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Reminders

* Homework 5: Neural Networks
— Out: Tue, Feb 28
— Due: Fri, Mar 9 at 11:59pm




Q&A



BACKPROPAGATION



A Recipe for

Background , :

: Machine Learning
1. Given training data: 3. Define goal:

{xi,y;}is -

79 1) 1=1 C— : : ,
¢ 0" = arg meméé(fe(wz), Y,)
2. Choose each of these:
— Decision function 4. Train with SGD:
N ) (take small steps
y=Jo ( 7’) opposite the gradient)

— Loss function

((9,y,) €R 61 =0 — . Ve(fo(wi), y,)



Approaches to

T
raining Differentiation

* Question t:
When can we compute the gradients of the
parameters of an arbitrary neural network?

* Question 2:
When can we make the gradient
computation efficient?



Approaches to

Trainin
& Differentiation

1. Finite Difference Method
— Pro: Great for testing implementations of backpropagation Given f - ]RA — RB, f(X)

— Con: Slow for high dimensional inputs / outputs

- Required: Ability to call the function f(x) on any input x f(X)
2. Symbolic Differentiation Compute — 2V , ]
— Note: The method you learned in high-school 8517_7

- Note: Used by Mathematica / Wolfram Alpha [/ Maple

- Pro: Yields easily interpretable derivatives

- Con: Leads to exponential computation time if not carefully implemented
— Required: Mathematical expression that defines f(x)

3. Automatic Differentiation - Reverse Mode
— Note: Called Backpropagation when applied to Neural Nets

- Pro: Computes partial derivatives of one output f(x); with respect to all inputs x; in time proportional
to computation of f(x)

— Con: Slow for high dimensional outputs (e.g. vector-valued functions)
- Required: Algorithm for computing f(x)

4. Automatic Differentiation - Forward Mode
- Note: Easy to implement. Uses dual numbers.

— Pro: Computes partial derivatives of all outputs f(x); with respect to one input x; in time proportional
to computation of f(x)

- Con: Slow for high dimensional inputs (e.g. vector-valued x)
- Required: Algorithm for computing f(x)



Training Finite Difference Method

The centered finite difference approximation is:

J _(J(O@+e-di)—J(O —¢€-d;))
70, J(0) ~ 5 (1)

where d; is a 1-hot vector consisting of all zeros except for the ith

entry of d;, which has value 1. R

Notes:

* Suffers from issues of
floating point precision, in
practice

* Typically only appropriate
to use on small examples

with an appropriately
chosen epsilon




Training Symbolic Differentiation

Differentiation Quiz #1:

Suppose x =2 and z = 3, what are dy/dx
and dy/dz for the function below?

Tz sin(log(x))
log(x) exp(zz)

y = exp(r2)



Training Symbolic Differentiation

Differentiation Quiz #2:
A neural network with 2 hidden layers can be written as:

y =o(B o((@®) o((a'V)"x))

wherey € R, x € RP"”, B8 € RP"™ and a? isa D@ x pi-1)
matrix. Nonlinear functions are applied elementwise:

Let o be sigmoid: o(a) = 1+c:l]71)—ﬂ

What is 2% and -2%. for all i, j.
083, c')a,(')




Training Chain Rule

Whiteboard
— Chain Rule of Calculus



Training Chain Rule

B



Training Chain Rule




Error Back-Propagation

Slide from (Stoyanov & Eisner, 2012)
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Error Back-Propagation

Slide from (Stoyanov & Eisner, 2012)
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Error Back-Propagation

Slide from (Stoyanov & Eisner, 2012)
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Error Back-Propagation

Slide from (Stoyanov & Eisner, 2012)
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Error Back-Propagation

Slide from (Stoyanov & Eisner, 2012)
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Error Back-Propagation

Slide from (Stoyanov & Eisner, 2012)
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Error Back-Propagation

Slide from (Stoyanov & Eisner, 2012)
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Error Back-Propagation

Slide from (Stoyanov & Eisner, 2012)
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Error Back-Propagation

Slide from (Stoyanov & Eisner, 2012)
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Error Back-Propagation

Slide from (Stoyanov & Eisner, 2012)
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Training Backpropagation

Whiteboard
— Example: Backpropagation for Chain Rule #1

Differentiation Quiz #1:

Suppose x =2 and z = 3, what are dy/dx
and dy/dz for the function below?

— oxn(es) o _FE sin(log(x))
y = exp(z2) log(z) = exp(zz)




Training Backpropagation

Automatic Differentiation - Reverse Mode (aka. Backpropagation)

Forward Computation

1. Write an algorithm for evaluating the function y = f(x). The
algorithm defines a directed acyclic graph, where each variable is a
node (i.e. the “computation graph”)

2. Visit each node in topological order.
For variable u; with inputs v,,..., vy
a. Compute U, = g(Vyye-. vN)
b. Store the result at the node

Backward Computation
1. Initialize all partial derivatives dy/du; to o and dy/dy =1.
2. Visit each node in reverse topologlcal order.
For variable u, = g(v,..., Vy)
a. We already know dy/du
b. Increment dy/dv; by (dy/du )(du;/dv;)
(Choice of algorlthm ensures computmg (du/dv)) is easy)

Return partial derivatives dy/du, for all variables



Training Backpropagation

Simple Example: The goal is to compute J = cos(sin(z?) + 322)

on the forward pass and the derivative j—i on the backward pass.
Forward
J = cos(u)

U = Ui + U9

up = sin(t)




Training

Simple Example:

Backpropagation

The goal is to compute J = cos(sin(z?) + 3z°)

on the forward pass and the derivative fi—i on the backward pass.

Forward

J = cos(u)
U = Ui + U9

up = sin(t)

Backward
Z—i += —sin(u)
0, dJdu e A dTdu du
du1 du duy’  dug duo du dus’  dus
ﬂ += d—J% % = cos(t)
dt dui dt = dt
A, Al du du
dt dus dt = dt
dJ dJ dt dt
21

—_— = — — — =
dx dt dx’ dx



Training

Case 1:
Logistic
Regression

Forward

J =y logy + (1 - y") log(1 — y)

1
YT+ exp(—a)

D
a=) bz
j=0

Backpropagation

Backward

dJ * 1 — o
_y A-y)

dy y y — 1

dJ . dJ dy dy _ exp(—a)

df; — da df;’ do;

dr;  dadzx;’ dx;

da dyda’ da  (exp(—a)+1)2
dJ dJ da da

103

dJ _dJ da da

=0,



Training Backpropagation

[ (E) Output (sigmoid)
1

Output Y= Tiexp(—b)

?

[ (D) Output (linear)
b=3;"0 Bz

Hidden Layer

?

vj

Zj:

[ (C) Hidden (sigmoid)
1

14exp(—a;)’

?

(B) Hidden (linear)
aj = 3,00 @jiti, U

?

(A) Input
Given Zi, \]
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Training Backpropagation

(F) Loss
J=5(y—y*)’
?

[ (E) Output (sigmoid)
1

Output Y= 1+exp(—b)

?

[ (D) Output (linear)
b=3"1"0B)%

Hidden Layer

?

vj

Zj:

[ (C) Hidden (sigmoid)

14+exp(—aj)’

?

(B) Hidden (linear)
aj = 3,00 Qjitis U

?

(A) Input
Givenz;, Vi
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Training
Case 2: Forward
Neural

Network

J=y"logy+ (1 —-y")log(l—y)

1
YTIT exp(—b)
D
b= Z Bij
7=0
_ 1
7 1+ exp(—aj)
M
a; — ZO&]'Z'CEZ
1=0

Backpropagation

Backward
dJ * 1 —y*
A Gl ')
dy vy y—1
dJ dJdy dy exp(—b)

db  dydb’ db  (exp(—b)+ 1)2
dJ dJ db db
dg;  dbdp;’ dp;
dJ dJ db db _ 3
de N db de’ de -

dJ dJ dzj dz;  exp(—aqy)
da;  dzjda;’ da;  (exp(—a;) + 1)2
dJ dJ dCLj daj

daji dCLj dOéjZ" dC\ij'

j

dJ  dJ da; da; &

d.CUi N dCLj d.CUi7 d:vz

Oéjz'
=0



Training
Case 2 Forward
Loss J=y"logy+ (1 —y*)log(l —y)

Sigmoid

Linear

Sigmoid

Linear

1
1+ exp(—b)

D
b= Z ﬁij
7=0

Y

1
7 1+ exp(—ay)
M
a; — Z Qg
1=0

Backpropagation

Backward
dJ ¥ 1 —y*
_y -y
dy Yy y—1
dJ dJdy dy exp(—b)

db — dydb db  (exp(—b) + 1)
dj dJ db db
dg; — dbdp;’ dp;
] _dJdb &b _
dz;  dbdz’ dz; 7

dJ  dJdz; dz;  exp(—a;)

<

dTLj - dzj da;’ da; B (exp(—a;) + 1)?

dJ . d.J dCLj daj
dOéji - daj dozjz-’ dOﬁjZ’

dJ  dJ da; da; &

d.CUrL' a daj dSUi, dxz

Oéjz'
=0



Derivative of a Sigmoid

First suppose that
1
1 + exp(—b) (1)
To obtain the simplified form of the derivative of a sigmoid.
ds _ _ exp(-b)
db ~ (exp(—b) + 1)2 (2)
- exp(—b)+1—-1
" (exp(=b) + 1+ 1— 1) (3)
_exp(—b)+1-1
~ (exp(—b) +1)2 (4)
_oexp(=b)+1 1 5
~ (exp(—=b) +1)2  (exp(—b) + 1)2 5
1 1
 (exp(— b) +1)  (exp(=b) +1)2 (6)
1
 (exp( b) +1) ( (exp(— (exp(—b) + 1)) (7)
~ (exp(—b )+1)(  (exp(— b)+1)) (8)

=s(1-9) (9)



Training Backpropagation

Case 2 Forward

Loss J =y logy + (1 —y*)log(l —y)
B 1

Sigmoid YTy exp(—b)

D
b= Bz
§=0

Linear
. . 1
Sigmoid i T .
M
a; = Z QT
Linear =0

Backward
_y -y
dy vy R
dJ dJdy dy exp(—b)

db dydb db  (exp(—b) + 1)2
47 dJ di 3
dB;  dbdp;’ dp;

d] _dldb db _ o
dz; dbdz;’ dz: "7

J

dJ  dJdz; dz;  exp(—aj)

<

dTLj B dzj da; da; a (exp(—a;) + 1)2

dJ . d.J dCLj dLLj
dOéji - daj dozjz-’ dOﬁjZ’

dJ  dJ da; da; &

d.CUrL' - daj dSUi, dxz

Oéjz'
=0



Training
Case : Forward
Loss J=y"logy+ (1 —y*)log(l —y)

Sigmoid

Linear

Sigmoid

Linear

1
Y=17 exp(—b)
D
b= Z ﬂij
=0
L 1
7 1+ exp(—a;)
M
aj = ) ayii
i=0

Backpropagation

Backward

dJ y* 1—-y*
dJ _y 1=y
dy vy —
dJ dJdy dy

B g @ YY)

4 dJ dv &
dg; ~ dbdp;’ dp;

dJ _dJ db db _ 3
dz;  dbdz;’ 4>,

dJ dJ de de
Db — 2:(1 — 2
da; = dz; da; dag ~ I~ %)

d.J - dJ daj duj

daj,- daj daj,t’ daji

Zj

dJ  dJ da; da; ‘ED: :
de; ~ da; do;’ dz; 2=

J=0 36



Training Backpropagation

Whiteboard
— SGD for Neural Network
— Example: Backpropagation for Neural Network



Training Backpropagation

Backpropagation (Auto.Diff. - Reverse Mode)

Forward Computation

1. Write an algorithm for evaluating the function y = f(x). The
algorithm defines a directed acyclic graph, where each variableis a
node (i.e. the “computation graph”)

2. Visit each node in topological order.
a. Compute the corresponding variable’s value
b. Store the result at the node

Backward Computation
1. Initialize all partial derivatives dy/du; to o0 and dy/dy = 1.
2. Visit each node in reverse topological order.
For variable u, = g(v,..., Vy)
a. We already know dy/du.
b. Increment dy/dv; by (dy/du;)(du;/dv;)
(Choice of algorithm ensures computing (du/dv;) is easy)

Return partial derivatives dy/du, for all variables



~ VU fo(xi),y,;)



Summary

1. Neural Networks...
— provide a way of learning features
— are highly nonlinear prediction functions

— (can be) a highly parallel network of logistic
regression classifiers

— discover useful hidden representations of the
input
2. Backpropagation...
— provides an efficient way to compute gradients

— is a special case of reverse-mode automatic
differentiation



Backprop Objectives

You should be able to...

Construct a computation graph for a function as specified by an
algorithm

Carry out the backpropagation on an arbitrary computation graph

Construct a computation graph for a neural network, identifying all the
given and intermediate quantities that are relevant

Instantiate the backpropagation algorithm for a neural network

Instantiate an optimization method (e.g. SGD) and a regularizer (e.g.
L2) when the parameters of a model are comprised of several matrices
corresponding to different layers of a neural network

Apply the empirical risk minimization framework to learn a neural
network

Use the finite difference method to evaluate the gradient of a function

|dentify when the gradient of a function can be computed at all and
when it can be computed efficiently



