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Introduction: Recap FOL

Undecidable
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Introduction: Recap FOL

Undecidable
» No single algorithm decides on all formulas
» E.g., no decision procedure for non-linear integer arithmetic

Refutationally complete
» Decision procedures for valid /unsatisfiable formulas
» E.g., pure FOL formulas with universal sentences
» The algorithm could run forever on satisfiable formulas

Decidable
» Decision procedures for all formulas in a FOL fragment
» E.g., Presburger arithmetic, uninterpreted functions
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Introduction: Differences FOL and Propositional Logic

Decidable
» Propositional logic is decidable
» Only some fragments of FOL are decidable

Compexity of resolution
» Variable elimination determines satisfiability in Prop
» Clauses can produce infinitely many resolvents in FOL

> E.g. Vx. =P(x) V P(f(x))

Properties of resolution

» In Prop, resolving on multiple clashing pairs — tautology
» In FOL, literals may be merged

> Eg. Vy. =S(a,y)V—=S(y,y) and Vz. S(z,2) V S(a,z)
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Herbrand's Theorem
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The Big Picture

We turn a FOL formula of universal sentences into a (typically
infinite) propositional formula and have the following:

» The propositional formula is satisfiable iff every finite
subset of the formula is satisfiable (Compactness Lemma).

» The satisfying assignment of the (possibly infinite)
propositional formula can be turned into a (possibly
infinite) model of the FOL formula (Herbrand’'s Theorem).

» If a finite set of the propositional formula is unsatisfiable,
then the FOL formula is unsatisfiable (Lifting Lemma).
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Compactness Lemma (Propositional Logic)

Theorem (Compactness)

Let T be any partial truth assignment, and suppose that every
finite subset of ' is satisfied by a truth assignment that
extends T. Then for every propositional variable p;, either
every finite subset of I is satisfied by a truth assignment that
extends T[p; — T| or every finite subset of T is satisfied by a
truth assignment that extends T[p; — L].
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Compactness Lemma (Propositional Logic)

Theorem (Compactness)

Let T be any partial truth assignment, and suppose that every
finite subset of ' is satisfied by a truth assignment that
extends T. Then for every propositional variable p;, either
every finite subset of I is satisfied by a truth assignment that
extends T[p; — T| or every finite subset of T is satisfied by a
truth assignment that extends T[p; — L].

Proof.

Suppose otherwise. Then there is a finite subset I'g of I" that

is not satisfied by any truth assignment that extends T[p; — T]
and there is a finite subset I'1 of I" that is not satisfied by any
truth assignment that extends T[p; — L]|. Then there is no
truth assignment extending T that satisfies I'y U T'q, because
any such truth assignment has to assign T or L to p;. O]
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Herbrand’s Theorem

Theorem

Let I be a set of universal first-order formulas in a language
that contains at least one constant. Suppose every finite set of
ground instances of formulas in I is satisfiable as a set of
propositional formulas. Then there exists a model of T'.
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Herbrand’s Theorem

Theorem

Let I be a set of universal first-order formulas in a language
that contains at least one constant. Suppose every finite set of
ground instances of formulas in I is satisfiable as a set of
propositional formulas. Then there exists a model of T'.

Theorem (Herbrand's Theorem)

Let A =Vxq...x5. Ay /\...\NA,, be a clause normal form
formula with constant and function symbols from .. Let ¥." be
the set of ground terms that can be made from symbols in X.

A Is unsatisfiable if and only if there is a finite set I" where:

» Each element in T is a clause A;[t1/x1, .. .tq/Xu] where
1<i<mandt;...t,ex’.

» If each distinct literal in I is interpreted as a unique prop
variable, then I' is unsatisfiable in prop logic.
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Herbrand Model

Herbrand universe: set of all ground terms

Example

Consider I' := Vx,y. (f(x) #c) N (f(x) #f(y) Vx =1y).
The Herbrand universe of T"is [ := {c,f(c),f(f(¢c),...}.
The Herbrand universe can be infinite while I' is finite.
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Herbrand Model

Herbrand universe: set of all ground terms

Example

Consider I' := Vx,y. (f(x) #c) N (f(x) #f(y) Vx =1y).
The Herbrand universe of T"is [ := {c,f(c),f(f(¢c),...}.
The Herbrand universe can be infinite while I' is finite.

Herbrand model: interpret each constant/function as itself
» ™ is interpreted as ¢
» f(ty, ..., t,) is interpreted as f(ty, ..., t,)
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Transforming FOL to Propositional Logic

Example

Let T := Vax, . ~R(f(x), &) A (<R(F(x),f(1)) V R(x, ).

The Herbrand universe of T'is [ := {c,f(c),f(f(c),...}.
I' can be transformed into the (infinite) propositional formula:

“PRf(0),0) N (TPR7(0)£(0) VY PREce)) x=cy=c

PRG0N CPREGEO)F0) VY PRE\(0).0) /N X =flc)y=c
“PrF(0).0) N (PRI £ Y PREf)) /N X =y =f(c)
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Transforming FOL to Propositional Logic

Example

Let T := Vx,y. =R(f(x),c) A (—R(f(x),f(y)) VR(x,v)).

The Herbrand universe of T'is [ := {c,f(c),f(f(c),...}.

I' can be transformed into the (infinite) propositional formula:
“PrEF),0) /N (PR £(0)) Y PRce)) /N x=cy=c
“PRe{(F)0) N CPREGE) ) Y PRf(0).0)) N X =fle)y=c
“PrRife)e) N CPRE@ S (7)) VY PREcf(e)) N X =y =f(c)

The equality relation needs special attention
» Replace it with a new relation, say E(x,v)
» Enforce symmetry, transitivity, and congruence
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Proof of Herbrand’'s Theorem

Suppose every finite set of ground instances of the formulas in
I' is satisfiable as a set of propositional formulas. Then, by the
compactness theorem for propositional logic, there is a truth
assignment T that satisfies all the ground instances of the
formulas in T
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Proof of Herbrand’'s Theorem

Suppose every finite set of ground instances of the formulas in
I' is satisfiable as a set of propositional formulas. Then, by the
compactness theorem for propositional logic, there is a truth
assignment T that satisfies all the ground instances of the
formulas in T

We look to T to determine the truth of the atomic formulas in
the language of I'. Let 9t be the Herbrand model of T.

For every R, we define R™ to hold iff T(R(t,...,t,)) is true.
In other words, first-order evaluation in the model 91 is the
same as propositional evaluation under the truth assignment T.

Logic and Mechanized Reasoning 12 /29



Proof of Herbrand’'s Theorem

Suppose every finite set of ground instances of the formulas in
I' is satisfiable as a set of propositional formulas. Then, by the
compactness theorem for propositional logic, there is a truth
assignment T that satisfies all the ground instances of the
formulas in T

We look to T to determine the truth of the atomic formulas in
the language of I'. Let 9t be the Herbrand model of T.

For every R, we define R™ to hold iff T(R(t,...,t,)) is true.
In other words, first-order evaluation in the model 91 is the
same as propositional evaluation under the truth assignment T.

Since the universe of 9t consists of ground terms, a formula
Vx1,..., X5 Ain T is true in O iff for every t1,...,t,, Ais
true under the assignment {x1 — t1,...,x, — t,}. By the
definition of 901, this is the case iff T(A(t1,...,t,)) is true.
This holds as T satisfies every ground instance of a formula in I'.
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Lifting Lemma

If a finite set of the propositional formula is unsatisfiable, then
the FOL formula is unsatisfiable.
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Lifting Lemma

If a finite set of the propositional formula is unsatisfiable, then
the FOL formula is unsatisfiable.

Lemma (Lifting Lemma)

Let A=Vxq,...,x,. A1/\.../\Ay, be a clause normal form
formula with constant and function symbols from %.. Let ¥ be
the set of ground terms that can be made from symbols in X.

Let T be a set where each element is a clause
Ailt1/xq,.. . th/xy| wherel <i<mandt|...t, €X'

If each distinct literal in T is interpreted as a unique
propositional variable, then any propositional resolution
refutation of I' can be transformed into a first-order resolution
refutation of A.
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Using FOL Theorem Provers
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Using FOL Theorem Provers: Aunt Agatha

Someone who lives in Dreadbury Mansion killed Aunt Agatha. Agatha,
the butler, and Charles live in Dreadbury Mansion, and are the only
people who live therein. A killer always hates his victim, and is never
richer than his victim. Charles hates no one that Aunt Agatha hates.
Agatha hates everyone except the butler. The butler hates everyone not
richer than Aunt Agatha. The butler hates everyone Aunt Agatha hates.
No one hates everyone. Agatha is not the butler.

Who killed Aunt Agatha?
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Using FOL Theorem Provers: Aunt Agatha

Someone who lives in Dreadbury Mansion killed Aunt Agatha. Agatha,
the butler, and Charles live in Dreadbury Mansion, and are the only
people who live therein. A killer always hates his victim, and is never
richer than his victim. Charles hates no one that Aunt Agatha hates.
Agatha hates everyone except the butler. The butler hates everyone not
richer than Aunt Agatha. The butler hates everyone Aunt Agatha hates.
No one hates everyone. Agatha is not the butler.

Who killed Aunt Agatha?

def aunt_agatha_hypotheses : List FOForm := [

fo!{3 x. lives_at_dreadbury(%x) A killed(%x, agatha)}

fo!{V x. lives_at_dreadbury(%x) e (%x = agatha v %x = butler v %x = charles)},
fo!{V x. ¥ y. killed(%x, %y) - hates(%x, %y)},

fo!{V x. V y. killed(%x, %y) - = richer(%x, %y)},

fo!{V x. hates(charles, %x) - - hates(agatha, %x)},

fo!{V x. - hates(agatha, %x) « %x = butler},

fo!{V x. - richer(%x, agatha) - hates(butler, %x)},

fo!{V x. hates(agatha, %x) - hates(butler, %x)},

fo!{V x. 3 y. - hates(%x, %y)},

fo!{- agatha = butler}
]
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Using FOL Theorem Provers: Aunt Agatha in Lean

Examples/using_first_order_theorem_provers/aunt_agatha.lean

def aunt_agatha_hypotheses : List FOForm := [

fo!{3
fol!{V
fo!{v
fo!{V
fol{V
fo!{V
fol!{V
fo!{v
fo!{V
fo!{-

. lives_at_dreadbury(%x) A killed(%x, agatha)},

. Y y. killed(%x, %y) - hates(%x, %y)},
. ¥V y. killed(%x, %y) - - richer(%x, %y)},
. hates(charles, %x) - - hates(agatha, %x)},
. - hates(agatha, %x) ¢ %x = butler},
. - richer(%x, agatha) - hates(butler, %x)},
. hates(agatha, %x) - hates(butler, %x)},
3 y. - hates(%x, %y)},
agatha = butler}

X X X X X X X X X

Did the butler kill aunt Agatha?

Logic and Mechanized Reasoning

. lives_at_dreadbury(%x) e (%x = agatha v %x = butler v %x = charles)},
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Using FOL Theorem Provers: Raymond Smullyan

In an article called “The Asylum of Doctor Tarr and Professor
Fether,” Raymond Smullyan tells of an investigation of 11
insane asylums by Inspector Craig of Scotland Yard.

In each of these asylums, every inhabitant x is either a doctor
(Doctor(x)) or a patient (—Doctor(x)), and every inhabitant
is either sane (Sane(x)) or insane (—Sane(x)).

The sane inhabitants are totally sane and the insane
inhabitants are totally insane, in the following sense:

for any proposition P,

a sane inhabitant believes P if and only if P is true,

and an insane inhabitant believes P if and only if P is false.
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Using FOL Theorem Provers: The 8th Asylum

1. Some of the inhabitants are teachers of other inhabitants.
Each inhabitant has at least one teacher.
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Logic and Mechanized Reasoning 18 / 29



Using FOL Theorem Provers: The 8th Asylum

1. Some of the inhabitants are teachers of other inhabitants.
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Vx. Jy. Teaches(y, x)

2. There is one inhabitant who trusts all the patients but
does not trust any of the doctors.
Jx. Vy. —=Doctor(y) « Trusts(x, y)

3. No inhabitant x is willing to be a teacher of an inhabitant
Y unless x believes that y trusts himself.
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Using FOL Theorem Provers: The 8th Asylum

1. Some of the inhabitants are teachers of other inhabitants.
Each inhabitant has at least one teacher.
Vx. Jy. Teaches(y, x)

2. There is one inhabitant who trusts all the patients but
does not trust any of the doctors.
Jx. Vy. —=Doctor(y) « Trusts(x, y)

3. No inhabitant x is willing to be a teacher of an inhabitant
Y unless x believes that y trusts himself.
Vx,y. Teaches(x,y) — (Sane(x) < Trusts(y,y))

4. For any inhabitant x there is an inhabitant y who trusts all
and only those inhabitants who have at least one teacher
who is trusted by x.
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Using FOL Theorem Provers: The 8th Asylum

1.

Some of the inhabitants are teachers of other inhabitants.
Each inhabitant has at least one teacher.
Vx. Jy. Teaches(y, x)

. There is one inhabitant who trusts all the patients but

does not trust any of the doctors.
Jx. Vy. —=Doctor(y) « Trusts(x,y)

No inhabitant x is willing to be a teacher of an inhabitant
Y unless x believes that y trusts himself.
Vx,y. Teaches(x,y) — (Sane(x) < Trusts(y,y))

For any inhabitant x there is an inhabitant y who trusts all
and only those inhabitants who have at least one teacher
who is trusted by x.

Vx. Jy. Vz. Trusts(y,z) «» Jw. Teaches(w, z) /A Trusts(x, w)
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Using FOL Theorem Provers: The 8th Asylum in Lean

Examples/using_first_order_theorem_provers/asylum_eight.lean

def asylum_eight_hypotheses : List FOForm := [
fo!{V x. 3 y. Teaches(%y, %x)},
fo!{V x. V y. Teaches(%x, %y) - (Sane(%x) o Trusts(sy, %y))},
fo!{V x. 3 y. V z. Trusts(%y, %z) 3 w. Teaches(%w, %z) A Trusts(%x, %w)},
fo!{3 x. ¥ y. = Doctor(%y) e Trusts(%x, %y)}
1

def asylum_eight_conclusion :=
fo!{3 x. Doctor(%x) e = Sane(%x)}

#eval (do
discard <| callVampireTptp asylum_eight_hypotheses asylum_eight_conclusion
(verbose := true)
: I0 Unit)
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Try at Home

Refute the 8th Asylum using resolution
» Skolemize the formula

» Turn it into CNF

» Negate the conclusion

Encode the Last Asylum in Lean
» The description is in Section 17.3 of the textbook
» Solve it using Vampire
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Case Study: Quantified Equality Problems
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Quantifier-Free Equality Problems

So far, we have considered only quantifier-free formulas when

reasoning about equivalence.

Example

fla)y=a A f(a)=a N fa) #a

Recall that we used four rules:

» Reflexivity t =t

» Symmetry s=t
t=s

» Transitivity r=s s=t
r=t

» Congruence s1 =1 e Sn = tn

f(Sl,. . .,Sn) :f(tl,. ..

Logic and Mechanized Reasoning
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Quantifier-Free Equality Problems

So far, we have considered only quantifier-free formulas when

reasoning about equivalence.

Example

fla)y=a A f(a)=a N fa) #a

Recall that we used four rules:

» Reflexivity t =t

» Symmetry s=t
t=s

» Transitivity r=s s=t
r=t

» Congruence s1 =1 e Sn = tn

f(Sl,. . .,Sn) :f(tl,. . .,tn)

What happens when we include quantifiers?

Logic and Mechanized Reasoning
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Quantified Equality, Simplified Superposition
SAT solver doesn't use substitution, in contrast to FOL solvers
If we know that two terms are equal, we may substitute one

for the other inside a larger term

Example

Consider the following formula
> Vx. f(x) =a

> Vx. g(x,f (b)) =c¢
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Quantified Equality, Simplified Superposition
SAT solver doesn't use substitution, in contrast to FOL solvers
If we know that two terms are equal, we may substitute one

for the other inside a larger term

Example

Consider the following formula
> Vx. f(x) =a

> V. g(x, f(b)) = ¢

Superposition can derive Vx. g(x,a) = ¢ by
» Unify the equations (x — b), creating f(b) =a
» And using the new equation to substitue f(b) by a
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Quantified Equality, Simplified Superposition
SAT solver doesn't use substitution, in contrast to FOL solvers

If we know that two terms are equal, we may substitute one
for the other inside a larger term

Example

Consider the following formula
> Vx. f(x) =a

> V. g(x, f(b)) = ¢

Superposition can derive Vx. g(x,a) = ¢ by
» Unify the equations (x — b), creating f(b) =a
» And using the new equation to substitue f(b) by a

This is known as superposition and is a core inference rule
used in first-order theorem provers.
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Quantified Equality, Easy Example

Example
Is the following formula satisfiable?

> Vx,y. x =f(x,y)
> x,y,z. x £ f(x,f(y,f(f(z,x),y))))
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Quantified Equality, Easy Example

Example
Is the following formula satisfiable?

> Vx,y. x =f(x,y)
> x,y,z. x £ f(x,f(y,f(f(z,x),y))))

Keep applying the superposition after Skolemization

a # f(a,f(b,f(f(ca),b)))) =

Logic and Mechanized Reasoning 24 /29



Quantified Equality, Easy Example

Example
Is the following formula satisfiable?

> Vx,y. x =f(x,y)
> x,y,z. x £ f(x,f(y,f(f(z,x),y))))

Keep applying the superposition after Skolemization

a #f(a,f(b,f(f(ca),0))) = flaff(flcb))))
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Quantified Equality, Easy Example

Example
Is the following formula satisfiable?

> Vx,y. x =f(x,y)
> 3x,y,z. x # f(x.f(y.f(f(z,x),y))))

Keep applying the superposition after Skolemization

a# fa f(bf(f(ca),0)) = flaf(bf(fcb))))
= fla,f(bf(c)))
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Quantified Equality, Easy Example

Example
Is the following formula satisfiable?

> Vx,y. x =f(x,y)
> 3x,y,z. x # f(x.f(y.f(f(z,x),y))))

Keep applying the superposition after Skolemization

a# fa f(bf(f(ca),0)) = flaf(bf(fcb))))
= fla,f(bf(c)))
f(a,f (b))
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Quantified Equality, Easy Example

Example
Is the following formula satisfiable?

> Vx,y. x =f(x,y)
> 3x,y,z. x # f(x.f(y.f(f(z,x),y))))

Keep applying the superposition after Skolemization

a# fa f(bf(f(ca),0)) = flaf(bf(fcb))))
= fla,f(bf(c)))
f(a,f (b))

= a

This results in a contradiction; the formula is unsatisfiable.
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Quantified Equality, Hard Example

Example
Is the following formula satisfiable?

> Vx,y,z. X :f(x/f(y/f(f(zfx)/y))))
> 3x,y. x #f(xy)
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Quantified Equality, Hard Example

Example
Is the following formula satisfiable?

> Vx,y,z. x =f(x,f(y,.f(f(zx),y))))
> 3x,y. x #f(x,y)

No short proof is known. Terry Tao posed it as a challenge,
using a slightly different formulation:

Vx,y,z. x =x0 (yo ((zox)oy)) = Vx,y.x =x0y

» This uses ¢ as a binary function
» The implication holds if the original was UNSAT
https://teorth.github.io/equational_theories/
implications/
P examine: equation 650 implies equation 488
Logic and Mechanized Reasoning 25 / 29
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Quantified Equali

import LAMR.

def eq4
def eq488
def eq650

#eval (do
discard <|
: I0 Unit)

#eval (do
discard <|
: I0 Unit)

#eval (do
discard <|
: I0 Unit)

#eval (do
discard <|
: I0 Unit)

1= fo!{V¥x.Vy. %X

ty, Hard Example in Lean

Util.FirstOrder.Atp

f(%x,%y)}
f(%x, f(%y, f(%z,f(%x,%z))))}
f(%x, f(%y, f(f(%z,%x),%y)))}

fo!{Vx.Vy.Vz. %x
fo!{Vx.Vy.Vz. %x

callVampireTptp [eq4] eq650 (verbose := true)

callVampireTptp [eq650] eq4 (verbose := true)

callVampireTptp [eq650] eq488 (verbose := true)

callVampireTptp [eq488] eq650 (verbose := true)

Logic and Mechanized Reasoning
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Quantified Equality, Proof Minimization Paper

Tao’s Equational Proof Challenge Accepted

Lydia Kondylidou!®, Jasmin Blanchette!®, and Marijn J.H. Heule?

! Ludwig-Maximilians-Universitst Miinchen, Munich, Germany
{1.kondylidou, jasmin.blanchette}@lmu.de
2 Carnegie Mellon University, Pittsburgh, United States
marijn@cmu.edu

Abstract. In the context of the Equational Theories Project, Terence
Tao posed the challenge of finding alternatives to a complicated 62-step
proof found by the Vampire superposition prover. We introduce a proof
minimization tool called Krympa. Using a combination of brute force and
heuristics, and exploiting both Vampire and the Twee equational prover,
the tool reduces the 62-step proof to 20 steps, each corresponding to a
rewrite. In an empirical evaluation, it also performs well on 1431 equa-
tional problems originating from the same project, reducing in particular
a 151-step proof to only 10 steps.

Keywords: Theorem provers - Equational logic - Proof minimization.
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Quantified Equality, Proof Minimization Overview

Use two solvers with complementary performance:
» Vampire (superposition)
» Twee (equational reasoning)

Mix and match lemmas to get a shorter and shorter proof
» Provide lemmas from one tool as axioms in the other
» Generalize lemmas allowing more frequent reuse

Big reductions, including
> €947 — e3897: from 151 to 10 steps
P> 3957 — e3971: from 141 to 23 steps

Logic and Mechanized Reasoning 28 / 29



Quantified Equality, Proof Minimization Result in Lean

class Magma (o : Type _) where
op:a-a-a

infix:65 " ¢ " => Magma.op

abbrev Equation650 (G: Type _) [Magma G]

abbrev Equation448 (G: Type _) [Magma G] :

Logic and Mechanized Reasoning

Vxyz:

VXxyz:

G, x

G, x

x o (yo ((zox)oy))

xo (yo(zo(xo2)))
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