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1 Introduction

Optimization plays an important role in several fields, in-
cluding robotics control and machine learning. An impor-
tant subfield of optimization is convex optimization which
enjoys several favorable properties and mature solution
methods. Because of its limited definition, the scope of
convex optimization may remain restrained and inappli-
cable to several complex robotic situations such as legged
locomotion. Fortunately though, in some instances, prob-
lems that are not convex in a Euclidean sense can be re-
cast over a Riemannian manifold with a suitable Rieman-
nian metric such that they become “geodesically convex
along shortest paths on this manifold”. This extended no-
tion of convexity called geodesic convexity [1] then turns
hard-to-analyze and solve problems into ones that again
enjoy favorable properties.

Interestingly, there is another field that uses similar
notions of metrics on Riemannian manifolds and geodesic
shortest paths: contraction theory [2]. The latter has
been surging as a powerful and unifying tool for the stabil-
ity analysis of nonlinear non-autonomous dynamical sys-
tems. Within this framework, the existence of a suitable
Riemannian metric that contracts small displacements
along the system’s flow implies the exponential conver-
gence of system trajectories to each other.

Given the potential importance of both fields and their
use of similar notions, one can expect to find connections
between both. In this study therefore, we proposed to (a)
explore notions related to the fields of geodesic convexity
and contraction theory, (b) the link between both as pre-
sented in a recent paper by Wensing and Slotine [3], and
(c) some of its implications on an optimization problem.

2 Differential Geometry

We started by studying topics in topology and differential
geometry that we deemed required to gain a good under-
standing of the field of geodesic convexity. We mostly
used [4], [5] and [6] for the following.

2.1 Differentiable Manifolds

The following definitions are based on Frederic P
Schuller’s lectures on General Relativity (cite). We start
our building blocks from the notion of a set and give a
definition of a topological space:

Definition 1 Let M be a set and P (M) be the power set
of M . A set O ⊆ P (M) is called a topology, if it satisfies
the following properties:

• ∅ ∈ O,M ∈ O
• U ∈ O, V ∈ O −→ U ∩ V ∈ O
• Ui ∈ O −→ ∪Ui ∈ O

where ∅ is the empty set and U, V, Ui are sets in P (M).
The tuple (M, O) is a topological space.

[4]

Definition 2 A topological space (M, O) is called a d-
dimensional topological manifold if ∀p ∈ M : ∃U ∈ O :
p ∈ U,∃x : U −→ x(U) ⊆ Rd satisfying the following:

• x is invertible: x−1 : x(U) −→ U
• x−1 is continuous
• x is continuous wrt (M, O) and (Rd, Ostd)

where Ostd is the standard topology on Rd

• The tuple (U, x) is a chart of (M,O)

• x : U −→ x(U) ∈ Rd is called the chart map

[4]
Let 2 intersecting region Uα and Uβ on a manifold M and
let ψα and ψβ be maps from Uα to Rd and Uβ to Rd
respectively. The map ψαβ = ψβ ◦ ψ−1

α is called a chart
transition map which maps an open set of Rd to another
open set of Rd

Figure 1: Transition maps (figure borrowed from [6])
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The manifold M is called a differentiable manifold if all
transition maps are differentiable. More generally, if all
transition functions are k-times differentiable, then M is a
Ck-manifold. If all transition functions have derivatives
of all orders, then M is said to be a C∞ manifold or
smooth manifold. [6] The idea is to disregard all charts
where the transition maps are not differentiable so we
only keep compatible charts while making sure that we
have enough charts to map the entire manifold.

2.2 Riemannian Manifolds

2.2.1 Metric tensors

We established the notion of differentiability on a mani-
fold. However, we still lack the means of measuring an-
gles and distances which are essential in the theory of
optimization. Endowing a smooth manifold with a met-
ric tensor allows to do just that: it gives us a way to
measure the distance of a geodesic between 2 points on
the manifold.

Definition 3 More formally, let M be a smooth mani-
fold. At each point p, we have a vector space TpM which
is the collection of tangent vectors at point p. Define a
function gp at point p that maps 2 tangent vectors at point
p to R (gp : TpM × TpM −→ R). If the the function gp
is linear, symmetric and non-degenerate then gp is
a metric tensor at point p

We refer to [6] for the definition of the bold terms in the
definition.

Definition 4 Let M be a smooth manifold and g be a
metric tensor over M. If for any open set U and smooth
vector fields X and Y over U, the function g(X,Y )[p] :=
gp(Xp, Yp) is a smooth function of p, and g is positive
definite, then (M, g) is called a Riemannian manifold

[6]

2.3 The Riemannian Hessian and the
Christoffel Symbols

One of the first definitions we encountered in [3] was the
definition of geodesic strong convexity which depend on
the Riemannian Hessian and on the Christoffel Symbols of
the second kind. We studied areas in differential geometry
to gain an understanding of these 2 concepts.

2.3.1 How to find geodesics in curved space?
What are Christoffel Symbols?

Geodesics are shortest path between 2 points with re-
spect to a metric. More precisely: ”A geodesic is defined
as the curve such that a point moving along the curve with
the velocity of constant magnitude (i.e. the velocity can
change its direction but not its magnitude) has the ac-
celeration vector perpendicular to the given surface, i.e.

Figure 2: path λ on a unit sphere with intrinsics and
extrinsics coordinates

the acceleration component tangent to the given surface
is zero.” [7]. We start with the simple example of a 2D
sphere and then generalize the derivation to any surface.
Let’s consider the situation in figure 1 where we show a
parametric path λ on a unit 2D sphere. We have an in-
trinsic coordinate system Ib = (u, v) and a fixed extrinsic
coordinate system Eb = (X,Y, Z). We also let a position
vector R(u, v) = (X(u, v), Y (u, v), Z(u, v)). The relation
between between Eb and Ib is:

X = cos(u)sin(v)

Y = sin(v)sin(u)

Z = cos(u)

The tangent vectors to the curve parametrized by λ are
given by dR

dλ = dR
du

du
dλ + dR

dv
dv
dλ . The intrinsic basis vectors

are given by:
dR

du
= eu

dR

dv
= ev. (1)

The acceleration vectors to the curve λ is given by the
derivative of the velocity:

d

dλ

dR

dλ
=

d2R

dudλ

du

dλ
+
du2

dλ2

dR

du
+

d2R

dvdλ

dv

dλ
+
dv2

dλ2

dR

dv

Using chain rule and reorganizing, we get the following
equation for the acceleration vectors:

d2R

dλ2
=
d2u

dλ2

∂R

∂u
+
du

dλ
(
du

dλ

∂2R

∂u2
+
dv

dλ

∂2R

∂u∂v
) +

d2v

dλ2

∂R

∂v
+

dv

dλ
(
du

dλ

∂2R

∂v2

du

dλ

∂2R

∂u∂v
) (2)

Given (1), we know that the first and third term in the
equation above are tangential components. However, we
cannot make any conclusion regarding the second and
fourth term. We can re-write equation(2) in Einstein’s
notation (let u1 = u and u2 = v):

dR2

dλ2
=
dR

∂ui
d2ui

dλ2
+
dui

∂λ

duj

∂λ

∂2R

∂ui∂uj
(3)
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The second term are vectors that we can express in terms
of u1, u2 and u1 × u2 (can write them as a linear combi-
nation of ∂R

∂u1 ,
∂R
∂u2 , n) where n is normal to the surface.

∂2R

∂uiuj
= Γ1

ij

∂R

∂u
+ Γ2

ij

∂R

∂u2
+ Lijn (4)

Use Einstein’s notation again to sum over the Γkij to get:

∂2R

∂uiuj
= Γkij

∂R

∂uk
+ Lijn (5)

The Christoffel symbols Γkij are the coefficients of
the tangential components. The second fundamental

form Lij give us the normal component of ∂2R
∂uiuj . We

note that these definitions depend on embedding the
surface into a higher dimentional space (we relied on
extrinsic coordinates in the derivation). We will later
derive the equation of the Christoffel symbols using only
intrisincs coordinates which will give us the equations of
the Christoffel symbols of the second kind used in the
definition of the Riemannian Hessian.

To recover an equation for the Christoffel symbols,
We multiply (5) by ∂R

∂ul . Since ∂R
∂ul is orthogonal to n, the

dot product involving n is equal to 0. We get:

∂2R

∂uiuj
∂R

∂ul
= Γkij

∂R

∂uk
∂R

∂ul

Since ∂R
∂uk

∂R
∂ul = gkl where gkl is the metric tensor, we get:

∂2R

∂uiuj
∂R

∂ul
= Γkijgkl

Multiply by the inverse metric tensor on both side. Since
gklg

lm = δmk where δmk is the Kronecker delta, We get an

equation for the christoffel symbols: Γmij = ∂2R
∂uiuj

∂R
∂ul g

lm.

(We use the Kronecker delta property Γkijδ
m
k = Γmij ) Com-

bining this result with equation 6 (change variable m with
k), a geodesic curve is a solution to the geodesic equation:

d2uk

dλ2
+ Γkij

dui

dλ

duj

dλ
= 0 (6)

We verified this result on the flat plane and the sphere
which we will omit here.

2.3.2 Differentiation on Manifolds and Covariant
derivatives

Our goal is to optimize a function defined on a man-
ifold. Optimizing a function defined on a Euclidean
space eventually involves moving in the direction of the
negative gradient of the function f. This means we need
a way to compare the rate change of a function (or a
general vector field) with respect to another vector field.
Differentiation inherently requires comparing the change
in a function or vector value when we move from one
point to another close by point (in a given direction) [6]

The Covariant derivatives is a way of specifying
a derivative along tangent vectors of a manifold.

We first studied covariant derivatives of a vector field
from an extrinsic view. Citing wikipedia: In the special
case of a manifold isometrically embedded into a higher-
dimensional Euclidean space, the covariant derivative can
be viewed as the orthogonal projection of the Euclidean
directional derivative onto the manifold’s tangent space.
Therefore we can view the covarient derivative ∇wv as
the rate of change of a vector field v in a direction w
with the normal component substracted. We can derive
an equation for the covariant derivate as follows:
Given a vector field v. We express v in terms of its com-
ponents with respect to the basis ej . The derivative of
v with respect to a direction w can also be expressed in
terms of the basis ej (we note that this basis is not nec-
essary constant at each point)

∂

∂w
v =

∂

∂w
(vjej)

∂

∂w
v =

∂vj

∂w
ej + vj

∂ej
∂w

∂ej
∂w can be written as a linear combination of the tangent
basis and the christoffel symbols:

∂ej
∂w

= Γ1
ije1 + Γ2

ije2 = Γkijek

and we obtain an equation of the covariant derivative:

∇wv = (
∂vk

∂w
+ vjΓkij)ek (7)

2.4 An intrinsic view of the Covariant
Derivative

Up to this point, we relied on an extrinsic coordinate
system to study covariant derivatives and to retrieve
the equations of the Christoffel symbols. We now study
these concepts relying only on the intrinsic coordinates
(for example eu and ev in figure 1). This means that we
need to abandon the idea of a global constant coordinate
(XYZ coordinate in figure 1), global origin and position
vectors. We also ignore all vector components that are
perpendicular to the surface. From the intrinsic point of
view, we require that ei.ej is given. This means that we
need a metric tensor to be provided to us. Equation (7)
of the covariant derivative remains valid. However, the
equation of the Christoffel symbols will change (since we
previously relied on the dot product and on the position
vector R).

We introduce briefly the concept of a connection
and of parallel transport. Given a tangent vector on
TpM , the covariant derivatives gives us a way to parallel
transport a vector along a curve to a different tangent
space TqM of a different point q such that the vector
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stays ”as constant as possible”. It is a way to provide
a connection between tangent spaces in a curved space.
We note that it is not possible to define a constant
vector field on a curved surface. Finally, we note that
there exists many possible Covariant derivatives, to get
a unique solution, we will require our solution to satisfy
the following 2 properties:

2.4.1 Metric Compatibility property

∇w(v.u) = (∇wv).u+ v.(∇ww) (8)

2.4.2 Torsion free

∇wu−∇vw = [v, w] = 0

∇wu = ∇vw
(9)

where [v, w] is the lie bracket. From the torsion free
property, we derive the following properties:

∇ejei = ∇eiej
∂

∂ui
∂

∂uj
=

∂

∂uj
∂

∂ui

∂

∂ui
ej =

∂

∂uj
ei

(10)

Since: ∇eiej = Γkijek and ∇ejei = Γkjiek we get:

Γkij = Γkji (11)

We are guaranteed the existence of such a connection
by the Fundamental Theorem of Riemannian Ge-
ometry: On a Riemannian manifold, there is a unique
connection which is torsion-free and compatible with the
metric. This connection is called the Levi-Civita con-
nection.

We now derive the equations of the Christoffel symbols
for the Levi-Civita connection. The metric tensor is equal
to gij = ei.ej . We take the covariant derivative of the
metric tensor in the uk component

∂

∂uk
gij =

∂

∂uk
(ei.ej)

- Use the metric compatibility property

∂

∂uk
(ei.ej) =

∂ei
∂uk

ej + ei
∂ej
∂uk

- express the partial derivatives as a linear combination

of basis vectors

∂

∂uk
gij = (Γlikel)ej + ei(Γ

l
jkel)

∂

∂uk
gij = Γlik(el.ej) + Γljk(ei.el)

∂

∂uk
gij = Γlikglj + Γljkgil

We write the formula above for three different indices:

∂gij
∂uk

= Γlikgjl + Γljkgil

∂gki
∂uj

= Γlklgjl + Γlijgkl

∂gjk
∂ui

= Γljigkl + Γlkigjl

Therefore:

∂gij
∂uk

+
∂gki
∂uj
−∂gjk
∂ui

= Γlikgjl+Γljkgil+Γlklgjl+Γlijgkl−Γljigkl−Γlkigjl

Using (14), we can cancel out terms to get:

∂gij
∂uk

+
∂gki
∂uj

− ∂gjk
∂ui

= 2Γljkgli

Multiply by the inverse metric tensor :

gim(
∂gij
∂uk

+
∂gki
∂uj

− ∂gjk
∂ui

) = 2Γljkglig
im

Using the property of the Kronocker delta and re-arraging terms:

1

2
gim(

∂gij
∂uk

+
∂gki
∂uj

− ∂gjk
∂ui

) = Γljkδ
m
l

Swapping indices, we conclude that:

Γkij =
1

2
gkl(

∂gli
∂uj

+
∂gjl
∂ui
− ∂gij
∂ul

)

2.5 Covariant derivative of covector fields

We can extend the notion of a covariant derivative to any
Tensor field and more specifically to covector fields which
is a (0, 1) tensor. We can easily show that the covarient
derivative of a covector field α is:

∇∂i(α) = (
∂αk
∂ui
− αjΓjik)εk (12)

where εk is the basis of the covector space. We omit the
derivation here.

2.5.1 Cotangent spaces are covector fields

Let TpM be the tangent space at point p on a manifold
M, we define the cotangent space as the set of linear maps
from the tangent space to R:

(TpM)∗ := ρ : TpM −→ R

The gradient of f at a point p ∈M is defined as:

(df)p : TpM −→ R
X := (df)p(X) := Xf

Therefore (df)p ∈ TpM∗. We define the components of
the gradient with respect to the basis as:

((df)p)j = (
∂f

∂uj
)p (13)
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2.5.2 The Riemmanian Hessian

Let (M,g) be a Riemannian manifold and ∇ its Levi-
Civita connection. Let f : M −→ R be a smooth func-
tion. We define the Hessian tensor as:

Hess(f) = ∇∇f

Since f is a scalar field, it’s first covariant derivative is its
gradient:

Hess(f) = ∇df (14)

Since dfp is a covector, we use equation 12 (set α = dfp)
to get an equation for the components of the Riemannian
Hessian (write dfp in terms of its components using 13):

Hij = (
∂2f

∂ui∂uj
− ∂f

∂uj
Γjik) (15)

We note that we derived the equation of Christoffel Sym-
bols by taking the derivative of the metric (page 4).
Since in Euclidean flat space, the metric is constant at
all points, the christoffel symbols will be all zeros. And
so equation (15) reverts to the equation of the hessian
matrix on Euclidean flat space.

3 Geodesic Convexity

We now give the definitions of geodesically convex sets
and convex functions

3.0.1 Geodesically convex sets

Let (M, g) be a Riemannian manifold. A set K ⊆ M
is said to be totally convex with respect to g, if for any
p, q ∈ K, any geodesic γpq that joins p to q lies entirely
in K. [6]

3.0.2 Geodesically convex functions

Let (M, g) be a Riemannian manifold and K ⊆ M be
a totally convex set with respect to g. A function f :
K −→ R is said to be a geodesically convex function
with respect to g if for any p, q ∈ K, and for any geodesic
γpq : [0, 1] −→ K that joins p to q,

∀t ∈ [0, 1] f(γpq(t)) 6 (1− t)f(p) + tf(q).

[6]

3.0.3 g-strong convexity

Theorem 1 A function f ∈ C2(Rn,R) is said to be
geodesically α-strongly convex (with α > 0) in a symmet-
ric positive definite metric M(x) if its Riemannian Hes-
sian matrix H(x) satisfies:

H(x) ≥ αM(x), ∀x ∈ Rn (16)

The elements of the Riemannian Hessian are given as:

Hij = ∂ijf − Γkij∂kf (17)

where ∂ijf = ∂2f
∂xi∂xj

provide the elements of the conven-

tional Euclidean Hessian and Γkij denotes the Christoffel
Symbols of the second kind:

Γmij =
1

2

n∑
k=1

[Mmk(∂jMik + ∂iMjk − ∂kMij)] (18)

with M ij = (M−1)ij. The function is g-convex when (1)
holds with α = 0

[3] Equation 17 has been derived in part section (2.5) and
equation 18 in section (2.4)

3.0.4 Natural gradient

Consider Rn equipped with a Riemannian metric M(x).
The natural gradient of the function f ∈ C2(Rn,R) is
the direction of steepest ascent on the manifold and is
given by M(x)−1∂xf [3]

We conclude this section by summarizing the
motivation of paper [3]: Given a non-convex
function f defined on Rn (equipped with the
standard metric), we can find a different positive
semi-definite metric M such that f defined on the
Riemannian manifold (Rn,M) is g-convex. We
can then perform Natural Gradient Descent to
find the minima (which is now the global minima)
where the gradient descent paths are now the
redefined geodesics.

4 Contraction Theory

Interestingly, Contraction Theory, a surging subfield of
nonlinear dynamical systems analysis, also uses similar
notions of metrics on Riemannian manifolds and geodesic
shortest paths. To explore the link between it and
geodesic convexity, we first explore basics of contraction.
In this section we will mainly follow [8] to introduce con-
traction theory.

4.1 Introduction to Contraction

The analysis and control of nonlinear dynamical systems
of the form

ẋ = f(t, x) (19)

often relies on Lyapunov methods: either the lineariza-
tion method which analyses stability questions around an
equilibrium, or the direct method, which makes use of an
energy-like scalar function to analyze the system stability
[9]. Physical insight from the system in question, or its
analogy to a physical system, is often used to craft this
mechanical energy-like Lyapunov function, giving a sense
of ’virtual’ classical mechanics to this type of analysis.
By contrast, contraction theory takes a ’virtual fluids’
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approach and analyses dynamical systems from a differ-
ential Lyapunov-like perspective. By investigating the
dynamics of differential virtual displacements, it makes
the remark that if one knows the linearization of a sys-
tem everywhere, then one can actually infer quite a lot
of information about the nonlinear system. This is in
contrast to linearizing simply around equilibrium points.
Indeed, contraction theory does not need the knowledge,
nor the existence, of an attractor to conclude stability
properties.
Intuitively, contraction analysis asks whether any 2 sys-
tem trajectories (i.e., 2 particular solutions of (19)) con-
verge to each other exponentially. In so doing, it sepa-
rates questions of convergence and of final behavior. A
contracting system therefore is a dynamical system (19)
for which any 2 system trajectories converge to each other
exponentially. This provides an interesting subtle alter-
native to error control in robotic applications. Indeed,
instead of tracking an error function (e.g., x(t)− xdes(t),
where xdes is a desired trajectory), if we happen to know
a particular trajectory of a contracting system, then we
have a certificate that any other trajectory converges to
the known trajectory exponentially. We will later give an
example implementation of this interesting approach to
the design of a reduced order observer for some states of
a nonlinear underactuated dynamical system.

4.2 Contraction Basics

Consider the system (19), where the dimension of x is
dim x = n. Consider a volume, V of state space. Using
Gauss Theorem, we have that d

dtV =
∫
V div(ẋ), where

div is the divergence operator. Suppose div(ẋ) ≤ −λ,
with λ > 0, then that means that d

dtV ≤ −λV, hence
0 ≤ V ≤ V(t = 0)e−λt. So the volume V tends to
0 exponentially. In other words, if the divergence of
the dynamics of a system is negative, then any volume
shrinks to 0. Is this enough to conclude that any system
trajectory must converge somewhere? Unfortunately
it isn’t. Indeed the shrinkage of the volume to 0 only
means that the system converges to a space of dimension
n − 1. We need something else to show that the volume
tends to a (time-varying) point.

Now consider a virtual displacement δx, i.e, a differen-
tial variation at a fixed time. Consider the dynamics of
the variation between two infinitesimally close trajecto-
ries x1 and x2 at any given time. We have δx = x2 − x1,
so that

d

dt
δx =

∂f

∂x
δx (20)

Let us consider the variation of the squared norm ||δx||2 =
δxT δx:

d

dt
δxT δx = 2δxT

d

dt
δx = 2δxT

∂f

∂x
δx

Now suppose ∂xf ≤ −αI1, with α > 0, then we have

d

dt
δxT δx ≤ −2α(δxT δx)

Therefore, ||δx|| → 0 exponentially with rate α. Hence
the two trajectories x1 and x2 converge to each other ex-
ponentially with rate α.
We can integrate the above reasoning, à la Riemann, for
arbitrarily far trajectories. Consider x1 and x2 far away
from each other at t = 0. Split the line connecting both
of them into infinitesimally small sections. At time t > 0,
as each of those segments will have shrunk exponentially
(each virtual point may have travelled at different veloc-
ities), then the total length of the curve connecting x1(t)
and x2(t) (no longer a straight line) will also have shrunk
by e−αt. The straight line connecting x1(t) and x2(t) will
be even shorter. Hence the analysis above is also valid for
arbitrarily far trajectories.

Proposition 1 ([8, 2]) Consider the system ẋ =
f(t, x). If ∃α > 0,∀x, ∀t, ∂f∂x ≤ −αI, i.e., all the eigen-
values of the symmetric part, 1

2 (∂xf + ∂xf
T ), are strictly

uniformly negative, then all system trajectories converge
to each other exponentially with rate α.

Example: Reduced order observer for an ex-
tended cart-pole system We apply Proposition 1 to
design an exponentially converging observer on the an-
gular states θ, θ̇ of a cart-pole system extended to allow
motion in the vertical direction z and with a damping
term on the angular dynamics. The system dynamics are
give by: 

ẍ = −γθ̈cθ + γθ̇2sθ + ux

M

z̈ = −γθ̈sθ − γθ̇2cθ − g + uz

M

θ̈ = −1
l ẍcθ − 1

l z̈sθ −
g
l sθ −

ν
l2mb

θ̇

(21)

where the system states are [x, z, θ, ẋ, ż, θ̇]T , ux and uz are
control inputs, cθ (sθ) signify cos θ (sin θ), and all other
variables are positive constants. We propose a reduced
order observer to estimate θ, θ̇: given a measured ẍ and
z̈, consider the following observer dynamics:{ ˙̂

θ1 = θ̂2

˙̂
θ2 = −1

l ẍcθ̂1 −
1
l (z̈ + g)sθ̂1 −

ν
l2mb

θ̂2

(22)

where θ̂1 and θ̂2 are the estimators of θ and θ̇, respectively.
The Jacobian of this system is:

J =
∂

˙̂
θ

∂θ̂
=

(
0 1
φ −b

)
where φ = 1

l ẍsθ̂1 −
1
l (z̈ + g)cθ̂1 and b = ν

l2mb
. The eigen-

values of (J + JT ) are λ1,2 = −b ±
√
b2 − (1 + φ)2 < 0,

1We note that for 2 symmetric matrices, A ≤ B means that
xTAx ≤ xTBx.
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Figure 3: Convergence of the observer θ̂,
˙̂
θ to the true

θ, θ̇ even when starting with a random initial condition.
(Left) Convergence of θ̂ to θ. (Right) Plot of the error

θ − θ̂ as a function of time.

therefore the observer dynamics (22) are contracting.
Now since the true θ, θ̇ is a solution to (22) (eq. 22 is

in fact exactly the dynamics of θ when θ̂i is replaced

by θi), then θ̂,
˙̂
θ converge to θ, θ̇ exponentially. This

can be confirmed in Fig. 3. Note how we used the
subtle alternate approach we discussed in 4.1 where we
first know the system is contracting, then we know a
particular solution, from which we conclude that all
trajectories must be converging to it.

While Proposition 1 provides a condition on dynamical
systems to be contracting, it is in fact only a sufficient
condition. A more general condition is derived hereafter.
Consider the differential change of variables

δz =
∂z

∂x
(x, t)︸ ︷︷ ︸

Θ(x,t)

δx (23)

Then we have

d

dt
δz =

d

dt
(Θδx) = Θ̇δx+ Θ

d

dt
δx

= Θ̇δx+ Θ∂xfδx = (Θ̇ + Θ∂xf)δx

(24)

If Θ is a smooth and bounded transformation, then

d

dt
δz = (Θ̇Θ−1 + Θ

∂f

∂x
Θ−1︸ ︷︷ ︸

F

)δz (25)

where F is a generalized Jacobian. We can see that if
F is uniformly negative definite, i.e., F ≤ −αI, then
δ̇z ≤ −αδz, so δz → 0 exponentially. Hence, δx → 0

exponentially, i.e., ||x2(t)−x1(t)|| → 0 exponentially with
rate α.

Proposition 2 ([8, 2]) Consider the system ẋ =
f(t, x). If ∃Θ with ΘTΘ ≥ ηI for η > 0, such that the
generalized Jacobian F in Eq. 25 is uniformly negative
definite, i.e., F ≤ −αI for α > 0, then the system is con-
tracting and any two trajectories converge to each other
exponentially.

We note that the condition ΘTΘ ≥ ηI ensures in-
vertability of Θ. We also note that as we started from
δz = ∂z

∂x (x, t)δx, this constitutes a differential change
of variables that is more general than a simple change
of variables z = z(x, t). Indeed, the differential change
of variables may not be integrable, hence its generality.
Proposition 2 is in fact a necessary and sufficient condi-
tion for contraction.
Interestingly,

||δz||2 = δzT δz = δxT ΘTΘ︸ ︷︷ ︸
M(x,t)

δx = ||δx||2M (26)

We see that M := ΘTΘ constitutes a Riemannian metric
that redefines the dot product, hence the norm, on Rn.
Therefore, if ||δz|| → 0 =⇒ ||x2(t)− x1(t)||M → 0, that
is, trajectories tend to each other along geodesics given
by the metric M.

An alternative condition to Proposition 2 can also be
derived:

d

dt
δzT δz =

d

dt
δxTMδx = δxT (Ṁ + ∂xf

TM +M∂xf)δx

Suppose (Ṁ + ∂xf
TM + M∂xf) ≤ −2αM , for α > 0.

Then

d

dt
δxTMδx ≤ −2αδxTMδx

Hence ||δx||M → 0 exponentially with rate α. This leads
to the following defintion of a contracting system.

Definition 5 ([2, 3, 10, 11]) Consider the system ẋ =
h(x, t), a symmetric positive definite metric M(x) : Rn →
Rn×n, and α > 0. If ∀t ≥ 0,∀x ∈ Rn,

Ṁ +ATM +MA ≤ −2αM (27)

where A(x, t) = ∂xh and Ṁ =
∑
i(∂iM)hi(x), then the

system is contracting in M with rate α.

We note that, if M(x) > βI, for β > 0, then ||x1(t) −
x2(t)|| ≤ 1√

β
||x1(0)− x2(0)||Me−αt.

4.3 More advanced notions

We here briefly mention a few interesting aspects of con-
traction theory. We follow [11]. Consider the control-
affine nonlinear system ẋ = f(x, t) + B(x, t)u. We have
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˙δx = A(x, u, t)δx+B(x, t)δu, where A = ∂xf+
∑
i ∂xbiui.

If there exists a uniformly bounded metric M(x, t), i.e.,
α1I ≤M(x, t) ≤ α2I such that ∀δx 6= 0,

δxTMB = 0 =⇒ δxT (Ṁ +ATM +MA+ 2αM)δx < 0
(28)

then the system is exponentially stabilizable by contin-
uous feedback with rate α. Such a metric M is called a
Control Contraction Metric, CCM. Condition (28) means
that the system is naturally contracting in directions or-
thogonal to the span of the actuated directions. If in (28)
A is replaced by ∂xf and in addition ∀i, ∂biM+∂xb

T
i M+

M∂xbi = 0, then a differential stabilizing controller of the
form δu = K(x, t)δx exists. The second condition states
that the columns of B form Killing fields for the metric
M, i.e., the span of the columns of B preserve distances
along geodesics given by M, so that no actuation can ex-
pand ||δx||.
To find an appropriate metric M, the contraction along
directions orthogonal to the span of actuation and the
Killing fields condition can be formulated as convex con-
ditions:

−∂tW − ∂fW + ∂xfW +W∂xf
T − ρBBT + 2αW < 0

∂biW − ∂xbiW −W∂xb
T
i = 0

where W (x, t) = M(x, t)−1 and ρ(x, t) is a scalar. This
leads to a differential feedback gain K = − 1

2ρB
TW−1.

We refer the reader to [11, 10, 12] for further reading on
the theory and application of CCMs.

5 Link between Contraction and
Geodesic Convexity

Given the notions introduced above about geodesic con-
vexity and dynamical systems contraction, we can finally
make the connection between the two fields. The analysis
has been derived in [3].
Consider again the contraction inequality condition (27).
Let us re-arrange it into the following form

−1

2
(Ṁ + ∂xh

TM +M∂xh) ≥ αM

Now consider a function f whose Riemannian Hessian is
H = − 1

2 (Ṁ + ∂xh
TM + M∂xh). Then we would have

H ≥ αM , which is the definition of an α-strongly g-
convex function.
It turns out that this is exactly the case for a func-
tion f whose natural gradient dynamics ẋ = h(x, t) =
−M−1∂xf are contracting in the metric M, which is the
subject of the following theorem.

Theorem 2 ([3]) Consider a function f(x, t) ∈
C2(Rn × R,R), a symmetric positive definite metric
M(x) : Rn → Rn×n, and the natural gradient dynamics

ẋ = h(x, t) = −M−1∂xf (29)

Then, f is α-strongly g-convex in M for each t if and only
if (29) is contracting in M with rate α. In this case, the
Riemannian Hessian verifies:

H = −1

2
(Ṁ + ∂xh

TM +M∂xh) (30)

5.1 Some implications

The fundamental connection between geodesic convexity
of functions and the contraction of their natural gradi-
ent dynamics suggests the possibility to apply contrac-
tion analysis tools (most of which were not introduced
here because of the limited scope) to geodesically convex
optimization. One important application we can read-
ily make is the optimization of non-convex functions.
Geodesic convexity implies that there exists a class of
functions, sometimes ill-behaved and non-convex, which
can be made geodesically convex under a suitable met-
ric M and hence recover favorable certificates, such as
the guarantee of global minima. On the other hand, the
contraction part suggests a method for finding the global
minimum of these functions: perform a natural gradient
descent, as opposed to regular gradient descent.
Since a fixed step-size gradient descend algorithm is
equivalent to a forward Euler integration scheme for the
gradient descent dynamical system, we can analyze the
convergence from this perspective. In particular, as the
natural gradient dynamics, ẋ = h(x, t) = −M−1∂xf , are
contracting in M, and the system is autonomous, then it
converges to a stable equilibrium point. Since M is in-
vertible, this point is the unique solution to ∂xf = 0.
Now, even better than a forward Euler integration
scheme, one can use a 4th order Runge Kutta dynami-
cal system integration for the natural gradient dynamics.
We apply the above discussion on the Rosenbrock func-
tion, which is an ill-behaved non-convex function with a
single global minimum and is often used to show how good
an optimization algorithm is. The function is defined as

f(x) = 100(x2
1 − x2)2 + (x1 − 1)2 (31)

As shown in Fig. 4, its unique global minimum [1,1] is lo-
cated in a deep and narrow valley that many algorithms,
including descent algorithms, may have a hard time find-
ing it and may get stuck oscillating between the “banks”
of the valley.

We compare the performance of the gradient descent
with a Runge Kutta integration with that of the natural
gradient descent.

• As can be seen in Fig. 5, both descent methods follow
different paths to the function’s minimum. While the
regular gradient descent follows directions of steepest
descent on a flat manifold Rn, the natural gradient
follows geodesic steepest descent directions on the
no-longer-flat Rn (manifold (Rn,M)).
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Figure 4: Rosenbrock function with its global minimum
[1,1].

• The regular gradient dynamics are extremely sensi-
tive to the step size whereby it no longer converges
as soon as the step size h > 0.002, whereas the natu-
ral gradient dynamics had no trouble converging for
step sizes larger than 0.05. Concretely, this can have
a big impact on applications that require real-time
computations, such as the control of legged robots.

• As seen in Fig. 6, the convergence of the natural
gradient descent to the global minimum was 2-3 or-
ders of magnitude faster in terms of number of steps
than the regular gradient descent, which reinforces
the previous point about applications where online
performance is critical.
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Figure 6: Number of iterations to reach an accuracy of
5e-3 for the regular and the natural gradient descent.

Figure 5: Convergence paths of the regular (black or blue)
and the natural gradient descent (red), using (Top) for-
ward Euler where the longest black path is for a step size
of 0.002 and the shorter one is for a step size of 0.001,
and (Bottom) 4th order, adaptive step, Runge Kutta in-
tegration for several initial conditions.

6 Conclusion

Starting from scratch, we have in this project strived to
understand the link between two fields, geodesic convex-
ity and contraction analysis. To do so, we sought to
study and understand both fields separately, then explore
the connection. In brief, there is an interesting link be-
tween an extension to the familiar notion of convexity,
and a powerful nonlinear systems analysis theory which
warrants further investigation. In particular, methods to
compute appropriate metrics in this context are still elu-
sive.
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