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The Art of Encoding

Architectural 3D Layout
[VSMM ’07]
Henriette Bier

Edge-matching Puzzles
[LaSh ’08]

Graceful Graphs
[AAAI ’10]
Toby Walsh

Clique-Width
[SAT ’13, TOCL ’15]
Stefan Szeider

Firewall Verification
[SSS ’16]
Mohamed Gouda

Open Knight Tours
Moshe Vardi
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Van der Waerden numbers
[EJoC ’07]

Software Model Synthesis
[ICGI ’10, ESE ’13]
Sicco Verwer

Conway’s Game of Life
[EJoC ’13]
Willem van der Poel

Connect the Pairs
Donald Knuth

Pythagorean Triples
[SAT ’16, CACM ’17]
Victor Marek

Collatz conjecture [Open]
Emre Yolcu
Scott Aaronson
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Reencoding can be Highly Effective [SAT’25]
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This reencoding technique is easy to express in DRAT

However, many other techniques may be challenging
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Modifying Clausal Encodings

Many choices when encoding high-level constraints into CNF
Cardinality sequential counter, totalizer, sorting network
AMO pairwise, commander, two-product
Other circuits, XOR, all-different, . . .

Best encoding not always obvious, but hard to modify once
flattened to clauses

ℓ1 + ℓ2 + · · ·+ ℓs ≥ k → C1 ∧C2 ∧ · · ·∧Cn → C ′
1 ∧ C ′

2 ∧ · · ·∧ C ′
m

How to produce proofs for reencoding?
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Impact of Different Cardinality Encodings
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Impact of Literal Ordering in Constraints [AAAI’25]
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Sequential Counter

ℓ1 ℓ2 ℓ3 ℓ4

s1,1 s2,1 s3,1 s4,1 = o1

s2,2 s3,2 s4,2 = o2

s3,3 s4,3 = F

ℓ2 ℓ4 ℓ3 ℓ1

s ′1,1 s ′2,1 s ′3,1 s ′4,1 = o ′1

s ′2,2 s ′3,2 s ′4,2 = o ′2

s ′3,3 s ′4,3 = F

ℓ1 + ℓ2 + ℓ3 + ℓ4 ≤ 2 ℓ2 + ℓ4 + ℓ3 + ℓ1 ≤ 2

▶ Rows of auxiliary variables count true data literals

▶ Bound enforced by assigning output literal

▶ Reordering literals substantially impacts solver runtime
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Swap-based vs. SAT-based Reencoding [PoS’26]
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Reencoding Proof Generation, Size

W=0.1 Swap
W=0.5 Swap
W=0.1 SAT
W=0.5 SAT

New ordering created with 100 random literal order exchanges
Window (W) is max distance of an exchange
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Effectiveness of Symmetry Breaking [SAT’26]
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▶ Very powerful

▶ Breaks only symmetries on the CNF level

▶ Potentially many additional symmetries at higher level
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Reencoding Pipeline

CNF
Recover

constraints
Transform Reencode CNF

Recover constraints:

▶ What would be a good intermediate representation?

Transform:

▶ Determine the best encoding

▶ Apply symmetry breaking on high-level representation

Reencode:

▶ Rewrite the formula with proof

Is this even possible for inprocessing?
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How to do Proofs?

CNF
Recover

constraints
Transform Reencode CNF

Are clausal proofs too limited to express complicated reencoding?

Many questions regarding a possible alternative:

▶ What would be a good intermediate representation?

▶ How to construct a proof from CNF to that representation?

▶ How to construct a proof of the transformations?

▶ How to have an end-to-end proof from CNF to CNF?
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