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The *‘computable” numbers may be described briefly as the real
numbers whose expressions as a decimal are calculable by finite means.
Although the subject of this paper is ostensibly the computable numbers,
it is almost equally easy to define and investigate computable functions
of an integral variable or a real or computable variable, computable
predicates, and so forth. The fundamental problems involved are,
however, the same in each case, and I have chosen the computable numbers
for explicit treatment ag involviug the least cumbrons technique. T hope
shortly te give an account of the relations of the computable numbers,
funetions, and so forth to one another. This will include a development
of the theory of functions of a real varfable expressed in terms of com-
putable numbers. According to my definition, a number is computable
if its decimal can be written down by a machine.

In §§9, 10 I give some arguments with the intention of showing that the
computable numbers include all numbers which could naturally be
regarded as computable. In partieular, I show that certain large classes
of pumbers are computable. They include, for instance, the real parts of
all algebraic numbers, the real parts of the zeros of the Bessel functions,
the numbers 7. e, ete.  The computable numbers do not, however, include
all detinable numbers, aud an example Is given of a definable mmber
which is not computable.

Although the class of computable numbers is se great, and in many
ways similar to the class of real numbers, it is nevertheless enumerable.
In § 5  examine certain arguments which would seem to prove the contrary.
By the correct application of one of these arguments, conclusions are
reached which are superficially similar to those of Godelt. These results

4 Ginlel, wiiher Formal unentscheidbare Satze der Prineipin Mathoatica und ver-
want der Systeme, IV, Monatshicfie Math, Phys., 38 {10311, 173-188%
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have valuable applications. In particular, it is shown (§11) that the
Hilbertian Entscheidungsproblem can have no solution.

In a recent paper Alonzo Churcht has introduced an idea of “effective
ca}]culubilit)"’, which is equivalent to my ‘“computability”, but is very
differently defined. Church also reaches similar conclu;ions gbout the
E_n‘t,scheidungsproblcm:‘ The proof of equivalence between ‘‘computa-
bility "' and “effective calculability ” is outlined in an appendix to the
present paper.

1. Computing machines.

We have said that the computable numbers are those whose decimals
are calculable by finite means. This requires rather more explicit
definition. No real attempt will be made to justify the definitions given
until we reach §9. For the present I shall only say that the justification
lies in the fact that the human memory is necessarily limited.

We may compare a man in the process of computing a real number to a
machine which is only capable of a finite number of conditions 9 Qos n Gr
which will be called m-configurations ”. The machine is supplied with a
“tupe " {the analogue of paper) running through it, and divided into
sections (called ‘‘squares”) each capable of bearing a “symbol”, At
any moment there is just one square, say the r-th, bearing the symbol S(r)
which is “in the machine”. We may call this squere the “scanned
square . The symbol on the scanned square may be called the “scanned
§)'mb01”. The **scanned symbol” is the only one of which the machine
15, 80 to speak, “‘directly aware’. However, by altering its m-configu-
ration the machine can effectively remember some of the symbols which
it has ““seen” (gcanned) previously. The possible behaviour of the
machine at any moment is determined by the m-configuration ¢, and the
scanned symbol €(r).  This pairq,, &(r) will be called the configuration ™ :
thus the eonfiguration determines the possible behaviour of the machine,
In some of the configurations in which the scanned square is blank (i.e,
bears no symbol) the machine writes down a new symbol on the scanned
square: in other configurations it erases the scanned symbol. The
machine may also change the square which is being scanned, but cnly by
shifting it one place to right or left. In addition to any of these operations
the m-configuration may be changed. Some of the symbols written down

t Alonzo Church, ** An unsolvable problem of slementary number theory ", American
Joof Math., 58 (1938), 345-382.8

+ Alonzo Chureh, “ A note on the Entscheidungsproblem ”, J. of Symbolic Logic, 1
{1938}, 40-41.°
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will form the sequence of figures which is the decimal of the real number
which is being computed. The others are just rough notes to ¢ assist the
memory . It will only be these rough notes which will be ltable to erasure.

It is my contention that these operations include all those which are used
in the computation of & number. The defence of this contention will be
cacier when the theory of the machines is familiar to the reader. In the
next section I therefore proceed with the development of the theory and
assume that it is understood what is meant by machine ™, “tape’,
sgeanned 7, ete.

2. Definitions.
Automatic machines.

If at each stage the motion of a machine (in the sense of §1)is completely
determined by the configuration, we shall call the machine an * auto-
matic machine” (or a-machine}.

For some purposes we might use machines {choice machines or
¢-machines) whose motion is only partially determined by the configuration
{hence the use of the wore “possible™ in §13. When such a machine
reaches one of these ambiguous configurations, it cannot go on until some
arbitrary choice has been made by an external operator. This would be the
case if we were using machines to deal with axiomatic systems. In this
paper 1 deal only with automatic machines, and will therefore often omit
the prefix a-.

Compuling machines.

If an g-machine prints two kinds of symbols, of which the first kind
{called figures) consists entirely of 0 and 1 (the others being called symbols of
the second kind), then the machine will be called a computing machine,
If the machine is supplied with a blank tape and set in motion, starting
from the correct initial m-configuration, the subsequence of the symbols
printed by it which are of the first kind will be called the sequence computed
by the machine. The real number whose expression as a binary decimal i
obtained by prefacing this sequence by a decimal point is called the
number computed by the machine.

At any stage of the motion of the machine, the number of the scanned
square, the complete sequence of all symbols on the tape, and the
m-configuration will be said to describe the complete configuration at that
stage. The changes of the machine and tape between successive complete
configurations will be called the moves of the machine.
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Circular and circle-free machines.

If 2 computing machine never writes down more than a finite number

of symhbols of the first kind, it will be called circular. Otherwise it is said to
be circle-free.
‘ A machine will be cireular if it reaches a configuration from which there
i no possible move, or if it goes on moving, and possibly printing symbols
of the second kind, but cannot print any more symboiiﬁ of the fiest kind.
The significance of the term “eircular” will be explained in §8,

Computable sequences and numbers.

A sequence is said to be computable if it can be computed hy a circle-free
machine. A number is computable if it differs by an integer from the
number computed by a cirele-free machine.

We shall avoid confusion by speaking more often of computable
sequences than of computable numbers.

3. Examples of computing machines.

I. A machine ¢an be constructed to compute the sequence 010101 ...,
The machine is to have the four m-configurations “ b, “c¢”, “E7, e
and is capable of printing “0"” and *1”, The behaviour of the machine is
deseribed in the following table in which ¢ B means © the machine moves
50 that it seans the square immediately on the right of the one it was
scanning previously . Similarly for ““L”. “E" means “the scanned
symbol is erased” and * P” stands for “prints”’. This table {and ali
sueeceding tubles of the saume kind) is to be understood to mean that for
a configuration described in the first two columns the operations in the
third eolumn are carried out suceessively, and the machine then goes over
into the m-configuration described in the last column. ¥When the second
column is left blank, it is understood that the behaviour of the third and
fourth columms applies fur any symbol and for no symbol. The machine
starts in the m-configuration 6 with a blank tape.

Configuration Behaviour
m-config. symbol operations  final m-config.
b None Po, R ¢
¢ None R €
¢ None Pl, R B
f None Fid b
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If (contrary to the description in § 1} we allow the lett'ers If, Eto appiz;r
more than once in the operations column we can simplify the table

considerably.

m-config. symbeol operalions Jinal m-config.
- None o [
b -0 R, R Pl E
1 R, R, PO )

II. Aza slightly-more difficult example we can construct a Trﬁflchll:].: zz
ecompute the sequence 001011011101111011111,.,.. - ’ZFh:': mai I‘liea:ld y
be capable of flve m-configurations, viz, o', ', “p ™, ,} e
printing <o, 2", <0, < 1", The first three symbols_on the th- o
be “000"; the other figures follow on alternatt.: squarcs.  On the 1r-1 et0
mediate squares we never print anything but “x 7. Thes‘e_ le:it-erf ;ez;zm
““Jieep the place™ for us and are erased when we have ﬁmahe‘ wit. thert;
We also arrange that in the sequence of figures on alternate squares
shall be no blanks.

Configuration Behaviour
el ’ H
- bol operations Jina
m-conflg.  symbo e
b Pa, R . FPo, R, PO, R, R, PO, L L v
r 1 R, Px, I, L, L o
| .
o 4|L 0 )
[ Any (0 or 1) R R q
! 4\|L None Pl L p
‘v E R q
! B i
P40
L.'onc L, L i
[ Any B R i
f ﬁ'L None PO, L, L 0

To illustrate the working of this machine a table is given belolw of the
first few complete configurations, These complete Iconﬁguratlons are
ideseribed by writing down the sequence of symbols which are on the tape,
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with the m-configuration written below the scanned symbhol,  The
successive complete configurations are separated by eolons.

990 0:280 0:000 0:300 0 taald 0 1
b 0 q q q p
2920 0 1:a30 0 l:9290 0 l:a00 0 1:

] p f f
890 0 1:800 0§ ] tas80 0 1 0;
f f »
g20 0 1z0: ...
I
This table could also be written in the form
b:9500 0:00a4q0 0., ()]

in which a space has been made on the left of the scanned symbol and the
m-configuration written in this space. This form is less easy to follow, but
we shall make use of it later for theoretical purposes.

The convention of writing the-figures only on alternate squares is very
useful: Tshall always make use of it. I shal call the one sequence of alter-
nate squares F-squares and the other sequence £-squares. The symbols on
E-squares will be liable to erasure. The symbols on F-squares form a
continuous sequence. There are no blanks until the end is reached. There
is no need to have more than cne E-square between each pair of F-squares ;
an apparent need of more K-squares can be satisfied by having a sufficiently
rich variety of symbols capable of being printed on E-squares. If a
symbol Bis on an F-square S and a symbol a is on the E-square next on the
right of §, then § and g will be said to be marked with . The
process of printing this a will be called marking § (or §) with a,

4. Abbreviated tables,

There are certain types of process used by nearly all machines, and
these, in some machines, are used in many connections. These processes
inetude copying down sequences of symbols, comparing sequences, erasing
all symbols of a given form, ete. Where such processes are concerned we
can abbreviate the tables for the m-configurations considerably by the use
of “skeleton tables”. In skeleton tables there appear capital German
letters and small Greek letters. These are of the nature of “variables .
By replacing each cupital German letter throughout by an m-configuration
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and each small Greek letter by a symbol, we obtain the table for an
m-configuration.

The skeleton tables are 1o be regarded as nothing but abbreviations:
they are not essential. So long as the reader understands how to obtain
the complete tables from the Jkeleton tables, there is no need to give any
exact definitions in this connection.

Let us consider an exaniple:

m-config. Symbol Behaviour Final

m-config.
J' o L € B, ) TFrom the m-configuration
i . (G, 9, o) the machine finds the
7ot 3 L . ! \ .
‘ AR symbol of form a which is far-
ra € thest to the left (the “first a”)

f(C.B,a) {nota R f.(C, B, a) and the m-configuration then
becomes G. 1f there 15 no =

None R f{€ B.a) then the m-configuration be-
o e comes .
i(G,B,a) {nota R F{€, B, e)
“None R B

If we were to replace € throughout byq {say), B by t, and a by x, we
should have a complete table for the m-configuration f{g, v. ). f is called
an “ m-configuration function’ or «m-funection ™.

The only expressions which are admissible for substitution in an
m-function are the m-configurations and symbals of the machine. These
have to be enumerated more or less explicitly : they may include expressions
such as ple, ); indeed they must if there are any m-functions used at all
If we did not insist on this explicit enumeration, but simply stated that
the machine had certain m-configurations {enumerated) and all wm-configu-
rations ohtainable by substitution of m-configurations in certain m-func-
tions, we should usually get an infinity of m-configurations; e.g., we might
say that the machine was to have the m-configuration q and all m-configu-
rations obtainable by substituting an m-configuration for €in pi€). Then

it would have q, plal, p{p(q)], p (p '!:p(q))), ... as m-configurations.

Our interpretation rule then is this. We are given the names of the
m-configurations of the machine, mostly expressed in terms of m-functions.
We are also given skeleton tables. All we want is the complete table for
the m-configurations of the machine, This is obtained by repeated
substitution in the skeleton tables.
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Further exampies.

(In the explanations the symbol «_»" is used to signify *the machine
goes into the m-configuration. . . R

¢(€, D, a) Fle €, B, ),  From (G, B, a) the first a is
(6, B,0) E G zris;d and - C. If there is no
¢(B, a) c{;s{i\, al, B, a} From (3, a) all letters a are

ergscd and >3,

The last example seems somewhat more difficult to interpret than
most. Let us supposc that in the list of m-configurations of some machine
there appears ¢(b, ©) {=q, say}. The table is

e{b, ) e(e(b, %), b, z)
or q cfq, b, x}h

Or, in greater detail :

q e{a, b, x}
efq, b, 2) ff;el(q, b, ), G, x}
f;(ﬂs [,; x] -E q.

In this we could replace ¢,(q, b, z) by 4" and then give the table for.f {with
the right substitutions) and eventually reach a table in which no
m-functions appeared.

pe(G, B) f(pt,{ﬁ,ﬁ), @,9) From pe {E, 8} the machine
Any R R 26, B) prints § at the end of the
pe, (€, 8) 1 v sequence of symbols and — €,
None PB d
e L ¢ From f (G, B, e} it does the
{6) R c same as for (€, B, a} but

moves to the left before — €.

F(C, B, a) FH1(E), B, o)

F(G, B, a) i{t(C), B, a

(€, P, )
() B

fie (), B, o ¢(G, B, a). The machine
pe(, B) writes at the end the first sym-
’ bol marked o and - G,
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The last line stands for the totality of lines obtainable from it by
‘replacing 8 by any symbol which may oceur on the tape of the machine
concerned.

ce(®, o). The machine
copies downr in order ab the
end all symbols marked «
and erases the letters ot — 3.

(T, %, ) uﬁje(c,%,a),@,a)

(B, a) e |'\:E{’B,a),‘"3,aj

re( G, 2. a, 8] rel€, B, oa. f. The ma-
. . chine replaces the first a by
w0,(G,%,0.8) B, PP ¢ ﬁand—>@—»i‘3iftherci3n0a,
tcire(?}}, a, B), B, @, }3.) re(®, a B). The machine re-
places alllettersa by 3; >,

flrey (6,9, 6,08, al

(B, a, B

(G, D, e CH\TE(@s@:ﬂsﬂ-),‘ﬁ,ﬂ:l (B, o) differs from

. ce(B, o) only in that the

(B, a) “I\“@’“)’“[&ar“)’“) letters a are not erased. The
m-configuration er(B, a} 18
taken up when no letiers
g™ arc on the tape.

(€, Y, & a ) P (6% 8) (8, € -]

(S, U, B) y 7 (€ %, 7}, %, B)
! Yl G

ep, (€. U, ¥)

P2 Y | not y L.

The first symbol marked a and the first marked g arc compared. 1f
there is neither a nor 8, - €. 1f there are both and the symbols are alike,
— @, Otherwise - %,

cwel(G, U, € a, B) & (c(c(e, & B G a) U G o, B
e(S, U, € q,§) differs from ep(€, U, €, a, B} In that in the case when
there is similarity the first a and g are erased.

epe(¥, €, a, ) cpe{epe(®, € 0, ). U, Ea, B,

coel, &, a, B). The sequence of symbols marked o is compared with
the sequence marked 8. — ¢ if they are similar. Otherwise — 2. Some
of the symbols « and 8 are erased.
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Ox COMPUTABLE XUMBERS.

. Any s q({) q{C, a). The machine
qa(€) None B () finds the last symbol of
form a. =G
Any R S

9;(C) .

L None ¢
9(€, ) al0y(€ )i

a c

ql{esﬂ) )

Lnot a L a, (¢, a}
pe,{€, a, B} pe{pe(ﬁ, 3. a) pe,( €, o, B). The machine

prints « £ at the end.

cty(B,a,B,y). The mach-
) ine copies down at the end
€@ ce, (B, B, "/).-a) first the symbols marked «,
then those marked B, and
finally these marked y; it
erases the symbols a, 8, .

e, a, ) € ::ce(’li,ﬁ}.aj]

CE3(‘.B, o, 3 v]

- ) Fid ¢ (&) From e{€) the marks are
el {Not o L (T} erased from all marked sym-
. bols, — €.
Any R,E R e, (€
£y (E) Jl . ()
i None ¢

6. Enumeration of computable sequences.

A cumputable sequence y is determined by a deseription of & machine
which computes y.  Thus the sequence 00101 1011101111, .. is determined
by the table on p.120. and, in fact, any computable sequence is capable of
being described in terms of such a table.

It will be useful to put these tables into & kind of standard form, Inthe
first place let us suppose that the table is given in the same form as the fiest
talle, forexample, Tonp.119. Thatis tosay, that the entry in the operations
column isalwaysof oneof the forms £: B, B [, L Pa.Pa,R:Pu LR L:
or no entry at all.  The table can always be put into this form by intro-
ducing more m-conligurations.  Now let.us give numbers to the m-configu-
rations, calling them ¢, ..., ¢z, as in §1. The initial m-configuration is
abways to be called ¢, We also give numbers to the symbols S;, ..., §,,
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and, in particular, blank = §;, 0= 5,, 1= §,. The lines of the table are
now of form

Final
m-config. Symbol Cperalions m-config.
i S, PSS, L Gm (ND
i 3 PS,. B Tm (¥g)
“ s, PS, G (Vo)
Lines such as
g; S, E R Im
ate to be written as
4 S, PSe R Tm
and lines such as
g; S; B I
to he written as
4 S, PS;, K Im

In this way we reduce each line of the table to a line of one of the forms
(1), (M), (No).

From each line of form (¥,) let us form an expression g5, S Lga:
from each line of form (N, we form an expression 4:58, 8, Rgns
and from each line of form (¥;) we form an expression g; 8,8, Ngy.

Let us write down all expressions so formed from the table for the
machine and separate them by semi-colons. In this way we obtain a
complete description of the machine, In this description we shall replace
g, by the letter «“ D followed by the letter . A " repeated i times, and .S, by
< D" followed by *C’* repeated j times. This new description of the
machine may be called the standard description (3.D). It is made up
entirely from the letters A4 mow g apY s LU SR, « N and from

If finally we replace *.4 " by 17, «C" by * 27, D by <37, <L
by ©47, “R7 by ¢57, “NT by 67, and «;” by 7" we shall have a
description of the machine in the form of an arabic numeral. The integer
represented by this numeral may be called a description number (D.N) of
the machine, The D.N determine the S.D and the structure of the
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machine uniquely. The machine whose D.N is » may be described as
Alfnd.

To cach computable sequence there corresponds at least one description
number, while to no description number dees there correspond more than
one computable sequence. The computable sequences and numbers are
therefore enumerable.

Let us find a description number for the machine I of §3. When we
rename the m-configurations its table becomes:

q, Sy PS8, R 4
s 3, PSS, R Ga
LE 8§, P8, B 4q
9 S PS8y R 1

Other tables could be obtained by adding irrelevant lines such as
g, 5, PS8, R dy
Our first standard form would be
715081 Bays 338,80 Bas 225082 Bqas 445080 By
The standard description is
DADDCRDAA , DAADDRDAAA;
DAAADDCCRDAAAA;DAAAADDRDA;
A description number is
31332531173113353111731113322531111731111335317
and s0 is
3133253117311335311173111332253111173111133531731323253117

A number which is a deseription number of & circle-free machine will be
called a satisfactory number, In §8it is shown that there can be no general
process for determining whether a given number is satisfactory or not.

6. The universal computing mackine.

It is possible to invent a single machine which can be used to compute
any computable sequence. If this machine 1 is supplied with a tape on
the beginning of which ig written the 8.1} of some computing machine M,
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‘hen U will compute the same sequence as . In this section I explain
iy osuthine the behaviour of the machine. The next section i devoted to
giving the complete taple for .

et us first suppose that we havea machine ii’ which will write downon
the F-squares the successive complete configurations of L. These might
he expressed in the same form as on p. 121, using the second description,
i), with all symbols on one line. Or, better, we could transform this
description (as in §3) by replacing each m-configuration by D" followed
hy ¢4 repeated the appropriate aumber of times, and by replacing each
svmbol by D7 followed by <7 repeated the appropriate number of
times. Thenumbers ofletters™ A’ and ¢ O are toagree with the numbers
chosert in §3, so that,in particular, 0" is replaced by = DO, 1 * by
«pee ", and the blanks by « . These substitutions are to be made
after the complete confignrations have been put, together, as in (C}. Diffi-
culties arise if we do the substitution first. In cach complete configura-
tion the blanks would all have to be replaced by D "', 50 that the complete
sonfiguration would not be expressed as a finite sequence of symbols.

1f in the description of the machine 1T of §3 wereplace ‘0" by DAA”,
v by “DCCCY, “9q Uy “DAAAY, then the sequence {C) becomes:

D4: DCCCDCCCDAADCDDC: DOCCDCCCDAAADCDDO: ... (Cy)

(This iz the sequence of symbols on F-squares.)

it is not difficult to see that if il can be constructed, then so can A
The manner of operation of .1t could be made to depend on having the rules
of operation (i.e., the 8.D) of .1t written somewhere within itself {i.e. within
Ju'y; each step could be carried out by referring to these rules. We have
only to regard the rules as being capable of being taken out and ex-
changed for others and we have something very akin to the universal
machine,

One thing is lacking : at present the machine 17 prints no figures. We
may correct this by printing between each successive pair of complete
configurations the figures which appear in the new configuration but not
in the old. Then () becomes

DDA:0:0:DCCCDCCCDAADCDDC‘.DCCC,... (Cg)

Tt is not altogether obvious that the E-squarcs leave cnou gh room for
the necessary < rough work ", but this is, in. fact, the case.

The sequences of lotters between the colons in expressions such as
(C,) may be used a8 standard deseriptions of the complete configurations.
When the letters ate replaced by figures, asin §5, we shall have a numerical
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description of the complete configuration, which may be called its deserip-
tion number.

7. Detailed description of the wniversal machine.

A table is given below of the behaviour of this universal machine. The
m-configurations of which the machine is capable are all those oceurring in
the first and last columns of the table, together with all those which oceur
when we write out the unabbreviated tables of those which appear in the
table in the form of m-functions. £.g., e(anf) appears in the table and is an
m-function. Tts unabbreviated table is (see p. 125)

(2 R i
(anf) . ¢, (anf)
Lnot s L e{anf)
Any E E R ¢, fanf)
¢;{anf) (L‘q
Norne anf

Consequently ¢ (anf) is an m-configuration of it

When i is rcady to start work the tape running through it bears on it
the symbol 2 on an F-square and again 9 on the next E-square; after this,
on F-squares only, comes the 8.D of the machine followed by a donble
ecolon 1" {a single symbol, on an F-square). The S.I consists of a
number of instructions, separated by semi-colons.

Bach instruction consists of five consecutive parts

(iy * D followed by a scquence of letters “A’". 'This describes the
relevant m-configuration.

(i} # D followed by a scquence of Jetters €. This describes the
scanned symbol.

(iiiy D" followed by another sequence of letters © ¢, This
deseribes the symbel into which the scanned symbol is to be changed.

{ivy “ L7, © E”, or ¢ N, describing whether the machine is to move
to left, right, or not at all,

(v} “D" followed by a sequence of letters 47", This describes the
final m-configuration.

The machine \( is to be capable of printing B0 BN ALNRLY ) B U
W g sy, g wy? . The 3D is formed from “;’,
;lA.”, “C”, ”D”, (:L", uR”, HJNY”.
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Subsidiary skeleion lable. im #(8imy, $imy, 2) dim. The machine marka out
, , the instructions. That part of
& ) [ Xotd R R con(G a) cen (€, al. St‘ll‘ti“g} from sy con{dimz )} ihe instructions which refers to
cenfE, a) < an F-square, 8§ say, the se- gim operations to be carried out ia
L A L, PG’! E EL"ﬂl(G, 0’) quence € of S}'mbOIS describ- ﬂill'lz { ] : rr?a.rked with u, and the final m-
A R, Pa, E con(C a) ing a conﬁ.g.uratlion elosest on R Pu,R.R I tim, configuration with y. The let-
con (G, a) j' the right of § is marked out {not A L, Py ¢(mt, z) ters z are erased.
LD R, Pa, B cony{G, a) with letters . =G #im,
4 L, Py R R E sim,
r O R, Pa, R cony(G, a) cen(E, 1. In the final con-
cony(C, @) | ] figuration the machine is mé g{mt, 1) me. The last complete con-
(ot O R R < scanning the square which is not A E R mt figuration is marked out into
four squares to the right of the ml, 4' ’ ! four sections. The configura-
last square of C. € is left L 4 L L L L mb, ration is left unmarked. The
unmarked. ¢ R PxLLL m, gymbol d.i}'ectly preccdjng.it is
The table for L. { marked with . The remainder
mk, : ml, of the complete configuration
b {6y, By, 22) b, The machine prints D R, Pz, L, L L mt, is divided into two parts, of
: D4 on the F-squares afier which the first is marked with
v, R, RP.,RRPDRRPA anf .1 - anf. not : R, Pv, L, L, L mf # and the Jast with w. A colon is
mt; mt printed after the whole, — ¢f.
anf g {anfy, :) anf. The machine marks 4
) the configuration in the last ( )
ant, con{fom, ¥) complete configuration with "y eon I(I{mfa}),
y. —lem . Any R, Pw, R ml;
; R, Pz, L con(bmp, x) fom. The machine fluds " {None P 8h
J the last semi-colon not .
[ z L!L fom marked with z. It marks ﬁf) f{ﬁl’)l, inﬁt, ‘EJ ﬁf}. Theinstructwns(marked
Llot, znor ; L fom this semi-colon with = and b, L L L 80, u}:)l are;xa{nmelc%. EfPﬁf " fo}l,md
the configuration following t at‘t ey ,mv':"e rint 0 or
it with z. D R, R R R 86, “Print 1”, then 0: or 1: is
3h, {not D inet printed at the end.
fm epel e fenr, z, ), $im, =, fup. The machine com-
’ e ’ y) pares the sequences marked o { ¢ B R 8D,
zand y. It erases all letters ¥ lnot ¢ inst
z and y. — d9im if they are
alike. Otherwise —Tom. { ¢ kB #hs
8, .
. not pey{indt, 0, 1)
ani. Taking the long view, the last instruction relevant to the last
configuration is found. It can be recognised afterwards as the instruction s ¢ nst
foliowing the last semi-colon marked z. - gim. bs not € pey(ingt, 1, 2)
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inst ﬁ([({ngtl), w) ingt. The next complete
configuration is written down,

ingty o R E indt,(a) carrving out the marked instrue-

: jons. The letters ., v, w. 2, ¢

ingt, (L) ce, (o0, v, ¥, T, u, w) DO s ¥
are erased. —anf.

ingt, (R} ceg{on, ¥, 2, U, ¥, W)

ingr, (N eeg{on, v, T, ¥, 4, W)

vy e{anf)

8. Application of the diagonal process.

Tt may be thought that arguments which prove that the real numbers
are not enumerable would also prove that the computable numbers and
sequences cannot be enumerable*. 1t might, for instance. be thought
that the limit of a sequence of computable numbers must he computable.
This is clearly only true if the sequence of computable numbers is defined
by some rule.

Or we might apply the diagonal process.  If the computable sequences
are enumerable, let a, be the n-th computable sequence, and let &, () be
the m-th figure in a,. Let B be the sequence with 1—¢, (n) as its n-th
figure. Since 8 is computable, there exists a number K such that
1—¢, (n) = dg(n} all n. Putting n= K, we have 1=2¢,(K), t.e. 1 is
even. This is impossible. The computable sequences are therefore not
enumerable”.

The fallacy in this argument lies in the assumption that g is computable.
It would be true if we could enumerate the eomputable segucnces by finite
means, but the problem of enumerating computable sequences is equivalent
to the problem of finding out whether a given number is the DN ofa
circle-free machine, and we have no general process for doing this in a finite
number of steps. In fact, by applying the diagonal process argument
correctly, we can show that there cannot be any such general process,

The simplest and most direct proof of this is by showing that, if this
general process exists, then there is a machine which computes 8. This
proof. although perfectly sound, has the disadvantage that it may leave
the reader with a feeling that  there must be something wrong . The
proof which I shall give has not this disadvantage. and gives a certain
insight into the significance of the idea “circle-frec”. It depends not on
constructing 8, but on constructing f’, whose n-th figure is ¢, (n).

* Cf. Hobson, Theory of furctions of a reel variabie (2nd ed., 1821), 87, 82,
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Let us suppose that there is such a process; that is to say, that we can
invent a machine 1' which, when supplied with the 8D of any computing
machine il will test this 5. D and if ' is circular will mark the 8.D with the
symbol 1" and if it is circle-free will mark it with “s”. By combining
the machines 1. and i we eould construet a machine I to compute the
sequence 8. The machine v may reguire a tape, We may suppose that
it uses the E-squares beyond all symbols on F-squares, and that when it
has reached its verdict all the rough work done by 0. is erased.

The machine |1 has its motion divided into sections. In the first N —1
sections, among other things, the integers 1, 2, ..., ¥ —1 have been written
down and tested by the machine ', A ecertain number, say R(N --1), of
them have been found to be the DX’z of circle-free machines, In the N-th
secticn the machine % tests the nuinber N, If & is satisfactory, .e., if it
iz the DN of a cirele-free machine, then R{¥N)= 14+ R{N —1}and the first
R{N) figures of the sequence of which a DN is ¥ are calculated. The
E{N):th figure of this sequence is written down as one of the figures of the
sequence §' computed by 1. If ¥ isnot satisfactory, then B(X) = R{N -1}
and the machine goes on to the {N-~1)-th seetion of its motion.

From the construction of 11 we can see that il is circle-free. Iach
section of the motion of il comes to an end after a finite number of steps.
Tor, by our assumption about -, the decision as to whether ¥ issatisfactory
Is reached in a finite number of steps: If N is not satisfactory, then the
N-th section is finished. If.N is satisfactory, this means that the machine
A (N} whose D.N is ¥ is circle-free, and therefore its B(N)-th figure can be
caleulated in a finite number of steps.  When this figure has been calculated
and written down as the R(N)-th figure of £, the ¥-th section is finished.
Hence i is circle-free.

Now let A be the DN of i, What does Il do in the K-th section of
its motion? It must test whether K is satisfactory, giving a verdiet s
or “u”. Bince K is the ID.N of Il and since 1\ is cirele-free, the verdict
cannot be “«”".  On the otherhand the verdiet cannot be “s”, Forifit
were, then in the K-th section of its motion . would be bound to compute
the first R(K—1)+1~ R(K) figures of the sequence computed by the
machine with X asits D.N and to write down the R(X)-th as a figure of the
sequence computed by 1. The computation of the first K(£)—1 figures
would be carried out all right, but the instructions for calculating the
R(K)-th would amount to “calculate the first R(K) figures computed by
H and write down the R(K)-th”. This R{K)-th figure would never be
found, [7.e., !l is circular, contrary both to what we have found in the last
paragraph and to the verdict **s’*. Thus both verdicts are impossible
and we conclude that there can be no machine C.
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We can show further that fhere can be mo machine & which, when
supplied with the §.D of an arbitrary machine N, will determine whether 1l
ever prints a given symbol (0 say).

We will first show that, if there is a machine £, then there is a general
process for determining whether a given machine .1l prints 0 infinitely
often. Let .iL, be a machine which prints the same sequence as 1. except
that in the position where the first 0 printed by .| stands, .li; prints 0.
.\, is to have the first two symbols 0 replaced by 0, and so on, Thus, if i
were to print

ABAD14A4AB0O010AE..,

then .\, would print
ABAD14AB00104B. ..
and il, wounld print
ABAD14ABO010AEB. ...

Now let T be a machine which, when supplied with the 8D of . t, will
write down successively the 8.1 of .1, of .1y, of -Hig, ... (there is such a
machine). e combine ¥ with £ and obtam a new machine, 5. In the
motion of {, first I is used to write.down the 8.D of A, and then © tests
it.:0:is written if it is found that A\ never prints 0; then v writes the 8.D
of .il,, and this is tested, ; 0: being printed if and only if .\l; never prints 0.
and soon.  Now let us test § with £, Ifitis found that § never prints 0,
then .\l prints O infinitely often; if { prints O sometimes, then A\ does not
print 0 infinitely often.

Similarly there is a general process for determining whether .\l prints 1
infinitely often. By a combination of these processes we have a process
for determining whether .\l prints an infinity of figures, i.e. we have a process
for determining whether .1\ is circle-free. There can thercfore be no
machine &.

The expression " there is a general process for determining ..."" has
been used throughout this section as equivalent to “there is a machine
which will determine ...”. This usage can be justified if and only if we
can justify our definition of «gomputeble”. For each of these ** general
process’ problems can be expressed as & problem concerning a general
process for determining whether a given integer n has & property Fn)[eg.
G (n) might mean *n is satisfactory " or “‘n is the Godel representation of
a provable formula”], and this is equivalent to computing a number
whose n-th figure is 1 if & {n} is true and 0ifitis false.
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9. The extenl of the computable numbers,

No attempt has yet been made to show that the © computable” numbers
include all numbers which would naturally be regarded as computable. Al
arguments which can be given are bound to be, fundamentally, appeals
to intuition, and for this reason rather unsatisfactory mathematically.
The real question at jssue is © What are the possible processes which can be
carried out in computing a number?”

The arguments which I shall use are of three kinds.

(e} A direet appeal to intuition.

{b) A proof of the equivalence of two definitions {in case the new
definition has a greater intuitive appeal}.

(¢) Giving examples of large classes of numbers which are
computable.

Once it is granted that computable numbers are all *computable ™',
several nther propositions of the same character follow. In particular, it
follows that, if there is a general process for determining whether a formula
of the Hilbert function calculus is provable, then the determination can be
carried out by a machine.

I. {Type (a)). This argument is only an elaboration of the ideas of § 1.

Computing is normally done by writing certain symbols on paper. We
may suppose this paper is divided into squares like a child’s arithmetic boak.
In elementary arithmetic the two-dimensional character of the paper is
sometimes used. But such a use is always avoidable, and I think that it
will be agreed that the two-dimensional character of paper is no essential
of computation. I assume then that the computation is carried out on
one-dimensional paper, i.e, on a tape divided into squares. I shall also
suppose that the number of symbols which may be printed is finite. Ifwe
were to allow an infinity of symbels, then there would be symbols differing
to an arbitrarily small extent. The effect of this restriction of the number
of symbols is not very serious. It is always possible to use sequences of
symbols in the place of single symbols, Thus an Arabic numeral such as

+ If we regerd & symbol as literally printed on a square we may suppose thet the square
isd<zal, 0<y< 1. The symhol is defined as a aet of points in this square, viz. the
set ocoupled by printer's ink, If these sets are restricted to be meesurable, we can define
the * distance ” between two symbols as the cost of trensforming one symbol into the
othar if the cost of moving unit area of printer's ink unit distence ia unity, and there is an
infinito supply of ink at £ = 2. y = 0. With this topology the symbols form a conditinn-
olly compoct space,
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17 or 999999996990909 is normally treated as a single symbol. Similarly
in any European language words are treated as single symbols (Chinese,
however, attempts to have an enumerable infinity of symbols). The
differences frem our point of view between the single and compound symhbols
is that the compound symbels, if they are too lengthy, cannat be observed
at one glance, This is In accordance with experience. We cannot tell at
a glance whether 9999909939999999 and 99%990999999980 are the sume.

The hehaviour of the computer at any moment is determined by the
symbols which he is observing, and his ** state of mind ” at that moment.
We may suppose that there is a bound B to the number of symbols or
squares which the computer can observe at one moment, If he wishes to
obzerve more, he must use successive observations, We will also suppose
that the number of states of mind which need be taken into account is finite.
The reasons for thiz are of the same character as those which restrict the
number of symbols. If we admitted an infinity of states of mind, some of
them will be ** arbitrarily close ” and will be confused. Again, the restriction
is not one which seriously affects computation, since the use of more compli-
cated states of mind can be avoided by writing more symbols on the tape,

Let us imagine the operations performed by the computer to be split up
into “simple operations’’ which are 50 elementary that it is not easy to
imagine them further divided. Every such operation consists of some change
of the physical system consisting of the computer and his tape. We know
the state of the system if we know the sequence of symbols on the tape,
which of these are observed by the computer (possibly with a special
order), and the state of mind of the computer. We may supposc that in a
simple operation not more than one symbol is altered. Any other changes
can be split up into simple changes of this kind, The situation in regard to
the squares whose symbols may be altered in this way is the same ag in
regard to the observed squares. We may, therefore, without loss of
genetality, assume that the squares whose symbols are changed are always
“observed” sguares,

Besides these changes of symbeols, the simple operations must include
changes of distribution of observed squares. The new observed squares
must be immediately recognisable by the computer. Ithinkitisreasonable
to suppose that they can only be squares whose distance from the closest
of the immediately previously observed squares does not exceed a certain
fixed amount. Let us say that each of the new observed squares is within
L squares of an immediately previously observed square.

In connection with “immediate recognisability "', it may be thought
that there are other kinds of square which are immediately recognisable.
In particular, squares marked by special symbols might be taken as imme-
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diately recognisable. Now if these squares are marked only by single
symbols there can be only a finite number of them, and we should not upset
our theory by adjoining these marked squares to the observed squares. If,
on the other hand, they are marked by a sequence of symbols, we
cannot regard the process of recognition as a simple process. This is a
fundamental point and should be illustrated. In most mathematical
papers the cquations and theorems are numbered. Nermally the numbers
do not go beyond (say) 1000, It is, therefore, possible to recognise a
theorem at a glance by its number. But if the paper was very long, we
might reach Theorem 157767733443477; then, further on in the paper, we
might find *“... hence (applying Theorem 157767733443477) we have ... "
In order to make sure which was the relevant theorem we should have to
compare the two numbers figure by figure, possibly ticking the figures off
in pencil to make sure of their not being counted twice. Ifin spite of this
it is still thought that there are other ““immediately recognisable” squares,
1t does not upset my contention so long as these squares can be found by
some process of which my type of machine is capable. This idea is
developed in IIT below.
The simple operations must therefore include:

(¢} Changes of the symbol on one of the observed squares,

(b} Changes of one of the squares cobserved to another square
within L squares of one of the previously observed squares.

It may be that some of these changes necessarily involve a change of

state of mind. The most general single operation must therefore be taken
to be one of the following:

(4) A possible change (a) of symbol together with a possible
change of state of mind.

(B} A possible change (b) of observed squares, together with a
possible change of state of mind.

The operation actually performed is determined, as has been suggested
on p.136. by the state of mind of the computer and the observed symbols.
In particular, they determine the state of mind of the computer after the
operation is carried out.

We may now construct a machine to do the work of this computer. To
each state of mind of the computer corresponds an *m-configuration” of
the machine. The machine scans B squares corresponding to the B squares
observed by the computer. Inany move the machine can change a symbol
on a scanned square or can change any one of the scanned squares to another
squate distant not more than L squares from one of the other scanned
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squares. The move which is done, and the succeeding configuration, are
determined by the scanned symbol and the m-configuration, The
machines just described do not differ very essentially from computing
machines as defined in §2, and corresponding to any machine of this type
a computing machine can be constructed to compute the same sequence,
that is to say the sequence computed by the computer,

I1. [Type {b)].

If the notation of the Hilbert functional calculust is maodified so as to
be systematic, and so as to involve only a finite number of symbols, it
becomes possible to construct an automatict machine ¥, which will find
all the provable formulae of the caleulus§.

Now let a be a sequence, and let us denote by G {x} the proposition
“The z-th figure of a is 1 » so that . —G,(z) means * The z-th figure of a
is 0”. Suppose further that we can find & set of properties which define
the sequence a and which can be expressed in terms of &,(z) and of the
propositional functions ¥ () meaning =z is a non-negative integer’' and
¥z, y) meaning <y =z1" When we join all these formulae together
conjunctively, we shall have a formula, % say, which defines a. The terms
of A must include the necessary parts of the Peano axioms, viz.,

(30N & (@) ¥ @)~ (39 Fiz, ) & (Flz 9) >N,

which we will abbreviate to P. .

When we say U defines a”, we mean that —% is not a provable
formula, and also that, for each =, one of the following formulae (A,) or
(B,) is provable.

o & FiRs G (), (AT
% & Foo— [ — G ™), (B,),

where F stands for Flu, ') & F{u', v} & ... P, 2y,

+ The expression ‘' the funetional caleulus is used throughout to mean the restricted
Hilbert functionel caleulns.

* Tt is most natural to construct firat a cheice machine (§2) to do this. Butitis
then casy to construct the required automatic machine. We can suppese that the choices
are always choices between two possibilities ¢ and 1. Each proof will then be determinad
by a sequernce of choices 4, iy ... faffy=00r 1, =007 1, ..., %, =0 or 13, and hence
the number 2% 4 i, 247144, 2 ~*+... 44, completely determines the proof. The automatie
rnachine carries out successively proof 1, proof 2, proof 3, ...

§ The author hes found a description of such & machino.

II The negation sign is written before an expression and not over it.

€ A sequence of r primes is denoted by .
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I say that o is then & computable sequence: a machine ¥, to compute
a can be abtained by a fairly simple modification of X.

We divide the motion of ¥_ into sections. The n-th section is devoted
to finding the n-th figure of a. After the (n—1)-thsectionis finished a double
colon :: is printed after all the symbols, and the succeeding work is done
wholly on the squares to the right of this double colon. The first step is to
write the letter * 4" followed by the formula (A,) and then “ B followed
by (B,). The machine ¥, then starts to do the work of I, but whenever
a provable formula is found, this formula is compared with (A} and with
(B,). Ifitisthesame formulaas (A,), then the figure 1 is printed, and
the n-th section is finished. Ifitis (B,), then 0" is printed and the section
is finished. If it is different from both, then the work of ¥ is continued
from the point at which it had been abandoned. Sooner or later one of
the formulae {A,) or (B,) is reached; this follows from our hypotheses
sbout « and ¥, and the known nature of ), Hence the n-th sé:tiou will
eventually be finished. i, is circle-free; a iz computable.

Tt can also be shown that the numbers o definable in this way by the use
of axioms include all the computable numbers. This is done by deseribing
computing nachines in terms of the function caleulus, )

It must be remembered that we have attached rather a special meaning
to the phrase “ ¥ deflnes a””.  The computable numbers do not include all
(in the ordinary sense) definable numbers. Let '$ be a sequence whose
n-th figure is 1 or 0 according as # is or is not satisfactory. Itis animme-
diate consequence of the theorem of § 8 that & is not computable. It is (s0
far as we know at present) possible that any assigned number of figures of
can be calculated, but not by a uniform process. When sufficiently many
figures of 8 have been calculated, an essentially new method is nece;sary in
order to obtain more figures.

I1I. This may be regarded as a modification of [ or as a corollary of II,

We suppose, asin I, that the computation is carried out ona tape; but we
avoid introducing the *state of mind” by considering a more physical
and definite counterpart of it. It is always possible for the compu:cer to
break off from his work, to go away and forget all about it, and later to come
back and go on withit. Ifhe does this he must leave a note of instructions
(written in some standard form) explaining how the werk is to be con-
tinued. This note is the counterpart of the “state of mind”. We will
suppose that the computer works in such a desultory manner that he never
does more than one step at a sitting. The note of instructions must enable
him to carry out one step and write the next note.  Thus thestate of progress
of the computation at any stage is completely determined by the note of
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instructions and the symbols on the tape. That is, the state of the system
may be deseribed by & single expression (sequence of symbols), consisting
of the symbols on the tape followed by A (which we suppose not to appear
elsewhere) and then by the note of instruetions. This expression may he
called the “state formula’. We know that the state formula at any
given stage is determined by the state formula before the last step was
made, and we assume that the relation of these two formulae is expressible
in the functional calculus. In other words, we assume that there is an
axtom % which expresses the rules governing the behaviour of the
computer, in terms of the relation of the state formula at any stage to the
state formula at the preceding stage. If this is so, we can construet a
machine to write down the successive state formulae, and hence to
compute the required number.

10. Ezamples of large classes of numbers which are compuluble.

It will be useful to begin with definitions of a computable function of
an integral variable and of a computable variable, ete. There are many
equivalent ways of defining a computable function of an integral
variable. The simplest is, possibly, as follows. If y iz a computable
sequence in which 0 appears infinitelyt often, and » is an integer, then let
us define £{y, n) to be the number of figures 1 between the n-th and the
{n41)-th figure 0 in 4. Then $(n) is computable if, for all » and some v,
@#ln) = £(y, n}. An equivalent definition is this. Let H(z, y) mean
#tz)=y. Then, if we can find a contradiction-free axiom ¥,, such that
Y, — P, and if for each integer » there exists an integer ¥, such that

U, & F¥ o I (™) i),
and such that, if m #£¢(n), then, for some N,
Uy & FI > [ — H{u, u(’“‘},

then ¢ may be said to be a computable function.

We cannot define general computable functions of a real variable, since
there is no general method of describing a real number, but we can define
a computable function of a computable variable. If » is satisfactory,
let », be the number computed by .l{n}, and let

a, == tan (ﬂ{yn—e}}lj,

t If .\L computaes y, thon the problem whether .il prints 0 infinitely often is of the
same character as the problem whether .1\ ia circle-free.
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unless , =0 or , =1, in either of which cases a,=0. Then, as n
runs through the satisfactory numbers, a, runs through the computable
nurmnberst. Now let ¢({n) be a computable function which can be
shown to be such that for any satisfactory argument its value is satis-
factoryi. Then the function f. defined by fla,) = ay,, is & computable
function and ail computable functions of a computable variable are
expressible in this form.

Similar definitions may he given of computable functions of severul
variables, computable-valued functions of an integral variable, ete.

1 shall ¢nunciate a number of theorems about computability, but I
shall prove only (ii) and & theorem similar to (ifi).

(i} A computable function of a computable function of an integral or
computable variable is computable.

{ii) Any function of an integral variable defined recursively in terms
of computable functions is computable. I.e. if ¢{m, n) is computable, and
ris some integer, then 5{n) is computable, where

7o) =r,
n(n) = 8, y{n—1}).

(i} If ¢ {+n, n) is a computable function of two integral variables, then
é(n, n)is a computable function of ».

{iv) If $(n}) is a computable function whose value is always 0 or 1, then
the sequence whose n-th figure is ¢({») is computable.

Dedekind's theorem does not hold in the ordinary form if we replace
“real” throughont by “compmtahle”. But it holds in the following form

(v) Tf C'{a) is a propositional function of the computable numbers and
(@) (Fa)(3)|Gle) & (—C(B) ),
) Clo) & (=GB} > @<,

and there is a general process for determining the truth value of &{a), then

* A funetion =, may be defined in many other ways g0 as to run through the
eomputalble numbers.

; Although it is not poessible to find & general procees for determining whather & given

number js satisfactury, it is often possible to show that certain classes of numbers.are
satisfactory.
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there is a computable number £ such that
Gla}=>a £,
—Ge)>azf

In other words. the theorem holds for any section of the computables
such that there is a general process for determining to which clazs a given
number belongs,

Owing to this restriction of Dedekind’s theorem, e cannot say that a
computable bounded increasing sequence of computable numbers has a
computable limit. This may possibly be understoed by considering a
sequence such as

T

On the other hand, {v) enables us to prove

(vi) If o and 8 are computable and a < 3 and ¢(a) < 0 < (3), where
&(a) is & computable increasing sontinuons function, then there is a unique
computable number y, satisfying a <y < f and &{y) =0,

Clomputable convergence.

We shall say that a sequence 8, of computable numbers converges
computably if there is a computable integral valued funetion N (e} of the
computable variable ¢, such that we can show that, if € > 0 and n > N{(¢}
and > Nie), then B,—8, < e

We can then show that

(vii} A power series whose coefficients form a computable sequence of
computable numbers is computably convergent at all computable points
in the interior of its interval of convergence.

(viii} The limit of a computably convergent sequence is computable.
And with the obvious definition of ** uniformly computably convergent™:

(ix) The limit of a uniformly computably convergent computable
sequence of computable functions is a computable function. Hence

(x} The sum of a power series whose coefficients form a computable
sequence is a computable function in the interior of its interval of
COTIVETgENce.

From (viil) and m=4(1—4+}—...) we deduce that = is computable. '

Frome=1+14+ El—,* % 4 ... we deduce that e is computable.
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From (vi) we deduce that all real algebraic numbers are computable.

From (vi) and (x} we deduce that the real zeros of the Bessel functions
are computable.

Proof of (ii).

Let H{x, ) mean “n(z) =y, and let K{x, y, z) mean "¢z, y)=2".
%, is the axiom for ¢(z, ¥). We take U, to be

U& P& (Flz,y)->0E )& (6@ &Gy, 1)~ Cla, z)} |

& (F“”—»H(u, uf’?)) & (‘F{v, w) & Hiv, z) & K{w, =, 2}> H{w, z)}

& [Hiw, 2) & G 0)v G, 2)»(—H(w, ;))].

1 shall not give the proof of consistency of %,. Such a proof may be
constructed by the methods used in Hilbert and Bernays, (Frundlagen der

Mathematik (Berlin, 1934), p. 209 ¢f seg. The consistency is also clear
from the meaning.

Suppose that, for some =, N, we have shown
U, & FN 5 Hufn-D, ylnn—11),
then, for some M,
Uy & FO— K (1™, glotR=1) | gty
Y, & PO o FlufD, o) & H (w0, wlwn=11)
& K(um, alin-1) g6y,
and
A, & FOD s [F (2D, ) & H (uin=, glin=1)
% K (u, MELSIDE u{wtn}))_,H(utm, u[-,tn!}}],
Hence U, & FOD o H{ym, g,
Also ox, & FO H (e, abO).
Hence for each #n some formula of the form
°, & P H (utm?, ()
is provable. Also, if M' > M and M'zm and m £ n(u), then
Y, & FI > G {aerlm), gbml) G (i, ) }
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and
;l[q & Fl [ {G(-‘u,{"(n}], u{m!) ¥ G’{u(m], g lmi) }
& Hlum, alstl} \ —H (um, u[m)}\:: ]

P |
Hence o & FON o [ — H (i, o) |,

The conditions of our second definition of & computable function are
therefore satisfied. Consequently 7 is a computabie function.

Proof of o modified form of (iii).

Suppose that we are given a machine M, which, starting with a t,ape
bearing on it e followed by a sequence of any number of letters “F" on
F-squares and in the m-configuration 5, will compute a SeqUENCe ¥,
depending on the number » of letters ©* F 7. If ¢, (m) is the m-th figure of
v, then the sequence B whose n-th figure is ¢, (n) is computable.

We suppose that the table for % has been written out in such a way
that in cach line only one operation appears in the operations column. We
also suppose that Z, 9, 0, and 1 do not ocecur in the table, and we replace
a threughout by @, 0 by 5, and 1 by 1. Further substitutions are then
made. Any line of form

bl a PO B
we replace by
U a PO re(B, v, b, k)
and any line of the form
il a P1 P
by pil a Pl (%, v, b, &)
and we add to the table the following lines:
L} : peluy, O
Uy R, Pk, R, PO, R, PO 1y
u, refit,, uy, &, k)
Vg pefity, £)

and similar lines with v for wand 1 for 0 together with the following line
¢ R, PE, R, Ph b,

We then have the table for the machine 3/ which computes p.  The
initial m-configuration is ¢, and the initial scanned symbol is the second 3.
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11. Application to the Enischeidungsproblem.

The results of §8 have some important applications, In particular, they
gan be used to show that the Hilbert Entscheidungsproblem can have no
solution. For the present I shall confine myself to proving this particular
theorem, For the formulation of this problem I must refer the reader to
Hilbert and Ackermann's Grundztige der Theoretischen Logik (Berlin,
1931), chapter 3.

I propose, therefore, to show that there can be no general process for
determining whether a given formula ¥ of the functional calculus K is
provable, i.e. that there can be no machine which, supplied with any one
i of these formulae, will eventually say whether ¥ is provable.

It should perhaps be remarked that what I shall prove is quite different
from the well-known results of Godelf. Godel hasshown that (in the forma-
lism of Principia Mathematica) there are propositions U such that neither
% nor —% is provable. As a consequence of this, it is shown that no proof
of consisteney of Principia Mathematica (or of K) can be given within that
formalism. On the other hand, I shall show that there is no general method
which tells whether a given formula % is provable in K, or, what comes to
the same, whether the system consisting of K with —% adjoined as an
extra axiom is consistent.

If the negation of what Gdel has shown had been proved, ¢.¢.if, for each
¥, either % or — % is provable, then we should have an immediate solution
of the Entscheidungsproblem. For we can invent a machine ¥ which will
prove consecutively all provable formulae. Sooner or later 3¢ will reach
either % or — Y. If it reaches %, then we know that ¥ is provable. Ifit
reaches — %, then, since ¥ is consistent (Hilbert and Ackermann, p. 65), we
know that % is not provable.

Owing to the absence of integers in K the proofs appear somewhat
lengthy. The underlying ideas are quite straightforward.

Corresponding to each computing machine At we construct & formula
Un {Al) and we show that, if there is a general method for determining
whetber Un (M) is provable, then there iz a general method for deter-
mining whether Al ever prints 0.

The interpretations of the propositional functions involved are as
follows :

Rz, y) is to be interpreted as “in the complete configuration z (of
AU} the symbol on the square y is 8.

t Loc. cit?
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I{z, ¥) is to be interpreted as “in the complete configuration x the
square y is scanned’’.

K, (z)is to be interpreted as ““in the ¢omplete configuration z the
m-configuration is g,

F{z, y) is to be interpreted as **y is the immediate successor of 7.

Inst {¢,8,8, Lg,} is to be an abbreviation for
@,y %, ¢) | (Bolz ) & 1z, 9) ¥ Ko@) & Flz2) & P, 9))
N (I(x’, y) & Be (@, ) & K, (&)
& (2) [F(y” v (RSJ(:c, z)— R (&, z))])}
Inst {g,8,8, Rq} and Inst{gS, S Ng}

ate to be abbreviations for other similarly constructed expressions.

Let us put the description of AL into the first standard form of §6. This
description consists of & number of expressions such as “g; 8, 8 Lg,” {or
with E or & substituted for L). Let usform all the corresponding expres-
sions such as Inst{g; S, S, Lg,} and take their logical sum. This we call
Dea (ML),

The formule Un (AL} is to be

(3 [N ) & () (N o)~ (32) Fz, 7))
& (. 2){ Fly, 5> N(y) & ¥(2)) & (9} By fu, 9)
& Flu, u) & K (u) & Des(,{t)]
(3 (3O [N (&) & N(1) & By, (s, 1)),

[¥{u} & ... & Dea(A)] may be abbreviated to A(M}.

When we substitute the meanings suggested on p146-46 we find that
Un (AL} has the interpretation ‘'in some complete configuration of A, §;
(i.e. 0} appears on the tape . Corresponding to this T prove that

{a) If 8, appears on the tape in some complete configuration of M, then
Un (M) is provable.

{6) If Un (A4 is provable, then S, appears on the tape in some complete
configuration of .

When this has been done, the remainder of the theorem is frivial.
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Lemma 1. If 8, appears on the tape in some complete configuration of
M, then Un (A1) {8 provable.

We have to show how to prove Un {1l}. Let us suppose that in the
n-th complete configuration the sequence of symbols on the tape is
Srin ok Setn, i -+r Srn,an followed by nothing but blanks, and that the
scanned symbo] is the i(n)-th, and that the m-configuration is ¢4,5. Then
we may form the proposition

Ry, (™, u) & Rs, (4™ ') & ... & Ry | (u™, ul)

& I(um, u{i(n})) &k qu (ut™}

& @ F (g, w)y Flu, y)vFu', y) v ... v Flum=y, 4)v By (u™, )],

which we may abbreviate to CC,.

As before, Flu, )& Flu', v} & ...
to Fo.

I shall show that all formulae of the form 4(AV) & F»' CC, (abbre-
viated to C'F ) are provable, The meaning of CF,, is *“ The n-th complete
conflguration of AL is so and so”’, where *s0 and so "’ stands for the actual
n-th complete configuration of .1L. That CF, should be provable is
therefore to be expected.

C'F, is certainly provable, for in the complete configuration the symhols

are all blanks, the m-configuration is ¢,, and the scanned square is w, 1.6
00, is

& Flafr-1 47 is abbreviated

(4} Bs, (0, y) & Tlu, u) & K, (u).

A(MY> O, is then trivial.

We next show that OF - CF, ., is provable for each n. There are
three eases to consider, according as in the move from the n-th to the
{n+1}-th configuration the machine moves to left or to right or remains
stationaty, We suppose that the first case applies, i.e. the machine
moves to the left, A similar argument applies in the other cases. If

r(ﬂ,, i(n): == 4, ?'!:?'L—f-]., i(u-;’-l}) =g, k{i{n)) =56, and kit’(n—é—])} =d,
then Des {11} must include Inst {g, 8, 8§; L ¢} as one of its terms, i.e.

Des (A1) >Inst {g, 8, 8, Lg.}.
Hence Ay & Fr+lsInst {g, 8,8, Lg ) & Fnth,
But Inst{g, 8, 8; Lg) & Frti—(Q0, » CC, )
is provable, and so therefore is

A (‘u) & F(H-HJ_’ (COH_:" CCH+1)
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and (AN & FD 00, | > (4() & Fesds CC, 1),
i, CF, +CF, .,

CF, is provable for each ». Now it is the assumption of this lemnma
that 8, appears somewhere, in some complete configuration, in the sequence
of symbols printed by L, that is, for some integers ¥, K, CCy has
Rg (u™, u!F as one of its terms, and therefore CCy— Ry (w7 w'f) is
pravable. We have then

CCy-> Rsl{u{‘\.}s uthn
and A & PO C0F,
We also have
(3u) A (1) > (3u) (Fw') .. (3w (AW & FOY,
where ¥' = max (N, ). And so
(Fu) A () > (e (3u') . (Ful¥) R (ut¥), wfh),
{Fu} A (M) (Fut¥) (quf) R (ul, 4180),
(Bu) A(AV)— (Ts) (38) R, (s, £),
1.e. Un{.{l}) is provable.

This completes the proof of Lemma 1.

LeEMMa 2. Jf Un{Al) iz provable, then S, appears on the tape in some
complete configuration of M.

If we substitute any propositional functions for function variables in
a provable formula, we obtain a true proposition. In particular, if we
substitute the meanings tabulated on pp. 145-46 in Un(.l\), we obtaina
true proposition with the meaning 8, appears somewhere on the tapo in
some complete configuration of 1",

We are now in a position to show that the Entscheidungsproblem cannot
be solved, Let us suppose the contrary. Then there is a general
{mechanical) process for determining whether Un(Al} is provable. By
Lemmas 1 and 2, thisimplies that there is a process for determining whether
Al ever prints 0, and this is impossible, by §8. Hence the Entscheidungs-
probiem cannot be solved.

In view of the large number of particular eases of solutions of the
Entscheidungsproblem for formulae with restricted systems of quantors, it
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is interesting to expresz Un(.\!} in a form in which all quantors are at the
beginning. TUn(.Al}is, in fact, expressible in the form

() (3z) (w) (Su,)... (Bu,) B, (N

where B contains no quantors, and n = 6. By unimportant modifications
we can obtain a formula, with all essential properties of Un{.1), which is of
form (I) with » = 3.

Added 28 August, 1936,

APPENDIX.

Computability and effeciive caleulability

The thecrem that all effectively caleulable (A-definable) sequences are
computable and its converse are proved below in outline. It is assumed
that the terms «“ well-formed formula ™ (W.F.F.) and *“ conversion ”* as used
by Church and Kleene are understood. In the second of these proofs the
existence of several formulae is assumed without proof; these formulae
may be constructed straightforwardly with the help of, eg., the
results of Kieene in ““A theory of positive integers in formal logic”,
American Jouwrnal of Math., 57 (1935), 153-173, 219-244.

The W.F.F. representing an integer n will be denoted by ¥,. We ghall
say that a sequence y whose n-th figure is ¢, (n) is A-definable or effectively
caleulable if 144, (u} is a A-definable function of =, i.¢, if there is a W.F.F.
M, such that, for all integers =,

{ﬂ'f?} (Nn) conv N¢,{n}+l’

ie {M }(N,)}isconvertible into Axy .a:(n:(y)) ot into Aey .z (y} according as
the n-th figure of A is 1 or 0.

To show that every A-definable sequence y is computable, we have to
show how to construct a machine-to compute . For use with machines it
is convenient to make a trivial modification in the calculus of conversion.
This alteration consists in using =, z', ", ... as variables instead of
g, b, ¢, .... Wenow construct a machine £ which, when supplied with the
formula A, writes down the sequence y. The construction of £ is some-
what similar to that of the machine ¥ which proves all provable formulae
of the functional caleulus. We first construct a choice machine L, which,
if supplied with a W.F.F., M say, and suitably manipulated, obtains any
formula into which M is convertible. £, can then be modified so as to
yield an automatic machine £, which obtains successively all the formulae
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intc which M is convertible {cf. foot-note p. 138) The machine &
includes 4, as a part. The motion of the machine £ when supplied
with the formula M, is divided into sections of which the n-th is
devoted to finding the n-th figure of y. The first stage in this n-th section
is the formation of [M}(¥,). This formula is then supplied to the
machine £, which converts it successively into various other formulae.
Each formula into which it is convertible eventually appears, and each, as
it is found, is compared with

wo e[ @{e0)]] e Vo

Ax[.\x'[{x}(x’)]], ie. Ny,

1f it is identical with the first of these, then the machine prints the figure 1
and the n-th section is finished, If it is identical with the second, then 0
is printed and the section is finished. Ifit is different from both, then the
work of £, is resumed. By hypothesis, {M_}(¥,}is convertible into one of
the formulae N, or N,; consequently the n-th section will eventualiy be
finished, i.e. the n-th figure of ¥ will eventually be written down.

and with

To prove that every computable sequence y is A-definable, we must
show how to find a formula M, such that, for all integers =,

{‘MT} ('Nn) conv Nl+¢,(n)'

Let L be a machine which computes y and let us take some description
of the complete configurations of Al by means of numbers, e.g. we may take
the D.N of the complete configuration as described in §6. Let £(n) be
the DX of the n-th complete configuration of L. The table for the
machine AL gives us a relation between £(n-+1) and £(n) of the form

En+1)=p, (£(m)),

where p, is & funetion of very restricted, although not usually very simple,
form: itis determined by the table for AL, p,is A-definable (I omit the proof
of thig), i.e. there is a WIF.F. 4, such that, for all integers #,

{4} (N o) con¥ Ny pp)-
Let U, stand for
da [ L)t ) ],
where r == £(0); then, for all integers =,
{UM(N,) conv Ny,
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It may be proved that there is a formula ¥ such that

conv Ny if, in going from the n-th to the (n+ 1)-th
complete configuration, the figure 0 is
[Ty ear i rar rinted.
HP ¥ ) | (Vi) P
cony ¥, if the figure 1is printed,
conv N, otherwise,

Let W, stand for

w1y (1 (0 ) ) (0 ) |
so that, for each integer =,

J[{I';}(‘?\T{{n-—ll)]_' (Vo) conv {W.H(N,),

and let ¢ be a formula such that

HQUW L (,) conv Ny,

where 7{s) is the s-th integer g for which {W,} (¥} is convertible into either
N, or N,. Then, if M, stands for

yol (W (1@} (W) () )]
it will have the required propertyT.

The Graduate College,
Princeton University,
New Jersey, U.S.A.

t In a completo prool of the a-definability of computeble sequences it would be best to
modify this method by replacing the auracrical description of the eormpleto configurations
by a description which cun bo hondled more easily with our apparatuas. Lot un choose
ertain integers to represent the symbols and the m-configurations of the tuwhine.
Suppose thet in a certain complete conflguration the numbers representing the successive
symbols un the tapo are 5;s;...#,, that the m-th symmbol is scanned, and that the m-configur-
ation has the mumbeor ¢; then we may represent this complete configuration by the formula

(30 No s N L N ML W o N0,

whers la, b7 stands for Au[-[ Tul iu‘.l}{b}],

a, by stands for .\u[ 'L {luila) }(U] : [CJ]‘
ele.
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ON COMPUTABLE XNUMBERS, WITH AN APPLICATION TO
THE EXTSCHEIDUNGSPROBLEM. A CORRECTION

By A, M. Trrixe.

In a paper entitled ©* On computable numbers, with an application to
the Entscheidungsproblem "* the author gave a proof of the insolubility
of the Entscheidungsproblem of the “engere Funktionenkalkiil™. Thix
proof contained sonte formal errorst which will be corrected here: there
are also some cther statements in the same paper which should be niodified.
although they are not actually false as they stand.

The expression for Inst fq; S, 8, Lyt on p. 146 of the paper quoted
should read

(x, 7 ¥, 4 . Rsf y) & T, )& K (o) & Fla, ) S P Yt
- (J(.z:’. P R (' & K (Y Fly' 2l y [( B a2y Byt :}}l

& f Ry (x, 2)> B, (2", ))& & (Reyla, 3)— By la's z))]) -

Sa Spe e, &y being the symbols which .l ean print.  The statement on
P.-147, line 33, viz

cInst {g, S, S, Lg.) & Frv o (CC, = CC, )

is provable 7 is fulse {even with the new expression for Inst Tgy S, Ny L i)
we are unable for example to deduce Fr+V— ( — Fu, u")) aml therefore
can never use the term

Fy', :}vl:( R (e, 2) = By (2 z)) RO (R_g”{x, 2y Ry (2, :))]

* Proc, Lewdon Math, Sec. (2], 42 (1936=5!, 231-215.
+ The anthor by indebted to P Bernnys for pointing out these errore.
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in Tost [y, N, N, Ly to To carrect this we introduce a new functional
variable ¢ [f7{x. ¥) to have the interpretation “ 2 precedes 7] Then.
if ¢ is an abbreviation for

(@)(Fue)ly. 2) Fle @) & { Fle, g)>Cle ) V& | Rl 2 a Gz, yh~ e ) )

& [G{z. av ( Gl gk Fly, :.}:] v {F(.r_. y& Fiz, ) j:' = | —Fir, z}\]
the corrected formula Un{v) is to be
(Fue) A1) (38)(30) Ry (5. 1),

where 410 fa an abbreviation for

Q& () By, y) & T, u) & Ky (u) & Des (1),
The statenent om page 14.7 {line 33} must then read

Inst {g, 8,8, Ly} & Q& FOtU(OC, - OC L0,
and line 29 should read

(i) = b, r{nt), i) =d, kny=a. kinrl)=c.

For the words “logical sum” on p.146, line 15, read conjuietion ™.
With these modifications the proof is correct. Un(.!1) may be put in the
form (I} (p. 149 with n==4,

Some difficulty arises from the particular manner in which © computable
number 7 was defined (p. 119). If the computable numbers are to satisfy
intuitive requirements we should have:

If we can give a rule which ussociates with each positive integer n two
rationals a,, b, satisfying a, <o, <b. Kb, b,—a, < 27", then there is
o compulable number a for which a, <l a =04, cach n. (A)

A proof of this may be given, valid by ordinary mathematical standards,
but invelving an application of the prineciple of exeluded middle.  On the
vther hand the following is false:

There 1s a rule whereby, given the rule of formation af the srquences a, b,
th (AY we can obtain a DN, for @ machine lo compute a. (B

That (B} is false, at least if we adopt the convention that the decimals
of intmbers of the forn w20 shadl always terminate with weros, oo he
seen in Lhiz way,  Let 10 be some machine, and define v,oas tollows:
6, = 319 has not printed a figure U by the time the »-th complete configu-
ration is reached ¢ = }— 27277 if 0 had first been pwinted st the wu-th
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complete configuration {m < n) Pur a,= C,— 2 b,
Then the inequalities of (A) are satisfied. and the first figure of o iz 0 if i
aver prints 0 and is 1 otherwise, If (B} were true we should have o neans
of finding the first figure of o given the DN, of T i weshould be able to
determine whether ©* cver prints 0, contrary to the results of §8 of the paper
quoted. Thus although (3) shows that there must be machines which
compute the Fuler constant (for example) we cannot at present deseribe
anyv such machine. for we do not yet know whether the Euler constant is
of the form m 27

This disagreeable situation can be avoided by modifying the manner in
which computable numbers are associated with computable sequences,
the totality of computable numbers being left unaltered. Tt may be done
in many ways* of which this is an example.  Suppose that the first figure
of & computable sequence y is i and that this is followed by | repeated =
times, then by ¢ and finally by the sequence whose r-th figure is ¢,; then
the scquence y is to correspond to the real number

Lo n=t

(2A—1yn+ i (Ze,— 1337,
T=1

Tf the machine which computes y is regarded as computing also this real

number then (B) holds, The untqueness of representation of real numbers

by sequences of figures is now lost, but thisis oflittle theoretical importance,

sinee the DN 's are not unique in any case.

SYSTEMS OF LOGIC BASED ON ORDINALS

This is a profound and difficult paper in which Turing ex-
plores the possibility of avoiding the Godel incompleteness
theorem by replacing a single given logic by a system of logics
obtained from one another by transfinite iterations. What is
iterated is the addition of principles which are intuitively as
evident as the given system, but which vield stronger logics;
e.g. one iterates the adjunction of a sentence which asserts
that the given logic is consistent.

This paper also introduces the idea of an *oracle” for a
possibly non-recursive set being made available to a Turing
machine.

* Tius &6 of averlappivy intervals fur the definition ol real el s i dae migioatly
po Thrsywer,
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YYSTEMS OF 1OGTIC BASED ON ORDINALSY

By A. M, Turmxa.

Reprinted with the kind permissian of the London Mathematical Society from e
Proceedings of ihe London Mathe matical Socieiy, ser. 2, vol. 45 (1939} pp. 181-
228,

Intruduction ..o 188
1. The conversion ealoubis,  Gorlel vaprosentutions ... ... 156
3 Kffective cafoudability,  Albrevintion of treatinent ..o 160
A, Number-theoretic theorens . oo 1E2
4. A type of problem which is nol number-theoretic ... l&6
3, 8yntaclical theorems as number-theoretic theoreras ... 1e8
6. Logic formulae ... .. 188
7. Ovdinals ... o I i
8, Ordinal logics ... .o 183
4. Completeness questivos . . .. 182
10. The costinuunt hypothesis. A tligression ... RO ¥
11. The purpose of urdinal logivs L. N8
14, Gentzen type ordinal lugies ... Lo

Tndex of definitions ... ) |

Hiblingraphy ... .o P2l

The well-known theorem of Godel (Godel [1], [2])cl shows that every
system of logic is in a certain sense incomplete, but at the same time it
indicates means whereby from a system L of logic a more complete system
L' may be obtained. By repeating the process we get a sequence
L, Ly= L', Ly= Ly, ... each more complete than the preceding. A logic
L. may then be constructed in which the provable theorems are the
totality of theorems provable with the help of the logies L, L, Ly, ...
We may then form L,, related to L, in the same way as L, was related to
L. Proceeding in this way we can associate a system of logic with any
constructive ordinalt. It may be asked whether a sequence of logics of
this kind is complete in the sense that to any problem 4 there corresponds

+ Thix paper represents work done whiie 8 Jane Eliza Proctor Visiting Fellow at
Princeton University, where the author received most valuable advice and assistance from
Prof. Alonzo Church.

+ The situation is nel guite so simplo 8s is suggeated by this crude argument.  Soo
pages 1B3—187, 196, 127,




