an efficient classical algorithm by simply testing if s = 1 is f ’s
period, then if s = 2 is f ’s period, etc. This requires us to test n = log N values of s, so the
query complexity, and run-time, is O(n).
So, why do we care about solving this quantumly? Shor’s algorithm [Sho97] for factoring
will actually look at a variant where f is “almost-periodic”. So we will not necessarily know
that s divides N . However, the quantum algorithm we develop today will generalize to
account for this case.

1

2

The Algorithm

Here is the quantum algorithm that we will use to solve this problem:
P
• Prepare the state √1N x∈ZN |xi, i.e. the uniform superposition of all the kets |xi.


P
P
• Attach the state |0m i, thereby obtaining √1N x∈ZN |xi ⊗ |0m i = √1N x∈ZN |xi|0m i.
• Query the oracle Of on the current input. The state of the system will now be
1 X
√
|xi|f (x)i.
N x∈ZN

(1)

• Measure the color register, i.e. the registers corresponding to the |0m ⊕ f (x)i part of
the output of Of .
• Apply FN to the remaining n qubits.
• Measure the remaining n qubits.
• Then, we do a little bit of “classical” computation with the output, which will be made
clear later on.
To aid with the analysis of the algorithm, we will use the following notation:
Notation 2.1. For each color c, define fc : ZN → {0, 1} by
(
1 iff (x) = c,
fc (x) =
0 otherwise.
Thus, fc is the indicator function for the event that f (x) = c.
Thus, (1) can be rewritten as
1 X
√
(fc (x)|xi) ⊗ |f (x)i.
N x∈ZN
colors c
X

(2)

Indeed, if fc (x) = 0 then the term |xi|f (x)i disappears from the sum, so we only count
|xi|f (x)i for the one color c such that f (x) = c. Moreover, we comment at that in the
summation (2), the number of nonzero terms of the form (fc (x)|xi) is precisely Ns , which is
the number of distinct values x ∈ ZN that map to the color c under f .

2

3

Analysis

The first question that we should ask is: what do we get when we perform the color measurement? That is, with what probability do we measure a fixed color c? Using (2), we see
that this probability is precisely
2
X 1
1 X
1 X
√ fc (x) =
fc (x)2 =
fc (x)
N x∈Z
N x∈Z
N
x∈Z
N

N

=

N

E [fc (x)] = Pr [f (x) = c]

x∈R ZN

x∈R ZN

= fraction of f outputs which have color c
1
= .
s
In the above computations, we write x ∈R ZN to denote the distribution in which x is sampled
from ZN uniformly at random. We used the fact that fc (x)2 = fc (x) for all x since fc is {0, 1}valued. We also observed that Ex∈R ZN [fc (x)] = Prx∈R ZN [fc (x) = 1] since fc (x) for random x
is a {0, 1}-valued random variable, and then the simple fact that fc (x) = 1 ⇐⇒ f (x) = c
by the definition of fc to conclude Prx∈R ZN [fc (x) = 1] = Prx∈R ZN [f (x) = c].
Thus, we obtain a uniformly random color as our answer!
Given that we have observed a color c, what does the state (2) collapse to? Well, it’s the
substate that is consistent with the color c. This is the state
!
X
fc (x)|xi ⊗ |ci normalized.
x∈ZN

The normalizing factor is

ps
N

, so the state is
!
r
X
s
fc (x)|xi ⊗ |ci
N x∈Z
N

It will be most convenient for us to rewrite this state as
1 X√
√
sfc (x)|xi.
N x∈ZN

(3)

At this point, we will use the “powerful trick” that always seems to work when we analyze
quantum algorithms. This trick is, of course, the quantum Fourier transform. More precisely,
we will:
Apply the Quantum Fourier Tranform over ZN and measure.
Let us briefly recall what generally happens when we use this trick. If we have a function
g : G → C such that Ex∈R G [|g(x)|2 ] = 1, where G is either Zn2 or ZN , then the following is a
valid quantum state:
1 X
√
g(x)|xi.
N x∈G
3

3
2
···
1
0

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

Figure 1: The function g = 2 · 1{1,5,9,13,...,}
If we apply the Fourier transform, which corresponds to applying HN if G = Zn2 and FN if
G = ZN , then the state we obtain is
X
ĝ(γ)|γi.
γ∈G

Thus, when we measure, we observe γ ∈ G with probability |ĝ(γ)|2 .
Remark 3.1. This procedure is called spectral sampling. The set {ĝ(γ)}γ∈G is called the
Fourier spectrum of g. This is *almost* always how exponential speed-ups are obtained in
quantum computing.
P
√
In our case, recalling (3), we should put g = s · fc , as then √1N x∈ZN g(x)|xi is the
quantum state after measuring the color register.
Remark 3.2. For Simon’s algorithm, if we define
(
1 x = y,
1y (x) =
,
0 x 6= y
we had g =

√
2(1y + 1y+s ), where f −1 (c) = {y, y + s} for some color c.

Before continuing, let’s define the following notation which we will use throughout the
analysis:
Notation 3.3. For S ⊆ ZN , we define 1S : ZN → {0, 1} by
(
1 if x ∈ S,
1S (x) =
0 if x ∈
/ S.
Example 3.4. Say s = 4, c is Green, and f is Green on 1, 5, 9, 13, . . .. Then g =
2 · 1{1,5,9,13,...} . Figure 1 demonstrates what this function looks like.
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√
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Figure 2: The function fGreen = 1{2,6,10,...}
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Figure 3: The function fRed = 1{0,4,8,...}
Our algorithm outputs γ ∈ ZN with probability
|ĝ(γ)|2 = s · |fc (γ)|2 .
So, the question now is: what are these Fourier coefficients? We have a periodic spike
function. It turns out that the Fourier transform of such a function is also a periodic spike
function.
To simplify our analysis, we would like to show that |fc (γ)|2 is independent of c. That
way, it will suffice to compute |fc (γ)|2 for one “nice” choice of c. Hence, we will prove the
following claim:
Claim 3.5. Let g : ZN → C and let t ∈ ZN . Define g +t : ZN → C by
g +t (x) = g(x + t).
Then g and g +t have “essentially the same” Fourier coefficients. That is, they differ by a
multiplicative factor of magnitude 1, so they have the same magnitude.
Why is this helpful? Well, say fGreen = 1{2,6,10,...,} and fRed = 1{0,4,8,...,} . Then, these two
+2
functions are shifts of each other, as fGreen = fRed
. It therefore suffices to study fc for a
single value of c, as desired. See figures 2 and 3.
2πi

Proof. Let ω = e N , so that χγ (x) = ω γ·x . We compute:
+t (γ) =
gc

=

E [g +t (x)χγ (x)∗ ]

x∈R ZN

E [g(x + t)χγ (x)∗ ]

x∈R ZN

5

(∗)

At this point, we make the change of variables y = x + t. For fixed t, if x is selected from
ZN uniformly at random, so is y. Thus,
(∗) =
=

E [g(y)χγ (y − t)∗ ]

y∈R ZN

E [g(y)χγ (y)∗ χγ (−t)∗ ]

x∈R ZN

= χγ (−t)∗ E [g(y)χγ (y)∗ ]
y∈ZN

γt

= ω ĝ(γ).
Recalling that ω γt is an N -th root of 1, we conclude that it is a complex number of magnitude
1. In the above computations, we used the important fact that χγ (x + y) = χγ (x)χγ (y) for all
x, y ∈ ZN , as well as the observation that χγ (−t)∗ does not depend on the randomly selected
y ∈R ZN .
This immediately yields the following corollary:
+t (γ)|2 = |ω γt |2 |ĝ(γ)|2 = |ĝ(γ)|2 .
Corollary 3.6. |gc

Thus, the probability of sampling γ ∈ ZN is independent of t. In our case, this means
that when we do the spectral sampling at the end of the algorithm, it does not matter what
color we measured earlier. It is therefore no loss of generality to assume that, if c is the color
we sampled, f (0) = c, from whence it follows that fc = 1{0,s,2s,3s,...} .
What is so special about the set {0, s, 2s, . . .}? It’s precisely the subgroup of ZN generated
by the number s!
Remark 3.7. For Simon’s algorithm, we would study 1{0,s} , as {0, s} is the subgroup of Zn2
generated by s.
We are now prepared to analyze the Fourier coefficients of g.
Proposition 3.8. Let H = {0, s, 2s, . . .} ⊆ ZN and let h = 1H . Then
(
1
if γ ∈ {0, Ns , 2N
, 3N
, . . .},
s
s
ĥ(γ) = s
0 otherwise.
Remark 3.9. Observe that |{0, Ns , 2N
, 3N
, . . .}| = s. To see this, recall that s · Ns = N = 0
s
s
mod N , so the size of the set is at most s because aN
= (a+s)N
for all values of a. But if
s
s
N
aN
bN
r < s then r · s 6= 0 mod N , so if a, b < s with a < b then s 6= s as otherwise (b−a)N
=0
s
mod N even though b − a ≤ b < s. Thus, we conclude that there are precisely s values of γ
for which ĥ(γ) 6= 0.
Assuming the proposition, what do we conclude? Well, the state changes as follows.
Recalling that the state prior to applying the FN gate is (3), we have
X√
1 X√
FN
√
s · h(x)|xi −→
s · ĥ(γ)|γi
N x∈ZN
γ∈ZN
measure

−→ γ with probability s · |ĥ(γ)|2 .
6

Since ĥ(γ) = 1s iff γ ∈ H, we measure γ ∈
/ H with probability 0 and γ ∈ H with probability
2
s· 1s = 1s . That is, we sample a uniformly random γ ∈ H. Recalling that H = {0, Ns , 2N
, . . .},
s
any γ ∈ H satisfies γs = 0 mod N . Thus, we conclude that we sample a uniformly random
γ such that γs = 0 mod N . This is just like what happened in Simon’s algorithm! There,
we sampled a uniformly random γ ∈ Zn2 such that γ · s = 0, so the only difference is that
now we consider multiplication modulo N instead of the dot product of two length n strings
modulo 2.
Now, we will prove Proposition 3.8.
Proof. We compute
ĥ(γ) =

E [h(x) · χγ (x)∗ ] =

x∈R ZN

1
E [χγ (x)∗ ] = (†).
s x∈R H

The second equality follows from the fact that h(x) is only ever nonzero on the set H which
has size s. We consider two cases:
Case 1. Suppose γ ∈ {0, Ns , 2N
, . . .}. Then
s
χγ (x)∗ = ω −γ·x
Now, recall that x is a multiple of s, since s is assumed to be sampled from H. Similarly, if
γ is in {0, Ns , 2N
, . . .}, γ is a multiple of Ns . Thus,
s
χγ (x)∗ = ω −(multiple of

N
s

)·(multiple of s)

= ω −(multiple of N ) = 1,

using that ω is an N -th root of unity. Thus, χγ (x)∗ = 1 for all x ∈ H, so
(†) =

1
1
· E [1] = .
s x∈H
s

Case 2. We could, using some elementary arithmetic, directly compute Ex∈R H [χγ (x)∗ ] to
show that it is 0. However, we’ll be a bit moreslick. We’ve already shown that our algorithm
2
outputs γ ∈ {0, Ns , 2N
} with probability s · 1s = 1s . Since |{0, Ns , 2N
, . . . , }| = s, there is no
s
s
probability left to give to the h̄(γ)’s! That is,
X
X
X
X
1=
s|ĥ(γ)|2 =
s|ĥ(γ)|2 +
s|ĥ(γ)|2 = 1 +
s|ĥ(γ)|2
γ∈ZN

γ∈H

γ ∈H
/

so
X

s|ĥ(γ)|2 = 0,

γ ∈H
/

implying ĥ(γ) = 0 for all γ ∈
/ H.

7

γ ∈H
/

4

Summary

Let’s reviewed what we’ve accomplished. We know that f is promised to be of the form
R G
|

B Y

R G B
{z
length N

Y ···
}

That is, f is s-periodic. We have shown that, with one query to Of and O(n2 ) gates along
with a couple measurements, we get a uniformly random γ ∈ ZN such that γ · s = 0 mod N
, . . .}).
(or, equivalently, such that γ ∈ {0, Ns , 2N
s
Well, what should we do? As is usually the case, we’ll want to repeat the algorithm some
number of times. But how many times show we repeat the algorithm to find s?
First of all, we observe that to find s, it actually suffices to find Ns . After that, we can
divide through by N and take the reciprocal to compute s.
So, how do we find Ns ? For the time being, forget that N and s are powers of 2. Let
m = Ns , so our algorithm samples a random integer multiple of m. Suppose we have two
random samples, which we can write am and bm. Note that
gcd(am, bm) = gcd(a, b)m.
So, if gcd(a, b) = 1, by taking the gcd of the two outputs am and bm, we will have found
m! Thus, the question becomes the following: If a and b are sampled from {0, 1, . . . , s − 1}
uniformly at random and independently, what’s the probability that gcd(a, b) = 1?
Claim 4.1. If a and b are sampled as above, Pr[gcd(a, b) = 1] ≥ Ω(1).
Proof. First condition on the
 event that a and b are not equal to zero. This event occurs
s−1 2
with large probability: s
which is at least 1/4. Fix a prime p. Observe that
Pr[p divides a and b] = Pr[p divides a] · Pr[p divides b]
since a and b are independent
2
= Pr[p divides a]
since a and b are identically distributed
Note that at most a 1/p fraction of the elements in the set {1, 2, . . . , s − 1} are multiples of p.
Since we are conditioning on the event that a 6= 0, we conclude that Pr[p divides a] ≤ 1/p.
Therefore
1
Pr[p divides a and b] ≤ 2 .
p
Thus,
Pr[gcd(a, b) > 1] = Pr[a and b share a prime factor]
X 1
≤
p2
primes p
≤

X 1
π2
=
− 1 ≈ 0.6,
n2
6
n≥2
8

Union Bound

where we have used the famous number-theoretic fact that
X 1
π2
,
=
ζ(2)
=
2
n
6
n≥1
where ζ denotes the Riemann zeta function.
P
Remark 4.2. Computing primes p p12 exactly is an open problem.
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Scribe: Sidhanth Mohanty

Overview

Let us recall the period finding problem that was set up as a function f : ZN → colors, with
the promise that f was periodic. That is, there exists some s for which f (x + s) = f (x)
(note that addition is done in ZN ) for all x ∈ ZN and that colors in a block of size s were
pairwise distinct.
This setup implies that s | N , so that greatly narrows down what s could be. This
problem is not hard to do classically, but can be done better with a quantum computer.
Slight variants of this problem can be solved with a quantum computer too, and we shall
explore such a variant in this lecture.
Here is a sketch of the period finding algorithm that was covered during last lecture (see
the period finding lecture for a deeper treatment).
• We begin by preparing our favorite quantum state
N −1
1 X
√
|xi
N x=0

We then tensor this state with |0n i.
• We pass the state (after tensoring) through an oracle for f and obtain the state
N −1
1 X
√
|xi |f (x)i
N x=0

• We then measure the qubits representing |f (x)i and obtain a random color c. This
causes the overall state to collapse a superposition of states where |xi is in the preimage
of c.
r Ns −1
s X
|x0 + ksi |ci
N k=0
p
The coefficients can be thought of as fc (x) Ns where fc (x) = 1 when f (x) = c and 0
otherwise.
1

• We then apply the Quantum Fourier
a quantum state
p s Transform on this state to obtain
N
ˆ
where the coefficients are fc (γ) N where γ is a multiple of s . From the previous
lecture, we know that fˆc has a period of Ns and hence γ for which fˆc (γ) is nonzero is a
multiple of Ns .
o
n
(S−1)N
,
·
·
·
,
.
• Measuring k gives us a random γ in 0, Ns , 2N
s
s
• Take a constant number of samples and take the GCD of all these samples. With high
probability, you get Ns , from which we can retrieve s.

2

Review of complexity of algorithms involving numbers

In general, an efficient algorithm dealing with numbers must run in time polynomial in n
where n is the number of bits used to represent the number (numbers are of order 2n )
To refresh, let’s go over things we can do in polynomial time with integers.
Say P, Q and R are n bit integers.
• P · Q can be computed in polynomial time.
P
• bQ
c and P mod Q can be computed in polynomial time.

• P Q is massive, and writing it out itself would cause the time to go exponential.
n

• But P Q mod R can be done polynomially by computing p, p2 , p4 , p8 , . . . , p2 for 2n ≥
Q.
• The GCD of P and Q can be done polynomially with Euclid’s algorithm.
• Now for something more interesting: checking if P is prime. It can be done in Õ(n2 )
using a randomized algorithm (Miller-Rabin) and in Õ(n6 ) using a deterministic algorithm (AKS).
• Now, why not try to factor P ? And suddenly we are stuck if we try to approach the
1)
problem classically. The best known deterministic algorithm runs in 2Õ(n 3

3

Shor’s Algorithm

There are three steps to understanding Shor’s algorithm [Sho97].

2

1. Factoring ≤ Order-finding: Factoring reduces to order-finding, which means that if we
have an algorithm to solve order-finding efficiently, we can efficiently solve the factoring
problem as well by a polynomial time reduction from factoring to order-finding. Note
that this reduction can be made classically.
2. Order-finding ≈ Period-finding: Vaguely, order-finding is approximately the same problem as period finding for a quantum computer. This will be expanded in more detail
this lecture.
3. Identifying simple fractions: This part is necessary in the order-finding algorithm that
is crucial for Shor’s algorithm and can be done classically as well.
The second step is the key step in Shor’s algorithm.

3.1

What is order finding?

We are given A, M (n-bit numbers) along with a promise that A and M are coprime. The
objective is to find the least s ≥ 1 (s ≤ M ) such that As ≡ 1 mod M . s is called the order
of A.
Note that s divides ϕ(M ), where ϕ is the Euler Totient function that gives us the number
of elements less than M that are coprime with M . As another remark, ϕ(M ) is the order of
the multiplicative group Z∗m and s divides ϕ(M ).

3.2

Proof that Factoring ≤ Order-finding

In this section, we shall assume that we have an efficient order-finding algorithm.
Say M is a number that we want to factor. The key to solving the factoring problem
using order-finding lies in finding a nontrivial square root of 1 mod M , that is, a number r
with r2 ≡ 1 mod M and r 6≡ ±1 mod M . Then we know that (r + 1)(r − 1) ≡ 0 mod M
and both r + 1 and r − 1 are nonzero mod M and are factors of some multiple of M . (A
nontrivial square root may not always exist, for instance, when M is a power of an odd
prime, but we’ll see how to handle that case)
Computing the GCD of M and r − 1 would give us a nontrivial factor of M , called c.
We can divide out c from M , check if c or Mc are prime and for each of c and Mc , if they are
not prime, we recursively factor them, and if they are prime, we store them as prime factors
and wait until the rest of the terms are factored. We then return the set of all prime factors.
(Recall that we can efficiently test primality.)
Note that the number of recursive calls made is logarithmic in M because there are at
most log M prime factors of M and each recursive call increases how many numbers we have
not split by 1. Hence, after log M − 1 recursive calls, there are about log M numbers that we
have not split. Splitting further would force the number of prime factors to exceed log M ,
which is not possible.
3

Now, one might ask how one would go about finding a nontrivial square root of 1 mod M .
We take a random A ∈ Z∗M , and find its order s.
s

Perhaps, we get lucky and have s be even, so we could set r ≡ A 2 mod M (then r2 ≡ As
mod M ≡ 1 mod M ). Maybe we could push our luck a bit more and hope r 6≡ −1 mod M .
But turns out, we can actually make these two lucky things happen, thanks to a number
theory lemma!
Lemma 3.1. Suppose M has ≥ 2 distinct odd prime factors. Then if we pick A ∈ Z∗M
s
uniformly at random, the probability that the order s of A is even and that A 2 ∼
= 1 is at least
1
.
2
Proof. See Lemma 9.2 and Lemma 9.3 of Vazirani’s course notes [Vaz04]
One can pick a uniformly random A ∈ Z∗M by randomly picking elements A from ZM
and computing GCD(M, A) until it we find A for which the GCD is 1. And with at least
1
chance, our ‘lucky conditions’ are satisfied. Repeatedly picking A boosts this probability
2
further. If we cannot find such a number A after picking randomly many times, then it
means that M is an odd prime power, in which case, we factorize it by binary searching the
k-th root of M where k is guaranteed to be an integer in [1, log M ].

3.3

Quantum algorithm for Order-Finding

By establishing that Factoring ≤ Order-Finding, we showed that if we could somehow find
the order of A ∈ Z∗M , we could then classically factorize M .
Now, we shall see how one actually finds the order. Given n bit integers A and M , let
N = 2poly(n) >> M where poly(n) is something ridiculously large like n10 . Such a number
N can still be written in poly(n) bits.
Define f : {0, 1, . . . , N − 1} → ZM to be f (x) = Ax mod M . Notice that A0 = As = 1,
all powers in between are distinct and then it repeats. So it is almost s-periodic, but not
quite, because we do not know if s divides N . But we shouldn’t have much trouble modifying
period-finding slightly to solve this variant of the original problem.
Just like in period-finding, we start with our favorite state
1
√
N

X

|xi

x∈{0,1}n

And then we tensor this state with |0n i and pass the overall quantum state through an
oracle for f , Of and end up with the state
1
√
N

X

|xi |f (x)i

x∈{0,1}n

4

And we measure the second register, collapsing the state to a superposition of states that
involve |xi where f (x) is a random element c in the subgroup generated by A. This is where
order-finding starts getting different from period finding.
Note that s does not divide N , so we cannot be sure of the exact number of times each
color c appears. Instead, we can say that appears only D times where D is either b Ns c or
d Ns e. We will now see how taking a massive N comes in handy.
We apply a Quantum Fourier Transform on our state to obtain the state
r

N −1 D−1
1 X X γ·s·j
ω
|γi |ci
N D γ=0 j=0

2πi

In the above state, ω = e N . And sampling γ from this state gives us some fixed γ0 with
probability
D−1
D 1 X γ0 ·s·j
Pr[sampling γ0 ] =
ω
N D j=0

2

The reason we separate D1 as DD2 and move the denominator into the square is that it
is nice to think of the sum being squared as an average. We want γ we select by sampling
e (this is notation for nearest integer) for k uniformly distributed in
to be of the form b kN
s
{0, 1, . . . , s − 1}. The idea is that if γ is of the given form, then Nγ is a real number that
is extremely close to the simple fraction ks where it is known that both k and s are n-bit
1
of ks , we claim we can find ks .
integers. More formally, given Nγ within ± 2N
Now, we call upon another lemma to show how such a γ can be sampled.
Lemma 3.2. For each γ of the form bk Ns c with 0 ≤ k < s, there is ≥
sampling γ.

0.4
s

probability of

Proof. A proof can be found in lemma 9.4 of Vazirani’s course notes [Vaz04].
We will now show how one can get ks when they have Nγ . Continued fractions are a way
to approximately describe real numbers in terms of integers. A real number r would look
something like
a0 +

1
a1 +

1
a2 +

1
...+ a 1
M

We will use a method involving continued fractions and go over a rough sketch of this
method in lecture to use continued fractions to obtain ks from Nγ .
First, let us illustrate with an example how one can obtain the expansion of some number
with continued fractions.

5

Consider the fraction 42
. We first split the fraction into its integer part and fractional
23
part and express it as the sum of both.
19
42
=1+
23
23
We then express the fraction as an inversion of its reciprocal.
1+

19
1
= 1 + 23
23
19

Now, split the denominator of the second term into its integer part and fractional part
and repeat.
1+

1
1+

1
4+

1
1+ 1
3

Now we will see how one could use continued fractions to compute ks . The idea is to use
Euclid’s algorithm on N and γ and stop when we get some value close to 0 rather than when
we get exactly 0, and keep track of quotients of the form b ab c whenever we compute a value
of the form a mod b. We will illustrate the method with another example.
, then γ ≈ 11
N.
If ks is 11
25
25
3
Now, we take N mod γ and get approximately 25
N with 2 as the quotient. As the
3
2
11
next step, we take 25 N mod 25 N and get roughly 25 N with 3 as the quotient. Then, we get
1
3
2
approximately 25
N as the remainder from 25
N mod 25
N and get 1 as the quotient. Finally,
in the last step, we get the remainder to be approximately 0 and the quotient to be 2 when
2
N and
we take recursively apply Euclidean’s algorithm on terms that are approximately 25
1
N.
25
The quotients at any given step in the Euclidean algorithm could be thought of as the
integral part, and finding the bigger element modulo the smaller element helps us obtain the
fractional part. Using the quotients we obtained, we get the continued fraction approximation
for Nγ as
1
2+

1
3+

1
1+ 1
2

=

11
25

To wrap up, we will show how we can eliminate possibilities of failure. If k and s
0
have a common factor, then the fraction ks0 returned by computing the continued fractions
approximation of Nγ would be one of simplest form, but with k 0 6= k and s0 6= s. We will
treat this possibility by showing that we can always find ks with k and s coprime by running
the algorithm enough times.
We claim that with probability

1
,
poly(n)

k and s are coprime.

6

Proof. Note that s has at most log s prime factors. By the prime number theorem, there
are at least logs s prime numbers less than s. The order of the number of prime numbers less
than s that are coprime with s is about the same, because log s is asymptotically much less
than logs s so excluding those primes without losing many elements. Thus, when k is picked
uniformly at random between 1 and s, there is a log1 s chance that it is a prime that is coprime
to s. s is at most n bits long, and hence the probability that k is a coprime to s is at least
1
.
poly(n)
Repeat the algorithm until you get

k
s

and

k0
s

in lowest terms with GCD(k, k 0 ) = 1.

Once we accomplish this, we can find s, which is the order of element A. And by using
the reduction of factoring to order finding that we proved in the previous section, we can
efficiently solve the factoring problem!
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Review and Setting the Stage

We start by reviewing the problems considered in the last lecture, their similarities, and how
they can be generalized to a more general problem (The Hidden Subgroup Problem) that is
the topic of today’s lecture. We then review some ideas of Group Theory before diving in.

1.1

A Single Problem, Leading a Double Life

We recall from last time the Period Finding Problem, which is critical in Shor’s Algorithm,
the problem can be given as:
Problem:
Given: f : N → “colors” with the promise that ∃s ∈ N .s 6= 0 such that ∀x ∈ N ,
f (x) = f (x + s) OR all f -vaues are distinct.
Goal: Find s
We will refer to the above statement of the problem as the (A) statement of the problem.
We then also have Simon’s Problem, which can be stated very similarly to the above and
we have also encountered before in the course. This problem can be stated in the following
way:
Problem:
Given: f : n2 → “colors” with the promise that ∃s ∈ n2 .s 6= 0 such that ∀x ∈ n2 ,
f (x) = f (x + s) OR all f -vaues are distinct.
Goal: Find s
We will refer to this definition of Simon’s Problem as (1). Obviously the two above
problem’s look very similar, it’s almost as though the scribe just copied the two definitions
and simply changed a few details... The answer to this unification is the topic of today’s
lecture, but first we will go over some simple reminder topics from Group Theory.

1.2

Z

Z

Z

Z

Z

Z

Galois’s Soliloquy

We want to restate the statements (A) and (1) of the problems at hand in terms of Group
Theory. To do this let’s first restrict to the case of the Period-Finding problem and enumerate
what could be considered a ‘solution’ to the problem
H := {0, s, 2s, 3s, . . . }
1

We see that, according to statement (A), the function f takes the same value on every
member of the set H, so in a sense if we know this set, then we have our solution, we can
easily find s. We also notice that H is a subgroup of the larger group Gp := ( N , +) of the
integers modulo N with addition (modulo N ) as the group operation. What is we add one
to everything in the above set? By the problem statement of the period finding problem, we
should have another distinct set of things which are all assigned a different color, and the
same thing would happen if we added two to everything in H. So we have:

Z

1 + H := {1 + h|h ∈ H}
2 + H := {2 + h|h ∈ H}
..
.
x + H := {x + h|h ∈ H}

We see easily by construction that each of these sets has a the same size and is assigned
a different f -value. It is also quite easy to see that, as long as we don’t repeat this process
to many times and come back to H itself, each of these sets is going to be disjoint. This
intuitively makes sense in when we note they have different f -values. Well, in the language
of the Group Theory, the sets we generated above are called cosets of the subgroup H:
Definition 1.1. A coset of a subgroup H of a group G is the set {xh|h ∈ H} for some
x ∈ G. This set is usually denoted xH.
Definition 1.2. A group G is said to be Abelian or commutative if ∀x, y ∈ G we have
that xy = yx. That is to say that the group operation is commutative.
Specifically we should note that the above examples are the left cosets of H, the right
cosets being the sets H + x, but since the present group Gp is Abelian this doesn’t make a
difference. We can take for example the case that N = 2n for some n ∈ (which is usually
convneient) and consider the following subgroup and its cosets:

N

H
1+H
2+H
3+H

:=
:=
:=
:=

{0, 4, 8, . . . } → Green
{1, 5, 9, . . . } → Red
{2, 6, 10, . . . } → Blue
{3, 7, 11, . . . } → Yellow

We see in the above example that the above exactly have the properties we specified for
the above example with s = 4, we also note that only one of the above sets is a subgroup,
obviously it is H.
We now have the machinery we wanted to restate the problems as we stated them above.
2

Problem:
Given: ∃H which is a subgroup of
same value to every member of H
Goal: Find H

ZN with addition modulo N such that f assigns the

We call the above set theoretic statement of the problem (B). We origianlly considered
this to be a slightly more general problem because it allows you any subgroup H, but every
subroup of N is cyclic and therefore can be generated in teh sense of statement (A). We
then have finally have the following statement of the Simon’s Problem, which we will refer
to as (2):

Z

Problem:
Given: Let H = {0, s} ⊆ n2 which is a subgroup of n2 with vector addition modulo 2
(as s + s = s ⊕ s = 0). There exists an s ∈ n2 and equivalent unique subgroup H as definied
above such that f assigns a unique color to each coset of H
Goal: Find H

Z

Z

Z

We do in this case have that this statement is more general than the statement (1) due
to the less trvial structure of the this group. In any case, we can clearly see the similarities
between these problems, (B) and (2) look even more similear than (A) and (1)! We’re on
the edge of a big discovery...

2

Protagonist Revealed: The HSP and Applications

We now introduse the general Hidden Subgroup Problem of which both of the above
cases can be reduced to.

2.1

Problem Statement

Problem:
Given: Let G be a group and f be a given function such that f : G →‘‘colors". We
are promised that ∃H ⊆ G which is a subroup of G such that f assigns a uniqu color to each
coset of H.
Goal: Find H
We note that in some cases the subgroup H may be exponentially large, so the algorithm
itself will output a generating set for the subroup H. We are guaranteed that there will
always be a generating set for this subgroup of polynomial size as stated (without proof) in
lecture. Further similar discussions may be found in [DW71, HHR07].

3

2.2

Reductions

We care about this because there are a lot of problems that can be reduced to this more
general case. Here are some examples:
Problem
Simon’s
Factoring/Period Finding
Discrete Log
Pell’s Equation/Princp. Ideal Problem
Graph Isomorphism
Shortest Vector Problem

Group

Zn2
ZN
ZN × ZN
R

Sn (Symmetric Group)
DN (Dihedral Group)






Abelian Groups




Non-Abelian Groups

To make things clear we’ll give a shor definition of the non-typical groups mentioned
above:
Definition 2.1. The Symmetric group on N elements, or SN is the group who’s underlying
set is the set of all bijections from [N ] = 1, 2, . . . N − 1, N to itself. The group operation
on this set is the composition of two of these functions, as these functions are bijections, a
composition of two of them is clearly a bijection, each one has an inverse, and the identity
transformation belongs to this set.
Definition 2.2. The Dihedral group DN is the group who’s underlying set ig the set of
symmetries of an N -sided regular polygon. Again here the group operation is the composition
of two symmetries. Clearly the identitiy transformation is a symmetry, the composition of
two symmetries is also a symmetry, and every symmetry has an inverse symmetry.
In returning to trying to solve the problems above we fiind our selves in one of two general
cases most of the time for algorithm’s to solve these problems on a Quantum Computer:
Case 1: The underlying group G associated with the problem is Abelian, in which case
we can solve the problem with polylog|G| number of gates and calls to the provided oracle
Of . This is the case with the first four of the problems listed in the table above. Generally,
these cases are not all that interesting.
Case 2: The underlying group G associated with the problem is non-Abelian, in which
case we can have an algorithm that has polylog|G| calls to the oracle function Of , but it
may need and exponenital number of gates to run succesfully.
Unfortunately, it seems as though we have generally disjoint sets of interesting problems
on one side and tractably solvable problems on the other, but not generally. Additionally
(cause we know you’re all thinking it) many people believe that quantum computers cannot
have algorithms that solve NP-complete problems in polynomial time.

2.3

How to Solve These

So how wuld we go about implenting and algorithm to solve this problem generally? We
have the following set-up. Well, we know we have the function of f : G →“colors” (or
4

equivalently {0, 1}n ). It is then convenient to basically “round up” so that the numbers that
we are dealing with are nice powers of two, we do this by setting n = dlog2 |G|e number of
bits. This is annoying, but neccessary.
We then have the, supposedly given, oracle function:
Of : |gi |xi → |gi ⊗ |x ⊕ f (g)i

(1)

Which is defined if g ∈ G and undefined otherwise. Note we will hit the case where it
is undefined because of the way we have expanded the number of bits for convenience. We
then use this set-up in the next section.

3

The Standard Method

We present here the way in which “basically everyone” solves the Hidden Subgroup Problem
[Lom04].

3.1

Presentation

Here’s the algorithm:
Step 1: We begin by preparing a uniform superposition of g ∈ G call it |ψi (or more
literally a linear superposition of x ∈ 2n where n = dlog2 |G|e). We do this in the usual way
by applying the Hadamard gate to each of n input qubits:
1 X
1 X
|xi ≈ p
|gi
|ψi = √
2n |xi∈[N ]
|G| g∈G
Step 2: We attach the necessary m ancillary bits |0m i
Step 3: We apply the Oracle Of to get:
1 X
|gi ⊗ |f (g)i
Of (|ψi ⊗ |0m i) = p
|G| g∈G
Step 4: We measure the second register, that is the bits who represent the ket |f (g)i in
the above equation. We get Pr[observe color ‘c’] = fraction of f -values equal to c. Therefore
we see a uniformly random color (as each coset is of the same size). This then causes the
state of the system to collapse to collapse to the state that is consistent with seeing that
color. We see we go from the generally stated version of the state on the right, to the state
on the left after the measurement:


X
X
X
1
1
p
|gi ⊗ |ci →  p
|gi ⊗ |ci
|G| c∈colors g iff (g)=c
|H| g iff (g)=c
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We then note that f −1 (c) = gH for some g ∈ G and some subgroup H of G. We can
then rewrite the above (dropping the tensor with the redundant |ci) as:
1 X
p
|H| h∈H

(2)

The above equation (2) is by convention called the coset state and is usually represented
by |gHi. So, to summarize, what have we done? We have created an algorithm which calls
the oracle gate once and outputs a uniformly random coset state |gHi. We can see that this
state is uniformly random as the c is uniformly random and we have a bijection between
these properties.
This is the exact smae distribution of picking a uniformly random g ∈ G and outputting
the coset state |gHi.

3.2

We’ve Been Here Before...

We now note that if we look back carefully at our algorithms from the beginning of the
lecture, that we’ve seen this before! In the Period Finding Problem we run the above
algorithm twice by gernerating tow states, Hadamard transforming them and the performing
some other classical operations. The intermediate quantum steps are shown below:
|x1 + Hi
|x2 + Hi

H

We saw a similar case for Simon’s Problem, this time generating n − 1 such states
|x1 + Hi
|x2 + Hi
..
.

HN

|xn−1 + Hi
This process is the followed up by more classical computation.

3.3

The EHK Algorithm

We now review an algorithm given by Ettinger, Hoyer, and Knill [EHK04]. They showed
by demonstarting and algorithm which did so, that the quantum query complexity of the
Hidden Subgroup Problem is Q = poly(n) where n = dlog2 |G|e for the associated group G.
This happens by first generateing Q cosets states using the general method outlined
above. They then outline a very large and entangled unitary transformation U that must be
applied to these states. This unitary transformation can be quite large and take O(log |G|)
number of gates to run for Abelian groups G. It then has the following picture:
6

|g1 Hi
|g2 Hi
..
.

U

|gQ Hi
The reader who is interested in the process of creating the (generally very complicated)
transformation U is encourages to check the paper cited above. We note that the examples we
gave above for the Period Finding and Simon’s problem did not involve entangled operations,
whereas the transformation U does.

4

The Final Act: Graph Isomorphism

We now present the algorithm for solving the Graph Isomorphism problem with the Hidden
Subgroup Problem standard method. Of course, as noted above, the underlying group here
is the Symmetric Group on n elements. We first state the problem for reference:
Problem:
Given: Two graphs C1 = (V1 , E1 ) and C2 = (V2 , E2 ) which are represented here as
ordered pairs of a set of vertices Vi and a set of edges between these vertices (ordered pairs
of vertices) Ei . We call the grpahs Ci instead of Gi in order to avoid confusion with the
previous discussion using G to denote groups. We assume here that V1 = V2 = {1, 2, . . . , n},
that is that the set of vertices have the same size. We also assume for convenience that the
sets are connected. We note that is this is not the case then we can separate these graphs
into the cases of their disjoint components. We saw
√ in homework 3 that we could decide this
connectedness (returning a spanning tree) in O( n) time, so this is not a huge problem.
Goal: Output “Yes” if the Graphs C1 & C2 are isomorphic, output “No” otherwise.
Let’s first give a formal definition of the isomorphism that we mean and the consider an
example.
Definition 4.1. Two graphs C1 and C2 with sizes |V1 | = |V2 | = n are said to be isomorphic
if ∃π : [n] → [n] a bijection (permutation of [n] such that π matches the edges of C1 with
the edges of C2 , or equivalently vice versa. That is to say that for i, j ∈ V1 C1 and c2 are
isomorphic if ∃π such that (i, j) ∈ E1 ↔ (π(i), π(j)) ∈ E2 .
We then consider the case of the rtwo following graphs who have vertx sets of size four.
We will refer to the first graph as C1 and the second graph as C2

7

C1
1

2

4

3

1

2

4

3

C2

We then note that if we define the permutation π by π : {1, 2, 3, 4} → {1, 3, 2, 4} that we
end up with the same edges between the nodes. So the above two graphs are isomorphic!
This somehwat motivates a second definition of isopmorphism:
Definition 4.2. Given a graph C = (V, E) and a permutation π ∈ Sn where |V | = n we
may define the new graph π(C) by π(C) = (V, π(E)) where (i, j) ∈ E ↔ (π(i), π(j)) ∈ π(E).
We then can say that two graphs C1 and C2 are isomorphic is there exists a permutation
π such that π(C1 ) = C2 .
We will now give some short lemmas and definitions which will be esssential fo rthe main
result.
Definition 4.3. The automorphism group of a graph C is the set of permutations of the
graph nodes which leave it unchanged, denoted Aut(C). That is:
Aut(C) = {π ∈ Sn |π(C) = C}

(3)

If we consider the two graphs above as one disconnected graph (as we will do below) we
see that acting with π on C2 and π −1 on C1 gives us the same composite graph.
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Lemma 4.4. The Automorphism Group on a graph C = (V, E) is a subgroup of the group
Sn where n = |V |.
Proof. We first note the it is clear the Aut(C) ⊆ Sn , since all of it’s elements are elements of
Sn . We then need to show that it (i) contains the identity element, (ii) each of it’s elements
has an inverse in the set, and (iii) it is closed under the group operation.
(i) It is clear that the identity element is in Aut(C), as ths identity permutation I just
gives back C so I(C) = C trivially.
(ii) Suppose π ∈ Aut(C), then by definition π(C) = C. Applying π −1 to both sides of
this equation we have π −1 (π(C)) = π −1 (C) this leads simply by definition of the inverse to
C = π −1 (C), showing that π −1 ∈ Aut(C) by definition of the Automorphism group.
(iii) Suppose π, σ ∈ Aut(C), we want to show that their composition is also in this set.
This is done easiuly as follows:
π(σ(C)) = π(C) as σ ∈ Aut(C)
= C as σ ∈ Aut(C)
So that clearly ππ ∈ Aut(C) and thus it is closed under the group operation.
We then have shown all the necessary properties to demonstrate that Aut(C) is a subgroup of Sn .
Lemma 4.5. Suppose that for a graph C we have a function f : Sn → {graphs on n
vertices}, defined such that f (π) → π(C) which we can treat like our “colors” in this
problem. Then this function f ‘hides’ the Subgroup Aut(C) of C. That is that f assigns a
unique value to each coset of Aut(C).
Proof. We need to show that f assigns a unique value to each coset of the automorphism
group.
Part 1: To do this we state a general coset of the automorphism group as σAut(C).
We then suppose π1 , π2 ∈ σAut(C). Then we may state π1 = σω1 and π2 = σω2 for
ω1 , ω2 ∈ Aut(C). We then show that f (π1 ) = f (π2 ).
f (π1 ) =
=
=
=
=
=
=

π1 (C) def of f
σω1 (C) def of π1
σ(ω1 (C))
σ(C) def of Aut(C)
σ(ω2 (C)) def of Aut(C)
π2 (C) def of π2
f (π2 ) def of f

Thus f (π1 ) = f (π2 )
Part 2: We then want to show that f (π1 ) = f (π2 ) for π1 , π2 ∈ Sn implies that π1 ∈
π2 Aut(C) or equivalently π2 ∈ π1 Aut(C), this comes easily from the following:
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f (π1 ) = f (π2 ) ↔
↔
↔
↔

π1 (C) = π2 (C) def of f
(π2−1 π1 )(C) = C def of inverses
π2−1 π1 ∈ Aut(C) def of Aut(C)
π1 = π2 π2−1 π1 ∈ π2 Aut(C)

This is exactly what we desired to show, so that f does indeed hide the automorphism
group of C.
With these lemmas and definitions in hand we will see that the main result will be wuite
easy.
Theorem 4.6. Graph Isomorphism between two graphs C1 = (V1 , E1 ) and C2 = (V2 , E2 )
reduces to HSP on the group S2n where n = |V1 | = |V2 |.
Proof. Given these two graphs we form the composite graph CU := C1 ∩ C2 defined as the
disjoint union of two separate graphs. This is equivalent to taking the two grpahs separately
and then simply considering them as a single ‘structure.’
We then define the funciton f mapping S2n to the set of graphs on 2n vertices in a similar
way to that given in Lemma 4.5 by saying f (π) = π(CU ).
In this case, treating the problem as the HSP problem we see we want to find the automorphism group of CU . Running the standard method on this problem will give a description
of this automorphism group. We may then examine this group and note that if any σ ∈ (CU )
exchanges members of the graphs C1 and C2 then we may output “Yes”, otherwise, we output
“No.”
To see why this works we note that if the two graphs are isomorphic then the automorphism group will necessarily have a member that will exchange members of the graphs on the
overall graph. Such an example of performing a permutation π that satisfies the defintion
of isomorphism to C1 and then π −1 to C2 so that the overall permutation acts on CU and
leaves the graph unchanged. This clearly cannot be the case if they are not isomorphic.
We additionally note that, since the algorithm should only return a generating set for the
the automorphism group, that this doesn’t cause us to lose any generality. The generating
set should have the same properties as discussed above.
So we have shown that Graph Isomorphism is simply a special case of the Hidden Subgroup Problem!
CLOSE CURTAIN
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Some Quantum Algorithms

Let’s review some some algorithms we’ve learned so far, and revisit their query complexity.
Recall Grover’s algorithm for unstructured search: Given access to a database of size N
and some function f : [N ] → {0, 1} along with√a promise that f (x) = 1 for a unique x∗ ,
find x∗ . Using a quantum computer, we find O( N ) queries sufficient to find x∗ . Now, we
compare this result with query bounds on a classical computer. Classically, it is clear to see
that we need O(N ), or more specifically N − 1 queries to find this x∗ . It’s provable that
even randomly with some error probability , we still need Θ(n) queries to find√x∗ . So, now
that we’ve seen some cool quantum algorithms, is there a way to show
√ that O( N ) queries
is the best we can do? It’d be nice if we could show that we need Ω( N ) for the number of
queries to find this x∗ using a quantum computer.
Remark 1.1. Grover’s search and SAT
We’ve
we can use Grover search and a reduction to solve Circuit-SAT
√ discussed that
n
n
in O( 2 ) or O(1.41 ) time (or gates.) Proving a lower bound for Grover’s search doesn’t
necessarily prove a lower bound for Circuit-SAT, as there could be some clever algorithm
which takes advantages of gates, and doesn’t simply attempt all input possibilities to the
circuit.
Next, recall Simon’s problem. For this problem, we are given query access to some
function f : [N ] → [M ], where N can be represented as a binary string {0, 1}n , and M can
be considered as M different “colors.” We are given the promies that f (x + s) = f (x) for
some s ∈ {0, 1}n , and ignore the trivial case of s = 0. √
In this problem, we have seen that we
can find s using O(log N ) queries quantumly, and Θ( N ) queries randomly via a birthday
attack. [Bac06]
Finally, we consider the element distinctness (ED) problem. In this problem, we are given
oracle access to some function f : {0, 1}n → [M ], where once again we think of the output as
colors. In this problem, we want to output “yes” if all the outputs of f are distinct, and say
no if there is some duplicate color, such that f (x) = f (y) = c for some x 6= y. Classically,
we can sort the input and scan for duplicates in O(N log N ) times. Randomly, it is possible
to solve element distinctness in Θ(N ) time. Quantumly, we can solve element distinctness
2
in Θ(N 3 ) queries. [BDH+ 01]
Well, what’s the difference between these different quantum speedups? Why does Simon’s
problem get an exponential speedup, whereas element distinctness and search only seem to
1

gain polynomial speedups? To answer these questions, let’s first develop some notation, then
revisit this remark.

2

Some New Terminology

Let’s discuss some terminology which will be useful as we proceed through the polynomial
method.
First, we classify problems as either Search Problems or Decision Problems.
• Search Problems: A problem such that the output is a string, (i.e. x∗ for Grover’s
algorithm as discussed in section one.)
• Decision Problems: A problem such that the output is binary (yes/no), such as the
output to the element distinctness problem.
For many problems, it is easy to construct a decision problem from a search problem.
Consider Grover’s algorithm. The search version for Grover’s algorithm is: promised some
f (x) = 1 for at moste one x find and return x. Now, consider this as a decision problem.
In this version, we could simply return “yes” if x exists with f (x) = 1, or return “no” if no
such x exists. √
We can solve this decision version by searching for some x, and then testing
its value in O( N ) queries.
Next, let’s recall some basic complexity theory. We say a randomized algorithm ”solves”
a decision problem if it outputs the correct answer more than 23 of the time (although it will
work for any probability greater than 12 by repeating the algorithm a constant number of
times.)
Lastly, let’s define a promise problem. A promise problem is an algorithm over some
subclass of all functions. This means, that we are given some promise that restricts f and
disallows some possible functions. Often, given a promise problem, the algorithm will take
advantage of the promise to speed up its runtime. If a problem is not a promise problem,
then it is a total problem. That is to say, the algorithm works for all inputs on any f .
Thus, for a decision problem, we need f : [N ] → {0, 1}, and all possible functions f must be
valid inputs to the algorithm. Now, earlier we discussed a promise version of Grover, where
we were promised that there was some x∗ such that f (x∗ ) = 1. Let’s compare this to total
decision Grover search, where we must now output yes if such an x∗ exists, and output no
if f (x) = 0 on all inputs. In Homework
3, we solved that even this total decision version of
√
Grover search is solvable in O( N ) queries.
Returning to search versus decision problems, let’s revisit Simon’s problem. We can
see that for Simon’s problem, we have a search problem, as we try to find s such that
f (x + s) = f (x) for all x. Also, we are given a promise that such an s exists, and that it is
not 0. So what would the decision problem be? We simply output “yes” if s = 0, and “no”
otherwise. If s = 0, then we know that we have all distinct colors, so the decision version
of Simon’s problem is actually the Element Distinctness Problem! However, we no longer
have a promise in this decision version, as we must produce a valid answer over any input
function f .
2

At the end of section one, we questioned why Simon’s search had such a great speedup
from a quantum computer, compared to a relatively unexciting polynomial speedup for
element distinctness. With our new terminology, we can give an answer, thanks to the
following theorem
Theorem 2.1. For a total decision problem, a quantum algorithm can NOT beat a classical
algorithm by more than a polynomial runtime. Let D(n) be the classical query complexity,
and Q(n) be the quantum query complexity. We have
D(n) ≤ Q(n)6
Thus, our speedups due to a quantum computer are actually fairly limited on total decision
problems! [BBC+ 01]
Using this theorem, we see that because Grover’s algorithm and Element Distinctness are
both total decision problems, then it is impossible to get the type of exponential speedup
we get in Simon’s problem. Simon’s problem is a promise problem, so we are able to
achieve some nice speedups.
Remark 2.2. Similar to the maximum polynomial speedup for total decision problems, it
has also been proven that D(n) ≤ R(n)3 and that R(n) ≤ Q(n)2.5 , where R(n) is the runtime
of a randomized algorithm. [BBC+ 01]

3

How to Prove Lower Bounds

This lecture along with next lecture, we’re going to go over the polynomial method for
proving lower bounds. Another method which will be addressed later in the course is the
adversary method, which is actually more powerful but a little more difficult to understand.
To understand and use the polynomial method, we’re going to switch up some notation.
Before, we had data as a function
f : [N ] → [M ]
From now on, we’ll consider data as a ”string” such as
w ∈ [M ]N
or
w1 w2 · · ·

wN −1 wN

Essentially, our data is now some mystery array full of mystery strings that we can index into
via wi , where i ∈ 0, 1, · · · , N . Our oracle, previously Of , will now be denoted as Ow . The
classical version of this oracle takes in an i, and outputs wi . Quantumly, this means if we
apply the new oracle to some |ii and preserve reversible computing, we get |ii → (−1)wi |ii,
or |ii |yi → |ii |y ⊕ wi i. Now, our function F , will actually be considered a property of all
3

of the strings w, instead of a mapping from [N ] to [M ] as we had previously done. Let’s
consider Grover’s total decision algorithm in this new notation. Each wi is either 0 or 1. We
want to know if there is a wi = 1 for some i. Essentially, we are taking the logical or of all of
the w ∈ F , or OR(w1 , w2 , · · · , wn ). Now, before we go on to prove a lower bound for Grover
Search (by proving a lower bound for the logical OR of N bits) we show the following:
Theorem 3.1. Let A be a quantum query algorithm
making t queries to Ow , with w ∈ [M ]N
(
1 if wi = C ∈ [M ]
Lets denote the following notation for w
g
. Then, the amplitude of
i,c =
0 otherwise
any basis state is a polynomial in w
g
i,c of degree less than or equal to t.
Proof. First, let’s take a look at what this algorithm A actually looks like as a quantum
circuit.




input






output 

U0

Ow

U1

Ow



ancillas 

···
···
···
···
···
···
···
···
···
···
···
···
···
···
···

Ut

Ow

M

In this circuit, we have n input bits, m bits where the output will be stored, and a ancilla
bits. Ui denotes the ith unitary transform on the state, and each Ow is an application of our
oracle, finally followed by a measurement M. Now, we assume that our input is initially all
0’s, and we continue the proof by induction on t. For our base case, we will consider the
state of all the qubits after some unitary gate U0 has been applied. Our basis state originally
is
|0n i ⊗ |0m i ⊗ |0a i
Now, after we apply the first unitary transformation to this basis state, we get a state which
looks like
w−1 X
X
X
αjbz |ji |bi |zi
j=0 b∈{0,1}m z∈{0,1}a

Now, we can see that since αjbz is always a constant coefficient, that this is a 0 degree polynomial. Thus, our base case is done.
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Induction Hypothesis:
After k steps, we have some state |ψi, which looks like
w−1 X
X

X

Pj,b,z (w)
e |ji |bi |zi

j=0 b∈{0,1}m z∈{0,1}a

Where each Pj,b,z (f
ws ) is a polynomial of degree at most k.
Inductive Step Now, we want to apply Ow to this state. This application yields:
Ow |ψi =

w−1 X
X

X

Pj,b,z (f
ws ) |ji |b ⊕ wj i |zi

j=0 b∈{0,1}m z∈{0,1}s

Which we can rewrite with b0 = b ⊕ wj as


w−1
X X
X
X

w
g
e  |ji |b0 i |zi
j,a ∗ Pj,b0 ⊕a,z (w)
j=0 b0 ∈{0,1}m z∈{0,1}s

a∈{0,1}m

Now,
P we can see that this application results in a polynomial of degree at most k + 1, as
g
e will increment the degree by at most one, as each P is of degree
( a∈{0,1}m w
j,a Pj,b0 ⊕a,z (w))
at most k. Thus, by induction, the degree increases by at most once per query made, so for
a t query algorithm, the amplitude of any bases state is a polynomial in w
g
i , c of degree at
most t.
Corollary 3.2. Acceptance (YES) of A is a real-coefficient polynomial P in w
g
i,c of degree
less than or equal to 2t
∗
∗
are
. Because Pj,b,z and Pj,b,z
Proof. The probability of measuring some |ji |bi |zi is Pj,b,z Pj,b,z
both polynomials of degree at most t from theorem 3.1. Their product must also be real,
because we are taking the magnitude of each Pj,b,z , which is always real.

Consider a decision problem. In this , M = 2 as the two colors we have are ”yes”
and ”no.” For w ∈ {0, 1}n then P is just an approximating polynomial of deg ≤ 2t in
w1 , w2 , · · · , wi , · · · , wn . In this case, we have w
g
g
i,1 = wi and w
i,0 = 1 − wi . Thus, P is a
multilinear polynomial of degree wt. We know that each variable is never to a degree of
2
more than 1, because w
g
g
i,c = w
i,c Thus, we describe P as
X
Y
P (w1 , · · · , wn ) =
cs
wi
S⊆{1,··· ,N }

i∈S

Corollary 3.3. If A solves some decision problem F : [M ] → {0, 1} with t queries, then
there is a degree 2t polynomial P in terms of all w
g
i,c such that P r[acceptance] = P (w). For
an error bounded algorithm, this polynomial has the property that
1
|P (w) − F (w)| ≤
3
Now, as we proceed, we can show a minimum number of queries for A, by showing a
minimum degree of P that satisfies all of its requirements! Let’s consider Grover’s algorithm
as an example.
5

4

Example: Grover’s Total search

Now, we proceed to conclude with an example of Grover decision
√We have from earlier that F = OR on N bits, and we want to show that this requires
Ω( N ) queries to compute this property F . Essentially,
we want to show that any approx√
imating polynomial P for OR has deg(P ) ≥ Ω( N ).
We begin by defining some function Q, of the form Q(w1 , w2 , · · · , wn ) to be a symmetrized
polynomial of our approximating multivariate polynomial P, and let deg P = 2t. That is to
say,
1 X
P (wπ(1) , wπ2 , · · · , wπ(n) )
Q=
N ! π∈S
w

Since Q is a sum of polynomials of degree 2t, then deg Q ≤ deg P = d. Since P approximates
F , then we have P (0, 0, · · · , 0) ∈ [0, 31 ] and P (w1 , w2 , · · · , wn ) ∈ [ 32 , 1] if some wi = 1. Now,
we want to show that Q also satisfies this approximation.
Theorem 4.1. If P approximates F, then Q also does as well.
Proof. This proof falls into two cases. We can say that the input of P is either all zeroes, or
at least one non-zero term.
Case 1 If the input is all zeroes, then we have P (0, 0, · · · , 0) ∈ [0, 13 ] by our definition of
P . Thus, we can compute a range for Q by plugging in, resulting in Q(0, 0 · · · 0) =
1
(N !P (0, 0, · · · , 0)) = P (0, 0, · · · , 0), so clearly Q(0, 0, · · · , 0) ∈ [0, 31 ]
N!
Case 2 In this case, because our input to P is not all 0s, then each permutation of the inputs
cannot be all 0s. Thus, each permutation of these inputs on P can output a different
output in [ 32 , 1]. However, we know that the sum over all permutations must be in
[N ! 32 , N !] by adding all of the outputs, and dividing this by N ! gives us Q, which is
still in [ 32 , 1]
Thus, because Q(0, 0, · · · , 0) ∈ [0, 13 ] and for all other Q(w) with some wi = 1, Q(w) ∈ [ 23 , 1],
Q also approximates F .
We’ve shown that Q, like our polynomial P , satisfies F . However, it is interesting to note
that Q is a multivariate polynomial, which does not change on any permutations of come
input. Now, let’s observe some interesting properties of Q.
Observation 4.2. Q is symmetric in w = (w1 , w2 , · · · , wn ). That is to say, it doesn’t change
if you permute its arguments. Since wi ∈ {0, 1}, then Q(w) depends only on the numbers
of 1s in its input, or its hamming weight (denoted
P as |w|.) This implies, as you’ll show in
the homework, that Q depends on z, with z = N
i=1 wi . As a consequence of this, we can
argue that Q = q(z) for some univariate polynomial q of z, with deg(q) ≤ deg(Q). However,
we recall that q is defined only on integer values of z. q(z) = 0 if z = 0, and q(z) = 1
∀z ≥ 1 ∈ . Other values of q are undefined, and can take any arbitrary value.

Z

6

Claim 4.3.

√
deg q(z) ≥ Ω( N )

Proof. To prove this, we’re going to need Markovs other Inequality, which states

R

Lemma 4.4 (Markov’s other Inequality). For some polynomial P : → R of degree d
such that P is bounded in some box of height h and length l and univariate of some variable
z, then
h
|P 0 (z)| ≤ d2
l
inside the box of height h and length l [Mar90]
For an example, consider a box bounded by [−1, +1] × [−1, +1]. By this other inequality,
we have that if |p(z)| ≤ 1 for all |z| ≤ 1, then by this inequality we know |p0 (z)| ≤ deg(p)2
for all |z| ≤ 1, because h = l = 1.
As we proceed, we’ll make a convenient assumption at our conclusion, and then discuss
how the assumption was not actually necessary, so our claim holds for all q(z). Let’s assume
that q(z) ∈ [0, 1] for all z ∈ [0, N ], even though we only know the restrictions on q(z) for
integer inputs z. By assuming this, we can get a height of 1 on our box which has length
2
2
= 4tN Because q goes from
N . Using Markov’s inequality, we can get that |q(z)| ≤ deg(q)
N
a value at most 13 at z = 0 to a value of at least 23 at z = 1, we must have by the Mean
Value Theorem that |q 0 (z)| = 31 for some z ∈ [0, 1] Plugging this |q 0 (z)| into Markov’s other
√
2
inequality, we get 31 ≤ 4tN , which solves to show t ≥ Ω( N ).
Now, we want to show why we can discard our assumption that q(z) ∈ [0, 1] for all
z ∈ [0, N ]. Disregarding this assumption, we realize that we know longer have a guarantee
of h = 1 inside of our box. Now, we’ll let the height of our box be h = maxz∈[0,N ] |q(z)|.
√
If h = 2, the above analysis is still valid, with some constant factor going into the Ω( N ).
Now, let’s consider the case where h ≥ 2, and our assumption was entirely invalid. In this
case, we know we have |q(z)| = h at some z = u. Because q(z) is bounded on integers,
q(buc) ≤ 1. By the definition of a floor function, we have u − buc ≤ 1. Again, we can use the
h−1
≥ h − 1 ≥ h2 for some z with buc ≤ z ≤ u.
Mean Value Theorem to see that |q 0 (z)| ≥ u−buc
Now, we have a second relationship between |q 0 (z)| and the height of our box. We have
|q 0 (z)| ≤ deg(q)2

(2h)
h
≤ 8t2
N
N

And also

h
2
h
Thus, combining these two facts, we get 2 ≤ 8t2 Nh . Regardless of the behaviour of q(z)
in between integer inputs for z, by this analysis and Theroem
√ 4.1 we have shown that the
number of queries t required for taking the OR of N bits is Ω( N ) . Consequently, Grover’s
search algorithm has optimal query complexity for a quantum computer.
|q 0 (z)| ≥

7
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1

Scribe: Titouan Rigoudy

Outline

In this lecture, we will:
• Briefly review the Element Distinctness problem.
• Introduce the Collision problem and its applications.
• Show how it reduces to the Element Distinctness problem.
• Prove an O(N 1/3 ) upper bound on the quantum query complexity of the Collision
problem.
• Use the polynomial method to prove a matching Ω(N 1/3 ) lower bound.

2
2.1

Review
Notation

Last lecture we introduced
the polynomial method and used it to prove a quantum query
√
lower bound of Ω( N ) for Grover’s total search problem.
Recall that in order to do so, we changed the way we view inputs to our quantum
algorithms. Instead of considering that inputs are functions f : [N ] → [M ], we now consider
them to be strings w ∈ [M ]N , with slots labeled by numbers i ∈ [N ] : wi ∈ [M ]. Pictorially:
w:

w1 w2

...

wN

Correspondingly, our oracle for w is now Ow instead of Of , and we care about some properties
of strings represented by F : [M ]N → { 0, 1 }.

2.2

Element Distinctness

One such property which we mentioned last time is Element Distinctness (hereafter abbreviated ED):
Definition 2.1. Given w ∈ [M ]N , say ”yes” if all the values wi are distinct, ”no” if there is
a least one duplicate.
1

Recall that in the previous lecture we defined two classes of quantum problems: promise
problems, for which the input w is promised to have some property, i.e. w is restricted
to some subset of [M ]N ; and total problems, for which the input w may be any string in
[M ]N . We saw last time that the quantum query complexity of any total problem cannot be
exponentially lower than its classical query complexity.
ED is an example of a total problem, and as such we cannot hope to find a quantum
query algorithm providing a massive speedup over classical query algorithms. In fact, the
2
classical and quantum query complexities are known to be respectively Θ(N ) and Θ(N 3 ).

3

The Collision problem

3.1

Definition

The problem is the following:
Definition 3.1. Given w ∈ [M ]N and r ≥ 2 such that r|N , output:
• ”yes” if all the values in w are distinct, i.e. if w is 1-to-1.
• ”no” if w is r-to-1.
Example 3.2. Let N = 4, M = 4 and r = 2. The following input is a ”yes” instance:
1 2 3 4
Whereas the following input is a ”no” instance:
1 2 2 1
This is clearly a promise problem, as w cannot be any arbitrary string: it must be either
1-to-1 or r-to-1. Also, intuitively, this problem seems easier to solve than ED because of all
the repeated elements. One might hope that we may come up with a very efficient quantum
query algorithm for solving it.
√
In the case that r = 2, then there is√an O( N ) randomized query algorithm relying on
the birthday paradox. Simply pick O( N ) elements from w uniformly at random and a
collision will happen with high probabilityif
is a ”yes” instance. This algorithm extends
qit 

N
to a general r, yielding a complexity of O
.
r
What about the quantum query complexity? We know that for total problems, there can
only be a polynomial gap between classical and quantum query complexities. Here, however,
we are considering a promise problem, so we may hope to do much faster than randomized.
On the other hand, this problem is very closely related to ED, which cannot be solved very
fast. So what will it be?
It turns out that
best quantum query algorithm for the collision problem has a query
 the
 
N 1/3
complexity of Θ r
. We will dedicate the end of the lecture to proving this.

Remark 3.3. Henceforth, for simplicity of presentation, we shall only consider the case
r = 2. Everything we will do can be easily generalized to an arbitrary r.
2

3.2

Applications

Before we dive in to the math, let us ask why we are interested in solving this problem. It
is a nice little problem, and there is no reason why not, but there are some more important
applications of this problem. Consider an alternate universe in which the collision problem
is solvable using only O(log N ) queries, and let us examine the consequences.
Recall the Graph Isomorphism Problem, one of the most famous NP-intermediate problems:
Definition 3.4. Given G = ([n], E) and G0 = ([n], E 0 ) two graphs of n nodes each, determine
if they are isomorphic, i.e. if there exists a permutation π ∈ Sn such that:
(i, j) ∈ E ⇐⇒ (π(i), π(j)) ∈ E 0
In our alternate universe, it is possible to solve this problem efficiently. First, number all
permutations of Sn = { π1 , . . . , πn! }, and write:
w = π1 (G)

...

πn! (G) π1 (H)

...

πn! (H)

Conceptually w is thus a huge string of length 2n!, even though in practice one may not need
to write it all out, as long as individual elements may be computed efficiently as needed.
The ”colors” in this case are entire graphs.
If the graphs are isomorphic, then there must be collisions in w. Indeed each permutation
of G must appear at least once on the ”left” side of w and on the ”right” side.
In particular, if the graphs are automorphism-free then w is exactly 2-to-1. Running our
efficient algorithm for the collision problem on w thus solves the graph isomorphism problem
in this case, with O(log(2n!)) = O(n log n) queries.
If the graphs are not automorphism-free, then it is also possible to reduce to the collision
problem, but how to do so isn’t immediately obvious.
Another interesting application of the collision problem is collision-resistant hash functions. Such functions are basic primitives in cryptography, allowing to build cryptographically secure systems. Informally, a hash function h : { 0, 1 }n → { 0, 1 }m is collision-resistant
if it is ”hard” to find x, y ∈ { 0, 1 }n such that h(x) = h(y). In practice, cryptographers pick
h at random from a family of hash functions which is proven to resist to known cryptographic
attacks with high probability.
However, if we extend our alternate universe to have an efficient solution to the search
problem version of the collision problem, then there can exist no secure hash functions against
quantum computers.
Unfortunately, or fortunately for cryptographers, we do not live in such a universe. There
is a known polynomial lower bound for the collision problem.
Interestingly enough, there exists an application of the lower bound to black hole physics.
There is a known problem in that field known as the firewall paradox. At a very high level,
3

if a certain number of assumptions related to black hole physics are held to be true, then
one can derive a paradox. The problem then becomes that of finding which assumptions
are false. A recent paper [HH13] has shown that in order to computationally find those
assumptions, it is necessary to solve the collision problem on an intractably large input.

4

Query complexity bounds

4.1

Element Distinctness bounds

In section 2.2 we said that the quantum query complexity of ED is Θ(N 2/3 ). Indeed, there exists a quantum walk-based quantum query algorithm for ED with query complexity O(N 2/3 )
[Amb07]. This gives us the upper bound.
Fact 4.1. The lower bound of for ED follows directly from the collision problem lower bound.
Proof. By contrapositive. Suppose algorithm A solves ED with o(N 2/3 ) quantum queries.
Let w ∈ [M ]N be either a 1-to-1 string or a 2-to-1 string. The reduction once again follows
from the birthday paradox.
√
Pick a random subset S ⊆ [N ] of size O( N ). If w is 1-to-1 then w|S is also 1-to-1.
Otherwise if w is 2-to-1 then with high probability there is at least one duplicate
 in w|S . 
2/3
Therefore run A on w|S and we have solved the collision problem for w using o N 1/2
=
o(N 1/3 ) queries.

4.2

Collision problem upper bound

The upper bound for the collision problem is much easier to prove than the lower bound, so
let us tackle it first.
Claim 4.2. There exists a quantum query algorithm for the collision problem using O(N 1/3 )
queries.
Proof. Let w ∈ [M ]N be either 1-to-1 or 2-to-1. The algorithm proceeds as follows:
1. Pick a random subset S ⊂ [N ] of size Θ(N 1/3 ).
2. Classically query w on all indices in S, and record all colors in C = { wi | i ∈ S }. If
there are any duplicates, say ”no” and halt.
3. Implement the following oracle over N + 1 qubits:
(
|ii |b ⊕ 1i if wi ∈ C
OwC : |ii |bi 7→
|ii |bi
if wi ∈
/C
It is possible to implement OwC using two queries to Ow .
Observe that if w is 2-to-1, then there exists S 0 ⊂ [N ] \ S of size |S| such that ∀ i ∈
S 0 , OwC |ii |0i = |ii |1i. Conversely, if w is 1-to-1 then ∀ i ∈ [N ] \ S, OwC |ii |0i = |ii |0i.
4

4. Run Grover’s algorithm on OwC and [N ] \ S. We are looking for one of |S| possible ”1”
slots out of N − |S|, therefore the query complexity is:
s
!
!
r
N − |S|
N
=O
= O(N 1/3 )
O
1/3
|S|
N

This proves an upper bound of O(N 1/3 ) for the collision problem. We will now show that
this bound is tight by proving a matching Ω(N 1/3 ) lower bound.

5
5.1

A lower bound for the collision problem
Review: the polynomial method and Grover’s algorithm

Recall the polynomial method we introduced in the previous lecture. We want to prove a
lower bound on the number of queries needed to compute a given property F : [M ]N →
{ 0, 1 }.
Let w ∈ [M ]N , and ∀c ∈ [M ], ∀i ∈ [N ], define:
(
fic = 1 if wi = c
w
0 otherwise
If there exists a t-query quantum algorithm A to compute F , then there must exist some
fic ’s such that:
polynomial P of degree d = 2t in the w
Pr[A accepts on w] = P (w)
And therefore, P must approximate F , i.e. for all strings w ∈ [M ]N the following inequality
holds:
1
|P (w) − F (w)| ≤
3
Our goal is then to lower bound d, and we have reduced our quantum query complexity
problem to one on approximating polynomials.
Last time we saw how to prove a lower bound for Grover’s algorithm using the polynomial
method, and the proof was fairly straightforward. This time the proof we will do is fairly
involved, so in order to warm up we will review last lecture’s proof.
Proof. Let F , the property we are interested in computing be the OR function on N qubits.
fic ’s which approximates F .
Suppose we have P , a polynomial of degree d in the w

5

We want to lower bound d, but P is a complicated multivariate polynomial in N M
variables, so the first step is symmetrization. Define Q, another polynomial, as the following:


Q(w) = E P (wπ(1) , . . . , wπ(N ) )
π∼SN

=

1 X
P (wπ(1) , . . . , wπ(N ) )
N ! π∈S
N

Q is of degree at most d and is symmetric, i.e. ∀ w ∈ [M ]N , ∀ π ∈ SN :
Q(wπ(1) , . . . , wπ(N ) ) = Q(w1 , . . . , wN )
Therefore as shown in Homework 4 there exists a univariate polynomial p of degree at most
d such that ∀ w ∈ [M ]N , Q(w) = p(|w|) where |w| is the Hamming weight of w. In fact, the
following equality holds ∀ k ∈ [N ]:
p(k) = E [P (w)]
|w|=k

The next step is to take p and apply approximation theory to it. We know the following:
2
1
∀ i ≥ 1, p(i) ≥
3
3
In other words, p makes a sharp jump between 0 and 1, and thereafter is relatively constant.
Using Markov’s other inequality, we can then show that p must have large degree.
p(0) ≤

5.2

Proof of the lower bound

The proof of the collision problem lower bound has some history. First came Aaronson
[Aar02], who proved a lower bound of Ω(( Nr )1/5 ). Then Shi [Shi02] improved the exponent
from 1/5 to 1/3, but only for M large enough. Finally, Ambainis [Amb05] and Kutin [Kut05]
both independently proved the 1/3 lower bound for all M .
We will follow Kutin’s proof, as it is a nice self-contained argument.
Suppose we have a t-query algorithm for the collision problem. Then there exists a
polynomial P of degree d = 2t such that:
2
if w is 1-to-1
3
1
P (w) ≤
if w is 2-to-1
3
0 ≤ P (w) ≤ 1 ∀ w ∈ [M ]N
P (w) ≥

What is perhaps surprising in this proof is that eventually, we will care about and closely
examine the behavior of P on all inputs except those inside the promise, i.e. when w is
neither 1-to-1 nor 2-to-1.
The first step is the same as in Grover’s lower bound proof: symmetrization. This time
however, we need to be more careful. Define Wt,a,b to be the set of all strings w such that:
6

• w is a-to-1 on a set of t indices.
• w is b-to-1 on the remaining n − t indices.
• Elements are otherwise distinct, i.e. there is no element in both sets.
Example 5.1. The following string is in W4,2,3 as it is 2-to-1 on 4 indices ({ 1, 2, 3, 4 }),
and the remaining 10 − 4 = 6 indices are 3-to-1:
w= 1 1 2 2 3 3 4 3 4 4
It is also in W6,3,2 , as we can switch a with b and t with n − t.
Example 5.2. The following string is in W6,3,1 , as it is 3-to-1 on 6 indices ({ 1, 2, 4, 6, 7, 8 }),
and 1-to-1 on the remaining 8 − 6 = 2 indices:
w= 2 3 1 2 5 1 2 1
Similarly, it is also in W2,1,3 .
Example 5.3. For all t, Wt,1,1 is the set of all 1-to-1 strings.
Strings in Wt,a,b can therefore be seen as ”hybrids” between a-to-1 and b-to-1 strings,
leaning more towards the former and less towards the latter as t goes from 0 to N .
Note that Wt,a,b is well defined if and only if the following hold:
0≤t≤N

a|t b|(N − t)

Definition 5.4. Such a (t, a, b) triple is called valid.
Now define the following function on valid triples:
Q(t, a, b) =

E

w∼Wt,a,b

[P (w)]

Theorem 5.5. Q is a degree d polynomial in (t, a, b).
Proof. Maybe in a homework.
We have now symmetrized our polynomial. The second step in the proof is also conceptually the same as for Grover’s: apply approximation theory to Q. This time we still have
a 3-variable polynomial, but we will deal with it. But first, we need a small fact that will
enable us to analyze Q.
Fact 5.6. Let q(X) be a degree d polynomial in X. Let a < b be integers, and z ∈ [a, b]. If
the following inequalities hold:
|q(i)| ≤ 2 ∀ i ∈

N, a ≤ i ≤ b

1
|q(z) − q(bzc)| ≥
100
p

√

Then d = Ω
(z − a + 1)(b − z + 1) . In particular, d = Ω b − a .
If additionally z ≈

a+b
,
2

then d = Ω(b − a).
7

Proof. This is a combination of Markov’s other inequality and Bernstein’s inequality.
Now we can finally prove the main result:
Theorem 5.7. Q(t, a, b) has degree Ω(N 1/3 ).
Proof. First off, here are some facts about Q we will make use of:
• ∀ t ∈ { 0, 1, 2, . . . , N } , Wt,1,1 is the set of 1-to-1 strings, thus

2
3

≤ Q(t, 1, 1) ≤ 1.

• ∀ t ∈ { 0, 2, 4, . . . , N } , Wt,2,2 is the set of 2-to-1 strings, thus 0 ≤ Q(t, 2, 2) ≤ 31 .
• ∀ (t, a, b) valid, 0 ≤ Q(t, a, b) ≤ 1.
We have reduced the problem to only polynomials that obey these three facts. Now we have
to derive the lower
 N  bound on d.
Let T = 2 4 . Observe that T ≈ N2 , and T is even.
Now consider the 2-D function (a, b) 7→ Q(T, a, b). We know that:
Q(T, 1, 1) ≥

2
3

Q(T, 2, 2) ≤

1
3

But what about Q(T, 1, 2)? Either Q(T, 1, 2) is at least 21 , or it is at most
Q(T, 1, 2) ≤ 12 .
Define g(x) = Q(T, 1, 2x + 1). Observe that:
 
2
1
1
g(0) = Q(T, 1, 1) ≥
g
= Q(T, 1, 2) ≤
3
2
2
Let k be the following:
k = min { i ∈

1
.
2

Suppose

N? | |g(i)| > 2 }

By√definition, ∀ i < k, |g(i)| ≤ 2. We can therefore apply fact 5.6 and prove that deg(g)
=
√
Ω( k). Furthermore, we know that deg(Q) ≥ deg(g) so it follows that deg(Q) = Ω( k).
Thus if we could prove that k = Ω(N 2/3 ), then we would be done. The problem is that
we have no information about k. Maybe it happens to be tiny, in which case this doesn’t
prove anything. In order to work around this, we will have to leave 2-D et go back to 3-D.
Let h be the function defined as follows:
h(y) = Q(N − (2k + 1)y, 1, 2k + 1)
Observe that the following inequality holds:


N −T
h
= |Q(T, 1, 2k + 1)| = |g(k)| > 2
2k + 1
N
In addition, note that ∀ i ∈ { 0, 1, . . . , 2k+1
} , (N −(2k+1)i, 1, 2k+1) is a valid triple. Indeed,
the conditions are met:

0 ≤ N − (2k + 1)i ≤ N

1|N − (2k + 1)i
8

2k + 1|(2k + 1)i

Thus h(i) is well defined, and |h(i)| ≤ 1. Finally, observe that we chose T ≈ N2 so that
N
N −T
lies approximately halfway between 0 and 2k+1
. From there, we can apply fact 5.6 and
2k+1
derive that:


 
N
N
deg(h) = Ω
=Ω
2k + 1
k

Which, by virtue of the fact that deg(Q) ≥ deg(h), proves that deg(Q) = Ω Nk .
In the end there are two cases:
√
• Either k ≥ N 2/3 , in which case deg(Q) = Ω( k) = Ω(N 1/3 ), and we are done.

• Or k ≤ N 2/3 , in which case deg(Q) = Ω Nk = Ω(N 1/3 ) and we are also done.
This completes the proof of the lower bound for the collision problem in the case where
Q(T, 1, 2) ≤ 12 . A similar argument involving Q(T, 2, 2) instead of Q(T, 1, 1) can be made in
the case where Q(T, 1, 2) ≥ 21 .
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1

Scribe: Kumail Jaffer

Introduction

There are a number of known methods to show lower bounds in the quantum query model.
(0) Polynomial Method [BBC+ 01]
(1) Hybrid Method [BBBV97]
(2) Basic Adversary Method [Amb02]
(3) General Adversary Method [HLS07]
So far in this course we’ve seen (0).
In this lecture, we will develop a basic version of (2), the already basic adversary method.
A generalized form of method (2), method (3), is extremely powerful. Indeed, it can be shown
that every lower bound shown using this method has a corresponding upper bound (!) [Rei09]

2

The Super-Basic Adversary Method [Amb02]

To start, let’s recall the quantum query model for decision problems. We are given a decision
problem in the form of a function F : {0, 1}n → {0, 1}, and an N bit input string w, which
we can access via an oracle Ow± : |ii 7→ (−1)wi |ii, perhaps with some promise on the form
w can take. Our task is to determine F (w) with high probability (say greater than 2/3) for
arbitrary w in the domain of the problem, using as few queries to Ow± as possible.
What does a circuit solving such a problem look like? A T -query circuit for such a
problem, using a ancilla bits will look as follows.

1

N-bit input























a-bit ancilla

···
























···
···
···
Ow±

Ow±

Ow±

···
···

U0
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···

UT −1

UT

···
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···

···

···

Figure 1: T-query circuit
That is, we call the oracle T times, with some unitary transformations between successive
calls, and then measure at the end, and then use the measurement to determine our answer.
Since all quantum operations are unitary, we can collapse any number of intermediate quantum gates into one big unitary transformation.
The super high level idea of the adversary method is to show that each call to the oracle
can only give us a limited amount of progress toward our goal. More specifically, consider
the following progress measure.
Definition 2.1 (Progress Measure). Let |ψwt i be the state of the system after the t’th call
to the oracle, and fix some y, z such that F (y) = 1, F (z) = 0. Then the progress function is
Φ(t) = hψzt |ψyt i
Right off the bat we can notice some useful properties
Observation 2.2. Φ is not affected by the non-oracle unitary transformations.
This is because unitary transformations preserve inner product by definition. Notice that
this does not apply to calls to the oracle, because y and z have different oracles. So it suffices
to only examine what happens before and after calls to the oracles.
Observation 2.3. Φ(0) = 1
2

This is because before application of the first oracle, |ψy0 i and |ψz0 i are necessarily the
same.
Claim 2.4. If a T -query circuit solves F , Φ(T ) ≤ 0.999
Intuitively, |ψyT i and |ψzT i must be sufficiently different in order for us to be able to
distinguish them. If their inner product is not sufficiently small, we’ll get the same result
after measuring them too often to determine our response with high enough probability.
More formally, we have the following.
Lemma 2.5. Let |αi = |ψyT i , |βi = |ψzT i. Say that C is some circuit solving F . If | hα|βi | ≥
√
1 − , then | Pr[C(y) = 1] − Pr[C(z) = 1]| ≤ 2.
Proof. Assume | hα|βi | ≥ 1 − . Notice that if we multiply α by a scalar with unit norm,
the measurement probabilities don’t change. So WLOG we can pick some scalar so that
hα|βi = | hα|βi | ≥ 1 − . Now we have
kα − βk22 = hα − β|α − βi = hα|αi + hβ|βi − 2Re hα|βi
And we know that hα|βi = Re hα|βi ≥ 1 − , as well as √
that hα|αi = hβ|βi = 1 since they
are valid quantum states. So kα − βk22 ≤ 2, kα − β|2 ≤ 2.
Now we think of the outcome of measurement as a probability distribution over strings,
where the probability of seeing x when we are in state α√is |αx |2 , and similarly for β. We
want to show that the total variation distance is at most 2. This is
1X
1X
||αx |2 − |βx |2 | =
||αx | − |βx || · ||αx | + |βx ||
2 x
2 x
1X
|αx − βx | · (|αx | + |βx |)
≤
2 x
s
s
X
1 X
2
|αx − βx |
(|αx | + |βx |)2
≤
2
x
x
The second and third line follow from the triangle inequality, and Cauchy-Schwarz respectively. TheP
left factor isPkα−βk2 . Using Jensen’s inequality, we know that (a+b)2 ≤ 2a2 +2b2 ,
2
and since x |αx |√
= x |βx |2 = 1, the right factor is at most 2. So the whole thing is at
most kα − βk2 = 2 and we are done.
We can now prove claim 2.4
Proof. Pr[C(y) = 1] ≥ 2/3 and Pr[C(z) = 1] < 1/3, so we can conclude
means  ≥ 1/18, and hα|βi ≤ 1 −  ≤ 1 − 1/18 ≤ 0.999.

3

√

2 ≥ 1/3, which

Now if we can show that the progress function changes by no more than ∆ after each
call to the oracle, then necessarily T ≤ 0.001/∆, and we have a lower bound.
Of course, to come up with interesting lower bounds, we have to look at more than just
one fixed y and z. Otherwise, since y and z must differ in at least one index (which is fixed
since y and z are), all we have to do to differentiate between them is to make one query
on the index on which they differ. It turns out that if we look instead at some specially
constructed sets Y ⊆ F −1 (1), Z ⊆ F −1 (0), we can come up with some very useful theorems.
Here’s a simple one.
Theorem 2.6 (Super-Basic Adversary Method). Let F be a decision problem, Y ⊆ F −1 (1),
Z ⊆ F −1 (0). For every y we define Zy = {z ∈ Z : d(y, z) = 1}, and for every z, Yz =
{y ∈ Y : d(y, z) = 1}.√If ∀y ∈ Y, |Zy | ≥ m, and ∀z ∈ Z, |Yz | ≥ m0 , then the quantum query
complexity of F is Ω( mm0 ). Here d(a, b) denotes the hamming distance between strings a
and b.
Before we get into the proof of this, let’s apply it to some decision problems we understand
in order to get a feel for it.

3
3.1

Illustrations
Decision Grover

In the decision version of the Grover search problem, we are given an n bit string and we
are tasked with determining whether it is all 0 or not. That is, we’ll return 0 if it is all zero,
and 1 if not.
Let’s look at Y = {x : x contains exactly one 1}, and Z = {00000 . . .}. Notice Y has
size N .
For all y ∈ Y , the all zero string is hamming distance 1 away, so ∀y ∈ Y, |Zy | = 1.
Similarly, since all the elements in Y are hamming distance 1 away from the all zero string,
∀z ∈ Z, |Yz | = N .
√
So by the adversary method, we have a lower bound of Ω( N ).

3.2

Variation on Decision Grover

In this variation of the decision Grover problem, we are again given an n bit string. We
are tasked with differentiating between inputs with hamming weight ≥ k, and those with
hamming weight ≤ k − 1. We return 1 in the first case and 0 in the second.
Let’s look at Y = {x : x has hamming weight k} and Z = {x : x has hamming weight k−
1}. It is easy to see that ∀y ∈ Y, |Zy | = k, since for any y we can flip each of its k 1s to get
something in Z). Similarly, ∀z ∈ Z, |Yz | = N − k + 1, since we for any z we can flip each of
its N − k + 1 0s to get something in Y ).
p
Using the adversary method, we have a lower bound √
of Ω( k(N − k + 1)). If we make
the additional assumption that k ≤ N/2, then this is Ω( kN ). Making this assumption is
4

okay, since if k > N/2, then we have the symmetric situation of differentiating between at
least N − k zeros and less than N − k zeros, where N − k ≤ N/2, and so our lower bound
still applies.

3.3

Read-once CNF

In this problem, we are given √
an N bit string √
and are told to interpret it as a conjunctive
and N variables per clause. So each bit is the
normal form expression with N clauses
√
value of a variable, and each set of N bits is to be interpreted as a clause. The task is to
calculate the result.
Consider Y = {x : x has exactly one 1 per clause} and√Z = {x : x has all zeros in one
and,
clause, and exactly one 1 in all the others }. ∀y ∈ Y, |Zy | = N , since we can take any y √
for each of its clauses, flip the sole 1 to get something in Z. Similarly, ∀z ∈ Z, |Yz | = N ,
since for any z, we can flip each zero in its all zero clause to get something in Y .
Applying the adversary method, we get a lower bound of Ω(N ). This lower bound in
particular is very hard to show using the polynomial method, though it is nearly trivial to
find with the adversary method.

4

Proof of Super-Basic Adversary Method

Proof. First of all, we need to rewrite our progress measure so that we can make use of
multiple ys and zs.
Definition 4.1 (More Useful Progress Measure). Let R be a binary relation defined as
R = {(y, z) ∈ Y × Z : d(y, z) = 1}. Then the progress measure Φ(t) is defined as Φ(t) =
P
t
t
(y,z)∈R | hψy |ψz i |.
Observation 4.2. From our prior observations in section 2, we can immediately conclude
Φ(0) = |R|, Φ(T ) ≤ 0.999|R|, and that, since unitary transformations don’t change our
progress measure, we need only concern ourselves with the effect of the oracle.
Definition 4.3. For each y ∈ Y let Iy = {i : y with i’th bit flipped ∈ Z}.
Observation 4.4. Notice that |Iy | ≥ m. As a result, |R| ≥ m|Y |.
With notation out of the way, let’s begin in earnest. We will show that
2|R|
Φ(t − 1) − Φ(t) ≤ √
mm0
√
This will let us conclude that T ∈ Ω( mm0 ).
Fix some t, and consider some particular (y, z) ∈ R. Let i∗ ∈ [N ] be the position on
which y and z differ. Before the t’th oracle, a circuit solving the problem will be in some

5

quantum state |ψyt 0 i for y and |ψzt 0 i for z. That looks something like this.
|ψyt 0 i =

X

αi |ii ⊗ |φi i

i

|ψzt 0 i =

X

βi |ii ⊗ |χi i

i

P
|αi |2 = 1 and i |βi |2 = 1. Their inner product is
X
hψyt 0 |ψzt 0 i =
αi βi hφi |χi i

Where |φi i , |χi i are unit vectors,

P

i

i

Now if we pass these states through the oracle to get |ψyt i and |ψzt i, what it does is flip the
sign on each αi or βi , whenever yi = 1 or zi = 1 respectively. The only index on which the
sign will differ is i∗ , so our new inner product is exactly
X
αi βi hφi |χi i − αi∗ βi∗ hφi∗ |χi∗ i
hψyt |ψzt i =
i6=i∗

The difference between the inner products is then
hψyt 0 |ψzt 0 i − hψyt |ψzt i = 2αi∗ βi∗ hφi∗ |χi∗ i
The quantity we want to bound is
Φ(t − 1) − Φ(t) =

X
(y,z)∈R

≤

X

X

| hψyt 0 |ψzt 0 i | −

| hψyt |ψzt i |

(y,z)∈R

| hψyt 0 |ψzt 0 i − hψyt |ψzt i |

(y,z)∈R

≤

X

|2αi∗(y,z) βi∗(y,z) hφi∗(y,z) |χi∗(y,z) i |

(y,z)∈R

≤

X

2|αi∗(y,z) ||βi∗(y,z) |

(y,z)∈R

≤

X
(y,z)∈R

r

X
m
2
∗
|α
|
+
i
m0 (y,z)

(y,z)∈R

r

m0
|βi∗ |2
m (y,z)

The last line follows from Jensen’s inequality. Consider just the left summand. This is the
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same as
r

m X
|αi∗(y,z) |2 =
m0

r

(y,z)∈R

m XX
|αi |2
m0 y∈Y i∈I
y

r

m
|Y |
m0
r
m |R|
|R|
=√
≤
0
m m
mm0
≤

P
The second line comes from the fact that i |αi |2 = 1, and the third from Observation 4.4.
The right summand is a symmetric situation, and so overall we get
2|R|
Φ(t − 1) − Φ(t) ≤ √
mm0
as promised, concluding the proof.

5

Generalization

This isn’t quite as powerful as you might hope. In particular, it fails to give us a good lower
bound when we can’t find sets Y and Z which have many strings hamming distance 1 away
from each other. As motiviation consider the problem of distinguishing between strings of
hamming weight 0 and strings of hamming weight greater than k. In this situation, there
are no y ∈ F −1 (1), z ∈ F −1 (0) such that d(y, z) = 1.
One natural thing to do is to expand our relation so we’re not restricted to just strings
hamming distance 1 from each other. This line of reasoning results in the following theorem.
Theorem 5.1 (Basic Adversary Method). Let F be a decision problem, Y ⊆ F −1 (1), Z ⊆
F −1 (0), and a binary relation R ⊆ Y × Z. If
1. ∀y ∈ Y there are m distinct z ∈ Z such that (y, z) ∈ R
2. ∀z ∈ Z there are m0 distinct y ∈ Y such that (y, z) ∈ R
3. ∀y ∈ Y, i there are at most l distinct z ∈ Z such that yi 6= zi and (y, z) ∈ R.
4. ∀z ∈ Z, i there are at most l0 distinct y ∈ Y such that yi 6= zi and (y, z) ∈ R.
q
0
).
then the quantum query complexity of F is Ω( mm
ll0
The proof for this is very similar to the one we just did. In later lectures, we will dive
deeper into further generalizations.

7
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Scribe: Will Griffin

REVIEW: Super-Basic Adversary Method

In the Super-Basic Adversary Method, we take some decision problem F : {0, 1}N → {0, 1}
and define two sets, Y ⊆ F −1 (1) and Z ⊆ F −1 (0).
Then we define a relation R ⊆ Y × Z, R = {(y, z) : d(y, z) = 1}, so R is the set of pairs of
y ∈ Y, z ∈ Z such that the distance between y and z is 1, so y is only one bit different from
z.
Then let R(y) be the set of all y strings in the pairs in R, R(z) the set of all z strings in R,
and define m, m0 such that:
m ≤ |R(y)|
m0 ≤ |R(z)|
√
Then F requires Ω( mm0 ) quantum queries.
Unfortunately, this does not provide a good lower bound for many algorithms.

2

Basic Adversary Method

The idea is the same, but the relation between strings in Y and Z is different. Instead of
being restricted to picking Y , Z where the Hamming weights of strings in Y and Z differ by
1, choose an arbitrary relation R ⊆ Y × Z.
Theorem 2.1. Basic Adversary Method:
For some decision problem F : {0, 1}N → {0, 1}, let Y ⊆ F −1 (1) and Z ⊆ F −1 (0), and let
R ⊆ Y × Z be a binary relation. If:
∀y ∈ Y there exist at least m distinct z ∈ Z such that (y, z) ∈ R
∀z ∈ Z there exist at least m0 distinct y ∈ Y such that (y, z) ∈ R
∀y ∈ Y , i ∈ {0, 1, 2, . . . , N } there are at most l z ∈ Z such that (y, z) ∈ R and yi 6= zi
∀z ∈ Z, i ∈ {0, 1, 2, . . . , N } there are at most l0 y ∈ Y such that (y, z) ∈ R and yi 6= zi

1

Then F requires Ω

q

mm0
ll0



quantum queries.

The proof is similar to the proof for the super-basic adversary method, and can be found
in [HLS07].
Example: Given oracle access to w ∈ {0, 1}N , we want to distinguish between strings with
Hamming weight 0 or Hamming weight greater than k. First choose the sets Y and Z:
let Z be the string of all 0 bits, and
 Y the set of strings with Hamming weight k, and let
R = Y × Z. Then m = 1, m0 = Nk and l = 1. Since the string in Z is all 0s, l0 is the number
of strings in Y that have a 1 bit on coordinate i, which is the number ofr
strings of length
q 

(Nk )
N
N −1
0
=
.
N − 1 with Hamming weight k − 1, so l = k−1 . Then the lower bound is
−1
k
(Nk−1
)
Another example of a lower bound that can be found with this method is graph connectivity.
Given query access to the adjacency matrix of a graph G with n vertices, the basic adversary
method can show that checking if G is connected requires n3/2 queries. This is also the upper
bound, which you may have shown in homework 3.

3

Weighted Adversary Method

The basic adversary method does not always give optimal lower bounds for algorithms. This
leads to the next generalization: the Weighted Adversary Method. It is similar, and based
on the same idea - define the sets Y and Z in the same way, and use a relation R between
the elements, but this time, (y, z) pairs in R are given different weights in a weight matrix.
Harder to distinguish pairs are given higher weights to get good results.
Definition 3.1. Let Γ be a weight matrix such that Γ[y, z] is the weight of (y, z), and
Γ[y, z] ∈ R ≥ 0, and Γ[y, z] = 0 if and only if F (y) = F (z). Γ should be symmetric.
Let k Γ k√be the maximum of the absolute values of the eigenvalues of Γ. k Γ k is the
analogue to mm0 in the basic adversary method.
√
There is also an analog of the query distinguishability, ll0 , in the basic adversary.
For i ∈ {0, 1, . . . n} let Γi be the zero-out of Γ except
for those [y, z] entries where yi 6= zi .
√
Then max {k Γi k, i ∈ 0, . . . , n} is the analog of ll0 .
Theorem 3.2. Quantum Query lower bound for F is

kΓk
max{kΓi k,i∈0,...,n}

[HLS07]

This proof is more difficult.
Fun Fact: for 2:1 collision problem, this method gives a constant time lower bound.
Other Fun Fact: After the weighted adversary method, there were several different new
2

adversary methods developed, that appear different. They were all proven to be essentially
equivalent, see [SS06]. This suggests that the general adversary method is very robust and
powerful.

4

Negative Weights Adversary Method

Exactly the same as the Weighted Adversary method, but allow the weights Γ[y, z] to take
on negative values. See [HLS07]
Let ADV ± (F ) be the best lower bound achievable using the Negative Weights Adversary
Method.
Fun Fact: Given the truth table of F , ADV ± (F ) is computable in polynomial time in the
size of the truth table of F using semi-definite programming.

5

Reichardt’s Theorem

Theorem 5.1. Reichardt’s Theorem: Quantum Query complexity of F is ADV ± (F ), so the
Negative Weights Adversary method gives an upper and lower bound for the quantum query
complexity fo F . [Rei09]

Proof. (Not really. All the details are in next lecture.) ADV ± (F ) is a maximization problem,
since it is trying to find the weight matrix that gives the highest lower bound. This can be
seen as an SDP (semi-definite program). This allows it to be transformed into the dual of the
SDP, which is a minimization problem. See: http://www.cs.cmu.edu/afs/cs.cmu.edu/academic/class/15859
f11/www/notes/lecture12.pdf for notes on SDPs.
Reichardt observed that finding the dual of the SDP is interpretable as finding the lowest
complexity Span Program that computes F . This is the easy part. Then Richardt showed
that any Span Program for F of complexity T can be converted into a quantum query algorithm for F using O(T ) queries. In other words, he showed that a quantum algorithm could
evaluate the span program in Ø(T ) queries (actually it uses O(T )log(T ), so it’s tight within
a logarithmic factor -[Rei09]). This is the hard part of the proof.

6

Span Programs

Span programs are a linear-algebraic model of computation from before quantum computation was a real topic though you need a different definition for their complexity for quantum
computation than for classical.
As Reichardt showed, we can design quantum algorithms by designing span programs, and
without loss of generality, these can be optimal.
In these notes, span programs are defined for decision functions F : {0, 1}N → {0, 1}, but
they can be more generally defined [KW93].
Definition: A Span Program P operating on strings w ∈ {0, 1}N consists of a bunch of real
3

input vectors in Rd grouped into 2N sets, named w1 = 0, w1 = 1, w2 = 0, w2 = 1, . . . , wN =
0, wN = 1, plus a target vector τ ∈ Rd .
How P computes:
First it partitions the 2N sets of vectors into 2 new sets, Avail, and U navail, each of size
N based on w: For each i = 0, 1, . . . N , if wi = 0, the set named wi = 0 goes into Avail and
the set wi = 1 goes into U navail, and if wi = 1, wi = 1 goes into Avail and wi = 0 into
U navail. Then P (w) = 1 if τ is in the span of the vectors in Avail. We say P computes F
if P (w) = F (w) on all inputs.
Example: Majority for 3 bits:
d=3
P:
w1 = 0 : Ø
   
1
0



w1 = 1 : 0 , 1
0
0
w2 = 0 : Ø
   
0
0



w2 = 1 : 1 , 0
0
1
w3 = 0 : Ø
   
1
0



w3 = 1 : 0 , 0
1
 0
1
T = 1
1
Since any two of the wi = 1 sets form a basis for R3 , but none of them individually contain
T in their span, P (w) will compute majority.
Example 2: OR (Search)
d=1
P:
wi = 0 : Ø∀i

wi = 1: 1 ∀i
τ = ( 1)

7

Span Program Complexity for Quantum Algorithms

Given a span program P , let I be the set of its input vectors. Then let V be the matrix
formed by all the vectors in I:

4



 

V11
V|I|1

  
V =  ...  . . .  ... 
V1d
V|I|d
I is partitioned into Avail(w) and U navail(w) as described before.
Suppose P computes a function F .
Definition: A P ositive W itness for some y ∈ F −1 (1) is a linear combination of vectors in Avail(y) that make τ . We can write this as a column vector α ∈ R|I| such that
V α = τ, αi = 0∀i ∈ U navail(z).
Definition: A N egative W itness for some z ∈ F −1 (0) is a row vector β ∈ Rd such that
hβ, Vi i = 0∀i ∈ Avail(z) and hβ, τ i = 1.
The negative witness works because it forces β to be in the nullspace of the available vectors,
so no linear combination of them can ever form β, but since hβ, τ i = 1 those vectors would
need to form β to have a linear combination of them form τ . Forcing β = 1 is important for
the complexity definition, since otherwise we could make the Positive Witness size arbitrarily
small by multiplying τ by a small constant. Forcing this requirement on β ensures that the
complexity is independent of constant multiplication of τ .
Definition 7.1. An Extended Span P rogram ESP is some span program P and a witness
for every input, so:
ESP = (P, (αy )y∈F −1 (1) , (βz )z∈F −1 (0) )
Definition 7.2. The size of a positive witness α is: size(α) = |α|2
Definition 7.3. The size of a negative witness β is size(β) =

P|I|

i=1

|hB, Vi i|2 .

Let T1 = max{size(αy )}, y ∈ F −1 (1)
Let T0 = max{size(βz )}, z ∈ F −1 (0)
Definition 7.4. The complexity T of P is

√

T0 T1 .

Theorem 7.5. Given an extended span program (P, (αy )y∈F −1 (1) , (βz )z∈F −1 (0) ) for a function
F , there is a quantum algorithm for F making O(T ) queries.
Also, the minimum T over all span programs computing F = ”dual SDP” = ADV ± (F ), so
the best possible span program gives the best possible quantum algorithm. [Rei09]
Example:
Majority
  
  for3bits:
 
1
0
0
0
1
0
V = 0 1 1 0 0 0
0
0
0
1
0
1
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0.5
 
For w = 111, the best α is  ... , and its size is 6 ∗ 0.52 = 1.5.
0.5



1
0.5
 
0.5

For w = 110, the last two columns of V are unavailable, so α = 
 1  gives the best value,
 
0
0
with size(α) = 2.5, and w = 101 or 011 gives the same value by permuting the rows in α.
Since these are all the positive witnesses, T1 = 2.5.
For w = 100, we need a negative witness. Since there are 2of 
the 3 standard basis vectors
0
of R3 in Avail(w), the only choice is the third basis vector, 0, which satisfies hβ, τ i = 1,
1
and has size 2, and the same bound holds for the other strings with Hamming weight 1.
For w = √
000, any β with hβ, τ i works, and several choices give a size of 2 (or example, all
values 1/ 3, or the β from w = 100) and since this matches the best bound bound from the
other negative
√ witness, T0 = 2.
Then T = T1 T0 = sqrt5.
Example: OR function (unstructured search) 

For any input string y with F (y) = 1, αy = 0...1...0 , with the 1 on any coordinate with
yi = 1, so size(α) = 1, and T1 = 1.
The only possible negative witness is β = 1, and hβ, Vi i = 1 for N vectors in V , since V has
N 1 vectors and nothing else, so T0 = N .
√
Then the quantum query complexity for unstructured search is (SURPRISE!) N .
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Short Summary

We have discussed in the past, general methods to lower bound the quantum query complexity. Now we discuss a way to convert the lower bounds given by the general adversary
method [HLS07] into an upper bound [Rei09]. In this lecture we will cover the proof that
leads to this result. Two key ingredients are Span Programs and how one defines their
complexity.

2

Recall Span Programs

Let w ∈ {0, 1}N be a string and F : {0, 1}N 7→ {0, 1} be a function. A span program
d
computes P for given w. Let {|vi i}m
i=1 be vectors in R that are columns of a matrix V and
let |τ i ∈ Rd be another vector called target. V is split into 2N blocks, the 2k th and 2k th + 1
block each have vectors corresponding to wk = 0 and wk = 1 resp.
Given w the span program makes available some N blocks, call the these set of vectors in
the block avail(w) and the rest unavail(w). For example w1 = 0, w2 = 1, . . . , wN = 1 makes
available the blocks 1, 4, . . . 2N and the rest 2, 3, . . . 2N − 1 become unavailable. Given a
span program the function P (w) = 1 iff |τ i ∈ span{|vi i : |vi i ∈ avail(w)}
N
Suppose P computes F : D⊆{0,1} 7→ {0, 1}, then
 For y ∈ F −1 (1), a positive witness is |αi ∈ Rm s.t.

αi = 0 ∀i ∈ unavail(y)
V |αi = |τ i

(1)
(2)

we define it’s size to be || |αi ||2 .
 For z ∈ F −1 (0), a negative witness is hβ| ∈ Rd s.t.

hβ | vi i = 0 ∀i ∈ avail(y)
hβ | τ i = 1

(3)
(4)

we define it’s size to be || hβ| V ||2 .
An extended span program is a span program along with positive and negative witnesses for
all possible inputs w. We can define the complexity of an extended span program as follows
1

 Let |αy i be a positive witness for y ∈ F −1 (1) then the YES complexity is defined as
T1 ≡ max
{size(|αy i)}.
−1
y∈F

(1)

 Let |βy i be a negative witness for y ∈ F −1 (0) then the NO complexity is defined as
T0 ≡ max
{size(|βy i)}
−1
y∈F

(0)

 The overall complexity of the span program is T =

3

√

T0 T1

Reichardt’s Theorem II

Theorem 3.1. If a span program P with complexity T computes F , then there exists a
quantum query algorithm for F making O(T ) queries of the oracle Of± .
Fact 3.2. The complexity T for the span program P to compute the function F is equal to
the adversary lower bound Adv ± (F )
Example 3.3. Let F = ORN i.e. OR on N bits. Define a span program with vectors such
that, for wi = 1, the block in V has one vector |vi i = [1] and the for wi = 0, the block in V
a null vector |vi i = φ. Then
1. YES complexity T1 = 1
2. NO complexity T0 = N
3. The overall complexity is T =

√
√
T0 T1 = N

We now come to the proof of Theorem 3.1.
Proof. Let |τ̃ i =

|τ i
√
c T1

and define Ṽ ∈ Rd×m+1 as
Ṽ =



|τ̃ i V



(5)

For the Grover case Ṽ = [ 1c 1 1 . . . 1].
For now the algorithm
will work in the Rm+1 space and any intermediate state is given
Pm
by a vector |si = i=0 αi |ii where each hi | ji = δij . Define
K = ker(Ṽ ) = {|ui ∈ Rm+1 | Ṽ |ui = 0}

(6)

For the Grover case K consists of all vectors of mean 0.
Define RK to be the reflection through K. Then RK is a unitary operator on reals, i.e.
an orthogonal matrix. For the Grover case RK flips a vector in Rm+1 across its mean.
Given w ∈ {0, 1}N , let
Aw = span{|ii 0 ≤ i ≤ m i ∈ avail(w)}
2

(7)

by definition |τ̃ i ∈ Aw and is always available. Let RAw be the reflection through Aw , which
mean we negate all the entries of a vector in Rm+1 that are at the unavailable coordinates,
so RAw = −Ow± .
Let U = RAw RK , computing RK is a 0 query step and computing RAw takes 1 query (well
2 query if you un-compute the garbage).
We now describe a fake algorithm that to give some intuition behind how computes F
on w using O(T ) queries.
1. Initialize the state |ψi = |0i
2. For t = 1, 2, . . . CT apply U to |ψi
3. Measure |ψi in standard basis, output 1 iff you observe |0i
The basic idea is that
(i) If w is a YES instance, then U fixes |0i
(ii) If w is a NO instance, then U CT |ψi is far from |0i
The first idea can also be stated as, if y ∈ F −1 (1) then |0i is 99% in K and Ay , hence
U fixes 99% of |0i.
Fact 3.4. The accurate fact is ∃ |ηi of length ≤ .01 s.t. |0i − |ηi is an eigen vector of U .

i
√y , we know || |αy i ||2 ≤ T1 which implies, for
Proof. Let |αy i be a YES instance, let |ηi = c|α
T1
c ≥ 100
p
1
hη | ηi ≤ ≤ .01
(8)
c

U = RAy RK where RK is the reflection through K = ker(Ṽ ) and RAy is the reflection
through Aw . Notice
1. (|0i − |ηi) is in the kernel of Ṽ so RK (|0i − |ηi) = (|0i − |ηi)
1
Ṽ (|0i − |ηi) = |τ̃ i − √ Ṽ |αy i
c T1
1
= |τ̃ i − √ |τ i
c T1
= |τ̃ i − |τ̃ i
=0

(9)
(10)
(11)
(12)

2. (|0i − |ηi) is in Ay because by definition |0i ∈ Ay and |ηi ∝ |αy i and |αy i is in Ay , so
RAy (|0i − |ηi) = (|0i − |ηi)
Hence U fixes |0i − |ηi
The second idea states, if z ∈ F −1 (0) then |0i is far from states fixed by U .
3

Fact 3.5. If w ∈ F −1 (0) then ∃ |ui s.t. ProjAw (|ui) = |0i and || |ui || ≤ 2cT and |ui ⊥ K.
Proof. Let hβw | be a NO witness for w, define
p
hu| ≡ c T1 hβw | Ṽ

(13)

Clearly Ṽ |ui =
6 0, hence |ui ⊥ ker(Ṽ ) =⇒ |ui ⊥ K. Rewrite |ui as follows
p
hu| = c T1 {h0| hβw | τ̃ i + hβw | V }
p
= h0| + c T1 hβw | V
where the second equality follows from eq. (4) which states hτ | βw i = 1 and |τ̃ i =
Notice

(14)
(15)
|τ i
√ .
c T1

(a) hβw | V , the second term in the rhs of eq. (15) is a linear combination of unavailable
vectors (since |βw i is orthogonal to all available vectors)
(b) || hβw | V ||2 ≤ T0 (since size of hβw | is at most T0 )
Lets switch back to kets |ui = [hu|]† where † is the conjugate-transpose (since everything is
real here, it is just the transpose). Using (a) we conclude ProjAw |ui = |0i, using (b) we
conclude
p
p
(16)
|| |ui || ≤ 1 + c2 T0 T1 ≤ 1 + c T0 T1 ≤ 2cT
Another key idea is the Kitaev Phase Estimation, which we shall delve into a little later.
Before going further we review a few facts about orthogonal matrices from the 19th century.
Let U ∈ Rm×m then
 U offers a decomposition of Rm s.t

Rm =

H1 ⊕ H2 . . .
. . . Hk ⊕ Hk+1 . . . . . . Hr ⊕ Hr+1 ⊕ . . .
1 dim spaces where U is I
1 dim spaces where U is −I
2 dim spaces where U =R(θ)

(17)

where R(θ) is a 2 − D rotation by θ ∈ (−π, π]. In other words, there are eigen spaces
of U with eigen value +1 (the identity spaces), −1 (the reflection space) and eiθ (the
2-d rotation space)
 Let A, B be subspaces of Rm and RA , RB be reflection through these spaces, construct
U = RA RB . Let H be a 2-d θ rotation subspaces of U , then it is true, that H ∩ A and
H ∩ B are 1 dimensional subspaces of Rm and the angle between H ∩ A and H ∩ B is
θ/2

Lemma 3.6. Suppose |ui ∈ H, u ⊥ (H ∩ B) then ||projA∩H (|ui)|| ≤

|θ|
|| |ui ||
2

Proof. Using Figure (1) we see that ||projA∩H (|ui)|| = sin 2θ || |ui || ≤ 2θ || |ui ||
4

H ∩A

H ∩B

u
θ/2

Figure 1: Intersecting subspaces H ∩ A, H ∩ B
Corollary 3.7. Let Pδ be the projection onto all 2-d rotation subspaces of U with angle
θ ≤ δ, then
δ
(18)
||Pδ [ProjA (|ui)]|| ≤ || |ui ||
2
Proof. Apply lemma (3.6) subspace by subspace to ProjA (|ui) = |vi where it is given
that |ui ⊥ B.
We now make the second idea precise. If w ∈ F −1 (0) then |0i is far from states fixed
by U . Recall U = RAw RK and w ∈ F −1 (0) =⇒ ProjA (|ui) = |0i. Since |0i ⊥ K we use
Corollary 3.7 and write
δ
||Pδ |0i || ≤ || |ui || ≤ δcT
(19)
2
1
where the final inequality follows from eq. (16). By setting δ = CT
and Cc ≤ 100 we get
||Pδ |0i || ≤ .01

(20)

In essence we have shown
 When w ∈ F −1 (0) then ||Pδ |0i || ≤ .01
 When w ∈ F −1 (1) then ||P0 |0i || ≥ .99, where P0 is a projection onto the +1 eigen
space of U .

In order to distinguish whether w ∈ F −1 (0) or w ∈ F −1 (1), we must be able to tell whether
|0i is 99% in U ’s rotation 0 eigen space or |0i is only ≤ 1% in U ’s rotation ≤ δ subspace.
This can be achieved by Kitaev’s phase estimation algorithm.

5

4

Phase Estimation

Phase Detection is actually a special case of a more general algorithm called Phase
Estimation, due to Kitaev[Kit97]. Here it the theorem:
Theorem 4.1. Let U be an unitary operation on RM , given to a quantum algorithm as a
“black box“. Let |ψi be an eigenvector of U , also given (in a sense) as a ”black box”. Say
the eigenvalue of |ψi is eiθ , where θ ∈ (−π, π] Then with only O(1/δ) applications of U , it
is possible to distinguish the case θ = 0 from θ ≥ δ with high probability.
Let’s be a bit more precise. Our algorithm (quantum circuit) will work with two registers;
an M -dimensional register, and a ”workspace” register of dimension Θ(1/δ). (You can think
of the workspace register as roughly log(1/δ) additional qubits.) The circuit is allowed to
use U gates on the first register, although it doesn’t “know” what U is. (Actually, it will
use controlled-U gates; there is a basic quantum circuit theorem, which we skipped, showing
that one can construct controlled-U gates from U gates.) It is also assumed that the input
to the circuit will be |ψi ⊗ |0i, where again, |ψi is some (”unknown”) eigenvector of U with
eigenvalue eiθ . Then the Phase Detection circuit has the following properties:
 it contains at most O(1/δ) controlled-U operations;
 if θ = 0, i.e. |ψi is fixed by U , then the final state of the circuit will always be exactly
|ψi ⊗ |0i, the same as the initial state;
 it θ ≥ δ, then the final state will be of the form |ψi ⊗ |φi, where | hφ | 0i | ≤ 1/4

Then, in a typical use of Phase Detection, you just measure at the end, and look at the
second (workspace) register. If θ = 0 then you will see |0i with probability 1, and if θ ≥ δ
you will see |0i with probability at most 1/4.
Now actually, it’s not 100% immediate to finish Reichardt’s theorem with Phase Detection, because the summary that we ended suggested applying it with |ψi equal to this “|0i”
vector, and |0i wasn’t necessarily an eigenvalue of U , even in the YES case (in that case,
it was only 99% equal to a 1-eigenvalue of U ). Still, we’re almost finished; I leave it as an
exercise for the reader to complete the proof of Reichardt’s theorem using the two facts we
ended the summary one, plus the Phase Detection algorithm. (Hint: every input to Phase
Detection can be written as a linear combination of U’s orthogonal eigenvalues; so apply
Phase Detection’s guarantee to each, and use the fact that the Phase Detection algorithm
is, like every quantum algorithm, a unitary linear transformation.)
We now give the proof of the Phase Detection theorem.
Proof. Let D be 8/δ rounded up to the nearest integer power of 2, so D = O(1/δ). The
workspace register will consist of exactly d = log 2D qubits, thought of as encoding an integer
between 0 and D1. Now here is the algorithm:
 UniformSuperposition(workspace register) (this is just d little Hadamard gates, one on
each workspace wire).

6

 for t = 1, . . . , D − 1
do “controlled-U ” on the first register, where the control condition is that the integer
in the second register is at least t.
 UniformSuperposition−1 (workspace register).

That’s it. You see it’s indeed O(1/δ) applications of U . Let us now track the state of the
registers throughout the algorithm.
(a) Initial state: |ψi ⊗ |0i
(b) After step 1:
|ψi ⊗

!
D−1
D−1
1 X
1 X
√
|ji = √
|ψi ⊗ |ji
D j=0
D j=0

(c) After step 2:
D−1
D−1
1 X iθ(j+1)
1 X j+1
√
U
|ψi ⊗ |ji = √
e
|ψi ⊗ |ji since |ψi is an eiθ eigen vector of U
D j=0
D j=0

= |ψi ⊗ |φi
where |φi =

√1
D

PD−1
j=0

eiθ(j+1) |ji and the final eq

Let us now consider the two cases we need to analyze for the theorem.
P
 Case 1: θ = 0 In this case we simply have |φi = √1D D−1
j=0 |ji i.e., |φi is the uniform
superposition in the second register. hus after step 3, it will turn back into |0i. Hence
the final state is indeed |ψi ⊗ |0i
 Case 2: |θ| ≥ δ since UniformSuperposition is a unitary transformation, it (and its
inverse) preserve angles. It follows that the exact statement we must show is that
hφ | uniform superpositioni2 ≤ 1/4. The unsquared quantity on the left (which we
must bound by 1/2) is
!
!
D−1
D−1
D−1
1 X −iθ(j+1)
1 X
1 X −iθ(j+1)
√
| √
e
hj|
|ji | = |
e
|
D j=0
D j=0
D j=0

You should be able to see how this will work out; we have a unit complex number with
angle −θ where |θ| ≥ δ. We’re averaging it over D rotations of itself, where D  1δ .
It should come out close to 0. To be completely precise, the above quantity is exactly
(by the formula for the sum of a geometric series)
1 |1 − e−iθD |
D |1 − e−iθ |
7

We have D1 ≤ 8δ , the numerator above is trivially at most 2, and the denominator is
at least |θ|/2 (simple trig), which is at least δ/2. So the above expression is indeed at
most 1/2, as desired
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Mixed States

Today, we will change the topic from quantum algorithm to quantum information theory.
To lay the foundation for the qunatum information theory, we first need to generalize the
definition of quantum states.

1.1

Motivation

Recall that, in the second lecture, we defined quantum states as vectors. Specifically, a
quantum state in the d-dimensional qudit system is a superposition of d basis states. We
can write:
|ψi = α1 |1i + α2 |2i + · · · + αd |di ,
where |α1 |2 + |α2 |2 + · · · + |αd |2 = 1.
However, using vectors to describe the state of a quantum system sometimes is not
enough. One motivation to generalize the definition of a quantum state is to model quantum
noise. When you implement a quantum system, the qunatum processes involved are naturally
“noisy”, whatever that means, and they are modeled as devices producing quantum states
|ψi i with probability pi . A schematic diagram of such a device is as follows.


|ψ1 i with probability p1 ,
The devise outputs |ψ2 i with probability p2 ,

..

.
Roughly speaking, its quantum state is sometimes |ψ1 i, sometimes
|ψ2 i and so on.
P
One might be attempted to use a vector, for example i pi |ψi i, to represent the state of
such a quantum device. But vectors are just not the correct notions to capture the quantum
state of such a device.

1.2

Mixed state represented by matrix

In order to come up with the right notions to describe the physical system of such a devise,
let’s measure the devise in the basis |v1 i , |v2 i , . . . , |vd i. We compute
!
X
X
X
pj hvi |ψj ihψj |vi i = hvi |
pj |ψj i hψj | |vi i (1)
Pr [observe |vi i] =
pj |hvi |ψj i|2 =
j

j

j

1

Definition 1.1. The mixed state {pi , |ψi i} is represented by the matrix ρ =
The state is called a pure state if pi = 1 for some i.

P

j

pj |ψj i hψj |.

The matrix ρ embodies everything related to the mixed state. In (1), we have seen that
the outcome of the measurement in the basis can be expressed in terms of ρ, that is
Pr [observe |vi i] = hvi | ρ |vi i .
In the following example, we compute the matrices representing various mixed states.
Example 1.2. The mixed state
(
|0i with probability 1
S1 =
|1i with probability 0
is represented by



1 0
|0i h0| =
.
0 0
The mixed state

(
− |0i
S2 =
|1i

with probability 1
with probability 0

is represented by the same matrix


1 0
(− |0i)(− h0|) =
.
0 0
The mixed state

(
|0i with probability 1/2
S3 =
|1i with probability 1/2

is represented by
1 
1
1
0
|0i h0| + |1i h1| = 2 1 .
0 2
2
2
Though S1 and S2 in Example 1.2 look different, they are not distinguishable from an
observer, and so they share the same representing matrix. This reflects the fact that the
representing matrix contains only the observable information and does not contain redundant
information.
Analogous to the vector formulation of quantum state, we can axiomatize the matrix
formulation of mixed state as follows.
1. (Measurement) If ρ represents a mixed state and you measure in the basis |v1 i , . . . , |vd i,
then Pr [observe |vi i] = hvi | ρ |vi i. We have computed this probability in (1).
2. (Evolution) Suppose a mixed state S1 = {pi , |ψi i} goes though a unitary gate U and
transforms to S2 = {pi , U |ψi i}. If the matrix representing S1 is ρ, then the matrix
representing S2 is
!
X
X
X
pi (U |ψi i)(U |ψi i)† =
pi U |ψi i hψi | U † = U
pi |ψi i hψi | U † = U ρU † .
i

i

i

2

1.3

Density matrix

The matrix presenting a mixed state has the following property.
Proposition 1.3. If ρ represents a mixed state, then tr (ρ) = 1 and ρ is positive semidefinite
(PSD).
Proof. Note that for a pure state |ψi = a1 |1i+· · ·+ad |di, tr (|ψi hψ|) = |a1 |2P
+· · ·+|ad |2 = 1.
Suppose the mixed state
P
P is {pi , |ψi i}. On one hand, we have that tr (ρ) = tr ( i pi |ψi i hψi |) =
p
tr
(|ψ
i
hψ
|)
=
i
i
i i
i pi = 1. On the other hand, for any |vi, we have that hv| ρ |vi =
Pr [observe |vi] ≥ 0, hence that ρ is PSD.
Definition 1.4. We say that a matrix ρ is a density matrix if and only if tr (ρ) = 1 and ρ
is PSD.
Proposition 1.3 simply says that a matrix representing a mixed state is a density matrix.
In fact, the converse is also true.
Proposition 1.5. If ρ is a density matrix, then it represents a mixed state.
P
Proof. By the spectral theorem for Hermitian matrices, we know that ρ = di=1 λi |vi i hvi |,
where λi ’s are the (real) eigenvalues and |vi i’s from an orthonormal basis.
PdSince ρ is PSD,
we know that λi ≥ 0 for all i. The assumption tr (ρ) = 1 implies that i=1 λi = 1. So ρ
represents the mixed state {pi , |vi i : i ∈ [d]}.
Remark 1.6. Even though a mixed state, say {pi , |ψi i}, can be rather complicated, for
example, there are infinitely many nonzero pi ’s, from the proof of Proposition 1.5 we see
that {pi , |ψi i} is indistinguishable from {λi , |vi i} as they represent the same density matrix.
We have already seen in Example 1.2 that density matrix is a succinct way to represent
a mixed state. One can actually use the density matrices to check whether two mixed states
are distinguishable. Here is an example.
Example 1.7. Suppose mixed state
(
|0i with probability 3/4
S1 =
|1i with probability 1/4
and mixed state

(√
S2 =

3
√2
3
2

|0i + 12 |1i
|0i − 12 |1i

with probability 1/2
.
with probability 1/2

Both mixed states are represented by


3
1
3/4 0
|0i h0| + |0i h0| =
0 1/4
4
4
! √
!
√
1
1
1
1
3
3
=
|0i + |1i
h0| + h1| +
2
2
2
2
2
2
and hence indistinguishable.
3

√

!
1
3
|0i − |1i
2
2

√

!
1
3
h0| − h1| ,
2
2

1.4

Density matrix in quantum algorithms

In the hidden subgroup problem (HSP) for group G, if f “hides” a subgroup H ≤ G, then
the “standard method” outputs uniformly random coset
1 X
|gHi = p
|ghi .
|H| h∈H
1
. So the density matrix representing the mixed
Each coset |gHi is output with probability |G|
state is
X 1
1 X
ρH =
|gHi hgH| =
|gHi hgH| .
|G|
|G| g∈G
g∈G

In general, partial measurements would generate mixed states.

2

Measurements

The next step is to generalize the definition of measurements.

2.1

Simple measurements

We first review the “simple measurements” (not standard terminology). Given a pure state
|ψi, a “simple measurement” is as follows.
1. Pick orthonormal basis |v1 i , . . . , |vd i.
2. Receive outcome “i” with probability |hvi |ψi|2 .
3. |ψi “collapses” to |vi i.

2.2

Most general quantum measurement

The most general quantum measurement can be described using matrices. We first focus on
the measurement rules for pure states.
1. Pick d × d matrices M1 , . . . , Mm satisfying the completeness condition that
†
Mm = I.
M1† M1 + · · · + Mm

(2)

2. Receive outcome “i” with probability
|Mi |ψi|2 = hψ| Mi† Mi |ψi .

(3)

Mi |ψi
Mi |ψi
=q
|Mi |ψi|
hψ| Mi† Mi |ψi

(4)

3. ψ collapses to

4

2.3

Sanity check

We first check that the |Mi |ψi|2 ’s should sum to 1. Using the completeness condition (2),
we have that
!
X
X
X †
2
†
|Mi |ψi| =
hψ| Mi Mi |ψi = hψ|
Mi Mi |ψi = hψ|ψi = 1.
i

i

i

Secondly, we check that the general measurement extends the “simple measurement”. In
the case of simple measurement, we measure with respect to orthonormal basis |v1 i , . . . , |vd i.
Take Mi = |vi i hvi | for all i ∈ [d]. Note that Mi† Mi = |vi i hvi | |vi i hvi | = |vi i hvi |. According
to the definition of the general quantum measurement, we check that
1. Completeness condition:
M1† M1 + · · · + Md† Md = |v1 i hv1 | + · · · + |vd i hvd | = I.
2. Receive “i” with probability
hψ| Mi† Mi |ψi = hψ|vi ihψ|vi i = |hvi |ψi i|2 .
3. ψ collapses to
|vi i hvi |ψi
Mi |ψi
=
= eiθ |vi i .
|Mi |ψi|
|hvi |ψi|
We further define a special kind of general measurement, called projective measurement.

2.4

Projective measurement

2
Recall that a projection Π is a PSD matrix such that
PkΠ = Π (cf. Problem 6 in Homework 2).
Equivalently, Π is a projection provided that Π = i=1 |vi i hvi |, where |vi i’s are orthonormal
(but they do not necessarily form a basis).

Definition 2.1. A projective measurement is the case when M1 = Π1 , . . . , Mm = Πm , where
Π’s are projections such that
Π1 + · · · + Πm = I.
(5)
Equation (5) implies the completeness condition (2). This is simply because Mi† Mi =
Π†i Πi = Π2i = Πi . Moreover, we receive outcome “i” with probability |Π |ψi|2 = hψ| Π†i Πi |ψi =
hψ| Πi |ψi and the state collapses to Πi |ψi / |Πi |ψi|.
One way to think about a projective measurement is to imagine that youP
pick an orthonormal basis |v1 i , . . . , |vd i and “bundle” those vectors into projectors: Πi = j∈Si |vj i hvj | for
all i ∈ [m], where S1 , . . . , Sm form a partition of [d]. Moreover, it is easy to see that the
“simple measurement” is a projective measurement.
Example 2.2. Given state |ψi = √13 (|0i + |1i + |2i). If we pick Π1 = |0i h0| , Π2 = |1i h1| +
|2i h2| and carry out a projective measurement on |ψi. Since Π1 |ψi = √13 |0i and Π2 |ψi =
√1 (|1i + |2i), we will observe “1” and get |0i with probability 1 , and we will observe “2” and
3
3
get √12 (|1i + |2i) with probability 23 .
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2.5

Measurement rules for mixed states

Now, we derive the measurement rules for mixed states.
Proposition 2.3. Given mixed state {pi , |ψi i} represented by density matrix ρ. If we measure the mixed state with respect to M1 , . . . , Mm satisfying the completeness condition, then
1. Receive outcome “i” with probability


tr Mi† Mi ρ .
2. ρ collapses to
M ρM †
 i i .
tr Mi† Mi ρ
P
Proof. By the definition of density matrix, we have that ρ = i pi |ψi i hψi |. Note that
!


 X

X
X
pj |ψj i hψj | =
pj tr Mi† Mi |ψj i hψj | =
hψj | Mi† Mi |ψj i .
tr Mi† Mi ρ = tr Mi† Mi
j

j

j

In the last equality, we used the simple fact that tr (|ai hb|) = hb|ai Using conditional probability, it is easy to see


X
X
p0i := Pr [receive i] =
pj Pr [receive i | measure |ψj i] =
pj hψj | Mi† Mi |ψj i = tr Mi† Mi ρ .
j

j

Because pure state |ψj i collapses to pure state
Mi |ψj i
Mi |ψj i
|ψj0 i = q
=: √
,
pji
hψj | Mi† Mi |ψj i

with probability pji , the mixed state {pj , |ψj i} collapses to pj pji /p0i , |ψj0 i represented by
X pj pji  Mi |ψj i   Mi |ψj i †
1 X
Mi ρMi†
†

.
=
p
M
|ψ
i
hψ
|
M
=
√
√
j
i
j
j
i
0
0
†
p
p
p
p
ji
ji
i
i
tr
M
M
ρ
j
j
i
i

3

Mixed state in entanglement

P
Suppose Alice and Bob share a pair of qudits with joint state |ψi = i,j∈[d] αi,j |ii ⊗ |ji.
Sadly, Bob is light-years away from Alice and got forgotten by everyone. The question is
6

“How do you describe Alice’s qudit?”1 .
We claim that from Alice’s perspective, her qudit is represented as a mixed state. In
other words, if she performs a measurement on her qudit, then her measurement outcomes
are consistent with her qudit being a mixed state. Which mixed state?
Suppose prior to Alice’s measurement,
Bob measures his qudit (in standard basis).
He
P
P
2
1
sees |ji with probability pj :=
i αi,j |ii.
i |αi,j | and Alice’s state becomes |ψj i := √pj
Had Bob measured before Alice, Alice’s state would become a mixed state represented by
!
!
X
X
X
X
1 X †
1 X
αi1 ,j |i1 i
αi2 ,j hi2 | =
|i1 i hi2 |
αi1 ,j αi2 ,j .
pj |ψj i hψj | =
pj √
√
pj i
pj i
i ,i
j
j
j
1

2

1 2

However, by relativity, Bob’s measurement information hasn’t propagated to Alice’s world
since Bob is light-years away. This means that, without loss of generality, we may always
assume Bob had measured before Alice.
Well, if you believe in relativity, then you’re forced to conclude that Alice’s state is given
by the mixed state
X
X
ρA =
|i1 i hi2 |
αi1 ,j αi†2 ,j .
i1 ,i2 ∈[d]

j∈[d]

Of course, you might not believe in relativity (your loss), in which case this argument
isn’t too convincing. So let’s see a quantum mechanical proof of this fact.
Before this, let me describe the standard way that ρA is defined. Suppose R and S are
d × d matrices, where we think of R as Alice’s matrix and S as Bob’s matrix. Then the
partial trace trB is defined as trB (R ⊗ S) := R · tr (S).
The notation is suggestive: you take the trace of Bob’s matrix S and multiply it by R.
This shows how to define trB for d2 × d2 matrices of the form R ⊗ S. If we further specify
that trB is linear, then trB (M ) isP
defined for any d2 × d2 matrix M . This is because any
such M can be expanded as M = i Ri ⊗ Si , where the Ri ’s and Si ’s are d × d.
Now, I claim that ρA (as defined above) is equal to trB (|ψi hψ|). To see this, first note
that
X
|ψi hψ| =
αi1 ,j1 αi†2 ,j2 |i1 i hi2 | ⊗ |j1 i hj2 | .
i1 ,j1 ,i2 ,j2

Thus, by linearity of trB and the fact that tr (|ai hb|) = 1 if a = b and 0 otherwise,
X
trB (|ψi hψ|) =
αi1 ,j1 αi†2 ,j2 trB (|i1 i hi2 | ⊗ |j1 i hj2 |)
i1 ,j1 ,i2 ,j2

=

X

αi1 ,j1 αi†2 ,j2 |i1 i hi2 | · tr (|j1 i hj2 |)

i1 ,j1 ,i2 ,j2

=

XX
i1 ,i2

1

αi1 ,j αi†2 ,j |i1 i hi2 | ,

j

The notes below are mostly based on a Piazza post by John Wright.
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which, after some trivial manipulations, is exactly ρA from above. So any time you see the
notation trB applied to a multi-qudit state, it just means that you’re supposed to compute
the mixed state that Alice sees. And the above argument shows how to carry out this
process in a simple manner. By the way, if we wanted to figure out which mixed state
Bob’s qudit is in, then it would be in the state trA (|ψi hψ|), where trA is defined so that
trA (R ⊗ S) = tr (R) · S.
Okay, so now let’s prove that ρA = trB (|ψi hψ|) is the state of Alice’s qudit. This means
that if she performs a measurement on her qudit, then her measurement outcome is consistent
with her qudit being in the mixed state ρA . If Alice P
measures her qudit in the standard basis
|1i , . . . , |di, then she sees “i” with with probability j |αi,j |2 . This is identical to performing
the projective measurement |1i h1| ⊗ I, . . . , |di hd| ⊗ I (where I is the d × d identity matrix)
on the whole state |ψi:
2
2

Pr [Alice observe |ii] = |(|ii hi| ⊗ I) |ψi| =

X
i0 ,j

αi0 ,j (|ii hi|i0 i) ⊗ |ji

=

X

|αi,j |2 .

j

Then we claimed that (without proof) if Alice measures her qudit in the basis |v1 i , · · · , |vd i,
then this is identical to performing the projective measurement |v1 i hv1 | ⊗ I, · · · , |vd i hvd | ⊗ I.
Let’s now prove this fact.
P If Alice measures in the basis |v1 i , · · · , |vd i, this means first applying the unitary U = i |ii hvi | to her qudit and then measuring in the standard basis. This
is equivalent to applying the unitary U ⊗ I to the total state |ψi and then performing the
projective measurement |1i h1| ⊗ I, · · · , |di hd| ⊗ I. So the probability Alice observes outcome
|vi i is the probability she observes outcome |ii when measuring the state (U ⊗ I) |ψi. And
this probability is equal to
hψ| (U † ⊗ I)(|ii hi| ⊗ I)(U ⊗ I) |ψi = hψ| (U † |ii)(hi| U ) ⊗ I |ψi = hψ| (|vi i hvi | ⊗ I) |ψi ,
which is identical to the measurement distribution of the projective measurement |v1 i hv1 | ⊗
I, · · · , |vd i hvd | ⊗ I, as claimed.
With this fact in hand, we can now prove the main result, which is that Alice’s state is
given by the mixed state ρA . In particular, if she measures in a basis |v1 i , · · · , |vd i, then she
should see outcome |vi i with probability hvi | ρ |vi i. Let’s verify this. By the above fact, the
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probability that she gets outcome i when measuring is equal to
!
!
X †
X
hψ| (|vi i hvi | ⊗ I) |ψi =
αi1 ,j1 hi1 | ⊗ hj1 | (|vi i hvi | ⊗ I)
αi2 ,j2 |i2 i ⊗ |j2 i
i1 ,j1

=

i2 ,j2

X

αi†1 ,j1 αi2 ,j2

hi1 | ⊗ hj1 | (|vi i hvi | ⊗ I) |i2 i ⊗ |j2 i

i1 ,j1 ,i2 ,j2

=

X

αi†1 ,j1 αi2 ,j2 hi1 |vi ihvi |i2 ihj1 |j2 i

i1 ,j1 ,i2 ,j2

=

X

αi†1 ,j αi2 ,j hvi |i2 ihi1 |vi i

i1 ,i2 ,j

!
X

= hvi |

αi†1 ,j αi2 ,j

|i2 i hi1 | |vi i

i1 ,i2 ,j

= hvi | ρA |vi i ,
exactly as promised. So ρA represents Alice’s mixed state, and we’re done.
One nice thing about the partial trace definition is it allows us to prove the following
fact: suppose that Bob applies the unitary U to his qudit. Then Alice’s state should remain
unchanged. In particular, her mixed state should be the same before and after Bob applies
his unitary. To see this, her mixed state after Bob applies his unitary is given by

X

trB (I ⊗ U ) |ψi hψ| (I ⊗ U † ) = trB


αi1 ,j1 αi†2 ,j2 (|i1 i hi2 |) ⊗ U |j1 i hj2 | U

!

†

i1 ,j1 ,i2 ,j2

=

X

αi1 ,j1 αi†2 ,j2 |i1 i hi2 | ⊗ tr U |j1 i hj2 | U †



i1 ,j1 ,i2 ,j2

=

X

αi1 ,j1 αi†2 ,j2 |i1 i hi2 | ⊗ tr (|j1 i hj2 |)

i1 ,j1 ,i2 ,j2

= trB (|ψi hψ|)
= ρA .
Here we used the fact that tr (ABC) = tr (BCA). So Bob can apply any unitary rotation
to his qudit that he wants, but from Alice’s perspective her qudit’s state never changes. We
saw this previously in lecture 3 in the special case of the quantum teleportation circuit.
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Recap and more

1.1

Mixed state

Recall
that a mixed state {pi , |ψi i}, where |ψi i ∈ Cd , is represented by density matrix ρ =
P
d×d
. Conversely, a density matrix ρ, by definition,
i pi |ψi i hψi | ∈ C
1. is positive semidefinite (PSD), and so it has orthonormal eigenvectors |v1 i , . . . , |vd i
with nonnegative eigenvalues λ1 , . . . , λd ;
2. and it satisfies tr (ρ) = 1, and so λ1 + · · · + λd = 1.
Therefore ρ represents mixed state {λi , |vi i}.
We shall use repeatedly use the following properties of traces in this lecture.
Fact 1.1. Here are some basic properties of the trace operator.
P
P
1. tr (A) = i AiiP
= λi , where λi ’s are the eigenvalues of A;
2. and tr (AB) = i,j Aij Bji = tr (BA).
Corollary 1.2. The following properties follow immediately from the second fact above.
1. tr (|ψi hφ|) = tr (hφ|ψi) = hφ|ψi;
2. the trace operator is invariant under orthonormal transformation: given unitary matrix
U , we have


tr U M U † = tr U † U M = tr (M ) .

1.2

General measurement

P
A general measurement is defined by matrices M1 , . . . , Mm such that i Mi† Mi = I. If this
general measurement is carried out on a mixed state represented by ρ, in the last lecture we
have shown that we will see outcome “j” with probability




†
†
pj := tr Mj Mj ρ = tr Mj ρMj
(1)
and the state collapses a mixed stated represented by
Mj ρMj†
.
pj
1

(2)

If we measure a mixed state represented by ρ in orthonormal basis |v1 i , . . . , |vd i, or
equivalently we carry out a measurement described by Mi = |vi i hvi |, then, from (1) and (2),
we see outcome “j” with probability
pj := hvj | ρ |vj i = tr (|vj i hvj | ρ)

(3)

and the state collapses to the mixed state represented by
1
|vj i hvj | ρ |vj i hvj | .
pj

(4)

Let Ei = Mi† Mi in thePdefinition of general measurement. We know that {Ei } is a set of
PSD matrices such that i Ei = I. Suppose that we are only given Ei . From (1), we will
still be able to determine the probability of outcome “j”: pj = tr (Ei ρ). This makes this set
{Ei } intersting.
Definition 1.3. A positive-operator valued measure (POVM) is a set of PSD matrices
E1 , . . . , Em such that E1 + E2 + · · · + Em = I.
Specifying Ei ’s gives probability distribution of the outcome, but implementation of such
a measurement still needs Mi . Moreover, from (2), we can see that POVM does not tell
what the state collapses to.
Though we have generalized the definitions of quantum state and measurement, we
haven’t actually added anything new at all. On one hand, one can still reason about mixed
states through conditional probability. On the other hand, density matrices are not new due
to Naimark’s (Neumark’s) theorem. The theorem will appear as a homework problem.
Theorem 1.4. A general measurement described by M1 , . . . , Mm is equivalent to a quantum circuit with m-dimensional ancilla and a unitary gate U followed by a partial (simple)
measurement on the ancilla bits.

ρ0

ρ

ρ0

ρ

M1 , . . . , Mm

U
≡

m-dim |0i

j

j

So the point of the generalization should really be thought as a new mathematical way
to describe quantum states and measurements nicely.

2

Discriminating two pure states

Given a pure d-dimensional state |ψi known to be either |ψ1 i or |ψ2 i. You must guess which
state |ψi really is. There are two kinds of errors: the probability p1 we guess wrong when
2

it’s |ψ1 i and the probability p2 we guess wrong when it’s |ψ2 i. The goal is to find a strategy
to minimize max (p1 , p2 ).
Assume with out loss of generality the angle between |ψ1 i and |ψ2 i, say θ, is between 0
and π/2. Otherwise, we replace |ψ1 i by − |ψ1 i.
Theorem 2.1. The best strategy is to do the projective measurement with {|v1 i , |v2 i}, where
|v1 i , |v2 i are in the span of |ψ1 i and |ψ2 i such that hv1 |v2 i = 0, they are symmetric with
respect to the angle bisector of |ψ1 i and |ψ2 i, and |vi i is closer to |ψi i for i = 1, 2. On
outcome “|vi i”, we guess |ψi i.
|ψ2 i

|ψ1 i

|v2 i

|v1 i

θ

Remark 2.2. The strategy makes sense as measurements in the space perpendicular to |ψ1 i
and |ψ2 i does not reveal information. Moreover, the best strategy should be symmetric with
respect to |ψ1 i and |ψ2 i.
The probability of success using the best strategy is


π
 1 1
π/2 − θ
1 1
2
2
2
− θ = + sin θ.
|hψ1 |v1 i| = cos (∠(ψ1 , v1 )) = cos
= + cos
2
2 2
2
2 2
The best probability distribution of success is plotted below.
pbest
1
1
2

π
2

0

θ

The optimality of the strategy follows from Theorem 3.4 in the next subsection. Over
there, we actually prove the average error probability (p1 + p2 )/2 ≥ 12 − 21 sin θ and so
max (p1 , p2 ) ≥ 12 − 21 sin θ.

3

2.1

Unambiguous discrimination

Now you can guess which state |ψi or say “don’t know”, but you may never be wrong. One
simple strategy is to do the projective measurement with |ψ1 i , |ψ1⊥ i . If the outcome is
|ψ1 i, we say “don’t know”, otherwise we are sure that it’s |ψ2 i. This strategy gives
(
1
if it is |ψ1 i
Pr [“don’t known”] =
cos2 θ if it is |ψ2 i .
Aslightly cleverer strategy is to do, with probability 1/2, the projective measurement

with |ψ1 i , |ψ1⊥ i and do, with probability 1/2, the projective measurement with |ψ2 i , |ψ2⊥ i .
Overall, the probability of “don’t know” is 21 + 12 cos2 θ and the probability of success is
1
− 12 cos2 θ = 12 sin2 θ. Its probability distribution is plotted below.
2
p

1
2

π
2

0

θ

Apparently, we can do better in the case when θ = π/2. In fact, we are able to decide
deterministically |ψi in this case. This suggests that the slightly cleverer strategy might not
be the best strategy.
The strategy above can be thought as a mixture of a projection onto |ψi⊥ i for i = 1, 2.
Set Πi = I − |ψi i hψi | for i = 1, 2. You might want to try the general measurement described
by Mi = Πi or POVM with Ei = Mi† Mi = Πi . This is not OK since E1 + E2 may not equal
to I. If E1 + E2  I 1 , then E0 = I − E1 − E2 is PSD and {E0 , E1 , E2 } is a POVM. However,
in general E1 + E2  I might not be the case.
Here is the way to fix this idea. Say maximum eigenvalue of Π1 +Π2 is c. So Π1 +Π2  cI.
We will let E1 = Π1 /c, E2 = Π2 /c, E0 = I − E1 − E2  0.
Claim 2.3. The maximum eigenvalue, c, of Π1 + Π2 , is 1 + cos θ.
Proof. Here’s the proof2 . We have that c is the maximum, over all unit |vi, of
hv| (Π1 + Π2 ) |vi = hv| Π1 |vi + hv| Π2 |vi = sin2 θ1 + sin2 θ2 ,
where θi is the angle |vi makes with |ψi i, and we used the most basic geometry. It’s clear
that this is maximized when |vi is in the same 2-dimensional plane as |ψ1 i , |ψ2 i. So we’re
now maximizing
1
sin2 θ1 + sin2 θ2 = 1 − (cos(2θ1 ) + cos(2θ2 ))
2
1
2

If X − Y is PSD, we write X  Y .
The proof below is based on a Piazza post by Ryan O’Donnell.

4

subject to θ1 + θ2 = θ, where I used the
double-angle formula cos(2α) = 1 − 2 sin2 α. Using

cos α−β
, we have that
cos(α) + cos(β) = 2 cos α+β
2
2
1
(cos(2θ1 ) + cos(2θ2 )) = cos (θ1 + θ2 ) cos (θ1 − θ2 ) = cos θ cos(θ1 − θ2 ) ≥ − cos θ.
2
Hence c ≤ 1 + cos θ and equality occurs when θ1 = θ/2 − π/2 and θ2 = θ/2 + π/2.
Fact 2.4. The best strategy to unambiguously discriminate |ψ1 i and |ψ2 i is to carry out the
POVM {E0 , E1 , E2 }. We guess |ψ2 i if the outcome is 1, we guess |ψ1 i if the outcome is 2,
and we say “don’t know” if the outcome is 0.
For a proof of the optimality of the strategy, see [Per88, Iva87, Die88]. Here we only
compute the best success probability. Say the state is |ψ2 i. Then density matrix is ρ =
|ψ2 i hψ2 |. We compute the probability of each outcome:
Pr [outcome 1] = tr (E1 ρ)


Π1
|ψ2 i hψ2 |
= tr
c
1
= tr ((I − |ψ1 i hψ1 |) |ψ2 i hψ2 |)
c
1
= tr (|ψ2 i hψ2 | − |ψ1 i hψ1 | |ψ2 i hψ2 |)
c
1
= (tr (|ψ2 i hψ2 |) − tr (|ψ1 i hψ1 | |ψ2 i hψ2 |))
c

1
=
hψ2 |ψ2 i − |hψ1 |ψ2 i|2
c
1
= (1 − cos2 θ)
c
= 1 − cos θ;
Pr [outcome 2] = tr (E2 ρ)


Π2
= tr
|ψ2 i hψ2 |
c
= 0;
Pr [outcome 0] = cos θ.
The probability of success is plotted below (in red) in comparison with the previous
strategy (in blue).
In general, if we want to unambiguously discriminate > 2 pure states, it is not clear how
to find expression of the best probability is closed form. Using semidefinite programming in
general gives good bounds on the best probability.
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pbest

1
2

π
2

0

3

θ

Discriminating two mixed states

Given a mixed state ρ known to be either ρ1 or ρ2 . You must guess which state ρ really
is. Assume it’s ρ1 with probability 1/2 and ρ2 with probability 1/2. Our goal is to come up
with a strategy to minimize the error probability.
Suppose ρ1 represents ensemble {pi , |ψi i}di=1 , where pi ’s are the eigenvalues of ρ1 and
|ψi i’s are the eigenvectors. Similarly, ρ2 represents ensemble {qi , |φi i}di=1 .

3.1

Easy case

An easy case is when |ψi i = |φi i for all i ∈ [d]. Now ρ1 and ρ2 are simultaneously diagonalizable. Without loss of generality, we can assume that |ψi i = |φi i = |ii for all i ∈ [d]
and




p1
q1




...
...
ρ1 = 
 and ρ2 = 
.
pd

qd

The optimal strategy is to measure in the standard basis and the problem of discriminating
ρ1 and ρ2 reduces to a purely classical problem. Now we know that if the state is ρ1 , then
with probability pi you see |ii, and if the state is ρ2 , then with probability qi you see |ii.
For example, suppose d = 3 and the pi ’s and qi ’s are displayed in the histogram below. If
you see “|1i”, you should guess ρ1 ; if you see “|2i”, you should guess ρ2 ; and if you see “|3i”,
you should guess ρ1 .
Let A = {i : pi ≥ qi }. It is optimal to guess ρ1 if and only if the outcome is in A.
Definition 3.1. The statistical distance / total variation
of probability distributions (p1 , . . . , pd )
P
1
and (q1 , . . . , qd ) is defined by dTV ({pi } , {qi }) := 2 i |pi − qi |
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1

Probability

0.8

0.9

0.9

0.8
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0.4
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0.3
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0
|1i

|2i
pi

|3i
qi

Now we compute the success probability:
1
1
Pr [i ∈ A | ρ = ρ1 ] + Pr [i ∈
/ A | ρ = ρ2 ]
2
2
1X
1X
=
pi +
qi
2 i∈A
2
i∈A
/
1X
=
max (pi , qi )
2 i


1 X pi + qi |pi − qi |
=
+
2 i
2
2

Pr [success] =

=

3.2

1 1
+ dTV ({pi } , {qi }).
2 2

General case

In order to state the result in the general case, we first define the p-norm of a matrix:
P
Definition 3.2. Suppose matrix A is Hermitian. The p-norm of A is kAkp := ( i |λi |p )1/p ,
where λi ’s are the eigenvalues of A. The ∞-norm of A is kAk∞ := maxi (λi )
In the easy case, the success probability can be rewritten as

1
2

+ 12 ( 12 kρ1 − ρ2 k1 ).

Remark 3.3. 12 kρ1 − ρ2 k1 is called the trace distance between ρ1 and ρ2 . There are different
notations for 21 kρ1 − ρ2 k1 , such as D, δ, T, dtv , dTV .
Now we drop the assumption that ρ1 and ρ2 are simultaneously diagonalizable, and
consider the general case. We have the following result (see [Hol73, Hel69]).
Theorem 3.4 (Holevo–Helstrom). In general, the best success probability to discriminate
two mixed states represented by ρ1 and ρ2 is given by 21 + 12 ( 12 kρ1 − ρ2 k1 ).
7

To prove the theorem, we need the Hölder’s inequality for matrices.
Lemma 3.5. Given two Hermitian matrices A, B. We have that
tr (AB) ≤ kAkp kBkq , ∀p, q ∈ [1, ∞] s.t.

1 1
+ = 1.
p q

Proof of Theorem 3.4 assuming Lemma 3.5. Say we have any POVM {E1 , E2 } such that
E1 , E2 are PSD and E1 + E2 = I. Our strategy is to guess ρi when the outcome is “i”. The
success probability can be expressed as
1
1
1
1
1
1
tr (E1 ρ1 )+ tr (E2 ρ2 ) = tr ((E1 + E2 )(ρ1 + ρ2 ))+ tr ((E1 + E2 )(ρ1 + ρ2 )) =: T1 + T2 ,
2
2
4
4
2
2
the first equality of which uses the linearity of the trace operator. On one hand, because
E1 + E2 = I and tr (ρi ) = 1, T1 = 12 tr (ρ1 + ρ2 ) = 21 tr (ρ1 ) + 12 tr (ρ2 ) = 1. On the other
hand, by Lemma 3.5, we have
T2 =

1
1
tr ((E1 − E2 )(ρ1 − ρ2 )) ≤ kE1 − E2 k∞ kρ1 − ρ2 k1 .
2
2

Since 0  E1 , E2  I, kE1 − E2 k∞ ≤ 1 and so T1 + T2 ≤ 12 + 21 kρ1 − ρ2 k1 gives an upper
bound of the best success probability. This bound is achievable. Suppose ∆ = ρ1 − ρ2 has
some eigenvalues λ1 , . . . , λm ≥ 0 and µ1 , . . . , µm0 < 0. Let P be the eigenspace associated to
λ1 , . . . , λm and Q be the eigenspace associated to µ1 , . . . , µm0 . Let E1 be the projection into
P and let E2 be the projection into Q. Note that E1 ∆ has eigenvalues λ1 , . . . , λm and E2 ∆
has eigenvalues µ1 , . . . , µm0 . We check that T2 ≤ 21 k∆k1 can achieve equality.
T2 =

1
1
1X
1
1X
1
tr ((E1 − E2 )∆) = tr (E1 ∆) − tr (E2 ∆) =
λi −
µi = k∆k1 .
2
2
2
2
2
2

Proof of Lemma 3.5. Since A, B are Hermitian, we can write
A=

d
X

pi |ui i hui | , B =

i=1

d
X

qj |vj i hvj | ,

j=1

where both {|ui i} and {|vi i} are orthonormal bases. Now we rewrite the left hand side of

8

the inequality in terms of pi , qj , ui , vj and then apply the (usual) Hölder’s inequality:
!
X
X
tr (AB) = tr
pi |ui i hui |
qj |vj i hvj |
i

=

X

j

pi qj tr (|ui i hui |vj i hvj |)

i,j

=

X

=

X

pi qj |hui |vj i|2

i,j

pi |hui |vj i|2/p



qj |hui |vj i|2/p

i,j

!1/p
≤

X

!
X

ppi |hui |vj i|2

i,j

qiq |hui |vj i|2

i,j

!1/p
=

X

X
p

pi

i

|hui |vj i|2

j

X

ppi

i

!
X

X
q

qj

j

!1/p
=

(the Hölder’s inequality)

|hui |vj i|2

i

!1/q
X

qjq

(the Pythagorean Theorem)

j

= kAkp kBkq .

Finally, Theorem 2.1 is a corollary to Theorem 3.4. Consider the case when ρi = |ψi i hψi |
for i = 1, 2 and hψ1 |ψ2 i = hψ2 |ψ1 i = cos θ. The best (average) success probability is
1
+ 12 kρ1 − ρ2 k1 . Observe that ρ1 − ρ2 = |ψ1 i hψ1 | − |ψ2 i hψ2 | has (d − 2) zero eigenvalues in
2
the subspace perpendicular to both |ψ1 i and |ψ2 i. The other two eigenvalues are associated
to eigenvectors of the form |ψi = c1 |ψ1 i + c2 |ψ2 i. If |ψi = c1 |ψ1 i + c2 |ψ2 i is an eigenvector,
then
(ρ1 −ρ2 ) |ψi = (|ψ1 i hψ1 |−|ψ2 i hψ2 |)(c1 |ψ1 i+c2 |ψ2 i) = (c1 −c2 cos θ) |ψ1 i+(c1 cos θ−c2 ) |ψ2 i .
So the associated eigenvalue λ satisfies λc1 = c1 − c2 cos θ and λc2 = c1 cos θ − c2 . In other
words, the homogeneous system of linear equations
(λ − 1)c1 + (cos θ)c2 = 0,

(− cos θ)c1 + (λ + 1)c2 = 0.

has a non-trivial solution, and so


λ − 1 cos θ
det
= λ2 − 1 + cos2 θ = λ2 − sin2 θ = 0.
− cos θ λ + 1
Therefore, the only two nonzero eigenvalues are ± sin θ, hence the best success probability
is 21 + 14 kρ1 − ρ2 k1 = 21 + 14 (sin θ + sin θ) = 21 + 12 sin θ.
9

References
[Die88] Dennis Dieks. Overlap and distinguishability of quantum states. Physics Letters A,
126(5):303–306, 1988.
[Hel69] Carl W Helstrom. Quantum detection and estimation theory. Journal of Statistical
Physics, 1(2):231–252, 1969.
[Hol73] Alexander S Holevo. Statistical decision theory for quantum systems. Journal of
Multivariate Analysis, 3(4):337–394, 1973.
[Iva87] Igor D Ivanovic. How to differentiate between non-orthogonal states. Physics Letters
A, 123(6):257–259, 1987.
[Per88] Asher Peres. How to differentiate between non-orthogonal states. Physics Letters
A, 128(1):19, 1988.

10

Quantum Computation

(CMU 18-859BB, Fall 2015)

Lecture 18: Quantum Information Theory and Holevo’s Bound
November 10, 2015
Lecturer: John Wright

1

Scribe: Nicolas Resch

Question

In today’s lecture, we will try to answer the following question:
How many bits are in a qubit?
What’s the answer? Well, we’ll see... In reality, there’s more than one way to answer this
question. So we’ll have to be a little bit more precise if we want to say anything interesting.
In this lecture, we will motivate and formally state Holevo’s Theorem [Hol73], which does a
good job of answering our question.
We begin by considering the following scenario. We have two parties Alice and Bob, and
Alice has a string x 2 {0, 1}n that she would like to transmit to Bob. Classically, we would
do the following: Alice would store the string in some shared memory (say, a RAM), and
then Bob would read the string from the RAM.
Alice
x 2 {0, 1}n

store

RAM

read

Bob
x 2 {0, 1}n

The above scheme works assuming the RAM is big enough, i.e. it can store at least n bits.
Now, since this is a quantum computation course, it is natural to ask if we can do better
quantumly, perhaps with respect to the number n? The previous scheme looks as follows in
the quantum setting:
Alice
x 2 {0, 1}n

compute

|

xi

2 Cd

measure

Bob
x 2 {0, 1}n
(Hopefully)

In the above, Alice does some sort of computation to create the state | x i 2 Cd , which
depends on her input x. The scheme works only if d
2n . Otherwise there will exist
non-orthogonal vectors | x i and | y i for x 6= y. In the previous lecture, we showed that we
are only able to discriminate quantum states with probability 1 if they are orthogonal, so
we cannot have this if we want Bob to be guaranteed to recover the correct string x. Since
d 2n , we require n qubits.
So, it seems like we’ve answered our question: we need n qubits to represent n bits. Are
we done? Well, we can say a little more.
1

2

More General Scenario

First of all, it might happen that we don’t actually need n bits to represent x, even in the
classical setting. As a very simple case, it could very well happen that Bob already knows
x, so Alice needs to store 0 bits! To deal with this, we need some way to quantify how
much Bob knows about Alice’s input x. And to do this, we will need to quantify how much
uncertainty there is about Alice’s input. We will use the following uncertainty model:
Alice samples random message x 2 {0, 1}n with probability p(x).
If all the p(x)’s are positive, then we still need n bits to encode all the possible options
classically and, just as before, we require n qubits in the quantum setting. But, it is possible
that we could do better.
Let’s now try to turn our question around slighty. We will now think of d, the dimensionality of the quantum state prepared by Alice, as fixed in advance. Our question will now be:
How much information can Bob learn about x?
Before continuing, we remark that Alice need not send a vector. As we’ve seen in recent
lectures, quantum states are in the most general case represented by a density matrix, so
Alice may send x 2 Cd⇥d , a mixed state. Also, Bob can perform the more general quantum
measurements that we discussed recently. Hence, the scenario we will analyze is the following:1
• Alice samples X 2 ⌃ ✓ {0, 1}n , where X = x with probability p(x).
• Alice sends

X

2 Cd⇥d .
✓ {0, 1}n .

• Bob picks POVM’s {Ey }y2 , where

• Bob measures X , and receives output “Y 2
probability tr(Ey x ).

”, where Y = y given X = x with

• Bob tries to infer X from Y .
Alice
X⇠⌃

compute
X

2 Cd⇥d

measure

Bob
Y ⇠

The most natural thing to do is to put = ⌃, and if Bob observes “y” he guesses “y”.
This is essentially without loss of generality, but we will still consider the situation where ⌃
and may be di↵erent.
1

We now think of Alice’s input, and therefore Bob’s measurement, as random variables. Hence the
capitalization.

2

3

Analysis

What’s Bob’s perspective in this game? He sees x with probability p(x), and he’s tasked with
discriminating between the di↵erent x ’s. This is very reminiscent of the state discrimination
problem we saw last time. However, in this case, we can try to come up with x ’s that are
very easy to discriminate from each other (recall that Alice and Bob are working together).
Bob sees the mixed state
8
>
>
< x1 with prob. p(x1 ),
with prob. p(x2 ),
x2
>
..
>
:
.
X
⌘
p(x) x =: ⇢B .
x2⌃

Since each x is a probability distribution over pure states, ⇢B is itself a probability
distribution over probability distributions of pure states. We do therefore obtain a probability
distribution over pure states, as one would expect.
Alice sees
8
>
>
<|x1 i with prob. p(x1 ),
|x2 i with prob. p(x2 ),
>
..
>
:
.
X
⌘
p(x)|xihx| =: ⇢A .
x2⌃

Note that ⇢A is precisely the diagonal matrix whose diagonal entries are given by p(x1 ), p(x2 ), . . ..
To determine the joint state, note that the parties see |xihx| ⌦ x with probability p(x).
Hence, the joint mixed system is
X
⇢ :=
p(x)|xihx| ⌦ x .
x2⌃

Recalling an earlier Piazza post, one can indeed verify that ⇢B = trA (⇢) and ⇢B = trB (⇢).
Now that we’re dealing with random variables and knowledge, we’ll turn to:

4

Classical Information Theory

For further reading on this subject, see [CT12]. In classical information theory, we typically
have some random variable X distributed according to P on some set ⌃. The most basic
question one can ask is:
How much information do you learn from seeing X?
3

Example 4.1. Suppose that ⌃ = {0, 1}n .
• If P is the uniform distribution, then one gets n bits of info from seeing X.
• If P has all its probability on a single string x0 2 {0, 1}n , i.e. X = x0 with probability
1 and X = x with probability 0 for all x 6= x0 , then we get 0 bits of information from
seeing X.
We can formalize this with the following definition:
Definition 4.2 (Shannon Entropy). The shannon entropy of a random variable X distributed
on a set ⌃ is
X
1
H(X) =
p(x) log
,
p(x)
x2⌃

where p(x) = Pr[X = x].

Example 4.3. Let’s verify that this definition matches our intuition, at least for the previous
two examples.
• If X is uniform, i.e. p(x) = 1/2n for all x 2 {0, 1}n , then
✓
◆
X 1
1
1
H(X) =
log
= 2n n log(2n ) = n.
n
n
2
1/2
2
n
x2{0,1}

• If X has all its probability mass on a single string x0 , then
H(X) = 1 · log(1/1) + (2n

1) · 0 · log(1/0) = 0 + 0 = 0,

where we define
0 log(1/0) := lim x log(1/x) = 0.
x!0+

We record here a couple important properties of the shannon entropy function:
• 0  H(X)  log |⌃|.
• H is concave.
So, returning to our earlier scenario, the largest amount of information Bob could hope to
learn is H(X). How much does he actually learn? We have two correlated random variables
X and Y . We want to know how much knowing Y tells us about X.
In general, if we have random variables X and Y supported on the sets ⌃ and respectively
with joint distribution P (x, y) = Pr[X = x, Y = y], we have
H(X, Y ) =

X

P (x, y) log

x2⌃,y2

4

1
.
P (x, y)

Example 4.4. Let ⌃ =

= {0, 1}n .

• Suppose X and Y are independent, uniform random variables. Then (X, Y ) is a random
2n-bit string. So H(X, Y ) = 2n.
• Suppose X is a uniform random variable and Y = X. Then Y is also a uniform
random variable. However, (X, Y ) is basically a random n-bit string. So H(X, Y ) = n.
In general, we note that if X and Y are independent, then H(X, Y ) = H(X) + H(Y ).
This seems reasonable, as seeing one of the random variables tells us nothing about the other,
so seeing half of the pair (X, Y ) only decreases tells us the shannon entropy of the random
variable that we observe, but the other random variable still has all of its entropy.
Conversely, if X and Y perfectly correlated, then H(X, Y ) = H(X) = H(Y ). Indeed,
seeing half of the pair (X, Y ) immediately tells us what the other half of the pair is, so the
amount of entropy in the pair is the same as the amount of entropy in the random variables
themselves.
We can formalize the notion of “how much does seeing one random variable tell me about
the other” as follows:
Definition 4.5 (Mutual Information). The mutual information I(X; Y ) between two random
variables X and Y is
I(X; Y ) = H(X) + H(Y ) H(X, Y ).
This is supposed to represent the amount of information you learn about X from knowing
what Y is. Since the definition is symmetric in X and Y , it also represents the amount of
information you learn about Y from knowing X.
Example 4.6. Let’s return to our earlier examples.
• If X and Y are independent then we see that
I(X; Y ) = H(X) + H(Y )

H(X, Y ) = H(X, Y )

H(X, Y ) = 0.

This intuitively makes sense, as seeing X tells us nothing about Y (and vice versa)
since X and Y are independent.
• If X and Y are perfectly correlated, then
I(X; Y ) = H(X) = H(Y ).
In this case, seeing X tells us everything there is to know about Y (and vice versa), so
the mutual information between the random variables is a large as possible.
The symmetry of this definition might be a bit surprising. However, the following example
might help explain exactly why this should be the case.

5

Example 4.7. Suppose ⌃ = {0, 1}n and = {0, 1}2n . Let Y be uniformly random on the
set , and let X = (Y1 , . . . , Yn ), i.e. it is the first n bits of Y . Then
I(X; Y ) = H(X) + H(Y )

H(X, Y ) = n + 2n

2n = n.

This makes sense regardless of the way that we look at it.
• Suppose I know X. Then, I know the first n bits of Y , i.e. I have n bits of information
about Y .
• Suppose I know Y . Then, I know all of X, and since X is an n-bit string, I have n
bits of information about X.

5

Quantum Information Theory

With this understanding of classical information theory, we can now rephrase our earlier
question. Indeed, the mutual information of X and Y is precisely what we are looking for!
Recall that we wanted to know how much information Bob can learn about X. Since Alice
and Bob see the joint distribution (X, Y ), Bob learns I(X; Y ) bits of information about X.
Note that I(X; Y ) depends on the x ’s for x 2 ⌃ and the Ey ’s for y 2 .
As we are now looking at this scenario quantumly, we will in fact be studying quantum
information theory. For further reading on this subject, see [Wat11].
We now provide an important definition:
Definition 5.1 (Accessible Information). The accessible information is
Iacc ( , p) = max I(X; Y ).
over all
POVMs
{Ey }y2

This represents the best Bob can do given Alice’s choice of the

x ’s

and the distribution p.

The best overall that the parties can do is therefore
{

max Iacc ( , p),
x }x2⌃

which can be upper bounded by H(X)  log |⌃|. Our new goal is to relate Iacc ( , p) to the
amount of “quantum” information in the ’s. Recall that Bob “sees” the mixed state ⇢B .
But how much information is in a mixed state? To answer this question, we need to develop
the quantum analogue of Shannon’s classical coding theory.
So suppose we have the mixed state
8
>
>
<| 1 i with prob. p1 ,
| 2 i with prob. p2 ,
>
..
>
:
.
6

One might initially be inclined to define the quantum entropy to be H(p), where p is
the distribution over the | j i’s. However, that would be wrong! This is due to the nonuniqueness of the representation of mixed states. For example, the above mixed state could
be indistinguishable from the mixed state
8
>
>
<|'1 i with prob. q1 ,
|'2 i with prob. q2 ,
>
..
>
:
.

even if we have H(p) 6= H(q).
Here is the “correct” way to define the quantum analogue of shannon entropy, due to
John von Neumann:

Definition 5.2 (Quantum Entropy). Given a mixed state, let ⇢ be the density matrix,
and suppose it has eigenvalues ↵1 , . . . , ↵d with corresponding eigenvectors |v1 i, . . . , |vd i. We
define
d
X
1
H(⇢) :=
↵i log
= H(↵).
↵
i
i=1

This quantity is often referred to as the von Neumann entropy, and is sometimes denoted
S(⇢).
Remark 5.3. One can equivalently define
H(⇢) = tr(⇢ log(1/⇢)).

While the matrix ⇢ log(1/⇢) might look a little scary, it can be simply thought of as the
matrix that has the same eigenvectors |v1 i, . . . , |vd i as ⇢, but the corresponding eigenvalues
are now ↵1 log(1/↵1 ), . . . , ↵d log(1/↵d ) (with the same convention that 0 log(1/0) = 0). So
⇢ log(1/⇢) =

d
X

↵i log

i=1

Example 5.4.

• Suppose

Then H(⇢) = 0.

2

1
|vi ihvi |.
↵i

3
··· 0
· · · 07
7
· · · 07
7
. . .. 7
. .5
0 0 0 ··· 0

1
60
6
6
⇢ = 60
6 ..
4.

0
0
0
..
.

7

0
0
0
..
.

• Suppose

2

3
1/d 0 · · ·
0
6 0 1/d · · ·
0 7
6
7
⇢=6 .
..
.. 7
..
4 ..
.
.
. 5
0
0 · · · 1/d

Then H(⇢) = log d. As a “cultural note” we remark that this state is often referred to
as the “maximally mixed state”.
Finally, we can answer the question: how much quantum information does Bob get?
Definition 5.5 (Quantum Mutual Information). If ⇢ is the joint state of two quantum
systems A and B then the quantum mutual information is
I(⇢A ; ⇢B ) = H(⇢A ) + H(⇢B ) H(⇢).
P
Example 5.6. Suppose ⇢ = d1 di=1 |iihi| ⌦ |iihi|. Then we can mechanically compute ⇢A as
follows:
!
d
1X
⇢A = trB (⇢) = trB
|iihi| ⌦ |iihi|
d i=1
d

1X
=
trB (|iihi| ⌦ |iihi|)
d i=1
d

1X
=
|iihi|tr( |iihi|)
d i=1
d

1X
=
|iihi|.
d i=1

P
At a more conceptual level, we could have immediately determined that ⇢A = d1 di=1 |iihi|, the
maximally mixed state, as follows. If Bob observes the state |iihi|, Alice’s system collapses to
|iihi|. Since Bob observes |iihi| with probability 1/d for i = 1, . . . , d, we conclude that Alice’s
mixed state is precisely given by the ensemble
8
>
>
<|1i with prob. 1/d,
|2i with prob. 1/d,
>
..
>
:
.,
P
which is represented by the density matrix d1 di=1 |iihi|.
P
Similarly, we have ⇢B = d1 di=1 |iihi|. We thus have

H(⇢A ) = H(⇢B ) = log d.
8

Moreover, observe that
H(⇢) = log d,
as ⇢ is essentially two perfectly correlated copies of the maximally mixed state. Hence,
I(⇢A ; ⇢B ) = log d + log d

log d = log d.

Example 5.7. If ⇢ = ⇢A ⌦ ⇢B , then I(⇢A ; ⇢B ) = 0.
We can now define how much quantum information Bob gets from seeing Alice’s state: it
is precisely I(⇢A ; ⇢B ). This is such an important quantity that it gets its own name.
Definition 5.8 (Holevo Information). The Holevo information is
( , p) := I(⇢A ; ⇢B ).
Next time, we will prove Holevo’s Theorem:
Theorem 5.9 (Holevo [Hol73]). Iacc ( , p)  ( , p)  log d.
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Quantum Channels

As we move forward in this class, we will be transitioning more from quantum algorithms into
quantum information theory. Quantum information theory is more relevant today, as there
is more active physics research going on around quantum information theory than quantum
computers. To begin talking about quantum information theory, we will first define and
show examples of quantum channels. Quantum channels are of particular interest as both
storing and transmitting quantum information is very non-trivial, due to issues such as noise
and degradation [Gri12].
Definition 1.1. A quantum channel is any operation which takes in some density matrix ρ,
and outputs a density matrix ρ0
Here’s a simple sketch of a quantum channel:
ρ

Φ

ρ0

Let’s discuss a few examples of quantum channels, and we’ll discorver we’ve been working
with many of them before!
First, consider a simple unitary gate being applied to some quantum state ρ. This will
output a new quantumstate ρ0 We see
ρ0 → Uρ U †
Thus, applying a valid quantum gate is actually a valid quantum channel!
Now, we consider a more randomized quantum channel. Consider taking some input
state ρ, and with probability 12 applying a unitary gate U, otherwise just outputting our
input state ρ. In this case, we have
ρ0 →


1
Uρ U † + ρ
2

Next we consider another randomized example called a mixed unitary channel. Thus
means we have some series of r unitary gates Ui , and each of them get applied with probability
pi . Thus, our output state for a mixed unitary channel is
0

ρ →

r
X

pi Uρ U †

i=1

1

Another interesting yet trivial quantum channel is to just ignore our input ρ, and output
some other ρ0 regardless of what our input is. In this case, we have
ρ0 → ρ0
Next, we consider an interesting case in which we measure in our standard basis, but
actually “forget” our outcome. Consider our simple qubit |ψi that we first described in
lecture 1, which has the form α |0i + β |1i. This qubit, when considered as a density matrix
takes the form

 2
|α| αβ ∗
|ψi hψ| = ρ =
α∗ β |β|2
We can see that this state will output |0i with output probability |α|2 , and output |1i
with probability |β|2 . Thus, if we consider dephasing this matrix, by measuring and then
forgetting the outcome, our channel output will be
 2

|α|
0
0
ρ →
0 |β|2
This channel is commonly referred to as a complete dephasing channel.
Finally, as our most important example, we consider adding some register “B”, which we
initialize to |0i h0|. Next, we take our input state ρ along with this register, and apply some
giant unitary operation U on the whole system ρ ⊗ |0i h0|. Next, we once again measure but
forget B, and let ρ0 be our output. We can see this as a quantum circuit, by looking at the
following:
ρ

Φ

|0i h0|

H

ρ0
discard

According to physics, this type of quantum channel is actually the most general quantum
channel we can describe. Examples one through five can all be described as this type of
quantum channel, as well as any other valid quantum channel which can be dreamt up.
Also, we must keep in mind that if we let dim ρ = d and dim ρ0 = d0 , and we don’t require at
d0 = d. Thus, our output matrix can be different dimensions than our input matrix. This is
because we can either measure and forget some qubits from our input, or we can incorporate
some qubits from B into ρ0 . This is called a quantum channel, or a superoperator.
Definition 1.2. A quantum channel is a set of completely positive trace preserving
operators, which from here on out we’ll abbreviate as CPTP operators. This means that the
operators are both linear and completely positive.
Remark 1.3. In the classical (or randomized) sense, we can actually represent a quantum
channel as a d0 × d stoachastic matrix. From this intuition, we can see that a quantum
channel can be thought of as one step of a Markov Chain.

2

Theorem 1.4. Every quantum channel has a “Kraus” representation of the channel This
representation looks as follows
Pr
†
ρ
Φ
i=1 Ki ρ Ki
P
0
For this representation, we require that Ki ∈ Cd ×d , and that ri=1 Ki† K = I. [NC11]
Let’s touch on some interesting things we can interpret given this definition of a quantum
channel. First, consider the case where we output ρ0 , and our input state ρ is 1 dimensional.
This case is called state preparation, or something that we’ve in general taken for granted
in class. Now, we can consider any initial state we need as coming from a quantum channel
which has no input. In the reverse case, we can have d0 = 1. In this case, ρ is simply
discarded, so this quantum channel would discard a state
Lets consider creating some output state ρ0 using a quantum circuit. First, we put in
some ancillary qubits, and then we discard B bits, after measuring then forgetting them,
and then take our output state which is ρ0 = trB |ψiAB . We can consider the circuit below to
find this definition. We actually call our intermediate pure state |ψiAB a pure state. looking
at this quantum channel and our mixed output state ρ0 , we note that every mixed state is a
purification of some pure state.
|0i












|0i
|0i

ρ0











|0i
|0i
U














|0i
|0i

B












|0i
|0i

The boxed area after the application of our giant unitary operator U is clearly some
pure state, as it originates from a unitary transformation on our ancillas. Interestingly, we
actually call this boxed state |ψi the purification of ρ0 .

2

Finishing Holevo’s Bound

Now, let’s return to our story of Alice and Bob. In this story, Alice has some ensemble of
mixed states, which well call E. This ensemble consists of some density matrices σx , and
3

each density matrix has some probability p(x) of being sent over to Bob. Now, we define a
random variable X, which is in itself a mixed state, which sums ovar all of Alice’s possible
density matrices with their associated probabilities. Since X is a sum of mixed states, X
itself is actually a mixed state, which has the property that the probability P (X = x) = p(x).
Alice prepares and sends some density matrix σX over to bob. The ultimate question we’re
looking to answer here is : how much information about X can bob determine from σX ? To
answer this question, let’s look into what Bob will do with this σX .
Essentially, all Bob can really do with this σX is measure it in his favorite way, which
produces a classical outcome Y ∈ Γ. Bob’s mixed state which he measures on, is
X
ρB =
p(x)σx
x∈Σ

This makes the overall joint state between Alice and Bob look like the following
X
ρ(x) |xi hx| ⊗ σx
ρAB =
X∈Σ

Now, let’s get back to our question : How much classical info can bob get on X? To look
at this, we’re going to go back to the previous lecture and what we learned about mutual
information, or I(X, Y ).
Claim 2.1. By Holevo’s theorem, we have an upper limit on I(X, Y ) ≤ χ(E)
Recall our previous definition of I(X, Y ) =
PH(X) + H(Y )1 − H(X, Y ), where each H(X)
is the Shannon Entropy, defined as H(X) = x∈Σ p(x) log( p(x) ).
Claim 2.2. I(X, Y ) = H(Y ) − H(Y |X)
Before going into the proof of this we’ll first note that we mean H(Y |X) to be defined as
X
ρ(x)H(Yx )
H(Y |X) =
x∈Σ

Where H(Yx ) is the Shannon entropy of Y when we condition that X = x.
Proof. It will suffice to show that H(X, Y ) = H(X) + H(Y |X), because if we prove this
then we can simply show that
I(X, Y ) = H(X) + H(Y ) − H(X, Y )
= H(X) + H(Y ) − H(X) − H(Y |X)
= H(Y ) − H(Y |X)

(1)
(2)
(3)

To make the proof manageable, we will do this for a classical X and Y , but the result does
hold for quantum random variables as well. Keep in mind that Yx is just Y conditioned on

4

X=x
H(X, Y ) =

X
x,y

=

X

p(x, y) log(

1
)
p(x, y)

p(x)P r[Yx = y] log(

x,y

(4)
1
)
p(x)P r[Yx = y]

(5)

1
1
) + log(
))
p(x)
P r[Yx = y]
x,y
X
X
1
1
=
p(x)P r[Yx = y] log(
)+
p(x)P r[Yx = y] log(
)
p(x)
P r[Yx = y]
x,y
x,y
X
X
1
)+
p(x)H(Yx )
=
p(x) log(
p(x)
x
x

(7)

= H(X) + H(Y |X)

(9)

=

X

p(x)P r[Yx = y](log(

(6)

(8)

Now that we’ve shown that H(X, y) = H(X) + H(Y |X), let’s go on to answer another
question, what exactly is χ(E). (Additionally, remember that our ensemble is E = {p(x), σx }
with x ∈ Σ, so this is the same χ as in the lecture 18 scribe notes.
Definition 2.3. Before giving this definition, we define I(ρA ; ρB ) to be the quantum mutual
information between two density matrices, which is defined whenever you have a mixed state
over two registers. Also, we define H(ρ) to be the quantum, or Von Nuemann entropy of
some mixed state. With these definition in mind, we define our Holevo information χ(E) to
be
χ(E) = I(ρA ; ρB ) = H(ρA ) + H(ρB ) − H(ρAB )
Another common definition which is used for the Holevo Information is the following:
Definition 2.4.
χ(E) = H(ρB ) −

X

ρ(x)H(σx )

x∈Σ

Now, lets look at a few useful pieces of information about Von Nuemann entropy and
Holevo Information
Remark 2.5. The Holevo Information of an ensemble is always non-negative, because Von
Nuemann entropy is concave.
Remark 2.6. χ(E) ≤ H(ρB ). This is easy to see from definition 2.4 and the non-negativity
of Von Nuemann entropy.
Corollary 2.7. A quantum channel which sends log2 d qubits can convey at most an equivalent log2 d classical bits of information between Alice and Bob [Hol73].
5

Although quantum information gains no advantage over classical information in this
sense, if Alice and Bob share enough EPR pairs, they actually only need n/2 qubits via a
technique called superdense coding [Aar14].
An interesting theorem which Holevo and others showed in 1997 was that the upper
bound of χ(E) mutual information to be shared between Alice and Bob is acheivable in
the case of repeated communication. [SW97]. To connect this theorem concretely back
to our discussion, we consider Alice drawing n random variables X, and producing X n =
(x1 , · · · , xn ). Alice then sends σx1 ⊗σx2 · · ·⊗σxn to Bob, who makes n separate measurements
to produce a Y n such that their mutual information takes the following form:
I(X n , Y n ) = χ(E) − On→∞ (1)

3

More comments on Holevo Information

Now, let’s consider Alice sending her ensemble through some noisy channel as follows
{p(x), σx }
Φ E 0 = {p(x), Φ(σx )}
Alice
Bob
We now define the Holevo Capacity of the noise Φ, which is equivalent to the number
of bits you can reliably communicate
χ(Φ) = max(χ(E 0 ))
E

Now, lets delve more into the idea (which we won’t prove due to time constraints and
lack of relevance), that I(X, Y ) = χ(E)
Theorem 3.1. Von Nuemann entropy has the property that it is strongly subadditive. That is
to say, if we have some τABC , a tripartite quantum state (think of a state over three registers).
Now, consider τB to be measuring and forgetting registers A and C. Strong subadditivity is
to say that
H(τB ) + H(τABC ) ≤ H(τAB ) + H(τBC )
Since Von Neumann entropy is strongly subadditive, it is also subadditive. Subadditivity
is actually a case of strong subadditivity where B is 0 qubits, or it has degree one. This means
that H(τB ) = 0, and that H(τABC ) = H(τAC ). In this case, we can define the subadditivity
of Von Neumann entropy to be
H(τAC ) ≤ H(τA ) + H(τC )
Remark 3.2. Because H(τAC ) ≤ H(τA ) + H(τC ), we can clearly see that I(τA ; τC ) ≥ 0,
which makes sense, as a negative mutual information doesn’t make sense intuitively.
Remark 3.3. Discarding a register never increases the mutual information. By combining
subadditivity and strong subadditivity, we can deduce that
H(τA ) + H(τBC ) − H(τABC ) ≥ H(τA ) + H(τB ) − H(τAB )
I(τA ; τBC ) ≥ I(τA ; τB )
6

(10)
(11)

From this deduction, we gain that discarding a register can never help you gain information,
which also makes intuitive sense.
Corollary 3.4. Let τAB be a 2 register state. Say we then pass the B register through some
0
noise, Φ which praudices τAB
. We say that I(τA ; τB0 ) ≤ I(τA , τB ).
By corollary 3.4, we can actually see the holevo bound, This is eessentially bob taking a
register, and then measuring it and forgetting it, which produces
I(τA , τB0 ) ≤ I(τA , τB )
I(X, Y ) ≤ I(ρA , ρB )

(12)
(13)

Ultimately, since an upper bound of χ(E) shared information can be both proven and
acheived, quantum information theory doesn’t get any magical improvments over classical
information theory in the same way which quantum algorithms can improve classical algorithms.
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Introduction: Quantum Hypothesis Testing

So we start with a promise problem: given a set of density matrices {σi } and a quantum
state ρ we are promisedP
that ρ is in state σi with probability pi . In the general case we have
i ∈ [m] and of course m
i=1 pi = 1. Our Goal is then to succesfully identify which of the
σi that our state ρ is actually in, this is known as Quantum Hypothesis Testing. The “real
life” analog of this is what you can imagine Bob trying to do for the case of the transported
information from alice in terms of the Holevo Bound for information transportation.
Getting at the problem we want to at least maximize our probability of getting the state
right. This maximization with respect to both the probabilities on each state as well as with
respect to any randomness that our approach employs. We then must choose a Quantum
POVM (Positive-Operator Valued Measure) {Ei } that carries put a measurement and maximizes our probability of getting the state right.
So say we pick a POVM then we know from our previous lectures that:
Pr[observe σi ] = Tr (σi Ei )

(1)

So that our overall probability of success, (as in telling that we have the right state), is
then:
X
Pr[success] =
pi Tr (σi Ei )
(2)
i

So this is the quantity that we will seek to maximize in this lecture, we can see that in
the case that m = 2, this is quite easy.

1.1

Case m = 2

In this case we only have two possible outcomes of density matrices. That is, our state ρ
can only be in state σ1 (with probability p1 ) or in state σ2 (with probability p2 ). It is easy
to see that we must have p2 = 1 − p1 , and in fact that is the main advantage of this case
which results in it being an easy problem. In light of this, we will relabel p1 as simply p. In
this case, using equation (2) we have:
1

Pr[success] = pTr(σ1 E1 ) + (1 − p)Tr(σ2 E2 )
Where E1 and E2 come from the POVM that we have chosen, which is still arbitrary as
of now. We then notice that, due to the nature of the POVM, we are abel to make a similar
observation that E2 = I − E1 where I is the identity matrix. We can then again relabel E1
as simply E and substituting this into the above we have:

Pr[success] =
=
=
=

pTr(σ1 E) + (1 − p)Tr(σ2 (I − E))
pTr(σ1 E) + (1 − p) (Tr(σ2 ) − Tr(σ2 E))
(1 − p) + pTr(σ1 E) − (1 − p)Tr(σ2 E)
(1 − p) + Tr (E(p(σ1 + σ2 ) − σ2 ))

Where we note that above we used the linearity of the trace operation as well as the fact
that density matrices are required to have trace one. From the result we see that in order
to maximize our probability of success we need only maximize the trace of the matrix in the
second part of the above equation E(p(σ1 + σ2 ) − σ2 ). The way to maximize this trace is
then to simply choose E so that is projects onto the positive eigenspace of the matrix it is
multiplying, that is the matrix p(σ1 + σ2 ) − σ2 . Thus we have a direct strategy of picking
the best POVM for any set of σi , so the problem is solved!
We will see that the interesting case is when m ≥ 3, this problem is unsolved in modern
quantum information theory. But, as you might have been able to tell from the title of the
lecture, we have some pretty ideas of how to do pretty good with this problem.

2

Some Tractable Cases

We wil now begin to tackle the problem of qunatum hypothesis testing in the case that m ≥ 3
and see some of the problems that arise along the way in not allowing us to do perfectly
well. In order to do this well we will first define some notation/terminology.
Definition 2.1. We witl define the optimal success probability, denoted PsOPT , as the best
possible probability of success that you can get given a set of possible density matrices {σi }
with corresponding probabolities of observing pi .
Definition 2.2. We then denote the optimal error probability, denoted PeOPT , as the lowest
possible probability of failure given the states as above.
One can easily see that the above two definitions are complementary in teh sense that
PsOPT + PeOPT = 1. As we will see later,for m ≥ 3 we do not have a way of finding a POVM
that achieves these optimal probabilities. However, we do no of a measurement/POVM that
does pretty well.

2

2.1

Pure States

To start to look at cases with m ≥ 3 we will begin with the relatively easy case where each
of the σi are pure states and are orthonormal to each other. To be precise, we will deal with
the case where σi = |vi i hvi | where the set {|vi i} is assumed to be an orthonormal basis set
for the Hilbert space under consideration.
We then assert that the best measurement you can choose is then the POVM where
Ei = σi . Note that this is in fact aP
POVM due to the nature of the σi and their creation
from an orthonormal basis so that i σi = I. So we see that our probability of success is
then:
X
X
 X
Pr[success] =
pi Tr σi2 =
pi Tr (σi ) =
pi = 1
i

i

i
2

σi2

= (|vi i hvi |) = |vi i hvi |vi i hvi | = |vi i hvi | = σi . So
Note we used the fact above that
that in this specific case we have a way of always being right! Well that’s nice, but it is for
quite a particular case. Let’s generalize a bit.

2.2

Sum of Pure States

We now consider the case where each of the σi can be stated as a linear combination of pure
states created from an orthonormal basis. For example we could have:
|v1 i hv1 | + · · · + |v4 i hv4 |
|v1 i hv1 | + |v2 i hv2 |
, σ2 = |v3 i hv3 | , σ3 =
,...
2
4
Where we note from the above that we require the density matrices to be properly
normalized. So what is the best measurement strategy here? Well before coosing Ei = σi
seemed to work, how about we try that here? As you might be able to guess it’s not that
simple in this case. To see why consider the case where we have:




1 0 0
0 0
0
σ1 =  0 0 0  , σ2 =  0 1/2 0 
0 0 0
0 0 1/2
σ1 =

WWhere tha above matrices are stated in terms of the aformentioned orthonormal basis
|vi i. We can see that upon inspection we can do much better than simpy picking Ei = σi ,
as for the second density matrix this would result in a very low probability. So can we do
a slight tweak on this strategy to get somthing better? It turns out that we can. Consider
the following
−1/2
−1/2
Ei = σi σi σi
(3)
−1/2

We will see that this proves useful but first we should clarify what we mean by σi . As
shown by [Pen55] as well as others, there is a general way to give a sort-of-inverse for all

3

matrices, even if they are not square or of full rank. These matrices are called pseudoinverses the most general sense usually referring the the Moore-Penrose pseudoinverse. This
is what we refer to when we write σi−1 , even though the density matrices are not in general
invertible. In the context of these density matrices, which are diagonal (as they are sums of
pure states created from an orthonormal basis), this simply corresponds to performing the
inverse operation only on the diagonal elements. Additionally the square root in this case
refers to taking the square root of the eigenvalues of the matrix or equivalently in this case
the diagonal elements. For example we then have in terms of the matrix σ2 above:


0 √0
0
−1/2
2 √0 
σ2
= 0
0 0
2
So that in this case:


−1/2

σ2

−1/2

σ2 σ2


0 0 0
= 0 1 0 
0 0 1

So we see the true sense in which this pseudoinverse really acts as an inverse, but only
on the part of the marix that it makes sense to try to take an inverse of. Note that this also
1/2
works if instead of using σi we use S −1/2 where S = σ1 + σ2 (the reader is invited to check
this for themselves).
P
In the more general case of more than two σi we generalize S = i σi and use these as
the elements of our POVM. However, this only works when we are dealing with the case that
these σi are created as the linear combination of an orthonormal basis. In order to move to
the most general case we must relax this assumption.

3

Pretty Good Measurement

We see here that the most general case, that is where we are simply given a set of σi is not
far off from what we had in the previous section. WE try the reasonable first approximation
of setting the Ei = pi σi where we are now weighting our POVM by the likelihood that we
are going to be seeing a certain state. You might see notice that this doesn’t work as:
X
S=
Ei 6= I
(4)
i

So that this is not a valid POVM. We see that in fact this can’t be the case as:
X
X
X
Tr(S) =
Tr(Ei ) =
pi Tr(σi ) =
pi = 1
i

i

4

i

(5)

But it is quite clear that if Tr(S) = 1 then S 6= I. So maybe we can fix this to get a
POVM that works. Okay, what if we keep S the same but now use (in analogy with the last
section) Ei = S −1/2 pi σi S −1/2 , we then see that we have:
!
X
X
X
Ei =
S −1/2 pi σi S −1/2 = S −1/2
pi σi S −1/2 = S −1/2 SS −1/2 = I
(6)
i

i

i

So we again regain the required property of a POVM. Note that we only truly get the
identity if we know that the σi span the whole space, but we may assume this without loss of
generality as we can simply extend the set while assigning probability zero to these additional
σi . We will see that this POVM is exactly the measurement after which this lecture is named
[HW94].

3.1

Example m = 3

We’ll now go over a specific example where we hae three possible densities, that is m = 3.
These three matrices are then:






1 0
1/2 0
0 0
σ1 =
, σ2 =
, σ3 =
0 0
0 1/2
0 1
We then assign the probabilities of measurement p1 = p3 = p/2 and p2 = 1 − p. This
then completely specifies the current problem. We note that if we consider the above density
matrices we have know σ1 will always output |0i, σ2 will output |0i with proabability 12 and
|1i with probability 12 , and σ3 will always output |1i. So we see that the best chance we have
of getting this right is PsOPT = max{p, 1 − p} and we can actually give a way of achieving
this optimal strategy.
To do this let’s try simply measuring in the standard basis (this will work). So suppose
that we use this measurement and the resulting state is |0i, what should we do? Well it of
course depends on p. We see that the probability that the state was σ1 and we observe |0i
is Pr(σ1 & |0i) = p and correspondingly Pr(σ2 & |0i) = p − 1. This is of course onluy possible
as Pr(σ3 & |0i) = 0. We then see that our choice is simply dependent on whether p of 1 − p
is bigger, then we simply choose the state (σ1 or σ2 ) that is more likely.
So what happens if we implement the “Pretty Good Measurement” in this case? Well,
from equation (2) we can find the probability of success in this situation. We first find what
our POVM is by fist finding S.

S=

X
i

p
pi σi =
2



1 0
0 0



p
+
2



0 0
0 1




+ (p − 1)

So that we have:
5

1/2 0
0 1/2




=

1/2 0
0 1/2



S

−1/2

 √

2 √0
0
2

=



Computing Ei = S −1/2 pi σi S −1/2 we find:






1 0
1 0
0 0
E1 = p
, E2 = (1 − p)
, E3 = p
0 0
0 1
0 1
Finally, using equation (2) we have:
p
p
PsPGM = Tr(σ1 E1 ) + (1 − p)Tr(σ2 E2 ) + Tr(σ3 E3 ) = p2 + (1 − p)2
2
2

(7)

We can see the comparison of the success probabilites of each model in the graph below.
As we can see the Pretty Good Measurement seems to ‘smooth’ out the success rate in the
optimal strategy.

So that we can see very clearly that the Pretty Good Measurement is not optimal. So
why are we concerned with it? The thing is that while the PGM may not be the best that
we can do in this specific case, it is often an optimal strategy. In order to quantify just how
often we will introduce the following thoerem.

6

Theorem 3.1. The error probability of the PGM is bounded above as:
X√
PePGM ≤
pi pj F (σi , σj )

(8)

i6=j

This leads us to the question of the mysterious new function that appear in equation (8),
this is what we will call the Fidelity function.

4

Fidelity Function

We can think of the Fidelity function as a way of measuring “how close” the individual
states σi are to each other. We have seen similar concepts in past lectures such as the trace
distance between two states ρ and σ:
dTr (ρ, σ) = ||ρ − σ||1

(9)

Where the subscript 1 above is to indicate that the map being applied is the L1 norm on
the vector consisting of the diagonal elements of ρ−σ. Note that in this case the more similar
the two matrices are, the smaller the trace distance. Though it seems from the placement of
the Fidelity function within the above definition, we should have a function that gets larger
the more similar the states are. We hence define the Fidelity function as:
Definition 4.1. The Fidelity function for two density matrices ρ and σ is given by:
√ √
F (ρ, σ) = || ρ σ||1

(10)

Hence we define the
function as the sum of the square roots of the eigenvalues of the
√
√ fidelity
matrix given by σρ σ.
To make more sense out of what exactly is going on here lets demonstrate this for some
√
diagonal martrices. Say we have ρ = diag(a1 , . . . ad ) and σ = diag(b1 , . . . bd ). Then byP ρ we
√
√
√
mean ρ = diag( a1 , . . . ad ) and by the L1 norm
in this
√ context we mean ||ρ||1 = i |ai |.
P √
We then have that, in this context, F (ρ, σ) = i ai bi . So that we see the larger the
fidelity, the more similar the states are, just as we wanted!
Note that since ρ and σ are density matrices we know they have trace 1, so that F (ρ, ρ) =
√ √
|| ρ ρ||1 = ||ρ||1 = 1. It turns out that this can be made an if and only if statement, so
let’s go in to some general fidelity function properties:
1. The fidelity function is symmetric in its arguments F (ρ, σ) = F (σ, ρ).
2. F (ρ, σ) = 1 if and only of ρ = σ.

7

√
3. If σ is a pure state (|ψi hψ| for some |ψi) then σ = σ. In this case F (ρ, σ), for some
density matrix ρ, is then simply the sum of the square roots of the eigenvalues of the
matrix:
√ √
σρ σ = σρσ = |ψi hψ| ρ |ψi hψ| = (hψ| ρ |ψi) |ψi hψ| = χ |ψi hψ|
Where we have defined χ ≡ hψ| ρ |ψi, which is simply some scalar. Thus the fidelity is
√
given by F (ρ, σ) = χ, which is quite a simplification.
4. If we have that both of the density matrices (say σ = hψ| ρ |ψi and ρ = hφ| ρ |φi) are
pure states then the Fidelity function is given very easily by a similar analysis to above
as:
F (ρ, σ) = |hφ|ψi|
(11)
5. We can actually develop a close realtionship between the trace distance and the fidelity
as:
√
(12)
1 − F ≤ dTr ≤ 1 − F 2
Note the quantity 1 − F 2 id often referred to as the infidelity. This then gives that if
F is very close to 1, that is F = 1 −  for small
√ we have a very tight bound
√  > 0, then
2
on the trace distance as 1 − F =  ≤ dTr ≤ 1 − F ≈ 2.
6. We have a Theorem from Uhlman [Uhl75]:
Theorem 4.2. From Uhlman we have the following restatement of the fidelity as:
F (ρ, σ) = max{|hϕ|ψi|}

(13)

where the maximum is taken over all possible purifications |ϕi of ρ and |ψi of σ.
To conclude we leave off with the general idea that Fidelity is small when your states are
“far away” from each other and large when the states are “close” to each other. Returning to
the relevance of the Fidelity with respect to the PGM error bound we see that if the fidelity
is quite large we have and we have a uniform distribution on our states we have:
PePGM ≤

1 X√
1 X √ −2 m
1 X√
pi pj F (σi , σj ) ≤
pi pj ≤
m =
2 i6=j
2 i6=j
2 i6=j
2

(14)

Where we have assumed above, as the notation indicates earlier in the notes, that there are
m possible states. But this is a terrible bound! We don’t even know if this is less than one.
However, we will see that in some important cases, specifically in the case of the Hidden
Subgroup Problem, this will give quite a good bound.
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The Average-Case Model

Recall from Lecture 20 the following problem.


σ1 with



σ2 with
σ=
..

.



σ
with
m

Given the mixed state
probability p1
probability p2
probability pm

our goal is to correctly identify which of the m states σ is in as often as possible. To do this,
we use a POVM
E1 + · · · + Em = I,
where E1 , . . . , Em are positive semi-definite matrices. Upon measuring σ with our POVM,
if we yield that measurement |ii, then we output “σi .” For this specific POVM, the success
probability is
m
X
Pr[success] =
pi · tr(Ei σi ).
i=1

Since our success probability dependents on the probabilities p1 , . . . , pn , we call this problem
the Average-Case Model.
We desire to select the optimal POVM (E1 , . . . , Em ) so that our probability of success
is maximized. Since it is difficult in general to compute the optimal POVM, we use an
accurate, elegant approximation, the Pretty Good Measurement (PGM). To compute analyze
the success probability of the PGM, we need to understand the fidelity of a pair of mixed
states.
Definition 1.1. The fidelity of two mixed states ρ and σ is
√ √
F (ρ, σ) = k ρ σk1 ,
√
in which ρ is the matrix with the same eigenvectors as ρ but with square roots of the
eigenvalues of ρ (recall that ρ and σ have nonnegative eigenvalues, so this makes sense) and
kM k1 is the sum of the absolute values of the eigenvalues of M .

1

Informally, F is a measure of the similarity between two mixed states. In particular, it
has the following two useful properties
• 0 ≤ F (ρ, σ) ≤ 1, and F (ρ, σ) = 1 if and only if ρ = σ.
√
• 1 − F ≤ dtr (ρ, σ) ≤ 1 − F 2 , in which dtr (ρ, σ) = 21 kρ − σk1 .
Note that the later fact implies that if σ and ρ are ‘close’ (that is, F (σ, ρ) ∼ 1), then
dtr (ρ, σ) ∼ 0. We then have the following bound of the error probability of the PGM. This
result was first proved in a weaker for by [BK02] and was later proved in the following form
by [AM14].
Theorem 1.2.
Pr[PGM errs on σ] ≤

1 X√
pi pj F (σi , σj ).
2 i6=j

Note that if the σi ’s are pairwise similar, the pairwise fidelities will be quite large, implying
a poor bound on the error probability of the PGM. This makes intuitive sense since it is
much more difficult to distinguish a collection of objects when they look quite similar. Thus,
this theorem is most useful when the pairwise fidelities are small. This theorem implies the
following corollary.
Corollary 1.3.



Pr[PGM errs on σ] ≤ m max F (σi , σj ) .
i6=j

Proof. Define F := maxi6=j F (σi , σj ). Then, from Theorem 1.2
X√
pi pj F
Pr[PGM errs] ≤
i6=j

≤F

X√

pi p j

i,j

=F
≤F

m
X
√
i=1
m
X
i=1

!2
pi

!
1

m
X

!
pi

i=1

= mF.

2

(Cauchy-Schwarz inequality)

Adv. strategies:
σ1 σ2
↓ ↓

...

σm
↓





Ph. strategies: Ej → 

Ek →






Figure 1: A matrix representation of the strategies of the Physicist and the Adversary in
the 2-player zero-sum game. Each column represents the mixed state the Adversary may
pick and each row represents a POVM the Physicist may pick. Note that this matrix cannot
exist ‘in reality’ since there are infinitely many POVMs the Physicist can pick from.

2

The Worst-Case Model

Now, we consider the Worst-Case Model. In this case, we are provided with some σ ∈
{σ1 , . . . , σm } and we would like to identify the σi which σ is with minimal worst-case error
probability. For a specific POVM (E1 , . . . , Em ), we defined the probability of success in this
model to be
Pr[success] = min Pr[guess “σi ” : σ = σi ]
i

= min tr(Ei σi ).
i

Using Corollary 1.3, we can prove the following. This result is due to [HW12].
Corollary 2.1. There exists a measurement with worst-case success probability at least
1 − m · max F (σi , σj ).
i6=j

Proof. The prove this result using a 2-player zero-sum game. This game consists of two
players a Physicist and an Adversary.
• The Physicist is given σ ∈ {σ1 , . . . , σm }. His set of strategies are possible POVMs
E = (E1 , . . . , Em ). Her goal is to maximize the worst-case success probability.
• The Adversary possible strategies are to pick σi ∈ {σ1 , . . . , σm }. His goal is to minimize
the worst-case success probability.
See Figure 1 for a visualization of these strategies. As is typical in zero-sum game, the
Physicist and the Adversary do not have to settle on a single strategy. Instead, they can
pick a probability distribution of strategies. Let D be the Physicists probability distribution
of POVMs and let P be the Adversaries probability distribution of states. Both decide on
3

their strategies simultaneously and independent of the other one. For a particular choice
(D, P) we assign a score to be
score = E

E Pr[E succeeds on σi ].

E∼D σi ∼P

The inner expected value is equal to the average case success probability of E on the distribution P.
For the Physicist, this capability of selecting a distribution of D is redundant.
f1 , . . . , E
fm ) such
Fact 2.2. For any distribution D of POVMs, there exists a POVM Ee = (E
that for all mixed states σ
fi σ).
E
[tr(Ei σ)] = tr(E
(E1 ,...,Em )∼D

That is, Ee is “equivalent” to D.
Proof. For all j ∈ {1, . . . , m}, let
fi =
E

E
(E1 ,...,Em )∼D

[Ei ],

where the expected value of a random matrix consists of the expected value of each entry.
g ...,E
fm ) is a POVM because the expected value of a distribution of
We have that Ee = (E1i,
positive semidefinite matrices is also positive semidefinite and
m
X

fi =
E

i=1

m
X
i=1

E
(E1 ,...,Em )∼D

"
=

E
(E1 ,...,Em )∼D

=

E

[Ei ]

m
X

#
Ei

i=1

[I] = I.

(E1 ,...,Em )∼D

Since trace and matrix multiplication are linear operators, we have that for all σ
fi σ) = tr(
tr(E
=

E
(E1 ,...,Em )∼D

E
(E1 ,...,Em )∼D

[Ei ]σ)

[tr(Ei σ)],

as desired.
If the Adversary’s choice of P is fixed, what POVM should the Physicist chose? She
should choose the Pretty Good Measurement! Let E be the PGM for distribution P of
mixed states. From Corollary 1.3, we have that the score will be
Pr[E succeeds on P] ≥ 1 − m max F (σi , σj ).
i6=j

4

(1)

Since the choice of P was fixed, the Adversary can pick the P which minimized this score.
Thus, we have shown that
1 − m max F (σi , σj ) ≤ min max score(E, P).
P

i6=j

E

By the mini-max theorem for 2-player games [VNM44], we then have that
1 − m max F (σi , σj ) ≤ max min score(E, P).
E

i6=j

P

Hence, there exists a POVM E which succeeds with probability at least the RHS of (1) for
any P. In particular, consider the distributions Pi , i ∈ {1, . . . , m}, which always outputs σi .
The worst-case success probability of E is equal to the minimum of the success probabilities
of E on the Pi ’s. Thus, the worst-case success probability is bounded from below by the
RHS of (1), as desired.

3

Application of PGM to HSP

We now use the Pretty Good Measurement to devise a polylogarithmic quantum query
algorithm for the Hidden Subgroup Problem. Recall the following details of the HSP.
• Let G be a group. You are given quantum query access to f : G → [M ], where
f (g1 ) = f (g2 ) if and only if g1 H = g2 H, where H is an unspecified subgroup of G.
• We had constructed a quantum circuit which, after a partial measurement, produces
the state
1 X
|ghi.
|gHi = p
|H| h∈H
where g ∈ G is chosen uniformly at random. In fact, this is equivalent to the mixed
state
1 X
ρH =
|gHihgH|.
|G| g∈G
• The HSP problem is then, given ρH , determine H.
Previously, we had seen that numerous important problems can be reduced to HSP,
including factoring, graph isomorphism, and the shortest vector problem. Now, we show
that each of these problems has a polylogarithmic quantum query algorithm. This result
was originally proved by [EHK04].
Theorem 3.1. There is a query-efficient algorithm (q = polylog |G| queries) for the HSP
on any group G.

5

Proof. We can reduce this problem to worst-case discrimination of the states {ρH }H≤G . If
H is our hidden subgroup, we can create the mixed state ρH using only one oracle query.
We would like to pick a POVM to discriminate among these mixed states using the Pretty
Good Measurement. In order to use Corollary 2.1 to bound the worst-case error probability,
we need to determine the following two quantities.
• The number of subgroups of G, which we denote by m.
• The maximum fidelity of pairs of mixed states: max0 F (ρH , ρH 0 ).
H6=H

We now bound both of these quantities. Proofs of these facts are relegated to the end of the
notes.
Fact 3.2.
m ≤ 2log

2

|G|

.

That is, m is quasipolynomial in the size of G.
Fact 3.3.

r
max F (ρH , ρH 0 ) ≤

H6=H 0

3
< .9.
4
2

Applying Corollary 2.1, we obtain that success probability is at least 1−2log |G| ·.9, which
is less than zero when G is not the trivial group! It makes sense though that this attempt
failed because we have only queried our oracle once.
The key to achieving a nontrivial success probability is to perform this coset sampling
n ≈ polylog |G| times in parallel. If H is our hidden subgroup, we can then produce that
mixed state ρH ⊗ ρH ⊗ · · · ⊗ ρH = ρ⊗n
H using only n quantum queries. Thus, we have turned
the problem into worst-case mixed state discrimination of the set {ρ⊗n
H }H≤G . Intuitively, this
⊗n
repetition should help us since if ρH and ρH 0 have some differences, then ρ⊗n
H and ρH 0 should
amplify those differences. We formalize this intuition with the following fact.
Fact 3.4. For all mixed states ρ, σ ∈ Cd×d ,
F (ρ⊗n , σ ⊗n ) = F (ρ, σ)n .
From Facts 3.3 and 3.4 we have that
⊗n
n
max F (ρ⊗n
H , ρH 0 ) < .9 .

H6=H 0

Therefore, by Corollary 2.1,
2

Pr[success] ≥ 1 − 2log |G| · (.9)n
1
≥ when n = Θ(log2 |G|).
2
Since our algorithm has the number of queries q equal to n, our algorithm uses polylogarithmically many queries, as desired.
6

Remark 3.5. Our use of n tensored copies of the mixed state ρH is not equivalent to
performing the PGM on the single mixed state n times. The correlations the PGM exploited
were crucial in obtaining a polylogarithmic number of queries.
Now we provide proofs of the unproven facts.
Proof of Fact 3.2. Let H be an arbitrary subgroup of G and let {h1 , . . . , hk } be a set of
generators of H for which k is minimal. We claim that k ≤ log2 |G| for all k. To see this,
consider the sequence of groups
H0 = {e}, H1 = span{h1 }, H2 = span{h1 , h2 }, . . . , Hk = span{h1 , . . . , hk } = H.
For all i ∈ {0, . . . , k − 1}, we have that Hi is a strict subgroup of Hi+1 . Otherwise, if
Hi = Hi+1 , hi+1 could be removed from the generators of H, violating minimality of k.
Thus, by Lagrange’s theorem, |Hi+1 | is a multiple of |Hi | but must be strictly larger than |Hi |.
Thus, |Hi+1 | ≥ 2|Hi | for all i ∈ {0, . . . , k − 1}. Since |H0 | = 1, we have that |H| = |Hk | ≥ 2k ,
implying that |G| ≥ 2k , or log2 |G| ≥ k, as desired.
Thus, every subgroup of G can be specified by at most log2 |G| generators. In fact, by
padding the generating set with copies of the identity element, every subgroup of G can be
specified by exactly blog2 |G|c generators. Since there are |G| choices for each generator,
there are at most
2
m ≤ |G|blog2 |G|c ≤ 2log |G|
subgroups.
Remark 3.6. The bound obtained is essentially tight up to constant factors in the exponent.
For example, consider the Cartesian product of n copies of the cyclic group Z2 .
Proof of Fact 3.3. Consider any pair H 6= H 0 of subgroups. To upper bound the fidelity of
ρH , ρH 0 , how similar they are, it suffices to lower bound how different they are, their trace
distance. Recall that
p
dtr (ρH , ρH 0 ) ≤ 1 − F (ρH , ρH 0 )2
which is equivalent to
p
F (ρH , ρH 0 ) ≤ 1 − dtr (ρH , ρH 0 )2 .
p
Thus, to upper bound the fidelity by 3/4, it suffices to lower bound the trace distance by
1/2. To bound the trace distance, we use a result from Lecture 17 on distinguishing two
mixed states in the average-case model. Specifically, consider
(
ρH with probability 1/2
ρ=
.
ρH 0 with probability 1/2
We showed that the optimal success probability of distinguishing these two states is equal
to
1 1
+ dtr (ρH , ρH 0 ).
2 2
7

Thus, to lower bound the trace distance by 1/2, it suffices to give an algorithm which
distinguishes the two states with probability at least 3/4.
We now construct a POVM which succeeds with probability at least 3/4. In lecture
20, a key motivation for the PGM is that close-to-optimal POVMs often use a family of
PSD matrices quite similar to the mixed states they are trying to distinguish. We strive for
something similar (but easier to reason about in our construction). Assume without loss of
|G|
ρH . We then have our POVM be (ΠH , I − ΠH ),
generality that |H| ≥ |H 0 |. Let ΠH = |H|
where the first matrix corresponds to measuring ‘ρH ’ and the latter matrix corresponds to
measuring ‘ρH 0 .’ We now need to show that we have constructed a valid POVM and that
the success probability is at least 3/4.
To establish that (ΠH , I −ΠH ) is a valid POVM, it suffices to show that ΠH is a projection
matrix. The simplest way to reason about ΠH is to note that is equals
X
|H|
1 X
|gHihgH| =
|CihC|
|H| g∈G
|H| C: H-coset of G
since each H-coset has |H| elements. Note that the set of H-coset states are orthonormal
since each element of G appears in exactly one coset. Hence, we have that ΠH is then a
projection matrix. Thus, I − ΠH is also a projection matrix, so we have a valid POVM.
Next, we bound the success probability of this particular POVM. This success probability
equals
1
1
tr(ΠH ρH ) + tr((I − ΠH )ρH 0 )
2
2
1
= tr(ρH ) (ΠH is a projection onto the nontrivial eigenvectors of ρH )
2
1
1
+ tr(ρH 0 ) − tr(ΠH ρH 0 )
2
2
|G|
=1−
tr(ρH ρH 0 ).
2|H|

Pr[success] =

Now, observe that
|G|
|G|
tr(ρH ρH 0 ) =
tr
2|H|
2|H|
=
=
=

"

!
!#
1 X
1 X
0
0
|gHihgH|
|gH ihgH |
|G| g∈G
|G| g∈G
X
tr(|gHihgH|g 0 H 0 ihg 0 H 0 |)

1
2|G||H| g,g0 ∈G
X
1
2|G||H| g,g0 ∈G
X
1
2|G||H| g,g0 ∈G

tr(hgH|g 0 H 0 ihg 0 H 0 |gHi)
|hgH|g 0 H 0 i|2
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Since we defined |gHi = √1

|H|

P

h∈H

|ghi, it is easy to see that hgH|g 0 H 0 i =

|gH∩g 0 H 0 |
√
.
HH 0

Thus,

we have that
X
|G|
1
tr(ρH ρH 0 ) =
|gH ∩ g 0 H 0 |2
2|H|
2|G||H|2 |H 0 | g,g0 ∈G
X
X
1
=
|C ∩ C 0 |2
2|G||H| C:H-coset 0 0
C :H -coset
X
X
X
1
=
1
2|G||H| C:H-coset 0 0
0
0
0
g∈C∩C
,g
∈C∩C
C :H -coset
X
1
=
1[∃ H-coset C and H 0 -coset C 0 such that g, g 0 ∈ C ∩ C 0 ]
2|G||H| g,g0 ∈G
XX
1
=
1[g 0 g −1 ∈ H ∩ H 0 ]
2|G||H| g∈G g0 ∈G
X
1
=
|H ∩ H 0 |
2|G||H| g∈G
=

|H ∩ H 0 |
.
2|H|

Since H 6= H 0 and |H| ≥ |H 0 |, we have that H ∩ H 0 is a strict subgroup of H. Thus,
|H| ≥ 2|H ∩ H 0 |. This implies that
1
|G|
tr(ρH ρH 0 ) ≤ .
2|H|
4
Thus, the probability of success is at least 34 , yielding that the trace distance is at least 12 ,
q
so the fidelity is at most 34 , as desired.
√
√ √
√
Proof of Fact 3.4. Recall that F (ρ, σ) = k ρ σk1 , in which ρ and σ have the same
eigenvectors as ρ and σ, respectively, but with the squareroots of the eigenvalues (mixed
states are PSD and thus have nonnegative eigenvalues). Now we seek to show that the
tensoring and square root operations are commutative.
√
√
Claim 3.7. For all mixed states ρ, ρ⊗n = ρ⊗n .
Proof. Since the matrices are Hermitian, it suffices to show that both matrices have identical
eigenvalues and eigenvectors. Let |vi i, i ∈ {1, . . . , d} be the eigenvectors of ρ and let σi be the
corresponding eigenvalues. The following table summarizes the eigenvectors and eigenvalues
of relevant matrices.

9

matrix
eigenvectors
eigenvalues
ρ
|vi i
λi
ρ⊗n
|vi1 i ⊗ · · · ⊗ |vin i
λi1√
· · · λin
√
ρ
|vi i
λip
p
√ ⊗n
ρ
|vi1 i ⊗ · · · ⊗ |vin i pλi1 · · · λin
√ ⊗n
ρ
|vi1 i ⊗ · · · ⊗ |vin i
λi1 · · · λin
√ ⊗n
√ ⊗n
We can now see that ρ and ρ have identical eigenvectors and eigenvalues. Thus,
they are equal, as desired.
Since we have that the eigenvalues of ρ⊗n are the products of all n-tuples of eigenvalues
of ρ, we have that kρ⊗n k1 = kρkn1 . Applying this fact and the Claim, we have that
p
√
F (ρ⊗n , σ ⊗n ) = k ρ⊗n σ ⊗n k1
√ ⊗n
√
= k ρ⊗n σ k1
√ √
= k( ρ σ)⊗n k1
√ √
= k ρ σkn1
= F (ρ, σ)n ,
as desired.
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Motivation

When conducting research in quantum physics, it is essential that, once we create or are
otherwise in possession of a quantum state, we can determine what the state is with high
accuracy. For instance, researchers have conducted various experiments that support that the
quantum teleportation procedure, which we discussed in lecture 3, works. These experiments
involve sending quantum states over long distances. But how does the receiving party verify
that the state that they receive is the same as the one that was sent by the other party?
This is a problem with significant practical importance and is precisely what tomography
aims to solve.

2
2.1

The problem
Definition

Roughly speaking, tomography is the problem where we are given an unknown mixed state
ρ ∈ Cd×d and where our goal is to “learn” what ρ is. We would like to take the input ρ
and put it through some tomography algorithm that will output the classical d × d state
describing ρ.

quantum state
ρ

classical state

ρ1,1 . . . ρ1,d
 .. . .
. 
 .
. ..  = ρ
ρd,1 . . . ρd,d


Tomography
algorithm

This is similar to hypothesis testing, which we have been discussing during the past few
lectures. The difference is that we have no prior information as to what ρ is.
Actually, there is a problem with the above description: the goal is impossible to achieve.
If we really had an algorithm that could completely learn everything about ρ, then we could
replicate ρ, contradicting the no-cloning theorem.
What can we say about the state ρ, then? Not much. Suppose we measured ρ with
respect to some basis {|v1 i , |v2 i , . . . , |vm i} and observed |vi i. All we learn is that hvi | ρ |vi i,

1

the probability of observing |vi i, is non-zero, and maybe we can further guess that hvi | ρ |vi i
is somewhat large. This tells us little useful information about ρ.
Although no perfect tomography algorithm exists, we can make some adjustments to
the conditions of the problem to make tomography more tractable. We saw last lecture
that when using the Pretty Good Measurement for the hidden subgroup problem, we could
generate several copies of the coset state in order to obtain measurement probabilities that
were more favorable. That gives our first adjustment: we can stipulate that we are given
n ∈ N many copies of ρ. In addition, the requirement that we have to output exactly ρ is
too restricitive, so our second adjustment will be that we only have to output some ρe ∈ Cd×d
that approximates ρ with high probability.
quantum states
ρ
ρ

classical state

ρe1,1 . . . ρe1,d
 .. . .
. 
 .
. ..  = ρe
ρed,1 . . . ρed,d


Tomography
algorithm

ρ

This situation is more sensible. With n copies of ρ, perhaps we can learn enough information to make a fairly precise guess as to what ρ is.
Experiments that test quantum teleportation are verified in this way. In 2012, a group of
researchers sent a quantum state between two islands that were 143 miles apart. The result
was analyzed by applying quantum tomography to the state, which was sent many times
over [MHS+ 12].
The above discussion motivates the following definition of tomography.
Definition 2.1. In the problem of quantum state tomography, the goal is to estimate an
unknown d-dimensional mixed state ρ when given ρ⊗n , where n, d ∈ N. Explicitly, we want
a process with the following input and output.
Input: a tensor power ρ⊗n of the unknown mixed state ρ ∈ Cd×d , and an error margin
ε > 0.
Output: a state ρe ∈ Cd×d such that

dtr (ρ, ρe) ≤ ε

with high probability.

2.2

Optimizing the input

If ρ were given to us in the form ρ⊗n where n is unimaginably large, we could estimate ρ
with great accuracy. However, in reality, preparing so many copies of ρ is expensive. The
main question, then, is, given the constraint on the output, how small can n be? Here are a
couple of results that shed some light on this question.
2

Fact 2.2. To solve the tomography problem, it is necessary to have n ∈ Ω (d2 /ε2 ) and
sufficient to have n ∈ Θ (d2 /ε2 ).
Fact 2.3. If ρ is pure, then it is sufficient to have n ∈ Θ (d/ε2 ).
If ρ is pure, then it is likely also necessary to have n ∈ Ω (d/ε2 ). However, the best known
bound is n ∈ Ω (d/ (ε2 log(d/ε))) [HHJ+ 15].
It makes sense that n need not be as great if ρ is pure, since ρ is then a rank-1 matrix
that can be fully described as the outer product of a d-dimensional vector.
At first glance, this looks promising. Quadratic and linear complexity with respect to d
seems efficient. However an m-qubit state will have dimension d = 2m . Therefore, in the
case of fact 2.2, we would need n ∈ Θ (4m /ε2 ). This fast exponential growth in the size of
the input is the biggest obstacle to quantum tomography at present.
In the remainder of this lecture, we will focus on pure state tomography and prove fact
2.3. The general bound from fact 2.2 is considerably more difficult to prove, so we will not
discuss it. For more detail, consult the recent paper written by the instructors of this course
[OW15].

3
3.1

Pure state tomography
Relation to hypothesis testing

In pure state tomography, we are given |ψi ∈ Cd in the form |ψi⊗n , and we want to output
e ∈ Cd such that
|ψi


e hψ|
e ≤ ε.
dtr |ψi hψ| , |ψi
When looking at pure states and their trace distance, we have the following fact.
e ∈ Cd , the trace distance of |ψi and |ψi
e satisfies the following equality:
Fact 3.1. For |ψi , |ψi
r


2
e .
e
e
dtr |ψi hψ| , |ψi hψ| = 1 − hψ|ψi
e have large inner product with |ψi.
Thus the goal is to make our guess |ψi
How do we achieve that? This problem resembles worst-case hypothesis testing. In
worst-case hypothesis testing, we are given some state |ψi⊗n from some set {|vi⊗n }|vi , and
we try to guess at |ψi. The difference in tomography, of course, is that the set of possibilities
is infinitely large and that we have some margin of error.
This problem is also similar to average-case hypothesis testing, which, as we saw last
lecture, was related to worst-case hypothesis testing through the minimax theorem. In
tomography, we are not given a probability distribution, so it is similar to the situation
where we try to guess |ψi given a uniformly random |ψi⊗n ∼ {|vi⊗n }unit |vi .
We saw that if we have an optimal algorithm for average-case hypothesis testing, then it
is closely related to the optimal algorithm for worst-case hypothesis testing. Thus, to devise
the algorithm for tomography, we can get away with just solving the average-case situation
on the hardest distribution – the uniform distribution.
3

3.2

Infinitesimals

The strategy for tomography is that we will merely pretend we are given a probability
distribution. With input |ψi⊗n , we will treat |ψi as a uniformly random unit vector in Cd .
What does it mean to have a uniformly random unit vector? Since the state is uniformly
random, the probability of measuring any particular |ψi ∈ Cd is infinitesimally small. We
will write this as
Pr[|ψi] = dψ.
We need to choose a POVM suitable for tackling this probability distribution. Last
lecture, we saw that a good way to deal with average-case hypothesis testing was to run the
Pretty Good Measurement, in which, given an ensemble {(σi , pi )}i of density matrices and
probabilities, we would choose a POVM whose elements resembled the states we knew were
in the ensemble. Namely, we took each POVM element Ei to be pi σi adjusted by a couple
of S 1/2 factors.
We will reappropriate that technique for our situation. The version of the Pretty Good
Measurement for tomography is a POVM with elements resembling
E|ψi ≈ dψ · |ψi⊗n hψ|⊗n .
This P
gives an infinite number of POVM elements, which means that the typical constraint
that i Ei = I needs to be rethought. We instead consider a new constraint that
Z
E|ψi = I
|ψi

where I is the n × n identity matrix.
This talk of infinitesimals and integrals might seem non-rigorous, but it is really just
informal shorthand that will be notationally convenient for us. A more rigorous analysis
could be achieved by instead taking finite-sized POVMs that approximate this infinite scheme
and then considering the limit as you make the finite POVMs more and more accurate (and
consequently larger and larger in the number of elements).
(A natural question to ask is, “how would we actually implement measurement with a
POVM of infinitely many elements?” We would have to take a finite-sized POVM that
approximates the infinite POVM. This is not a big sacrifice; we do a similar discretization
of randomness in classical algorithms whenever we implement a randomized algorithm that
calls for a real number from the uniform distribution over [0, 1].)

3.3

The algorithm

Now we are ready to present the algorithm for pure state tomography that will prove fact
2.3.

4

Pure State Tomography Algorithm
Input: We are given |ψi⊗n , where |ψi ∈ Cd . We know n and d, which are natural numbers.
Strategy: Measure with the POVM consisting of {E|vi }unit vectors |vi∈Cd , where


n+d−1
E|vi =
|vi⊗n hv|⊗n dv.
d−1
e ∈ Cd , which is what we will
Our output: The measurement will give some vector |ψi
output.
Let’s do a quick sanity check by making sure our output is sensible. We have

 n + d − 1  ⊗n

⊗n
⊗n
⊗n
⊗n
⊗n
e
e
e
Pr[|ψi] = tr E|ψi
hψ|
=
tr |ψi hψ| |ψi hψ|
dψe
e |ψi
d−1


2n
n+d−1
e
=
hψ|ψi
dψe
d−1

(1)

where the last equality follows from the cyclic property of the trace operator. Notice that
e is equal to |ψi and less than 1 otherwise. This signals that the probability
e is 1 if |ψi
hψ|ψi
of outputting a particular vector is greater if that output vector is close in dot product to
the input state, which is what we want.
R
Before the analyze the accuracy of the algorithm, we need to first verify that |ψi E|ψi = I.

3.4

The integral constraint

The presence of that binomial coefficient in the POVMRelements might seem strange, but
it is merely a scaling factor that makes the constraint |ψi E|ψi = I hold. Why does this
particular coefficient appear, though?
Notice that the input is guaranteed to be of a certain form, namely, a tensor power with
specific dimensions. Naturally, we want to understand the space in which these inputs live.
Definition 3.2. The vector space Sym(n, d) is span{||vi⊗n i : |vi ∈ Cd }.
The notation stands for “symmetric” since vectors of the form |vi⊗n are, in a way, symmetric as a tensor product. As an abbreviation, we will simply refer to this space as Sym
with the n and d parameters being implied.
The binomial coefficient comes from the dimension of this space.

Lemma 3.3. The dimension of Sym(n, d) is n+d−1
.
d−1
We will not prove this lemma. (It might show up as a homework problem.)

5

We promised that this would make our POVM satisfy the integral constraint, so of course
we must now check that

Z
Z
n+d−1
?
E|vi =
|vi⊗n hv|⊗n dv = I.
d−1
|vi
|vi
holds. (Here, the integral is only over unit vectors, and this will be true of all the integrals
we consider in the remainder of this lecture.) In order to show this, we will use the following
proposition.
Proposition 3.4. Let
Z
M=

|vi⊗n hv|⊗n dv =

|vi

and let


Π=

E

unit |vi

 ⊗n ⊗n 
|vi hv|


n+d−1
M.
d−1

Then Π projects onto Sym.
Proof. Let PSym be the projector onto Sym. We will start by showing that M = CPSym for
some constant C.
To show this, we only need to show that M zeroes out any vector perpendicular to Sym
and that M scales vectors in Sym by a constant factor. This is sufficient since it is easy to
see that M is linear.
The first part is easy. Because |vi⊗n ∈ Sym, we have that for any |ui ∈ Sym⊥ ,


M |ui = E |vi⊗n hv|⊗n |ui = 0
| {z }
unit|vi
0

as desired.
For the second part, take any |ui ∈ Sym and write it as |ui = |wi⊗n for some |wi in
Cd . We will illustrate the case where n = 1. (The proof for the general case where n > 1 is
about the same, except more annoying. For that reason, we will skip it.) Since M is linear,
we can assume that |wi is a unit vector without loss of generality. We have
M |wi =

E

unit |vi

[|vi hv| |wi]

For arbitrary |vi, decompose |vi into
|vi = α |wi + |w⊥ i
where |w⊥ i is some vector that is perpendicular to |wi. Because |vi is random, the coefficient
α is random as well. In addition, because |vi is uniformly random, |vi appears with the same
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probability as α |wi − |w⊥ i. We use this to break up the expectation before combining it
again with linearity of expectation, getting


M |wi = E [|vi hv| |wi] = E (α |wi + |w⊥ i)(α† hw| + hw⊥ |) |wi
α

unit |vi

=

 1 

1 
E (α |wi + |w⊥ i)(α† hw| + hw⊥ |) |wi + E (α |wi − |w⊥ i)(α† hw| − hw⊥ |) |wi
| {z }
| {z }
2 α
2 α
0

0

 1 

1 
= E (α |wi + |w⊥ i)α† hw|wi + E (α |wi − |w⊥ i)α† hw|wi
2 α
2 α

1 
= E (α |wi 
+
|w⊥i)α† hw|wi + (α |wi 
−
|w⊥i)α† hw|wi
2 α



= E αα† |wi hw|wi = E |α|2 |wi
α
α
| {z }
1



It is not hard to see that Eα |α|2 is independent of |wi, i.e. is a constant, thanks to the
symmetry
by the uniform randomness of |vi. Thus M |wi = C |wi where we let C
 2induced

be Eα |α| .
All this implies that M = CPSym for some constant C. We can find the actual value of the
constant by taking the trace of both sides of the equality and performing some manipulations:


n+d−1
C
= C dim Sym = C tr(PSym ) = tr(CPSym )
d−1

= tr(M ) = E tr |vi⊗n hv|⊗n = E hv|vin = 1
unit |vi

unit |vi

where the first equality uses lemma 3.3, the penultimate equality uses the cyclic property
of the trace operator, and the
 last equality uses the observation that |vi is a unit vector.
Dividing through by n+d−1
gives
d−1
1
C = n+d−1 ,
d−1

and therefore

1
M = PSym .
C
This proves that Π indeed projects onto Sym.
R
R
|vi⊗n hv|⊗n dv = Π projects onto Sym,
This proposition tells us that |vi E|vi = n+d−1
d−1
|vi
and consequently it is the Ridentity within Sym. Since Sym is the only subspace our POVM
operates upon, this shows |vi E|vi = I as desired.
Π=

3.5

Algorithm analysis

We have proven that the POVM in our algorithm is valid, and now we will show that our
algorithm is accurate.
The previous proposition gives the following corollary.
7

Corollary 3.5. For any unit |ψi ∈ Cd , the equality


E |hv|ψi|2n =
unit |vi

1

.

n+d−1
d−1

holds.
Proof. We know that Π projects onto Sym and that |ψi⊗n ∈ Sym. Thus Π |ψi⊗n = |ψi⊗n ,
which gives


tr Π |ψi⊗n hψ|⊗n = tr |ψi⊗n hψ|⊗n = tr(hψ|ψin ) = 1.
We also have


tr Π |ψi⊗n hψ|⊗n = tr hψ|⊗n Π |ψi⊗n = hψ|⊗n Π |ψi⊗n




 ⊗n ⊗n ⊗n


n+d−1
n+d−1
⊗n 
=
E hψ| |vi hv| |ψi
=
E |hv|ψi|2n .
unit |vi
unit |vi
d−1
d−1
Putting these two equalities together, we get




n+d−1
E |hv|ψi|2n = 1.
unit |vi
d−1

Dividing both sides by n+d−1
gives the result.
d−1
The next theorem gives an upper bound on the error of our algorithm.
e with
Theorem 3.6. Given an input |ψi⊗n , the pure state tomography algorithm outputs |ψi
the property that
h 
i r d − 1
e
E dtr |ψi , |ψi
≤
.
e
n+d
|ψi
Proof. We have
# s
"r



i
2
2
e
e
e
=E
≤ 1 − E hψ|ψi
E dtr |ψi , |ψi
.
1 − hψ|ψi
h

e
|ψi

e
|ψi

e
|ψi

The first equality uses fact 3.1 from earlier in the lecture. The second equality first uses
Jensen’s inequality on the concavity of the square root operator and then uses linearity of
expectation.
Looking only at the inner term, we have

 Z
h i
2
2
e
e
e
E hψ|ψi
=
hψ|ψi Pr |ψi
e
e
|ψi
|ψi


Z
2 n+d−1
2n
e
e
=
hψ|ψi
hψ|ψi
dψe
d−1
e
|ψi

Z
2(n+1)
n+d−1
e
=
hψ|ψi
dψe
d−1
e
|ψi


n+d−1
1
d−1
 =1−
=
n+d
d−1
n+d
d−1
8

where the second line uses equation (1) from early in the lecture and where the last line uses
corollary 3.5.
This finally gives
s


 s

h 
i
2
d−1
e
e
E dtr |ψi , |ψi ≤ 1 − E hψ|ψi
= 1− 1−
e
e
n+d
|ψi
|ψi
which is the desired result.
In particular, if we choose n ∈ Θ (d/ε2 ) as in fact 2.3, we get
h 
i r d − 1 p
e
E dtr |ψi , |ψi
≤
≤ d/n ∈ Θ(ε).
e
n+d
|ψi
This proves that the bound given in fact 2.3, n ∈ Θ (d/ε2 ), is indeed sufficient.
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REVIEW: CLASSICAL COMPLEXITY THEORY

Usually, when doing complexity theory, we look at decision problems, where the output is 0
or 1. This is because it makes the problems simpler to analyze, and there is not much loss
of generality since solutions to decision problems can be efficiently turned into solutions for
function problems, where the output is more complex. Using this, we can define a general
function to be analyzed:
f : {0, 1}∗ →, where the ∗ implies it’s domain can be any set of binary strings, and 1 corresponds to yes, 0 to no.
This can be reformulated in terms of formal languages, where for some decision problem
f (x), the language L corresponding to f is the set of all binary strings x such that f (x) = 1,
so: L = {x : f (x) = 1}.
Examples:
CON N = {x : x encodes a connected graph}
P RIM ES = {x : x encodes a prime number}
SAT = {x : x encodes a boolean formula that is satisfiable}
F ACT ORIN G = {(x, y) : x has a prime factor between 2 and y}
Of these examples, CON N, P RIM ES, and SAT are naturally decision problems. For
F ACT ORIN G, however, it seems more natural to return a prime factor of x. However,
this is not an issue, since prime factors of x can be found by changing y and using it to binary search the numbers between 2 and x, which takes linear time in the number of bits of x.

2

COMPLEXITY CLASSES

A Complexity Class is a set of Languages with related complexity. First we will define 4 of
them, and show how they are related.

1

P = { Languages L : the problem x ∈ L is decidable in P oly(n) time by a deterministic algorithm }.
In this definition, a deterministic algorithm is a standard Turing machine.
P is considered efficient. CON N (shown in class) and P RIM ES are in P [AKS04]. The
others are not known to be in P , though most complexity theorists think they are not.
P SP ACE = { Languages L : the problem x ∈ L is decidable in P oly(n) space deterministically}.
Space can be defined in terms of memory cells or tape spaces in a Turing machine.
All of the examples are in P SP ACE, as they can all be computed with brute force methods
using P oly(n) space.
P is in P SP ACE since an algorithm can only use P oly(n) space in P oly(n) time.
BP P (Bounded Error, Probabilistic, Polynomial) = {L : the problem x ∈ L is decidable in
P oly(n) time by a randomized algorithm}
Here, randomized algorithm means a standard Turing machine that has access to a ’coin
flipper’, which can output 0 or 1 each with probability 1/2.
Decided, for this class, is usually taken to mean that the probability of accepting x is greater
than 3/4 is x ∈ L, and is less than 1/4 if x is not in L, so we say an algorithm in BP P
decides f if ∀x, P r[Alg(x) = f (x) > 3/4.
The 3/4 is fairly arbitrary, and it can be changed to any θ with the restriction that:
θ ≤ 1 − 2−n and θ ≥ 1/2 + 1/P oly(n) without changing the class at all. This can be
shown using Chernoff bounds, (it was a problem on homework 1) and is called error reduction, and can be accomplished by running the algorithm multiple times and taking the
majority value of the guesses. However, if θ < 1/2 + 1/P oly(n) it can take exponentially
many runs to get to 3/4 probability, and if θ > 1 − 2−n , it can take exponentially many
runs to reach that probability. Forcing those constraints on the output is what is meant by
’bounded error’.
BP P is, informally, that class of problems with efficient random algorithms.
CON N and P RIM ES are in BP P , is not known whether the other examples are, though
most people think they are not.
P ⊆ BP P because a BP P algorithm can just not use its randomness. It is believed that
P = BP P , but unproven. This is because of excellent pseudo-random algorithms that can
effectively simulate truly random computation on a deterministic machine.
BP P ⊆ P SP ACE. Since any randomized output takes P oly(n) time and space to run, a
P SP ACE algorithm can try all of them, and exactly compute the probability that the BP P
algorithm would get the right answer.
N P (Non-deterministic Polynomial Time) = {L : L has a one-way, deterministic, P oly(n)
time proof system}
The full definition of N P relies on a P rover and a V erif ier. The P rover is trying to convince the V erif ier that some given binary string x of length P oly(n) and language L, that
x ∈ L.
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The V erif ier wants to accept the proof if and only if x ∈ L.
Formally, for some x, L, the P rover sends some string π ∈ {0, 1}P oly(n) to the V erif ier.
The V erif ier computes on (x, π) in deterministic polynomial time and answers {0, 1} (1 for
accept), with the rules:
∀x ∈ L, ∃π such that V erif ier(x, π) = 1
∀x ∈
/ L, ∀π V erif ier(x, π) = 0
When x ∈ L, the V erif ier and P rover are essentially working together, trying to find some
string that shows x ∈ L.
When x ∈
/ L, the P rover is essentially working as an adversary, trying to find some string
that the P rover will accept even though the P rover shouldn’t.
P ⊆ N P , since the V erif ier can just ignore the proof and compute the question in P oly(n)
time.
It is not known if BP P ⊆ N P (but it clearly is if BP P = P ).
N P ⊆ P SP ACE. Since each possible proof π can be checked in P oly(n) time and space, a
P SP ACE algorithm can check them all and accept if any of them accept.
All of the examples are in N P .
CoN P may not be in N P . For example, U N SAT = {x : x encodes a boolean circuit with
no satisfying assignment} may not be in N P .
The relationship between the different classes shown is in the diagram, which also shows that
they are all contained in EXP , the class of problems that take exponential time to solve.

3

3

QUANTUM COMPLEXITY

Since we’ve gone over Classical Complexity, where does Quantum Complexity fit in?
First, our model for quantum algorithms is quantum circuits, not Turing machines. Quantum Turing machines can be defined, but they are confusing and difficult to work with.
Each circuit, however, can only take in inputs of one size, so it is not obvious how to define
complexity for quantum circuits in a way that allows us to compare them to Turing machines
that can take arbitray input sizes.
To overcome this issue, we use a model where a BP P algorithm writes down a quantum
circuit with hard coded inputs, and the measurement at the end gives the result.
Then define:
BQP (bounded-error, quantum, polynomial time) = {L : ∃ a BP P algorithm that can write
down a quantum circuit with hard-coded inputs that can decide x ∈ L} [BV97].
In this definition, decide means that when the q-bits are measured at the end of the quantum
circuit, the chance of seeing the wrong answer is less than 1/4 for any x. This is essentially
the same as deciding x ∈ L for BP P , except that a measurement needs to be done.
Defining circuit complexity as the complexity of a Turing machine that can write down the
circuit is robust, and used in classical complexity as well. For example, P = {L : ∃ a P
algorithm that can write down a classical circuit that can decide x ∈ L} and
BP P = {L : ∃ a P algorithm that can write down a classical randomized circuit that can
decide x ∈ L}.
In addition, the definition is robust to changes in the set of quantum gates used for computation, so using a different set of quantum gates does not change the definition of the class
[DN05].
CON N, P RIM ES, and F ACT ORIN G are in BQP . BQP contains P and BP P and
BQP ⊆ P SP ACE. The relationship between BQP and N P is unknown, though it is
widely believed that there are problems in N P not in BQP and problems in BQP not in
NP .
The evidence for those beliefs is based on oracles - there are oracles relative to which BQP
has problems not in N P and vice versa.
Additionally, it is believed that BQP is not a part of the Polynomial Time Hierarchy. [Aar10]
Theorem 3.1. BQP ⊆ P SP ACE
Proof. Suppose a language L ∈ BQP , so there is a P oly(n) time algorithm that, on input
x, writes down a Quantum circuit Cx with inputs hardcoded to |1i, and when the 1st bit of
the output of Cx is measured, it gives f (x) with probability greater than or equal to 1/4.
Cx starts in the state y1 , y2 , . . . ym = |111 . . . 11i, m = P oly(n).
Then Cx applies a series of CCN OT and Hadamard (H) gates to the bits, and then the 1st
4

bit is measured.
As drawn below, the state can be explicitly tracked, and a classical machine can track the
full state through the operation of each gate. CCN OT gates are easy to track because they
are deterministic, but H gates force the classical computer to split each partial state it is
tracking into two states, doubling what it must keep track of.
Then, if there are h Hadamard gate, at the end of the computation there will be 2h branches,
each corresponding to a different path through the circuit (even though some of the paths
may give the same measurement outcome). Then let |pi be a final state. p can be seen as
a path through the ’state tree’ drawn, and at each branching off point, there
√ is a certain
probability amplitude assigned to p at that point (in this case it’s always 1/ 2 since we’re
using H gates).
Example ’State Tree’ for an extremely simple circuit:
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Then, at the end of the computation, the P
final state can be written as a sum over all the
paths times their amplitudes, so |f inali = p amp(p) |pi.
 h
amp(p) = √12 sign(p), where sign(p) is the product of the signs of the amplitude of
 h P
Then the final amplitude of a state |si =
p. Then |f inali = √12
p sign(p) |pi.
 h P
√1
p:|pi=|si sign(p). Then the probability of measuring the state |si is the squared
2
P
magnitude of the amplitude, so P r(s) = 2−h p,p0 sign(p)sign(p0 ), where the sum over p, p0
is over |pi = |si , |p0 i = |si.
What we want is the probability that we measure a |0i or |1i for the first bit. But since we
know the probability of measuring
P a state |si, we can just sum over all states |si with a |1i
in the first bit. Then P r(1) = p,p0 sign(p)sign(p0 ), where the sum is over paths p, p0 such
that |pi = |p0 i and the first bit is |1i.
Additionally,
we can use the formula for P r(Cx accept) to then get: P r(Cx accept)−P r(Cx reject) =
P
0
1−state(p)
−h
, where state(p) is the first bit of |pi, and the sum is
2
p,p0 sign(p)sign(p )(−1)
0
over |pi = |p i. If x ∈ L, this is greater than 1/2, and if x ∈
/ L, this is less than −1/2.
This shows how to calculate the output probability classically, but since there are exponentially many paths, it would take an exponential amount of space to store the path information. To make an algorithm to do this in P SP ACE, the key is to calculate the contribution
to the probability from each path, which can be done in P oly(n) time and space since there
are P oly(n) gates, and add them up, which allows us to find P r(1) with a P SP ACE algorithm taking exponential time.

4

BQP and PP

P P (Probabilistic Polynomial) = {L : x ∈ L is decidable by a probabilistic polynomial time
algorithm}.
Here, decidable means that the probability of the algorithm being wrong is less than 1/2.
This is different than BP P and BQP , which force the error to be less than 1/2 by at least
a 1/P oly(n) amount.
Because of that difference, P P lacks efficient error amplification, so algorithms in P P are
not necessarily efficient, since it can take exponentially many runs to get a high success
probability. This makes P P less useful than BP P as a complexity class.
P P ⊆ P SP ACE, this can be seen in the same way as BP P ⊆ P SP ACE, since a P SP ACE
algorithm can just iterate through every possible random outcome and find the probability.
P P contains both N P and BQP . It also contains the quantum version of N P , QM A, which
is analogous to N P except the P rover sends a quantum states and the V erif ier decides to
accept with a quantum algorithm.
Theorem 4.1. BQP ⊆ P P [ADH97]
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Proof. Given some quantum algorithm Q, the P P algorithm Alg first randomly computes
the end state of two paths in Q, p and p0 independently (by computing the quantum state
of the system and randomly picking one choice whenever a Hadamard gate is used).
Then let |pi , |p0 i be the end states of the paths, and q be the probability that |pi 6= |p0 i. If
|pi =
6 |p0 i, Alg outputs 1 with probability P > 1/2, −1 with probability P < 1/2.
If |pi = |p0 i, it outputs sign(p)sign(p0 )(−1)1−state(p) , where state(p) is the value of the first
bit of the final state of
value of Alg is:
Ppath p. Then the0 expectation
−h
1−state(p)
E(Alg) = (1 − q)2
+ q(2P − 1),
p,p0 sign(p)sign(p )(−1)
P
−h
0
1−state(p)
and 2
is P r(accept) − P r(reject) as shown before.
p,p0 sign(p)sign(p )(−1)
If x ∈ L, then E(Alg) > 0.
If x ∈
/ L, then E(Alg) < 0.
Then this shows that Q can be simulated by a P P algorithm by accepting with probability
P = 1/2 + Alg(x).
With all the complexity classes we have now defined, the picture of the complexity hierarchy is now:

7

5

A few more details about PP

Just wanted to add a few things about the complexity class PP, a rather strange class.
Super-minor, boring technical detail.
First, a super-minor and boring technical detail. For PP, we say that the machine ”accepts” a string x if it outputs 1 with probability > 1/2. We say that it ”rejects” a string x
if it outputs 1 with probability < 1/2. What if, for some x, it outputs 1 with probability
exactly 1/2? Does that count as ”accept” or ”reject”? The answer is: Doesn’t really matter;
any reasonable convention you decide on gives the same class PP.
To see this, let’s say we take the convention that outputting 1 with probability 1/2 counts as
”reject”. Now suppose we have a randomized algorithm A running in time nc that ”decides”
8

language L in the sense that x ∈ L ⇒ Pr[A(x) = 1] > 1/2 and x 6∈ L ⇒ Pr[A(x) = 1] ≤ 1/2.
The first thing to note is that since A runs in time nc , it flips at most nc coins, and thus every
c
possible outcome it has occurs with probability that is an integer multiple of 2−n . In parc
ticular, when x ∈ L we know that not only is Pr[A(x) = 1] > 1/2, in fact it is ≥ 1/2 + 2−n .
Now consider the following algorithm B. On any input x, it first flips nc+1 coins. If they
all come up 1, then B immediately outputs 0. Otherwise, B simulates A. Note that B is
still polynomial time. Furthermore, the effect of that first stage of flipping nc+1 coins is to
c+1
slightly down-shift all of A’s probabilities by roughly 2−n . So now we will indeed have
that x ∈ L ⇒ Pr[B(x) = 1] > 1/2 and x 6∈ L ⇒ Pr[B(x) = 0] < 1/2. So you see, with this
kind of trick, the exact tie-breaking convention in PP does not matter.
NP is in PP.
Now let me explain why NP is in PP. It’s very simple. By the theory of NP-completeness,
it is sufficient to show that SAT is in PP. Here is the algorithm. On input F , an m-variable
Boolean formula (where m < |F | = n)), the PP algorithm guesses a uniformly random
assignment α ∈ {0, 1}m and checks if it satisfies F . If so, the algorithm outputs 1. If not,
the algorithm outputs a random coin flip. Now it’s clear that if F ∈ SAT then Pr[output
1] ≥ 1/2 + 2−m and if F 6∈ SAT then Pr[output 1] ≤ 1/2. (In fact, it’s = 1/2 in the second
case.) This shows SAT is in PP, by the above super-minor boring discussion.
PP is closed under complement.
As you can see from the original > 1/2 vs. < 1/2 definition of PP, it is symmetrically
defined with respect to yes-instances and no-instances; i.e., it is ”closed under complementation”; i.e., if L is in PP then so is Lc . Hence UNSAT is in PP, which means that PP contains
not just NP but also coNP (if you remember that class).
A ”complete” problem for PP.
An easy-to-show fact in complexity theory: Let MAJ-SAT be the language of all Boolean
formulas F for which more than half of all assignments satisfy F . You should be able to
easily show that MAJ-SAT is in PP. In fact, it is also very easy to show that MAJ-SAT is
”PP-complete”. In particular, MAJ-SAT is in P if and only if P = PP.
The weird nature of PP.
On one hand, PP contains both NP and coNP. On the other hand, it is not known to
contain the class PNP (if you remember what that is: namely, the languages decidable by
polynomial time algorithms with access to a SAT oracle). On the other other hand, it is
known that the entire ”polynomial hierarchy” (a vast generalization of NP, which is ”almost”
as large as PSPACE) is contained in PPP (i.e., polynomial-time algorithms with access to
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an oracle for MAJ-SAT). This is ”Toda’s Theorem”. So yeah, PP is kind of a weird and
unnatural class; the basic version is not very powerful; it’s not closed under ”subroutines”;
but when you ”close” it under subroutines it becomes super-powerful.
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Introduction

In this lecture, we shall probe into the complexity class QMA, which is the quantum analog
of NP.
Recall that NP is the set of all decision problems with a one-way deterministic proof
system.
More formally, NP is the set of all decision problems for which we can perform the
following setup.
Given a string x and a decision problem L, there is an omniscient prover who sends a
string π ∈ {0, 1}n to a polytime deterministic algorithm called a verifier V , and V (x, π) runs
in polynomial time and returns 1 if x is a YES-instance and 0 if x is a NO-instance. The
verifier must satisfy the properties of soundness and completeness: in particular, if x is a
YES-instance of L, then there exists π for which V (x, π) = 1 and if x is a NO-instance of L,
then for any π that the prover sends, V (x, π) = 0.
From now on, think of the prover as an unscrupulous adversary and for any protocol the
prover should not be able to cheat the verifier into producing the wrong answer.

2

Merlin-Arthur: An upgrade to NP

If we take the requirements for a problem to be in NP and change the conditions slightly by
allowing the verifier V to be a BPP algorithm, we get a new complexity class, MA. A decision
problem L is in MA iff there exists a probabilistic polytime verifier V (called Arthur) such
that when x is a YES-instance of L, there is π (which we get from the omniscient prover
Merlin) for which Pr(V (x, π) = 1) ≥ 34 and when x is a NO-instance of L, for every π,
Pr(V (x, π) = 1) ≤ 14 . The choice of 34 was arbitrary. As long as you pick a constant greater
than 12 , error reduction is easy.
It turns out that if you mandate that the probability of being correct when x is a YESinstance to 1, MA still stays the same, by a very nontrivial theorem whose proof you can
see in [FGM89]. However, if you add the condition that Arthur can never be duped, that is,
remove room for error when x is a NO-instance, then the class simply becomes NP.

1

NP ⊆ MA because for any NP problem, a probabilistic verifier V 0 could simply run the
deterministic algorithm of the NP verifier V , ignore the random bits, and accurately verify
proofs.
It is believed that NP = MA, though no proof is known. There is evidence to believe
that NP = MA as research suggests that ‘good enough’ pseudorandom generators exist. For
a detailed overview, refer to [BFA03] and [Vad12].
As an interlude, the name Merlin-Arthur for this complexity class is due to Laszlo Babai,
introduced in [BM88].

3

Quantum Merlin-Arthur

The next upgrade that results in a new class comes from letting the verifier V be a quantum
algorithm and allowing the prover to send qubits instead of bits. In other words, the verifier
is in BQP. The class of problems that can be solved under this protocol is called QMA.
Definition: QMA is the set of all decision problems that can be solved with a quantum
algorithm V such that for all possible inputs x, if x is a YES-instance, then there is |ϕi
for which V (x, |ϕi) = 1 with probability ≥ 43 and if x is a NO-instance, for every |ϕi, the
probability that V (x, |ϕi) = 1 is ≤ 14 .

3.1

Robustness of QMA

The next thing we probe into is how robust QMA is. If we force the acceptance probability
to be 1, does QMA remain the same? It is unknown if this same oddity that is a property
of MA holds in QMA.
However, we don’t want our definition of QMA to hinge on numbers like 43 , so we would
like an error amplification protocol that amplifies the success probability to any constant
less than 1 of our choice. The amplification can be more formally expressed as: say we have
a quantum algorithm V and input x for which there exists a state |ϕi where Pr[V (x, |ϕi) =
1] ≥ c when x is a YES-instance and Pr[V (x, |ϕi) = 1] ≤ s when x is a NO-instance with
1
, can we boost the success probability to 1 − 2−poly(n) ?
the promise that c − s ≥ poly(n)
It would be easy to boost our probability if we could replicate the proof state |ϕi that
Merlin sent several times, run verifier V on (x, |ϕi) several times for some input x and take
the majority, but unfortunately, you cannot clone an unknown quantum state. And using
your proof state by making a measurement renders it unusable for a second time.
The solution to this is make Merlin send the state a bunch of times. In the first proof system,
the prover was supposed to send |ϕi but in this new protocol, we require him to send |ϕi⊗T
where T ∈ O(poly(n)). And then Arthur runs his algorithm on each one and returns the
majority.
But we are not done yet, as there is another subtlety left to address. When the input x is
a NO-instance, then Arthur must reject with high probability. What if Merlin, in his efforts
2

to dupe Arthur, sends quantum states that are entangled with eachother? Then the states
can be seen as a mixed states (result from lecture 16). Arthur’s probability of accepting a
mixed state p when it would be correct to reject is the a convex linear combination of the
probabilities that Arthur accepts each pure state that comprises the mixed state. There is
some pure state for which Arthur has a probability pi > p of accepting.
And we know that for each pure state |πi, Pr[V (x, |πi) = 1] ≤ s. Therefore, pi ≤ s and
p ≤ s and our boosting works even if Merlin sends entangled states.

3.2

MA ⊆ QMA, NP ⊆ QMA and QMA ⊆ PP

Since NP ⊆ MA, it shall follow from MA ⊆ QMA that NP ⊆ QMA.
To see why MA is contained in QMA, we first recall that any randomized algorithm can be
simulated by a quantum computer efficiently. So for any decision problem L ∈ MA, we first
force the proof sent by Merlin to be classical by measuring all the bits, and then we simulate
the verifier’s algorithm V with a quantum algorithm V 0 on input x and this classical proof.
This means that L is also in QMA and as a result MA ⊆ QMA.
It is also known that QMA ⊆ PP. (Proof is a homework problem)
There is another complexity class between QMA and MA known as QCMA. This is the
class of problems that are solvable if the prover can only send classical bits but the verifier
has a Quantum algorithm. Not much is known about QCMA.

4

Some problems in QMA

Here are 3 problems of which we will prove membership in QMA.
1. k-Local Hamiltonians Problem [KSV02]
2. Consistency of local density matrices [Liu06]
3. Group Nonmembership [Wat00]

4.1

k-Local Hamiltonians Problem

The k-Local Hamiltonians Problem is the quantum analogue of Max k-SAT, which is the
problem of maximizing the nunber of clauses satisfied in a k-CNF formula.
The problem is physically motivated: roughly, it asks ‘You have a Hamiltonian, what is
the energy of the ground state?’. More formally, the problem involves a n-qubit state |ψi
Let |ψi be a n-qubit state. A k-Local Hamiltonian is a Hermitian Matrix Hα acting on
n qubits and has the property that it is the identity on all except k of the qubits.
The input to the k-Local Hamiltonian problem is m k-Local Hamiltonians, H1 , H2 , . . . , Hm
with the eigenvalues of each Hi being between 0 and 1.
3

Let H = H1 + H2 + . . . + Hm . Define the ground state energy as ξ = min|ψi hψ| H |ψi.
The decision problem can be framed as k−LHα,β with α > β, where we say “YES” if ξ ≤ β,
“NO” if ξ ≥ α. In other words, a YES-instance is exactly one where there exists some |ψi
for which hψ| H |ψi ≤ β and a NO-instance is one where for every |ψi, hψ| H |ψi ≥ α.
β
α
and s = 1 − m
. In fact, the problem is in
Theorem 4.1. k − LHα,β ∈ QMA with c = 1 − m
1
QMA provided α − β ≥ poly(n) .

Proof. Merlin sends the state |ψi that minimizes hψ| H |ψi. Pick a uniformly random Hi
from H1 , . . . , Hm and measure |ψi with the POVM {HP
i , I − Hi }. The probability that the
measurement outcome corresponds to Hi for some i is
hψ| m1 Hi |ψi = m1 hψ| H |ψi.
By having Merlin send multiple copies, and measuring each one, we can discern the value
of hψ| H |ψi within a negligible error margin, and check if it is ≤ β or ≥ α.
As an exercise, one may try showing that 3SAT is a subproblem of 3−LH1,0 .
Kitaev showed that the problem is QMA-complete for k ≥ 5 in [KSV02]. This result was
improved to k ≥ 3 in [KR03], and further improved to k ≥ 2 in [KKR06]. The proof is along
the lines of the proof of Cook-Levin theorem, but much harder.

4.2

Consistency of local density matrices

The inputs to this problem are as follows: m k-qubit density matrices ρ1 , ρ2 , . . . , ρm and
subsets S1 , . . . , Sn ⊆ [n] where ρi is the identity on all qubits except for the ones in Si .
You are given a promise that either there is a global n-qubit density matrix σ such that
trSi (σ) = ρi for every i or for all n-qubit density matrices σ, there is i ∈ [m], ktrSi − ρi k1 ≥
1
.
poly(n)
QMA-completeness: One can reduce this problem from k-Local Hamiltonians problem
as illustrated in [Liu06].
To show membership in QMA we sketch a proof.
Theorem 4.2. Consistency is in QMA.
Proof. The prover Merlin sends the correct density matrix. The verifier then picks a random
subset Si and checks if TrSi (σ) is close to ρi .

4.3

Group Nonmembership

Laszlo Babai conjectured that this problem is in MA. This problem has to do with a whole
theory of black box groups due to Laszlo Babai and Endre Szemeredi, introduced and described in [BS84]. For a more modern survey, look at [BB99].
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Say you are given a group of size ≤ 2n , its elements could either be encoded as permutations (as every group of size n is a subgroup of the symmetric group Sn ), finite fields or
in black box fashion (a black box specifies the inverse of an element or the product of two
elements). And a group G is specified by its generators. A result by Babai and Szemeredi in
[BS84] shows that a group can be specified by a set of generators of size at most (1+log|G|)2 .
We shall follow the convention where each group element is encoded by a unique binary string (x is denoted as enc(x)). And we assume we are given an oracle that maps
(enc(x), enc(y)) to enc(xy) and enc(x) to enc(x−1 ). Henceforth, as a measure to not get too
cumbersome with notation, |xi shall be used to denote an abstract group element.
4.3.1

An easier problem: Group Membership

Given as input generators of a group |g1 i , |g2 i , . . . , |gn i and a target |xi, we want to check
if |xi is in the group generated by {|gi i}.
Theorem 4.3. Group Membership is in NP.
At first glance, it may appear that the prover Merlin can simply send a concatenation of
generator elements, because it seems like the verifier Arthur can multiply the concatenation
and check if it is equal to |xi. However, there is an issue with this intuition: it is not at all
obvious why the length of the sequence of elements won’t be exponential in size. But this
has a fix.
Theorem 4.4 (Babai, Szemeredi, Cooperman). There is a poly(n) time randomized
algorithm that multiplies T (≈ poly(n)) many gi ’s and gi−1 ’s together and its output is exponentially close to uniformly random on H. [Bab91] and [BCF+ 95]
Proof. 5-10 pages of Fourier analysis and group theory.
The theorem is a very strong statement. As a corollary, we know the following.
Corollary 4.5. Every element of H has a chance of being outputted.
This means that for every element x ∈ H there is a nonzero chance that it is outputted,
which means there is a polylength sequence of gi ’s and gi−1 ’s whose product is x and the
problem is indeed in NP.
4.3.2

Back to group nonmembership

Now, given g1 , g2 , . . . , gn as generators for a subgroup H, we want to decide if x ∈
/ H.
One natural way to solve this problem in QMA is to have Merlin send the state
1 X
p
|hi
|H| h∈H
5

But before we proceed further to see why sending that state helps us solve the problem
in QMA, let us take a step back and see why the verifier cannot prepare the state himself.
While we can sample a uniformly random h ∈ H, running the randomized algorithm on
a quantum computer to obtain the uniform superposition would yield something like
1 X
p
|hi |garbage(h)i
|H| h∈H
And it is not clear how one gets rid of the garbage. Yet, it is the verifier’s dream to have
1 X
|Hi = √
|hi
H h∈H
Thus, a good prover sends the state |Hi to the verifier.
Then the verifier attaches a |0i to the second register and runs it through the following
circuit.
|Hi
|0i

MULT
H

•

H

Applying the first Hadamard changes the state |Hi |0i to |Hi



√1 (|0i
2


+ |1i) .

And then, the second register undergoes a controlled-MULT with theelement |xi and

the new state is √12 |Hi |0i + √12 |Hxi |1i. If x ∈ H, this state is exactly |Hi √12 |0i + √12 |1i
since Hx = H. If x ∈ H, the final Hadamard sends this state back to |Hi |0i. Measuring
the second register always yields |0i.
In the case when x ∈
/ H, Hx is disjoint from H. And as a consequence, |Hxi ⊥ |Hi. If
we Hadamard for a second time and measure the second register, we see |0i with probability
1
and |1i with probability 12 each.
2
To summarize, when x ∈ H, measurement always gives us |0i. Whereas, when x ∈
/ H,
measurement gives us each possibility with an equal probability. There is a one-sided error
of 12 that can be boosted.
Thus, we have checked the completeness case. But it remains to verify that the protocol
is sound. That is, the prover cannot cheat the verifier.
(The rest is all taken from Piazza)
What if the prover Merlin sends Arthur some state that is not |Hi? Let’s say Merlin
sends Arthur some state given by
X
|M i =
αy |yi
y∈G

6

Arthur could generate a random element z1 ∈ H, attach a |0i to |M i, apply a Hadamard
on |0i, perform a controlled MULT on |M i with |z1 i, apply another Hadamard and then
perform a measurement. If the measurement yields |1i, it means that elements in the superposition |M i are not all in the same coset of |Hi, which means that the state is definitely
not |Hi and we immediately reject.
If we measure |0i, the state becomes
X
αg |gi + αg |gz1 i
g∈G

Now, if we do the same thing with a second uniformly random z2 , the resulting state we
get is
X
αg |gi + αg |gz1 i + αg |gz2 i + αg |gz1 z2 i
g∈G

And we keep going with z1 , z2 , . . . , zn polynomially many times.
Pretty soon, as long as |ψi is passing the checks, it will become (exponentially close to)
H-invariant, of the form eiθ |Hg0 i.
This leads to a situation where the verifier can assume he has a desirable state and
proceed with the protocol.
For a deeper summary of results on QMA, one can refer to [AK07].
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Fast monte carlo algorithms for permutation groups. Journal of Computer and
System Sciences, 50(2):296–308, 1995.
[BFA03]

Harry Buhrman, Lance Fortnow, and Pavan Aduri. Some results on derandomization.
Lecture notes in Computer Science, 2607:212–222, 2003.
http://people.cs.uchicago.edu/~fortnow/papers/derand.pdf.
7

[BM88]
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Introduction

So far, we have seen two major quantum complexity classes, namely BQP and QMA. They
are the quantum analogue of two famous classical complexity classes, P (or more precisely
BPP) and NP, respectively. In today’s lecture, we shall extend to a generalization of QMA
that only arises in the Quantum setting. In particular, we denote QMA(k) for the case that
quantum verifier uses k quantum certificates.
Before we study the new complexity class, recall the following “swap test” circuit from
homework 3:
qudit

SWAP

qudit
qubit |0i

H

•

H

Accept if |0i

When we measure the last register, we “accept” if the outcome is |0i and “reject” if the
outcome is |1i. We have shown that this is “similarity test”. In particular we have the
following:
+ 21 | hψ|ϕi |2 = 1 − 21 dtr (|ψi , |ϕi)2
P
+ 12 di=1 p2i , if ρ = {pi |ψi i}.

• Pr[Accept |ψi ⊗ |ϕi] =
• Pr[Accept ρ ⊗ ρ] =

2

1
2

1
2

QMA(2): The 2-Prover QMA

Recall from last time, we introduced the QMA class where there is a prover who is trying to
prove some instance x is in the language L, regardless of whether it is true or not. Figure.
1 is a simple picture that describes this.
The complexity class we are going to look at today involves multiple provers. Kobayashi
et al. [KMY03] first introduced and studied the class QMA with multiple provers who are
promised to be unentangled. Intuitively, multiple prover system can often help the verifier
to make fewer mistakes. Probably for the same reason, police often wants to cross check
among multiple criminals in order to catch lies. For simplicity, let’s start with two provers.
Similarly, we have the picture for QMA(2) as in Figure. 2:
1

Prover
x in L?
(Q)IP

Cer/ﬁcate: poly(n)

Veriﬁer
Figure 1: Schematics of QMA

Wall

Prover 1

Prover 2

x in L?

Veriﬁer
Figure 2: Schematics of QMA(2)

2

Notice that we have drawn a wall between the two prover so that they cannot communicate with each other. We will explain this assumption more formally very soon. For now,
let’s first think about the situation in the classical setting. Why don’t we have a complexity
class that assumes multiple non-interactive provers?
In fact, classically this situation is exactly the same as NP/MA, i.e. the verifier gains no
power from the multiple provers. It is pointless to have two provers trying to convince the
verifier, because one single prover can give that both sets of information to the verifier and
still have the same effect. So the multiple-prover protocol can only help in an interactive
setting.
However, in the quantum setting, the “wall” can prevent the provers from being entangled. In other words, assume in the two-prover case, we are granted the assumption that the
verifier gets a quantum state |Ψi = |ψ1 i ⊗ |ψ2 i, with |ψ1 i from prover 1 and |ψ2 i from prover
2. The fact that we can write the overall state in the tensor form guarantees the states to
be unentangled.
Let’s now look at the quantum setting, and try to derive some properties of the new
complexity class with multiple provers.
Definition 2.1. QMA(2) is the set of all languages L such that there exists a (“BQP”)
verifier V such that
• (Completeness) If x ∈ L, ∃ |ψ1 i , |ψ2 i, each with l = poly(n) qubits long, s.t.
Pr[V (|xi ⊗ |ψ1 i ⊗ |ψ2 i) accepts] ≥ 2/3 =: c
• (Soundness) If x ∈
/ L, ∀ |ψ1 i , |ψ2 i, each with l = poly(n) qubits long, s.t.
Pr[V (|xi ⊗ |ψ1 i ⊗ |ψ2 i) accepts] ≤ 1/3 =: s
Recall from last time, we said the constants c, s don’t matter for QMA because they
end up to be the same class. It is not yet clear if this is the case here. In general, we can
sometimes put all the parameters together in a compact form: QMAl (k)c,s , where l is the
number of qubits in the certificate that the verifier receives from each prover, k is the number
of provers, c is the completeness probability and s is the soundness probability. It is clear
that QMA(k) ⊆ QMA(k 0 ) for k ≤ k 0 , since the verifier can simply interact with the first k
provers and ignore the rest.

3

Power of Non-entanglement

It is conjectured that the multi-prover protocol with the non-entanglement promise is more
powerful than QMA. In fact, Liu et al [LCV07] proposed a problem that is in QMA(2) but
is not known to be in QMA, namely the N -representability problem. Several other works
can be found in [BT09], [Bei10], [ABD+ 09], [CD10]
Theorem 3.1 ([BT09]). NP ⊆ QMA(2) with l = log(n), c = 1 and s = 1 −
3

1
.
poly(n)

In other words, using 2 unentangled proofs, each with O(log n) qubits long, the verifier:
• accpets satisfiable formulas always;
• rejects unsatisfiable formulas with probability

1
.
poly(n)

Remark 3.2. It is still highly doubtful whether SAT ∈ QMAlog (2) with c = 1, s = 0, even
for l = o(n). Because if it were true, then we can solve SAT quantumly in 2o(n) time.
Remark 3.3. It is also doubtful whether NP ⊆ QMAlog (2) with c = 2/3, s = 1/3. For the
same logic, we can probably show NEXP ⊆ QMAlog (2) by extending the length of proofs to
exponentially long.
Another invariant of the work is proposed by Aaronson et al. using the 3SAT problem:
√
Theorem 3.4 ([ABD+ 09]). NP ⊆ QMAl (k)c,s with l = log m, k = Õ( m), c = 1, s = 0.999.
Notice that the soundness probability is now a constant.
Furthermore, Harrow and Montanaro [HM12] have shown that it is possible to apply
efficient soundness amplification and prover reduction. And in fact, it is shown by Kobayashi
et al. [KMY03] that soundness amplification and prover reduction are equivalent. Intuitively,
at least one of the direction sounds plausible. Suppose we used many copes of proofs to reduce
error. We let each copy of the proof be sent by each of the k provers. If k can be reduced to
2, then error reduction is also possible.

4

Prover Reduction

Theorem 4.1 ([HM12]). k number of unentangled provers can be reduced to only two.
Before we prove this theorem, let’s first try to reduce down to one provers. In other
words, we want to show QMA(k) ⊆ QMA(1). It is easy to see that the verifier now receives
one giant state |Ψi, and the prover can virtually send anything. There is no way we can
still guarantee the promise of non-entanglement we had before (i.e. |Ψi = |ψ1 i ⊗ · · · ⊗ |ψk i).
Now, let’s see how could QMA(2) help us reassure the non-entanglement, thereby showing
QMA(k) ⊆ QMA(2).
Clearly, it is equivalent to test non-entanglement of any k-partite state |Ψi using just
two (identical) copies of |Ψi. It is possible to remove the assumption of “identical” copies.
We will leave it to the reader.
Now if we are given two copies of |Ψi, the problem is then reduced to testing purity,
because if |Ψi is an entangled states, then discarding |ψ2 i , . . . , |ψk i will give us a mixed
state at |ψ1 i.
[Insert product test diagram]
Therefore, as shown in the diagram above, we can apply “swap test” to the n pairs of
corresponding |ψi i in each copy of |Ψi. n
Combining the results, we thereby obtain that
4

Wall

Prover 1

Prover 2

G in 4COL?
|Ψ’>

|Ψ>

Veriﬁer
Figure 3: Schematics of QMA(2) for verifying 4COL
√
• 3SAT ∈ QMA(Õ( m)) where each prover sends log(m) qubits, with completeness
c = 1 and constant soundness s.
√
• 3SAT ∈ QMA(2) where each prover sends Õ( m) qubits, with completeness c = 1
and constant soundness s.

5

NP ⊆ QMA(2)

In this section, we want to prove the following theorem using 4COL:
Theorem 5.1 ([BT09]). NP ⊆ QMA(2). In particular, 4COL ∈ QMAlog (2) with c = 1, s =
1
1 − poly(n)
Given input graph G = (V, E), we have the QMA(2) protocol to determine if G ∈ 4COL:
WLOG, let n = |V | be a power of 2. We want to show:
• (Completeness) If G ∈ 4COL, ∃ |ψi , |ψ 0 i s.t.
Pr[Verifier accepts] = 1
• (Soundness) If G ∈
/ 4COL, ∀ |ψi , |ψ 0 i s.t.
Pr[Verifier rejects] ≥

5

1
poly(n)

In other words, we want to always accept correct proofs and to catch a lie with non-negligible
probability. Let’s first consider the easy case (“completeness”), with G ∈ 4COL. What
should the prover send? In this case, trying to help the verifier, the prover might as well
send a valid coloring of the graph.
Let χ : V → {0, 1, 2, 3} be a valid coloring, where each color is labeled as integers 1, . . . , 3.
Then the two provers will send the state:
1 X
|vi |χ(v)i
|ψi = √
n v∈V
Notice that the first “vertex register” |vi contains log2 (n) qubits, and the “color register”
|χ(v)i contains 2 qubits.
The verifier will thus the following protocol consisting of 3 testing components (by performing one of the following three tests with equal probability):
• Coloring Test
• Equality Test
• Uniformity Test
Let’s now look at each test separately.
1. “Coloring”:
• Measure the two proofs: |ψi → |vi |ci, |ψ 0 i → |v 0 i |c0 i
• If (v, v 0 ) ∈ E, then accept if c 6= c0 , and reject otherwise.
• Else if v 6= v 0 , then accept if c 6= c0 , and reject otherwise.
Notice from the second item that if |ψi = |ψ 0 i then we are done, since it has ≥
chance of catching a lie.

1
n2

2. “Equality”:
• Use “swap test” on |ψi , |ψ 0 i: This is good for completeness, because if true, the
verifier will accept with probability 1.
3. “Uniformity”: Recall Fourier Transform FN over ZN , we know that the indicator
function can be transformed to a uniform superposition, up to a phase.
• Apply FN to the color register. In the good case, we obtain
1 X

1 X
√
|vi
ic·χ(v) |ci
2
n v∈V
c∈{0,1,2,3}

where i is the forth-root-of-unity.
6

• Measure the color register: Then reject if we get |00i, and accept otherwise.
We have therefore shown that the protocol has completeness c = 1: i.e. If G ∈ 4COL,
then there exists a proof that the verifier accepts with probability 1. We will leave the
soundness proof of this protocol to the reader. For detailed results, one can refer to [BT09].
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Introduction

Recall QMA and QMA(2), the quantum analogues of MA and AM. Today we will look at
QIP, the quantum analogue of the classical IP, the class of languages with polynomial size
“interactive proof systems.”
An interactive proof system consists of two algorithms, P , the prover, and V , the verifier.
P has access to infinite computational power, while V is limited to computing with the
assumptions of BPP. They are allowed to exchange polynomially messages, and at the end
the verifier outputs whether or not the input is in the language. More precisely,
Definition 1.1. a language L is in IP if there exists a BPP verifier V such that the following
two conditions hold:
1. (completeness) If x ∈ L, there exists a prover P such that the system consisting of P
and V accepts x with probability ≥ 2/3.
2. (soundness) If x 6∈ L, for all provers Q, the system consisting of Q and V accepts x
with probability ≤ 1/3.
This is like MA and AM, except the machines can exchange polynomially many instead
of 1 or 2 messages.
The discovery of the fact that IP = PSPACE is one of the great stories of classical
complexity [Sha92][LFKN92]. Let’s dive into the quantum version of this story, which is
being written today.

2

Definition of QIP

Definition 2.1. a language L is in QIP if there exists a BQP verifier V such that the
completeness and soundness conditions hold. The prover and the verifier are additionally
allowed to exchange quantum messages.
Let’s also define another useful notion:
Definition 2.2. QIP(k) is the set of languages with quantum interactive proof protocols of
length k.
1

Using this definition, the following facts are clear
[
Fact 2.3. QIP =
QIP(f (n))
f is polynomial

Fact 2.4. QIP(0) = BQP ⊆ QIP(1) = QMA ⊆ QAM ⊆ QIP(2) ⊆ QIP(3) ⊆ . . . QIP.
Here’s another definition:
Definition 2.5. QIP(k, p1 , p2 ) is the set of languages with quantum interactive proof protocols of length k, correctness probability of accepting at least p1 and soundness probability
of accepting at most p2 .
It is not immediately clear that QIP is robust to tweaking the probabilities of the soundness and correctness conditions, but it turns out that it is indeed the case that
Fact 2.6. QIP(k, p1 , p2 ) = QIP(k, 1, 2−poly ), as long as p1 − p2 ≥ poly −1 [KW00].
Finally, Here are two grab bag facts:
Fact 2.7. IP ⊆ QIP
The proof is very similar to the proof that MA ⊆ QMA, with the key being to measure
the quantum state before doing anything else.
Fact 2.8. Without loss of generality, we can assume in any interactive proof protocol that
the last message sent is from the prover to the verifier.
Clearly, the verifier accomplishes nothing by sending a message the other way and outputting before receiving a response.
With definitions out of the way, let’s look at a problem in QIP to better understand the
nature of the class.

3

Quantum State Distinguishability

C

You are given two mixed states, ρ0 , ρ1 ∈ d×d in the form of classical descriptions of quantum
circuits that output these states. The task is to output YES if dtr (ρ0 , ρ1 ) ≥ .9, and NO if
dtr (ρ0 , ρ1 ) ≤ .1.
Where dtr is the trace distance. Equivalently, we saw in a previous lecture that
Fact 3.1.


optimal probability of guessing b,
dtr (ρ0 , ρ1 ) = 2
given a uniformly random ρb from b = {0, 1}

2


−1

One natural thing we might want to try is to send the optimal POVM for distinguishing
the two states as a certificate. Then the verifier can just measure random states with the
POVM many times, and if it gets back the same one it put in sufficiently many times, we can
say YES. The trouble with this is that it’s unclear how we can encode a POVM efficiently
into a message. Even if we just use the Pretty Good Measurement, we don’t know an efficient
way to encode it. If we could find a nice way to encode it, we’d solve this problem in QMA.
But if we allow ourselves a polynomial length protocol, we have more freedom. In fact,
it turns out we don’t need to send any information about how the prover solves the problem
at all (!). We can use the standard coke-pepsi trick from classical zero knowledge proofs.
Claim 3.2. The following protocol solves the problem in QIP:
1. Verifier picks b ∈ {0, 1} uniformly at random, and sends the prover ρb without saying
which one it is.
2. Prover responds with a guess, b0 , for b
3. Verifier accepts if and only if b = b0 .
Proof. If dtr (ρ0 , ρ1 ) ≥ 0.9, then by fact 3.1, there’s a measurement which gives the prover
a probability ≥ (1 + 0.9)/2 = 0.95 of guessing b correctly. So the correctness condition is
satisfied.
On the other hand, if dtr (ρ0 , ρ1 ) ≤ 0.1, then again by fact 3.1, there’s no measurement
which gives the prover a probability better than (1 + 0.1)/2 = 0.55 of guessing correctly. So
the soundness condition is satisfied.
This protocol has the nice property that is “zero-knowledge”, that is, the protocol gives
the verifier no information about how to solve the problem itself. It only allows it to conclude
that the prover knows what it’s doing.
Further, it turns out out that the Quantum State Distinguishability problem is complete
for QSZK, the class of languages with zero-knowledge quantum interactive proof protocols
[Wat02].
Now let’s turn to the related problem of quantum circuit distinguishability.

3.1

Quantum Circuit Distinguishability

You are given two classical descriptions of quantum circuits, c0 and c1 . The task is to
determine if they compute “noticeably” different functions.
To make the notion of “noticeably” different more concrete, we use the following definition
Definition 3.3 (Diamond distance).
d (c0 , c1 ) =

max

pure states |χi

dtr (c0 |χi , c1 |χi)

The task, then, is to output YES if d (c0 , c1 ) ≥ 0.9, and NO if d (c0 , c1 ) ≤ 0.1.
3

Claim 3.4. The following protocol solves the problem in QIP:
1. Prover sends |χi, a state claimed to cause noticeably different outputs on c0 and c1 .
2. Verifier picks b ∈ {0, 1} uniformly at random, calculates cb |χi and sends it, without
saying which one it is.
3. Prover responds with a guess, b0 for b.
4. Verifier accepts if and only if b = b0 .
Proof. This clearly works for the same reason that our protocol for Quantum State Distinguishability worked.

4

QIP collapses to QIP(3) (!!)

Kitaev and Watrous showed in 2000 that every protocol in QIP can be turned into a protocol
using only 3 messages [KW00]. In particular, they showed
Theorem 4.1. QIP(k, 1, 1 − ) = QIP(3, 1, 1 −

2
)
4k2

Proof (sketch). Note first that any quantum interactive proof looks something like the following diagram.

Verifier qubits

Message qubits

Prover qubits

















U2V

U1V

U1P

U2P

···
···
···
···
···
···
···
···
···
···
···
···

UfV

UkV

UkP

Figure 1: Quantum Interactive Proof System
That is, it consists of multiple rounds of the verifier and the prover applying unitary
transformations (UiV for the verifier, and UiP for the prover) to a set of qubits, where they
share some “message qubits”, and both the prover and the verifier have their own private
qubits that the other cannot interfere with. The protocol ends with the Verifier applying a
final unitary transformation, UfV , and measuring the first qubit. If it is a 0 it rejects, if it is
a 1 it accepts.
4

Let’s call the state before the i’th verifier unitary |V i , M i , P i i, where the entries of the
tuple are the verifier’s qubits, the message qubits, and the prover’s qubits, respectively. A
transcript is a list of all the states. The following protocol proves the theorem.
1. Prover generates a transcript for the full run of the original length 2k + 1 protocol on
the given input, and sends it to the verifier. Verifier preforms UfV on |V k , M k i and
rejects if the first bit of the result is not 1.
2. Verifier prepares entangled state |b, b0 i = √12 (|0i |0i + |1i |1i), and picks i ∈ {1 . . . k − 1}
uniformly at random. Verifier applies Vi to |V i , M i i, controlled swaps V i and V i+1
with control bit b, and sends V i , V i+1 , b0 , i to the prover.
3. Prover applies UiP to |M i , P i i and controlled swaps it with |M i+1 , P i+1 i with control
bit b0 , and sends it back. Verifier receives b0 from prover, controlled nots it with b,
applies hadamard to b and accepts if and only if result is 0
The high level idea of this protocol is that the verifier picks a random step of the proof
to check, and checks it by doing the computation for that step itself, preforming a swap test
to confirm that it is what the prover claimed it was. It is easy to show that if the original
protocol accepts with certainty, this protocol does as well.
Proving soundness is a bit more difficult. For more details, see [KW00].
In fact, it turns out that the above protocol can be somehow formulated as a semidefinite
program solvable in exponential time, showing QIP ⊆ NEXP [KW00]. It even turns out to
be true that QIP = PSPACE = IP, so quantum gives us no additional power in the domain
of interactive proofs [JJUW10].

5

QMIP

One interesting variation on the IP setting that’s been widely studied is to allow multiple
independent non-communicating provers, resulting in the classical class MIP. Intuitively, this
would seem to give us more power because it is the mathematical formalism for the classic
policework trick of separating two co-conspirators before interrogating them in an effort to
discover the truth. A famous result of Babai, Fortnow, and Lund says that MIP ⊆ NEXP
[BFL90].
We can generalize this to the quantum setting where we are again allowed multiple noncommunicating provers, except that the verifier is in BQP, and the provers are allowed
to prepare an entangled state before beginning the protocol. This is, of course, a highly
realistic assumption, since you couldn’t prevent two co-conspirators from walking into their
interrogation rooms with halves of EPR pairs in their pockets. The resulting class is called
QMIP.
Currently, we don’t know much about QMIP. It is not immediately clear even that
MIP ⊆ QMIP, since the entanglement of the provers prevents us from simply measuring
5

to avoid sneaky quantum behavior. In 2012, however, it was shown that this is the case,
as a corollary of the fact that NEXP ⊆ QMIP [IV12]. It’s also true that QMIP = MIP∗ ,
where MIP∗ is MIP except the provers are allowed to share an entangled state before the
protocol (note that the verifier is of BPP and not BQP), so the power of QMIP lies in prover
entanglement and not in quantum messaging [RUV13].
The most glaring gap in our knowledge is the lack of an analogue of MIP ⊆ NEXP. In
fact, it’s quite a bit worse than that: We don’t know any upper bound at all! Not even the
class of decidable languages is known to be an upper bound. For all we know, QMIP could
be powerful enough to solve the halting problem, or indeed all possible problems.
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