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REMINDER: MAP
EXAMPLE: BETA PRIOR FOR BERNOULLI LIKELIHOOD
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The MAP Estimation Objective
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MLE:

MAP:

likelihood
posterior

Bayes Rule



Recipe for Closed-form MLE
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1. Assume data was generated iid from some model, i.e., write 
the generative story
        x(i) ~ p(x|θ)

2. Write the log-likelihood
 ℓ(θ) = log p(x(1)|θ) + … + log p(x(N)|θ)

3. Compute partial derivatives, i.e., the gradient
 𝜕 ℓ(θ)/𝜕θ1         = …
 …
 𝜕 ℓ(θ)/𝜕θM = …

4. Set derivatives equal to zero and solve for θ
 𝜕 ℓ(θ)/𝜕θm = 0 for all m ∈ {1, …, M}
 θMLE = solution to system of M equations and M variables

5. Compute the second derivative and check that ℓ(θ) is 
concave down at θMLE 



1. Assume data was generated iid from some model, i.e., write 
the generative story
 θ ~ p(θ) and then for all i: x(i) ~ p(x|θ) 

2. Write the log posterior
  ℓMAP(θ) = log p(x(1)|θ) + … + log p(x(N)|θ) + log p(θ)

3. Compute partial derivatives, i.e., the gradient
 𝜕 ℓMAP(θ)/𝜕θ1 = …
 …
 𝜕 ℓMAP(θ)/𝜕θM = …

4. Set derivatives to equal zero and solve for θ
 𝜕 ℓMAP(θ)/𝜕θm = 0 for all m ∈ {1, …, M}
 θMAP = solution to system of M equations and M variables

5. Compute the second derivative and check that ℓMAP(θ) is 
concave down at θMAP 7

Recipe for Closed-form MAP



MAP
EXAMPLE: BETA PRIOR FOR BERNOULLI LIKELIHOOD
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The Prior Distribution

• The prior distribution encodes domain knowledge about the 
problem.

• Question: Why do we use the Beta distribution as the prior 
for the Bernoulli?

• Reason #1: It has the right support, i.e. [0,1].
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Example: Beta prior “fair coin” Example: Beta prior “unfair coin”
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The Prior Distribution

• The prior distribution encodes domain knowledge about the 
problem.

• Question: Why do we use the Beta distribution as the prior 
for the Bernoulli?

• Reason #2: The Beta is a conjugate prior for the Bernoulli.
• Definition: A distribution is the conjugate prior of a 

likelihood if the form of the posterior is the same as the form 
of the prior.
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Posterior
p(θ | D)

Likelihood
p(D | θ)

Prior
p(θ)

Conjugate?

Beta Bernoulli Beta yes

Dirichlet Multinomial Multinomial yes

Gaussian Guassian Guassian yes

Gamma Exponential Gamma yes

?? Multinomial Logistic Normal no



MLE of Bernoulli Model
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Log-likelihood:



MAP of Beta-Bernoulli Model
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MAP of Beta-Bernoulli Model
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MAP of Beta-Bernoulli Model
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MAP of Beta-Bernoulli Model
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“fair 
coin”
prior

“unfair 
coin”
prior



MLE for Linear Regression
Optimization Method #2: 
Closed Form

1. Evaluate 

2. Return θMLE
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θ1

θ2

θ1 θ2 J(θ1, θ2)
0.59 0.43 0.2

x

y

y = h*(x)
(unknown)

t
MLE

h(x; θ(MLE))

J(θ) = J(θ1, θ2) = (10(θ1 – 0.5))2 + (6(θ1 – 0.4))2

1. You’ll work 
through the view 
of linear 
regression as a 
probabilistic 
model in the 
homework!

2. You’ll also see 
how L1 and L2 
regularization is 
equivalent MAP 
estimation



Takeaways

• One view of what ML is trying to accomplish is function 
approximation

• The principle of maximum likelihood estimation provides an 
alternate view of learning

• Synthetic data can help debug ML algorithms

• Probability distributions can be used to model real data that 
occurs in the world
(don’t worry we’ll make our distributions more interesting 
soon!)
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Learning Objectives

MLE / MAP
You should be able to…
1. Recall probability basics, including but not limited to: discrete and 

continuous random variables, probability mass functions, probability density 
functions, events vs. random variables, expectation and variance, joint 
probability distributions, marginal probabilities, conditional probabilities, 
independence, conditional independence

2. Describe common probability distributions such as the Beta, Dirichlet, 
Multinomial, Categorical, Gaussian, Exponential, etc.

3. State the principle of maximum likelihood estimation and explain what it 
tries to accomplish

4. State the principle of maximum a posteriori estimation and explain why we 
use it

5. Derive the MLE or MAP parameters of a simple model in closed form
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THE BIG PICTURE

20



ML Big Picture
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Learning Paradigms:
What data is available and 
when? What form of prediction?
• supervised learning
• unsupervised learning
• semi-supervised learning
• reinforcement learning
• active learning
• imitation learning
• domain adaptation
• online learning
• density estimation
• recommender systems
• feature learning
• manifold learning
• dimensionality reduction
• ensemble learning
• distant supervision
• hyperparameter optimization

Learning Paradigms:
What data is available and 
when? What form of prediction?
• supervised learning
• unsupervised learning
• semi-supervised learning
• reinforcement learning
• active learning
• imitation learning
• domain adaptation
• online learning
• density estimation
• recommender systems
• feature learning
• manifold learning
• dimensionality reduction
• ensemble learning
• distant supervision
• hyperparameter optimization

Problem Formulation:
What is the structure of our output prediction?

 

Problem Formulation:
What is the structure of our output prediction?

 

boolean Binary Classification

categorical Multiclass Classification

ordinal Ordinal Classification

real Regression

ordering Ranking

multiple discrete Structured Prediction

multiple continuous (e.g. dynamical systems)

both discrete & 
cont.

(e.g. mixed graphical models)

Theoretical Foundations:

What principles guide learning?

❑ probabilistic

❑ information theoretic

❑ evolutionary search

❑ ML as optimization

Theoretical Foundations:

What principles guide learning?

❑ probabilistic

❑ information theoretic

❑ evolutionary search

❑ ML as optimization

Facets of Building ML 
Systems:
How to build systems that are 
robust, efficient, adaptive, 
effective?
1. Data prep 
2. Model selection
3. Training (optimization / 

search)
4. Hyperparameter tuning on 

validation data
5. (Blind) Assessment on test 

data

Facets of Building ML 
Systems:
How to build systems that are 
robust, efficient, adaptive, 
effective?
1. Data prep 
2. Model selection
3. Training (optimization / 

search)
4. Hyperparameter tuning on 

validation data
5. (Blind) Assessment on test 

data

Big Ideas in ML:

Which are the ideas driving 
development of the field?

• inductive bias

• generalization / overfitting

• bias-variance decomposition

• generative vs. discriminative

• deep nets, graphical models

• PAC learning

• distant rewards

Big Ideas in ML:

Which are the ideas driving 
development of the field?

• inductive bias

• generalization / overfitting

• bias-variance decomposition

• generative vs. discriminative

• deep nets, graphical models

• PAC learning

• distant rewards
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Classification and Regression: The Big Picture
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Backpropagation and Deep Learning

Convolutional neural networks (CNNs) and recurrent neural 
networks (RNNs) are simply fancy computation graphs (aka. 

hypotheses or decision functions).

Our recipe also applies to these models and (again) relies on 
the backpropagation algorithm to compute the necessary 

gradients.
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BACKGROUND: COMPUTER VISION
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Example: Image Classification

• ImageNet LSVRC-2011 contest: 
– Dataset: 1.2 million labeled images, 1000 classes
– Task: Given a new image, label it with the correct class
– Multiclass classification problem

• Examples from http://image-net.org/

25
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Feature Engineering for CV
Edge detection (Canny)

29
Figures from http://opencv.org

Corner Detection (Harris) Scale Invariant Feature Transform (SIFT)

Figure from Lowe (1999) and Lowe (2004)



Example: Image Classification

30

AlexNet – a CNN for Image Classification
(Krizhevsky, Sutskever & Hinton, 2012)
15.3% error on ImageNet LSVRC-2012 contest

Input 
image 

(pixels)

• Five convolutional layers 
(w/max-pooling)

• Three fully connected layers

1000-way 
softmax



CNNs for Image Recognition

31
Slide from Kaiming He



Feed-forward Neural Networks for Computer Vision

32



Feed-forward Neural Networks for Computer Vision
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CONVOLUTIONAL NEURAL NETS
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A Recipe for 
Machine Learning

3. Define goal:

37

4. Train with SGD:

(take small steps 
opposite the gradient)

1. Given training data:

2. Choose each of these:

– Decision function

– Loss function



A Recipe for 
Machine Learning

3. Define goal:

38

4. Train with SGD:

(take small steps 
opposite the gradient)

1. Given training data:

2. Choose each of these:

– Decision function

– Loss function

• Convolutional Neural Networks (CNNs) provide 
another form of decision function

• Let’s see what they look like…

• Convolutional Neural Networks (CNNs) provide 
another form of decision function

• Let’s see what they look like…



Convolutional Layer
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0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

.4 .5 .5 .5 .4

.4 .2 .3 .6 .3

.5 .4 .4 .2 .1

.5 .6 .2 .1 0

.4 .3 .1 0 0

θ11 θ12 θ13

θ21 θ22 θ23

θ31 θ32 θ33

Learned
Convolution

Input Image

Convolved Image

CNN key idea: 
Treat convolution matrix as 
parameters and learn them!

CNN key idea: 
Treat convolution matrix as 
parameters and learn them!



CONVOLUTION
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2D Convolution

• Basic idea:
– Pick a 2x2 matrix F of weights (called a kernel or convolution matrix)
– Slide this over an image and compute the “inner product” (similarity) of F and the 

corresponding field of the image, and replace the pixel in the center of the field with the 
output of the inner product operation

• Key point:
– Different convolutions extract different types of low-level “features” from an image
– All that we need to vary to generate these different features is the weights of F

Slide adapted from William Cohen

Example: 1 input channel, 1 output channel

Input Kernel Output



2D Convolution
• Pick a 2x2 matrix F of weights (called a kernel or convolution matrix)
• Slide this over an image and compute the “inner product” (similarity) of F and the corresponding field of the 

image, and replace the pixel in the center of the field with the output of the inner product operation

42

0 0 0

0 1 1

0 1 0

Convolution

Input Image

Convolved Image0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

3 2 2 3 1

2 0 2 1 0

2 2 1 0 0

3 1 0 0 0

1 0 0 0 0



2D Convolution
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Convolution

Input Image

Convolved Image0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

3 2 2 3 1

2 0 2 1 0

2 2 1 0 0

3 1 0 0 0

1 0 0 0 0

0 0 0

0 1 1

0 1 0

• Pick a 2x2 matrix F of weights (called a kernel or convolution matrix)
• Slide this over an image and compute the “inner product” (similarity) of F and the corresponding field of the 

image, and replace the pixel in the center of the field with the output of the inner product operation



2D Convolution
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Convolution

Input Image

Convolved Image0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

3 2 2 3 1

2 0 2 1 0

2 2 1 0 0

3 1 0 0 0

1 0 0 0 0

• Pick a 2x2 matrix F of weights (called a kernel or convolution matrix)
• Slide this over an image and compute the “inner product” (similarity) of F and the corresponding field of the 

image, and replace the pixel in the center of the field with the output of the inner product operation



2D Convolution
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Convolution

Input Image

Convolved Image0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

3 2 2 3 1

2 0 2 1 0

2 2 1 0 0

3 1 0 0 0

1 0 0 0 0

• Pick a 2x2 matrix F of weights (called a kernel or convolution matrix)
• Slide this over an image and compute the “inner product” (similarity) of F and the corresponding field of the 

image, and replace the pixel in the center of the field with the output of the inner product operation



2D Convolution
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Convolution

Input Image

Convolved Image0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

3

• Pick a 2x2 matrix F of weights (called a kernel or convolution matrix)
• Slide this over an image and compute the “inner product” (similarity) of F and the corresponding field of the 

image, and replace the pixel in the center of the field with the output of the inner product operation



2D Convolution
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Convolution

Input Image

Convolved Image0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

3 2

• Pick a 2x2 matrix F of weights (called a kernel or convolution matrix)
• Slide this over an image and compute the “inner product” (similarity) of F and the corresponding field of the 

image, and replace the pixel in the center of the field with the output of the inner product operation



2D Convolution
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Convolution

Input Image

Convolved Image0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

3 2 2

• Pick a 2x2 matrix F of weights (called a kernel or convolution matrix)
• Slide this over an image and compute the “inner product” (similarity) of F and the corresponding field of the 

image, and replace the pixel in the center of the field with the output of the inner product operation



2D Convolution
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Convolution

Input Image

Convolved Image0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

3 2 2 3

• Pick a 2x2 matrix F of weights (called a kernel or convolution matrix)
• Slide this over an image and compute the “inner product” (similarity) of F and the corresponding field of the 

image, and replace the pixel in the center of the field with the output of the inner product operation



2D Convolution
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Convolution

Input Image

Convolved Image0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

3 2 2 3 1

• Pick a 2x2 matrix F of weights (called a kernel or convolution matrix)
• Slide this over an image and compute the “inner product” (similarity) of F and the corresponding field of the 

image, and replace the pixel in the center of the field with the output of the inner product operation



2D Convolution
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Convolution

Input Image

Convolved Image0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

3 2 2 3 1

2

• Pick a 2x2 matrix F of weights (called a kernel or convolution matrix)
• Slide this over an image and compute the “inner product” (similarity) of F and the corresponding field of the 

image, and replace the pixel in the center of the field with the output of the inner product operation



2D Convolution
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Convolution

Input Image

Convolved Image0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

3 2 2 3 1

2 0

• Pick a 2x2 matrix F of weights (called a kernel or convolution matrix)
• Slide this over an image and compute the “inner product” (similarity) of F and the corresponding field of the 

image, and replace the pixel in the center of the field with the output of the inner product operation



2D Convolution
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Convolution

Input Image

Convolved Image0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

3 2 2 3 1

2 0 2 1 0

2 2 1 0 0

3 1 0 0 0

1 0 0 0 0

• Pick a 2x2 matrix F of weights (called a kernel or convolution matrix)
• Slide this over an image and compute the “inner product” (similarity) of F and the corresponding field of the 

image, and replace the pixel in the center of the field with the output of the inner product operation



PADDING
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Padding

Suppose you want to preserve the size of the original input image in 
your convolved image.
You can accomplish this by padding your input image with zeros.
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Identity 
Convolution

Input Image

Convolved Image

0 0 0

0 1 0

0 0 0

0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

1 1 1 1 1

1 0 0 1 0

1 0 1 0 0

1 1 0 0 0

1 0 0 0 0



Padding

Suppose you want to preserve the size of the original input image in 
your convolved image.
You can accomplish this by padding your input image with zeros.
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0 0 0

0 1 0

0 0 0

Identity 
Convolution

Input Image

Convolved Image0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 1 1 1 1 1 0 0

0 0 1 0 0 1 0 0 0

0 0 1 0 1 0 0 0 0

0 0 1 1 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0



Kernels for Image Processing

A convolution matrix (aka. kernel) is used in image processing for 
tasks such as edge detection, blurring, sharpening, etc.
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Identity 
Convolution

Input Image

Convolved Image

0 0 0

0 1 0

0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 1 1 1 1 1 0 0

0 0 1 0 0 1 0 0 0

0 0 1 0 1 0 0 0 0

0 0 1 1 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0



Kernels for Image Processing

A convolution matrix (aka. kernel) is used in image processing for 
tasks such as edge detection, blurring, sharpening, etc.
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Input Image

Convolved Image

.1 .1 .1

.1 .2 .1

.1 .1 .1

Blurring
Convolution

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 1 1 1 1 1 0 0

0 0 1 0 0 1 0 0 0

0 0 1 0 1 0 0 0 0

0 0 1 1 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

.1 .2 .3 .3 .3 .2 .1

.2 .4 .5 .5 .5 .4 .1

.3 .4 .2 .3 .6 .3 .1

.3 .5 .4 .4 .2 .1 0

.3 .5 .6 .2 .1 0 0

.2 .4 .3 .1 0 0 0

.1 .1 .1 0 0 0 0



Kernels for Image Processing

A convolution matrix (aka. kernel) is used in image processing for 
tasks such as edge detection, blurring, sharpening, etc.
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Vertical 
Edge 

Detector

Input Image

Convolved Image

-1 0 1

-1 0 1

-1 0 1

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 1 1 1 1 1 0 0

0 0 1 0 0 1 0 0 0

0 0 1 0 1 0 0 0 0

0 0 1 1 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

-1 -1 0 0 0 1 1

-2 -1 1 -1 0 2 1

-3 -1 1 -1 1 2 1

-3 -1 2 0 1 1 0

-3 -1 2 1 1 0 0

-2 -1 2 1 0 0 0

-1 0 1 0 0 0 0



Kernels for Image Processing

A convolution matrix (aka. kernel) is used in image processing for 
tasks such as edge detection, blurring, sharpening, etc.
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Horizontal 
Edge 

Detector

Input Image

Convolved Image

-1 -1 -1

0 0 0

1 1 1

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 1 1 1 1 1 0 0

0 0 1 0 0 1 0 0 0

0 0 1 0 1 0 0 0 0

0 0 1 1 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

-1 -2 -3 -3 -3 -2 -1

-1 -1 -1 -1 -1 -1 0

0 1 1 2 2 2 1

0 -1 -1 0 1 1 0

0 0 1 1 1 0 0

1 2 2 1 0 0 0

1 1 1 0 0 0 0



Convolution Examples
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Original 
Image



Convolution Examples
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1/9 1/9 1/9

1/9 1/9 1/9

1/9 1/9 1/9

Smoothing 
Convolution

Poll Question 1:

What effect do you think the 
following filter will have on an 
image? 

A. Sharpen the image
B. Blur the image
C. Shift the image left
D. Rotate the image clockwise

E. Detect edges
F. Nothing (TOXIC)

Poll Question 1:

What effect do you think the 
following filter will have on an 
image? 

A. Sharpen the image
B. Blur the image
C. Shift the image left
D. Rotate the image clockwise

E. Detect edges
F. Nothing (TOXIC)

1/9 1/9 1/9

1/9 1/9 1/9

1/9 1/9 1/9



Convolution Examples
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.01 .04 .06 .04 .01

.04 .19 .25 .19 .04

.06 .25 .37 .25 .06

.04 .19 .25 .19 .04

.01 .04 .06 .04 .01

Gaussian 
Blur



Convolution Examples
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0 -1 0

-1 5 -1

0 -1 0

Sharpening 
Kernel



Convolution Examples

67

-1 -1 -1

-1 8 -1

-1 -1 -1

Edge 
Detector



STRIDE AND DOWNSAMPLING
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Stride and Downsampling

• Suppose we use a convolution with stride 2
• Only 9 patches visited in input, so only 9 pixels in output

69

Convolution

Input Image

Convolved Image1 1 1 1 1 0

1 0 0 1 0 0

1 0 1 0 0 0

1 1 0 0 0 0

1 0 0 0 0 0

0 0 0 0 0 0

1 1

1 1



Stride and Downsampling

• Suppose we use a convolution with stride 2
• Only 9 patches visited in input, so only 9 pixels in output
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Convolution

Input Image

Convolved Image1 1 1 1 1 0

1 0 0 1 0 0

1 0 1 0 0 0

1 1 0 0 0 0

1 0 0 0 0 0

0 0 0 0 0 0

3
1 1

1 1



Stride and Downsampling

• Suppose we use a convolution with stride 2
• Only 9 patches visited in input, so only 9 pixels in output

71

Convolution

Input Image

Convolved Image1 1 1 1 1 0

1 0 0 1 0 0

1 0 1 0 0 0

1 1 0 0 0 0

1 0 0 0 0 0

0 0 0 0 0 0

3 3
1 1

1 1



Stride and Downsampling

• Suppose we use a convolution with stride 2
• Only 9 patches visited in input, so only 9 pixels in output
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Convolution

Input Image

Convolved Image1 1 1 1 1 0

1 0 0 1 0 0

1 0 1 0 0 0

1 1 0 0 0 0

1 0 0 0 0 0

0 0 0 0 0 0

3 3 1
1 1

1 1



Stride and Downsampling

• Suppose we use a convolution with stride 2
• Only 9 patches visited in input, so only 9 pixels in output

73

Convolution

Input Image

Convolved Image1 1 1 1 1 0

1 0 0 1 0 0

1 0 1 0 0 0

1 1 0 0 0 0

1 0 0 0 0 0

0 0 0 0 0 0

3 3 1

3
1 1

1 1



Stride and Downsampling

• Suppose we use a convolution with stride 2
• Only 9 patches visited in input, so only 9 pixels in output
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Convolution

Input Image

Convolved Image1 1 1 1 1 0

1 0 0 1 0 0

1 0 1 0 0 0

1 1 0 0 0 0

1 0 0 0 0 0

0 0 0 0 0 0

3 3 1

3 1
1 1

1 1



Stride and Downsampling

• Suppose we use a convolution with stride 2
• Only 9 patches visited in input, so only 9 pixels in output
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Convolution

Input Image

Convolved Image1 1 1 1 1 0

1 0 0 1 0 0

1 0 1 0 0 0

1 1 0 0 0 0

1 0 0 0 0 0

0 0 0 0 0 0

3 3 1

3 1 0
1 1

1 1



Stride and Downsampling

• Suppose we use a convolution with stride 2
• Only 9 patches visited in input, so only 9 pixels in output
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Convolution

Input Image

Convolved Image1 1 1 1 1 0

1 0 0 1 0 0

1 0 1 0 0 0

1 1 0 0 0 0

1 0 0 0 0 0
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3 3 1

3 1 0

1

1 1

1 1



Stride and Downsampling

• Suppose we use a convolution with stride 2
• Only 9 patches visited in input, so only 9 pixels in output
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Convolution

Input Image

Convolved Image1 1 1 1 1 0

1 0 0 1 0 0

1 0 1 0 0 0

1 1 0 0 0 0

1 0 0 0 0 0
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3 3 1

3 1 0

1 0
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Stride and Downsampling

• Suppose we use a convolution with stride 2
• Only 9 patches visited in input, so only 9 pixels in output
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Convolution

Input Image

Convolved Image1 1 1 1 1 0

1 0 0 1 0 0

1 0 1 0 0 0

1 1 0 0 0 0

1 0 0 0 0 0
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3 3 1

3 1 0

1 0 0

1 1

1 1



Downsampling by Averaging
• Downsampling by averaging is a special case of convolution 

where the weights are fixed to a uniform distribution
• The example below uses a stride of 2
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Convolution

Input Image

Convolved Image1 1 1 1 1 0

1 0 0 1 0 0

1 0 1 0 0 0

1 1 0 0 0 0

1 0 0 0 0 0
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3/4 3/4 1/4

3/4 1/4 0

1/4 0 0

1/4 1/4

1/4 1/4



Max-Pooling
• Max-pooling with a stride > 1 is another form of downsampling
• Instead of averaging, we take the max value within the same range as 

the equivalently-sized convolution
• The example below uses a stride of 2
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Max-
pooling

Input Image

Max-Pooled 
Image1 1 1 1 1 0

1 0 0 1 0 0

1 0 1 0 0 0

1 1 0 0 0 0

1 0 0 0 0 0

0 0 0 0 0 0

1 1 1

1 1 0

1 0 0

xi,j xi,j+1

xi+1,j xi+1,j+1



TRAINING CNNS
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A Recipe for 
Machine Learning

3. Define goal:

82

4. Train with SGD:

(take small steps 
opposite the gradient)

1. Given training data:

2. Choose each of these:

– Decision function

– Loss function



A Recipe for 
Machine Learning

3. Define goal:

83

4. Train with SGD:

(take small steps 
opposite the gradient)

1. Given training data:

2. Choose each of these:

– Decision function

– Loss function

• Q: Now that we have the CNN 
as a decision function, how do 
we compute the gradient?

• A: Backpropagation of course!

• Q: Now that we have the CNN 
as a decision function, how do 
we compute the gradient?

• A: Backpropagation of course!



SGD for CNNs
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Example: Simple CNN Architecture



LAYERS OF A CNN
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Convolutional Neural Network (CNN)
• Typical layers include:

– Convolutional layer
– Max-pooling layer
– Fully-connected (Linear) layer
– ReLU layer (or some other nonlinear activation function)
– Softmax

• These can be arranged into arbitrarily deep topologies
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Architecture #1: LeNet-5



ReLU Layer
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subderivative

max(0,a)



Softmax Layer
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x1x1

z1z1

x2x2 x3x3 xMxM

y1y1

z2z2 zDzD
…

…

Output

Input

Hidden Layer

yKyK…



Fully-Connected Layer (3D input)

1. suppose input is a 3D tensor:

2. flatten out tensor into a vector:

3. then push that vector through a 
standard linear layer:

89

C
W

H



2D Convolution
Example: 1 input channel, 2 output channels

Input Kernel Output

90



Convolution of a Color Image
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Wout

Hout

Cin

Win

Hin

• Color images consist of 3 floats per pixel for RGB (red, green 
blue) color values

• The kernel must also be 3-dimensional

• input = 3x64x64
• kernel = 3x5x5
• output = 1x64x64 (assuming padding)

1



3D Convolutional Layer

92

Cin
Win

Hin

Cin
Kw

Kh

Wout

Hout

Cin
Win

Hin

Convolution in 3D

• Color images consist of 3 floats per pixel for 
RGB (red, green blue) color values

• Convolution must also be 3-dimensional



3D Convolutional Layer
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…

Cin
Win

Hin

Cin
Kw

Kh

Cin
Kw

Kh

Wout

Hout

Wout

Hout

…

Cout
Wout

Hout

j’th slice is 
from j’th 
kernel

Cin
Win

Hin

Convolution in 3D



Max-Pooling Layer
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Example: 1 input channel, 1 output channel, stride of 1

Input Pool Size Output



3D Max-Pooling Layer

96



CNN ARCHITECTURES
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Convolutional Neural Network (CNN)
• Typical layers include:

– Convolutional layer
– Max-pooling layer
– Fully-connected (Linear) layer
– ReLU layer (or some other nonlinear activation function)
– Softmax

• These can be arranged into arbitrarily deep topologies

98

Architecture #1: LeNet-5



Architecture #2: AlexNet
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CNN for Image Classification
(Krizhevsky, Sutskever & Hinton, 2012)
15.3% error on ImageNet LSVRC-2012 contest

Input 
image 

(pixels)

• Five convolutional layers 
(w/max-pooling)

• Three fully connected layers

1000-way 
softmax



CNNs for Image Recognition
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Slide from Kaiming He



Convolutional Neural Network (CNN)

101

Typical Architectures

Figure from https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7327346/ 



Convolutional Neural Network (CNN)
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Typical Architectures

Figure from https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7327346/ 



Convolutional Neural Network (CNN)
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Typical Architectures
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AlexNet, 8 layers
(ILSVRC 2012)

Revolution of Depth

ResNet, 152 layers
(ILSVRC 2015)

3x3 conv, 64
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3x3 conv, 128, pool/2
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(ILSVRC 2014)

Kaiming He, Xiangyu Zhang, Shaoqing Ren, & Jian Sun. “Deep Residual Learning for Image Recognition”. arXiv 2015.



Location-specific Parameters

Poll Question 2:

Why do many layers 
used in computer 
vision not have 
location specific 
parameters?

Poll Question 2:

Why do many layers 
used in computer 
vision not have 
location specific 
parameters?
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Answer:Answer:



Convolutional Layer

105

0 0 0 0 0 0 0

0 1 1 1 1 1 0

0 1 0 0 1 0 0

0 1 0 1 0 0 0

0 1 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 0 0 0

θ11 θ12

θ21 θ22

2x2 
Convolution

Input Image
θ11 θ12 θ13

θ21 θ22 θ23

θ31 θ32 θ33

3x3 
Convolution

θ11 θ12 θ13 θ14

θ21 θ22 θ23 θ24

θ31 θ32 θ33 θ34

θ41 θ42 θ43 θ44

4x4 
Convolution

For a convolutional layer, how do we pick the kernel size 
(aka. the size of the convolution)?

• A small kernel can only see a very small part of the image, 
but is fast to compute

• A large kernel can see more of the image, but at the 
expense of speed



CNN VISUALIZATIONS
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Visualization of CNN

https://adamharley.com/nn_vis/cnn/2d.html 

https://adamharley.com/nn_vis/cnn/2d.html


MNIST Digit Recognition with CNNs 
(in your browser)

108

https://cs.stanford.edu/people/karpathy/convnetjs/demo/mnist.html 

Figure from Andrej Karpathy

https://cs.stanford.edu/people/karpathy/convnetjs/demo/mnist.html


CNN Summary

CNNs

– Are used for all aspects of computer vision, and have won 
numerous pattern recognition competitions

– Able learn interpretable features at different levels of abstraction

– Typically, consist of convolution layers, pooling layers, 
nonlinearities, and fully connected layers

109



WORD EMBEDDINGS
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Word Embeddings

Key Idea: 

• represent each word in your 
vocabulary as a vector

• store as a V x D matrix where: 
V = number of words in vocab.
D = vector’s dimension

Modeling:

• define a model in which the 
vectors are parameters

• each copy of the word uses 
the same parameter vector

• train model so that similar 
words have high cosine 
similarity
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W21 W22

W31 W32

W41 W42
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W61 W62

W71 W72

W81 W82

anger
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joy
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zebra

W

W.,1
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Word Embeddings

Key Idea: 

• represent each word in your 
vocabulary as a vector

• store as a V x D matrix where: 
V = number of words in vocab.
D = vector’s dimension

Modeling:

• define a model in which the 
vectors are parameters

• each copy of the word uses 
the same parameter vector

• train model so that similar 
words have high cosine 
similarity
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-2.8 -0.9 -1.7 … -4.3

-4.5 -1.3 0.6 … -1.7

3.5 -2.0 -2.3 … -0.4

…

3.0 -0.6 -0.6 … 4.9

…

-4.7 -4.2 -4.5 … 4.3

aardvark

anger

bat

cat

…

joy

…

zebra

W

in a real use case, the typical 
embedding dimension is in the 

hundreds, e.g. D = 300

we can’t visualize 300 dimensional 
vectors, but we can inspect their 

pairwise cosine similarities



Word Embeddings

In all the models we’re about to 
consider (neural networks, RNNs, 
Transformers) that work with 
sentences…

…the first step is always to look 
up the t’th word’s embedding 
vector parameters and use said 
vector for the value of xt
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Word Embeddings

In all the models we’re about to 
consider (neural networks, RNNs, 
Transformers) that work with 
sentences…

…the first step is always to look 
up the t’th word’s embedding 
vector parameters and use said 
vector for the value of xt
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Word Embeddings

In all the models we’re about to 
consider (neural networks, RNNs, 
Transformers) that work with 
sentences…

…the first step is always to look 
up the t’th word’s embedding 
vector parameters and use said 
vector for the value of xt
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SEQUENCE TAGGING

116



n n v d n
Sample 2:

time likeflies an arrow

Dataset for Supervised 
Part-of-Speech (POS) Tagging
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n v p d n
Sample 1:

time likeflies an arrow

p n n v v
Sample 4:

with youtime will see

n v p n n
Sample 3:

flies withfly their wings

Data:

y(1)

x(1)

y(2)

x(2)

y(3)

x(3)

y(4)

x(4)



Dataset for Supervised 
Handwriting Recognition

118

Data:

values. The obtained results are depicted in Table 4; we

provide means, standard deviations, and the p-metric value

of the Student’s-t test run on the pairs of performances of

the models (CRF, CRF1 ), (moderate order CRF, CRF1 ),

and (HMM, CRF1 ).

As we observe, the proposed approach offers a sig-

nificant improvement over first-order linear-chain CRFs, as

well as the rest of the considered alternatives. Therefore, we

once again notice the practical significance of coming up

with computationally efficient ways of relaxing the Marko-

vian assumption in linear-chain CRF models applied to

sequential data modeling. Note also that, in this experi-

ment, the moderate order CRF models of [41] seem to yield

a rather competitive result. This was expectable since the

average modeled sequence in this experiment is less than

10 time points long. Finally, regarding the HMM method,

with the number of mixture components M selected so as to

optimize model performance, we observe that the CRF1

model yields a clear improvement, irrespective of the

employed likelihood optimization approach.

4.3 Part-of-Speech Tagging

Finally, here we consider an experiment with the Penn

Treebank corpus [25], containing 74,029 sentences with a

total of 1,637,267 words. It is comprised of 49,115 unique

words, and each word in the corpus is labeled according to

its part of speech; there are a total of 43 different part-of-

speech labels. We use four types of features:

1. First-order word-presence features.

2. Four-character prefix presence features.

10 IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 35, NO. 12, XXXXXXX 2013

TABLE 3
Activity-Based Segmentation of Skateboard: Push and Turn
Videos: Error Rates Obtained by the Evaluated Methods

Fig. 4. Skateboard: push and turn: A few example frames from a sequence considered in our experiments.

Fig. 5. Handwriting recognition: Example words from the dataset used.
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Dataset for Supervised 
Phoneme (Speech) Recognition
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Data:

Figures from (Jansen & Niyogi, 2013)

h# ih w z iy
Sample 1:

y(1)

x(1)

dh s uh iyz1704 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 61, NO. 7, APRIL 1, 2013

Fig. 5. Extrinsic (top) and intrinsic (bottom) spectral representations for the utterance “This was easy for us.” Note that a nonlinear mel-scale frequency warping

was used.

where are the input unlabeled data and is the

new parametrization of the function we need to estimate. To

proceed, we plug the functional form of (9) into the optimization

problem of (8). Taking the gradient with respect to the parameter

vector and setting it to zero sets up the following generalized

eigenvalue problem:

(10)

Here, is the Grammatrix defined on the input unlabeled

data by . This eigenvalue decomposition will

produce a full spectrum of eigenvectors, each defining its own

intrinsic projection map defined by the th eigenvector .

Unlike the unsupervised learning algorithm of [5], we are now

interested in several of the , not just one for binary clas-

sification or clustering. Recall that the intrinsic basis functions

produced by the Laplacian eigenmaps algorithm were defined

only on the points used to construct the graph Laplacian. Our

new set of projection maps is now defined out-of-sample, i.e.,

may be computed for arbitrary points on the manifold and

may also be used more generally for any point in .

B. Intrinsic Spectrogram Algorithm

Given the nomenclature define above, the algorithm for com-

puting the intrinsic spectrogram is comprised of three steps:

1) Given a set of unlabeled data sampled from

the manifold, construct a nearest neighbor graph and

compute the graph Laplacian (either normalized or un-

normalized).

2) Given a kernel , solve the generalized eigenvalue

problem of (10) for the weights .

3) Project amplitude spectrum at each time point of the ex-

trinsic spectrogram onto the first intrinsic basis functions

(sorted by increasing eigenvalue) according to (9).

Note that steps 1 and 2 are computed offline using the standard

training set . Thus, converting the extrinsic spectrogram of a

novel utterance into this intrinsic representation requires only

the computation of Equation (9) across the utterance.

Fig. 5 shows an example extrinsic and intrinsic

spectrograms for the TIMIT utterance “This was easy

for us” (TIMIT sentence sx3). Here, we constructed the dataset

with 200 examples of each of the 48 phonetic categories spec-

ified in [26].2 Each example was extrinsically represented by

a 40-dimensional, homomorphically smoothed, auditory (log)

spectrum (40 mel scale bands, from 0–8 kHz) computed from

a 25 ms signal window centered in each phonetic segment. The

adjacency graph was constructed using nearest Euclidean

neighbors and binary-valued edge weights. For the optimiza-

tion problem of (8), we take as the intrinsic smoothness param-

eter . Finally, to accommodate nonlinear intrinsic projec-

tions maps, we employ the radial basis function (RBF) kernel,

, where is taken to be 1/3 of the mean

Euclidean distance between the graph vertices. Note that op-

timal settings of , and depend on the intended application

and manifold sampling density; we investigate the role this pa-

rameter in the experiments described below. Given the low-di-

mensional curved manifold structure motivated in previous sec-

tions, one might expect phonetic content to be more transpar-

ently differentiated in the intrinsic basis than in a traditional

spectrogram. It is clear from Fig. 5 that the intrinsic represen-

tation redistributes much of the spectral variation to the lower

eigenvalued components. It is also clear that these initial com-

ponents do not each covary with the presence of a single speech

sound. In the next section, we examine whether this alternative

organization may have a natural linguistic interpretation.

V. INTRINSIC SPECTRAL ANALYSIS INTERPRETATION

The intrinsic representation is a projection of spectral infor-

mation onto a set of basis functions ordered by their smooth-

2Note that while we use a class balanced sample here, balancing was not

required to obtain good performance in the experiments in Section VII in which

we randomly selected examples from the entire corpus (ignoring class).
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Fig. 5. Extrinsic (top) and intrinsic (bottom) spectral representations for the utterance “This was easy for us.” Note that a nonlinear mel-scale frequency warping

was used.

where are the input unlabeled data and is the

new parametrization of the function we need to estimate. To

proceed, we plug the functional form of (9) into the optimization

problem of (8). Taking the gradient with respect to the parameter
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(10)
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the manifold, construct a nearest neighbor graph and

compute the graph Laplacian (either normalized or un-

normalized).

2) Given a kernel , solve the generalized eigenvalue

problem of (10) for the weights .

3) Project amplitude spectrum at each time point of the ex-

trinsic spectrogram onto the first intrinsic basis functions

(sorted by increasing eigenvalue) according to (9).

Note that steps 1 and 2 are computed offline using the standard

training set . Thus, converting the extrinsic spectrogram of a

novel utterance into this intrinsic representation requires only

the computation of Equation (9) across the utterance.

Fig. 5 shows an example extrinsic and intrinsic

spectrograms for the TIMIT utterance “This was easy

for us” (TIMIT sentence sx3). Here, we constructed the dataset

with 200 examples of each of the 48 phonetic categories spec-

ified in [26].2 Each example was extrinsically represented by

a 40-dimensional, homomorphically smoothed, auditory (log)

spectrum (40 mel scale bands, from 0–8 kHz) computed from

a 25 ms signal window centered in each phonetic segment. The

adjacency graph was constructed using nearest Euclidean

neighbors and binary-valued edge weights. For the optimiza-

tion problem of (8), we take as the intrinsic smoothness param-

eter . Finally, to accommodate nonlinear intrinsic projec-

tions maps, we employ the radial basis function (RBF) kernel,

, where is taken to be 1/3 of the mean

Euclidean distance between the graph vertices. Note that op-

timal settings of , and depend on the intended application

and manifold sampling density; we investigate the role this pa-

rameter in the experiments described below. Given the low-di-

mensional curved manifold structure motivated in previous sec-

tions, one might expect phonetic content to be more transpar-

ently differentiated in the intrinsic basis than in a traditional

spectrogram. It is clear from Fig. 5 that the intrinsic represen-

tation redistributes much of the spectral variation to the lower

eigenvalued components. It is also clear that these initial com-

ponents do not each covary with the presence of a single speech

sound. In the next section, we examine whether this alternative

organization may have a natural linguistic interpretation.

V. INTRINSIC SPECTRAL ANALYSIS INTERPRETATION

The intrinsic representation is a projection of spectral infor-

mation onto a set of basis functions ordered by their smooth-

2Note that while we use a class balanced sample here, balancing was not

required to obtain good performance in the experiments in Section VII in which

we randomly selected examples from the entire corpus (ignoring class).
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Poll Question 3: How could we apply the neural networks we’ve seen so far (which 
expect fixed size input/output) to a prediction task with variable length input and 
output?

Answer:Answer:

Time Series Data
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RECURRENT NEURAL NETWORKS
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Recurrent Neural Networks (RNNs)
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Recurrent Neural Networks (RNNs)
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This form of RNN is 
called an 

Elman Network
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called an 

Elman Network



Recurrent Neural Networks (RNNs)

• If T=1, then we have a standard feed-
forward neural net with one hidden layer, 
which requires fixed size inputs/outputs

• By contrast, an RNN can handle arbitrary 
length inputs/outputs because T can vary 
from example to example

• The key idea is that we reuse the same 
parameters at every timestep, always 
building off of the previous hidden state
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Recurrent Neural Networks (RNNs)
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Recurrent Neural Networks (RNNs)

• By unrolling the RNN through 
time, we can share parameters 
and accommodate arbitrary 
length input/output pairs

• Applications: time-series data 
such as sentences, speech, 
stock-market, signal data, etc.
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Background: Backprop through time

Recurrent neural 
network:

BPTT: 
1. Unroll the 
computation 
over time
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2. Run 
backprop 
through the 
resulting feed-
forward 
network



Bidirectional RNN
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Bidirectional RNN
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Deep RNNs

132

Recursive Definition:

Figure from (Graves et al., 2013)



Deep Bidirectional RNNs
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Figure from (Graves et al., 2013)
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h

h’

h’

• Notice that the upper level 
hidden units have input 
from two previous layers 
(i.e. wider input)

• Likewise for the output 
layer



RNN / LSTM RESULTS
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Dataset for Supervised 
Named Entity Recognition (NER)

• Goal: label the spans 
of persons, locations, 
organizations, times, 
etc. (aka. entities)

• Data Representation: 
to cast as a sequence 
tagging problem, we 
use Begin-Inside-
Outside (BIO) tagging

• BIO tags distinguish 
between adjacent 
entities of the same 
type
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Data:

Sample 2:

Sample 1:

Sample 4:

Sample 3:

y(1)

x(1)

y(2)
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LSTM Empirical Results

• CoNLL-2003 is the most 
prominent dataset for NER

• F1 – higher is better

• blue dots are methods that use 
an LSTM

• an LSTM is the primary model 
behind the state-of-the-art 
(ACE + document-context)
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Figure from https://paperswithcode.com/sota/named-entity-recognition-ner-on-conll-2003 



CNN & RNN Learning Objectives

You should be able to…
• Implement the common layers found in Convolutional Neural 

Networks (CNNs) such as linear layers, convolution layers, max-
pooling layers, and rectified linear units (ReLU)

• Explain how the shared parameters of a convolutional layer 
could learn to detect spatial patterns in an image

• Describe the backpropagation algorithm for a CNN
• Identify the parameter sharing used in a basic recurrent neural 

network, e.g. an Elman network
• Apply a recurrent neural network to model sequence data
• Differentiate between an RNN and an RNN-LM
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