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Modifying Clausal Encodings

Many choices when encoding high-level constraints into CNF
Cardinality sequential counter, totalizer, sorting network
AMO pairwise, commander, two-product
Other circuits, XOR, all-different, . . .

Best encoding not always obvious, but hard to modify once
flattened to clauses

ℓ1 + ℓ2 + · · ·+ ℓs ≥ k → C1 ∧C2 ∧ · · ·∧Cn → C ′
1 ∧ C ′

2 ∧ · · ·∧ C ′
m

This work: proof-producing reencoding of the sequential
counter encoding for cardinality constraints
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Impact of Literal Ordering in Cardinality Encodings
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Sequential Counter

ℓ1 ℓ2 ℓ3 ℓ4

s1,1 s2,1 s3,1 s4,1 = o1

s2,2 s3,2 s4,2 = o2

s3,3 s4,3 = F

ℓ2 ℓ4 ℓ3 ℓ1

s ′1,1 s ′2,1 s ′3,1 s ′4,1 = o ′1

s ′2,2 s ′3,2 s ′4,2 = o ′2

s ′3,3 s ′4,3 = F

ℓ1 + ℓ2 + ℓ3 + ℓ4 ≤ 2 ℓ2 + ℓ4 + ℓ3 + ℓ1 ≤ 2

▶ Rows of auxiliary variables count true data literals

▶ Bound enforced by assigning output literal

▶ Reordering literals substantially impacts solver runtime
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Reordering Strategies

Problem: how to derive a reordered encoding?

C1 ∧C2 ∧ · · ·∧Cn ∧ (o = F) → C ′
1 ∧ C ′

2 ∧ · · ·∧ C ′
m ∧ (o ′ = F)

Two alternatives:

▶ SAT-based
solve: C1 ∧ · · ·∧Cn ∧ (o = F)∧C ′

1 ∧ · · ·∧C ′
m ∧ (o ′ = T)

▶ C ′
1 . . .C ′

m are RAT, Derive bound o ′ = F
▶ relies on a SAT solver

▶ Swap-based — swap adjacent columns, use bubble sort
by-hand LRAT generation
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Swapping Columns
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... (3)
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Swap Procedure

di−1

si−1,1

...

si−1,k

di+1

s ′i,1

...

s ′i,k

di

s ′i+1,1

...

s ′i+1,k

di+2

si+2,1

...

si+2,k

Coli−1 Col ′i Col ′i+1 Coli+2

1 2 4

3

Swap di and di+1:
1 add defs for s ′i,· 2 add defs for s ′i+1,·
3 add equiv. s ′i+1,· ↔ si+1,· 4 connect s ′i+1,· to si+2,·

5 delete original si,· and si+1,·
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Swap-based vs. SAT-based reencoding
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Vertex Cover Problems

▶ Family of hard vertex cover problems

▶ One large cardinality constraint
(bound determines SAT/UNSAT)

▶ Generated using low degree

▶ Variable ordering dramatically impacts solver runtime
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Vertex Cover Orderings

Node color = position in literal order (low high)

Adversarial order Proximity order
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Solver Runtime and Proof Size
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Limitations

▶ Sequential counter specific — procedure relies on grid
structure

▶ Only variable reordering — not a general reencoding tool

▶ More general SAT approach prohibitively expensive

▶ Need to know the clausal encoding — given as input or
recovered via extraction
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Future Work

▶ More encoding structures
▶ totalizer — potentially faster, non-trivial extension

▶ Stronger proof systems
▶ PR, SR — possibly multiple swaps at once

▶ Inprocessing — modify encodings on the fly

▶ Different constraint types — AMOs, circuits, . . .

Repository: https://github.com/jreeves3/
Certified-Cardinality-Reordering
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