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Q&A
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Q: Is this correct?

A: No.



Gaussians 
(an aside)
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LetX ∼ N (µx,σ
2
x) and Y ∼ N (µy,σ

2
y)

1. Sumof twoGaussians is a Gaussian. X+Y ∼ N (µx+µy,σ
2
x+σ2

y)

2. Diơerenceof twoGaussians is aGaussian. X−Y ∼ N (µx−µy,σ
2
x+σ2

y)

Let Z | X ∼ N (µz = g(X),σ2
z)

3. Gaussian with a Gaussian mean passed through a linear/afÏne function g(·)
has a Gaussian marginal,

pZ(z) =

∫
x

pZ|X(z|x)pX(x) dx is a Gaussian density

and a Gaussian posterior.

pX|Z(x | z) = pZ|X(z|x)pX(x)/pZ(z) is a Gaussian density

4. Gaussianwith aGaussianmeanpassed throughanonlinear functiong(·)does
not have a Gaussian marginal,

pZ(z) =

∫
x

pZ|X(z|x)pX(x) dx is not a Gaussian density in general

nor a Gaussian posterior.

pX|Z(x | z) = pZ|X(z|x)pX(x)/pZ(z) is not a Gaussian density in general

X

Z



Asymmetry of Forward/Reverse Processes

5

(Learned) Reverse Process:

pθ(xT ) ∼ N (0, I)
pθ(xt−1 | xt) ∼ N (µθ(xt, t),Σθ(xt, t))

x0xtxt+1…

pθ(xt | xt+1)pθ(xT−1 | xT ) pθ(x0 | x1)
pθ(xT )

…xT

pθ(x0) =

∫

[

pθ(xT )
T
]

s=1

pθ(xs−1 | xs)

]

dx1:T

!= a Gaussian density

Forward Process:

q(x0) = data distribution
qφ(xt | xt−1) ∼ N (

√
αtxt−1, (1− αt)I)

x0xtxt+1…

qφ(xt+1 | xt) qφ(x1 | x0)qφ(xT | xT−1)
q(x0)

…xT

q(xt | x0) =

∫

[

t
]

s=1

q(xs | xs−1)

]

dx1:t−1

= N (xt |
√
ᾱtx0, (1− ᾱt)I)

In the forward process, if we marginalize out the 
intermediate variables of the Markov chain, we get 
back a Gaussian:

In the reverse process, by contrast, if we 
marginalize out the intermediate variables of the 
Markov chain, we do NOT get a Gaussian.



Gaussians 
(an aside)
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LetX ∼ N (µx,σ
2
x) and Y ∼ N (µy,σ

2
y)

1. Sumof twoGaussians is a Gaussian. X+Y ∼ N (µx+µy,σ
2
x+σ2

y)

2. Diơerenceof twoGaussians is aGaussian. X−Y ∼ N (µx−µy,σ
2
x+σ2

y)

Let Z | X ∼ N (µz = g(X),σ2
z)

3. Gaussian with a Gaussian mean passed through a linear/afÏne function g(·)
has a Gaussian marginal,

pZ(z) =

∫
x

pZ|X(z|x)pX(x) dx is a Gaussian density

and a Gaussian posterior.

pX|Z(x | z) = pZ|X(z|x)pX(x)/pZ(z) is a Gaussian density

4. Gaussianwith aGaussianmeanpassed throughanonlinear functiong(·)does
not have a Gaussian marginal,

pZ(z) =

∫
x

pZ|X(z|x)pX(x) dx is not a Gaussian density in general

nor a Gaussian posterior.

pX|Z(x | z) = pZ|X(z|x)pX(x)/pZ(z) is not a Gaussian density in general

X

Z



Properties of forward and exact reverse processes
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Property #2: Estimating q(xt−1 | xt) is intractable
because of its dependence on q(x0). However,
conditioning on x0 we can efÏciently work with:

q(xt−1 | xt, x0) = N (µ̃q(xt, x0),σ
2
t I)

where µ̃q(xt, x0) =

√
ᾱt(1− αt)

1− ᾱt

x0 +

√
αt(1− ᾱt)

1− ᾱt

xt

= α
(0)
t x0 + α

(t)
t xt

σ
2
t =

(1− ᾱt−1)(1− αt)

1− ᾱt

Property #3: Combining the two previous prop‐
erties, we can obtain a different parameteriza‐
tion of µ̃q which has been shown empirically to
help in learning pθ.

Rearranging xt =
√

ᾱtx0 +
√

1− ᾱtε we have
that:

x0 =
(

xt −

√

1− ᾱtε

)

/
√

ᾱt

Substituting this definition of x0 into property
#2’s definition of µ̃q gives:

µ̃q(xt, x0) = α
(0)
t x0 + α

(t)
t xt

= α
(0)
t

((

xt −

√

1− ᾱtε

)

/
√

ᾱt

)

+ α
(t)
t xt

=
1

√

αt

(

xt −
(1− αt)
√

1− ᾱt

ε

)

Property #1:

q(xt | x0) ∼ N (
√
ᾱtx0, (1− ᾱt)I)

where ᾱt =
t∏

s=1

αs

⇒ we can sample xt from x0 at any timestep t

efÏciently in closed form

⇒ xt =
√
ᾱtx0 +

√
1− ᾱtεwhere ε ∼ N (0, I)

v

v



Reminders

• Quiz 2: 
– In-class: Mon, Sep 29
– Everyone at the same time: 2:00 – 2:15pm
– Lectures 5-9 (only the VAE part of Lecture 9)

• Homework 2: Generative Models of Images
– Out: Mon, Sep 22 
– Due: Sat, Oct 4 at 11:59pm

9



VARIATIONAL AUTOENCODERS
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GAN à VAE à Diffusion
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(in 5 minutes)

GANs

Model:

pθ(z) ∼ N (0, I)
pθ(x | z) = point mass onGθ(z)

z x

p(x) =
∫

z p(x | z) p(z) dz

MLE?: 

Learn:

NOPE!

minimax game

θ̂ = arg maxθ

∑N

i=1 log p(x(i))

Diffusion

Model:

MLE?: 

Learn:

NOPE!

pθ(z) ∼ N (0, I) pθ(zt−1 | zt) ∼ N (µθ(zt),Σθ(zt))

zT
q(zt | zt−1) ∼ N (µφ(zt−1),Σφ(zt−1))

zT−1
z1 z0 = x

…

q(z0) = data dist.

θ = arg min
θ

KL(q(z1:T | x) ‖ pθ(z1:T | x))

where pθ(z1:T | x) is true posterior of p(x | z1) · · · p(zT−1 | zT )p(zT )

VAEs

Model:

pθ(z) ∼ N (0, I) pθ(x | z) ∼ N (µθ(z),Σθ(z))

z x

MLE?: 

Learn:

NOPE!

h = tanh(W1z + b1)

µθ(z) = W2h+ b2

Σθ(z) = (W3h+ b3)I

p(x) =
∫

z p(x | z) p(z) dz

θ̂ = arg maxθ

∑N

i=1 log p(x(i))

qφ(z | x) ∼ N (µφ(x),Σφ(x))

θ,φ = arg min
θ,φ

KL(qφ(z | x) ‖ pθ(z | x))

where pθ(z | x) is true posterior of p(x | z) p(z)

MLP



Variational Autoencoder
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VAEs

Model:

pθ(z) ∼ N (0, I) pθ(x | z) ∼ N (µθ(z),Σθ(z))

z x

MLE?: 

Learn:

NOPE!

h = tanh(W1z + b1)

µθ(z) = W2h+ b2

Σθ(z) = (W3h+ b3)I

p(x) =
∫

z p(x | z) p(z) dz

θ̂ = arg maxθ

∑N

i=1 log p(x(i))

qφ(z | x) ∼ N (µφ(x),Σφ(x))

θ,φ = arg min
θ,φ

KL(qφ(z | x) ‖ pθ(z | x))

where pθ(z | x) is true posterior of p(x | z) p(z)

MLP



Background for Variational Autoencoders (VAEs)

To talk about VAEs we need to lay some groundwork:
1. Autoencoders (not the variational kind)
2. KL divergence
3. Variational inference (using KL as an objective)
4. Monte Carlo estimation (for approximating expectations)
5. (Score function trick)
6. Reparameterization trick (for variance reduction)
7. Stochastic Gradient Variational Bayes

13



AUTOENCODERS 
(NOT THE VARIATIONAL KIND)
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Autoencoders
• Data: only unlabeled instances x
• Model: Autoencoders consist of 

two functions such that |x| = |x’|
– z = ENCODER(x)
– x’ = DECODER(z)

• Training: minimize the 
reconstruction loss: 
|| x – DECODER(ENCODER(x)) ||2

• Goal: to learn a low-dimensional 
representation of the inputs

16

x, input

z, latent rep.

x’, reconstruction

Figure from: https://www.science.org/doi/10.1126/science.1127647   

https://www.science.org/doi/10.1126/science.1127647


Autoencoders
• Problem: the autoencoder does not 

define a probability distribution, so 
sampling from the latent space 
would effectively be sampling from 
the training instance reconstructions

17

x, input

z, latent rep.

x’, reconstruction

Figure from: https://www.science.org/doi/10.1126/science.1127647   

autoencoder latent space

https://www.science.org/doi/10.1126/science.1127647


KL DIVERGENCE
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KL Divergence
• Definition: for two distributions q(x) and p(x) over x ∈ 𝒳, the KL 

Divergence is: 

• Properties:
– KL(q || p) measures the proximity of two distributions q and p
– KL is not symmetric: KL(q || p) ≠ KL(p || q) 
– KL is minimized when q(x) = p(x) for all x ∈ 𝒳

19

KL(q||p) = Eq(x)

[

log
q(x)

p(x)

]

=

{

∑

x
q(x) log q(x)

p(x)
∫

x
q(x) log q(x)

p(x)dx



KL Divergence
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Understanding the Behavior of KL as an objective function

Example 1: Keeping all else constant, consider the 
effect of a particular x’ on KL(q || p)

x’ q(x’) p(x’) q(x’) log(q(x’)/p(x’)) effect on 
KL(q || p)

1 0.4 0.4 0 no change

2 0.4 0.1 0.24 big increase

3 0.1 0.4 -0.06 little decrease

4 0.1 0.1 0 no change

KL(q||p) = Eq(x)

[

log
q(x)

p(x)

]

Example 2: Which q distribution minimizes KL(q || p)?

p 0.7
0.2
0.1

= q(1) 1/3
1/3
1/3

= q(2) 0.7
0.2
0.1

= q(3) 0.1
0.1
0.1

= Q: If we’re minimizing KL, 
why not return q(3)?
A: Because it’s not a 
distribution!

q(2) minimizes KL

KL does insist on 
good 

approximations 
for values that 

have high 
probability in q

KL does not insist 
on good 

approximations 
for values that 

have low 
probability in q



KL Divergence
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Understanding the Behavior of KL as an objective function

KL(q||p) = Eq(x)

[

log
q(x)

p(x)

]

Example 3: Which q distribution minimizes KL(q || p)?

2
-2

2-2

2
-2

2-22
-2

2-2

2
-2

2-2

2
-2

2-2

p(x) = N (µ = [0, 0]T ,Σ)
q(x1, x2) = N1(x1 | µ1,σ

2

1)N2(x2 | µ2,σ
2

2)



VARIATIONAL INFERENCE
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Variational Inference Overview
1. Goal: estimate a distribution pα(z | x) given parameters α

we assume this is intractable to compute exactly
2. Variational Approximation: approx. with another distribution 

 qθ(z | x) ≈ pα(z | x) 
Example: the mean field approximation assumes
qθ(z | x) = ∏t qt(zt | x; θ)  i.e., we decompose over variables

3. Optimization Problem: pick the q that minimizes KL(q || p)

4. Optimization Algorithm: various options
Example: gradient descent optimizes a surrogate objective 
ELBO(qθ) to find θ

24

Z1

q1

Z1

q1

ZT

qT

…

θ̂ = argmin
θ∈Θ

KL(qθ(z | x) ‖ pα(z | x))



KL(q(z | x) ‖ p(z | x)) = Eq(z|x)

[

log
(

q(z | x)
p(z | x)

)]

= Eq(z|x) [log q(z | x)]− Eq(z|x) [log p(z | x)]
= Eq(z|x) [log q(z | x)]− Eq(z|x) [log p(x, z)] + Eq(z|x) [log p(x)]
= Eq(z|x) [log q(z | x)]− Eq(z|x) [log p(x, z)] + log p(x)

Optimizing KL Divergence
• Question: How do we minimize KL?

• Answer #1: Oh no! We can’t even compute this KL. 

25

we assumed this 
is intractable to 

compute!

Why we can’t compute KL…

this 
expectation 

does not 
depend on q

θ̂ = argmin
θ∈Θ

KL(qθ(z | x) ‖ pα(z | x))



θ = argmin
θ

KL(qθ(z | x) ‖ pα(z | x))

= argmin
θ

Eqθ(z|x) [log qθ(z | x)]− Eqθ(z|x) [log pα(x, z)] + log pα(x)

= argmin
θ

Eqθ(z|x) [log qθ(z | x)]− Eqθ(z|x) [log pα(x, z)]

= argmax
θ

ELBO(qθ)

Optimizing KL Divergence
• Question: How do we minimize KL?

• Answer #2: We don’t need to compute this KL
We can instead maximize the ELBO (i.e. Evidence Lower BOund)

26

Here is why…

dropping the 
intractable term 
gives the ELBO

The ELBO for a DGM

θ̂ = argmin
θ∈Θ

KL(qθ(z | x) ‖ pα(z | x))

ELBO(qθ) = Eqθ(z|x) [log pα(x, z)]− Eqθ(z|x) [log qθ(z | x)]



ELBO as Objective Function

What does maximizing ELBO(qθ) accomplish?

27

1. The first expectation is 
high if qθ puts probability 
mass on the same values 
of z that pα puts 
probability mass

2. The second term is the 
entropy of qθ and the 
entropy will be high if qθ 
spreads its probability 
mass evenly

ELBO(qθ) = Eqθ(z|x) [log pα(x, z)]− Eqθ(z|x) [log qθ(z | x)]



ELBO as lower bound

Takeaways: 
1. in variational inference, we find 

the q that gives the tightest 
bound on the normalization 
constant for p(z | x)

2. maximizing the ELBO is 
equivalent to minimizing KL

3. maximizing the ELBO is 
maximizing a lower bound on the 
likelihood p(x)

28

Theorem: For any q, log p(x) ≥ ELBO(q)
i.e. ELBO(q) is a lower bound for log p(x)

ELBO(qθ) = Eqθ(z|x) [log pα(x, z)]− Eqθ(z|x) [log qθ(z | x)]
KL(qθ(z | x) ‖ pα(z | x)) = Eqθ(z|x) [log qθ(z | x)]− Eqθ(z|x) [log pα(x, z)] + log pα(x)

Note:

Proof #1:

1.

2.

3.



MONTE CARLO ESTIMATION
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Monte Carlo Estimation
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Goal: Estimate the expectation of a function f of a (possibly high
dimensional) random variable X ∼ P (X):

φ = Ex∼p(x)[f(x)] =
∫

x
p(x)f(x) dx

Monte Carlo Estimate: Approximate the expectation by drawing S
samples from p and computing the average of the function f on the
samples:

φ̂ =
1

S

S∑
s=1

f(x(s))where x(1), . . . , x(S) i.i.d.
∼ p(x)



Monte Carlo Estimation

Example: A Dumb Approximation of π

35

A dumb approximation of π

P (x, y) =

{
1 0<x<1 and 0<y<1

0 otherwise

π = 4

∫∫
I
(
(x2 + y2) < 1

)
P (x, y) dx dy

octave:1> S=12; a=rand(S,2); 4*mean(sum(a.*a,2)<1)

ans = 3.3333

octave:2> S=1e7; a=rand(S,2); 4*mean(sum(a.*a,2)<1)

ans = 3.1418

Figure / Example from Iain Murray https://homepages.inf.ed.ac.uk/imurray2/teaching/09mlss/slides.pdf 

A dumb approximation of π

P (x, y) =

{
1 0<x<1 and 0<y<1

0 otherwise

π = 4

∫∫
I
(
(x2 + y2) < 1

)
P (x, y) dx dy

octave:1> S=12; a=rand(S,2); 4*mean(sum(a.*a,2)<1)

ans = 3.3333

octave:2> S=1e7; a=rand(S,2); 4*mean(sum(a.*a,2)<1)

ans = 3.1418

$ python monte-carlo-pi.py 
S=100       pi ≈ 3.080000  error=0.061593
S=1000      pi ≈ 3.228000  error=0.086407
S=10000     pi ≈ 3.134400  error=0.007193
S=100000    pi ≈ 3.151360  error=0.009767
S=1000000   pi ≈ 3.140776  error=0.000817

S



Monte Carlo Estimation
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The Monte Carlo estimate is an unbiased estimator:

E[φ̂] = E

)

1

S

S
[

s=1

f(x(s))

]

=
1

S

S
[

s=1

E[f(x(s))]

= E[f(x)] = φ

And the variance of φ̂ shrinks as σ2/S where σ2 is the variance of φ:

Var(φ̂) = Var

(

1

S

S
[

s=1

f(x(s))

)

=
1

S2

S
[

s=1

Var
(

f(x(s))
)

=
1

S2
· S · Var(f(x)) =

σ2

S

(So the standard error shrinks as
√

σ2/S.)

Properties: Practical Challenges:

The convergence rate is 
independent of the 
dimensionality of x, which 
is great! 

….but the variance 
constant 𝜎2 could be 
impractically large for 
high dimensional 
problems.



REPARAMETERIZATION TRICK
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The Reparameterization Trick
• Problem: you want to backprop through a sample from a Gaussian, 

but you can’t (at first glance) because it’s stochastic
• Solution: reparametrize the sampling process

38

Suppose the variational distribution is

qφ(z | x) = N
(

z ; µφ(x),σ
2

φ(x)
)

.

Instead of sampling z directly, we reparameterize as

z = µφ(x) + σφ(x) ε, ε ∼ N (0, 1).

This expresses z as adiơerentiable functionofparametersµφ(x),σφ(x)
and independent noise ε, allowinggradients toƪow through z during
training.



VARIATIONAL AUTOENCODERS
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Variational Autoencoder

41

VAEs

Model:

pθ(z) ∼ N (0, I) pθ(x | z) ∼ N (µθ(z),Σθ(z))

z x

MLE?: 

Learn:

NOPE!

h = tanh(W1z + b1)

µθ(z) = W2h+ b2

Σθ(z) = (W3h+ b3)I

p(x) =
∫

z p(x | z) p(z) dz

θ̂ = arg maxθ

∑N

i=1 log p(x(i))

qφ(z | x) ∼ N (µφ(x),Σφ(x))

θ,φ = arg min
θ,φ

KL(qφ(z | x) ‖ pθ(z | x))

where pθ(z | x) is true posterior of p(x | z) p(z)

MLP



Variational Autoencoder
Graphical Model Perspective
• We can view a variational autoencoder (VAE) 

as consisting of two graphical models; each of 
which is defined by a neural network

• VAEs define two distributions:
– encoder: qɸ(z | x)
– decoder: pθ (x | z) 

• Parameters θ and ɸ are neural network 
parameters (i.e. θ are not the variational 
parameters)

• However, the decoder is actually a joint model 
over both x and z.
– joint encoder model: 

pθ(x, z) = pθ(z | x) p(z)
42

θz

x

N

pθ(x | z) 

qɸ(z | x)
ɸ

z

x

N



Variational Autoencoder
Graphical Model Perspective
• We can view a variational autoencoder (VAE) 

as consisting of two graphical models; each of 
which is defined by a neural network

• VAEs define two distributions:
– encoder: qɸ(z | x)
– decoder: pθ (x | z) 

• Parameters θ and ɸ are neural network 
parameters (i.e. θ are not the variational 
parameters)

• The decoder is actually a joint model over both 
x and z.
– joint decoder model: 

pθ(x, z) = pθ(x | z) p(z)
43

θz

x

N

pθ(x, z) 

qɸ(z | x)
ɸ

z

x

N



VAEs: 
Neural 

Network 
View
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VAE Reparameterization Trick

46

Encoder 
(   ) 

Decoder 
(   ) 

Sample    from 

Encoder 
(   ) 

Decoder 
(   ) 

Sample    from 

* 

+ 

Figure 4: A training-time variational autoencoder implemented as a feed-
forward neural network, where P(X|z) is Gaussian. Left is without the
“reparameterization trick”, and right is with it. Red shows sampling opera-
tions that are non-differentiable. Blue shows loss layers. The feedforward
behavior of these networks is identical, but backpropagation can be applied
only to the right network.

want to optimize is:

EX⇠D [log P(X)�D [Q(z|X)kP(z|X)]] =
EX⇠D [Ez⇠Q [log P(X|z)]�D [Q(z|X)kP(z)]] .

(8)
If we take the gradient of this equation, the gradient symbol can be moved
into the expectations. Therefore, we can sample a single value of X and a
single value of z from the distribution Q(z|X), and compute the gradient of:

log P(X|z)�D [Q(z|X)kP(z)] . (9)

We can then average the gradient of this function over arbitrarily many
samples of X and z, and the result converges to the gradient of Equation 8.

There is, however, a significant problem with Equation 9. Ez⇠Q [log P(X|z)]
depends not just on the parameters of P, but also on the parameters of Q.
However, in Equation 9, this dependency has disappeared! In order to make
VAEs work, it’s essential to drive Q to produce codes for X that P can reliably
decode. To see the problem a different way, the network described in Equa-
tion 9 is much like the network shown in Figure 4 (left). The forward pass of
this network works fine and, if the output is averaged over many samples
of X and z, produces the correct expected value. However, we need to

10

Figure from Doersch (2016)



Background for Variational Autoencoders (VAEs)

To talk about VAEs we need to lay some groundwork:
1. Autoencoders (not the variational kind)
2. KL divergence
3. Variational inference (using KL as an objective)
4. Monte Carlo estimation (for approximating expectations)
5. (Score function trick)
6. Reparameterization trick (for variance reduction)
7. Stochastic Gradient Variational Bayes

47



Deriving the Variational Autoencoder

48

1. Problem: Cannot sample from an autoencoder.
Solution: DeƤne a decoder that we can sample from:
pθ(zT ) ∼ N (0, I)
pθ(x | z) ∼ N (µθ(z),Σθ(z))where µθ(z) andΣθ(z) are neural
nets.

2. Problem: Intractable to maximize data likelihood with this de‐
coder:
θ̂ = argmaxθ log pθ(x) = argmaxθ

∫
z pθ(x | z)pθ(z)dz

Solution: Maximize a lower bound (ELBO) instead by introduc‐
ing an encoder distribution:
qφ(z | x) ∼ N (µφ(x),Σφ(x))
θ̂, φ̂ = argmaxθ,φ ELBO(qφ, pθ)where log pθ(x) ≥ ELBO(qφ, pθ)



Deriving the Variational Autoencoder

49

3. Problem: Intuitively,we should alternatelymaximizeφ tomatch
qφ to the current pθ as close as possible in KL (variational infer‐
ence), and thenmaximize θ to push up the likelihood log pθ(x)
as much as possible (learning); but this is slow.
Solution: Instead, use SGA and maximize θ and φ simultane‐
ously:
(θ,φ)← (θ,φ) + γ∇θ,φELBO(qφ, pθ)

4. Problem: Cannot compute theƤrst expectation inELBO(qφ, pθ):
ELBO(qφ, pθ) = Eqφ(z|x)

[

log pθ(x | z)
]

− KL
(

qφ(z | x) ‖ pθ(z)
)

Solution: Approximate with Monte Carlo estimation:
Eqφ(z|x) [log pθ(x | z)] ≈ 1

S

∑S
s=1 log pθ(x | z(s)) where z(s) ∼

qφ(z | x)
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5. Problem: This approximation has very high variance, a known
problem in SGVB (cf. score matching trick):
∇φEqφ(z|x) [log pθ(x | z)] = Eqφ(z|x) [log pθ(x | z)∇φ log qφ(z | x)]
Solution: Apply reparameterization trick, thenMonte Carlo es‐
timate:
Let ε(s) ∼ N (0, I) and set z(s) = f(ε(s)) = µφ(x) + σφ(x) #
ε
(s).

Eqφ(z|x) [log pθ(x | z)] = Eε∼N [log pθ(x | z = f(ε))]

≈
1

S

S∑

s=1

log pθ(x | z(s))



Deriving the Variational Autoencoder

51

6. Problem: How do we implement this?
Solution: It’s easy, given a training image x(i), we take S = 1
and do the following:

Let ε(1) ∼ N (0, I)
Compute enc. MLP: µφ(x) and σφ

Compute latent: z(1) = f(ε(1)) = µφ(x) + σφ(x)" ε
(1)

Loss: !(θ,φ) = log pθ(x(i) | z(1))− KL
(

qφ(z | x(i)) ‖ pθ(z)
)

Backprop: ∇θ,φ!(θ,φ)

Gradient step: θ,φ← θ,φ− γ∇θ,φ!(θ,φ)
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VAEs

Model:

pθ(z) ∼ N (0, I) pθ(x | z) ∼ N (µθ(z),Σθ(z))

z x

MLE?: 

Learn:

NOPE!

h = tanh(W1z + b1)

µθ(z) = W2h+ b2

Σθ(z) = (W3h+ b3)I

p(x) =
∫

z p(x | z) p(z) dz

θ̂ = arg maxθ

∑N

i=1 log p(x(i))

qφ(z | x) ∼ N (µφ(x),Σφ(x))

θ,φ = arg min
θ,φ

KL(qφ(z | x) ‖ pθ(z | x))

where pθ(z | x) is true posterior of p(x | z) p(z)

MLP



Why VAEs?

• Autoencoders:
– learn a low dimensional representation of the input, but hard to 

work with as a generative model
– one of the key limitations of autoencoders is that we have no way 

of sampling from them!

• Variational autoencoders (VAEs)
– by contrast learn a continuous latent space that is easy to sample 

from!
– can generate new data (e.g. images) by sampling from the learned 

generative model
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VAEs for Image Generation
Kingma & Welling (2014)
• introduced VAEs
• applied to image generation
Model
• pɸ(z) ~ N(z; 0, I)
• pɸ(x | z) is a multivariate 

Gaussian with mean and 
variance computed by an 
MLP,  fully connected neural 
network with a single hidden 
layer with parameters ɸ

• qθ(z | x) is a multivariate 
Gaussian with diagonal 
covariance structure and with 
mean and variance computed 
by an MLP with parameters θ

64
Figure from Kingma & Welling (2014)
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Figure from Kingma & Welling (2014)
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Figure from Kingma & Welling (2014)



VAEs for Image Generation
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Figure from Kingma & Welling (2014)



VAEs for Text Generation
Bowman et al. (2015)
• example of an application of 

VAEs to discrete data
• built on the sequence-to-

sequence framework:
– input is read in by an LSTM
– output is generated by an 

LSTM-LM

Model
• pɸ(z) ~ N(z; 0, I)
• pɸ(x | z) is an LSTM Language 

Model with parameters ɸ
• qθ(z | x) is a multivariate 

Gaussian with mean and 
variance computed by an 
LSTM with parameters θ

68
Figure from Bowman et al. (2015)
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Figure from Bowman et al. (2015)



VQ-VAE
• Vector Quantized VAE (VQ-VAE) learns a continuous 

codebook, but the encoder outputs discrete codes
• Decoder takes a code and generates a sample 

conditioned on it

71
Figure from van den Oord et al. (2018)



VQ-VAE
• Vector Quantized VAE (VQ-VAE) learns a continuous 

codebook, but the encoder outputs discrete codes
• Decoder takes a code and generates a sample 

conditioned on it

72
Figure from van den Oord et al. (2018)

https://avdnoord.github.io/homepage/vqvae

Example: Generating Audio

https://avdnoord.github.io/homepage/vqvae


VQ-VAE
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Figure from Razavi et al. (2019)

• VQ-VAE-2 
extended the 
original idea 
by learning 
two levels 
(bottom and 
top) and a 
strong prior 
over the latent 
space

• Samples from 
this new 
model can be 
convincing 
even at high-
fidelity
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over the latent 
space
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VQ-VAE
• VQ-VAE-2 

extended the 
original idea 
by learning 
two levels 
(bottom and 
top) and a 
strong prior 
over the latent 
space

• Samples from 
this new 
model can be 
convincing 
even at high-
fidelity

77
Figure from Razavi et al. 
(2019)



Connections between VAE and Diffusion
Variational Autoencoder Denoising Diffusion Probabilistic 

Model

78



GAN à VAE à Diffusion
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(in 5 minutes)

GANs

Model:

pθ(z) ∼ N (0, I)
pθ(x | z) = point mass onGθ(z)

z x

p(x) =
∫

z p(x | z) p(z) dz

MLE?: 

Learn:

NOPE!

minimax game

θ̂ = arg maxθ

∑N

i=1 log p(x(i))

Diffusion

Model:

MLE?: 

Learn:

NOPE!

pθ(z) ∼ N (0, I) pθ(zt−1 | zt) ∼ N (µθ(zt),Σθ(zt))

zT
q(zt | zt−1) ∼ N (µφ(zt−1),Σφ(zt−1))

zT−1
z1 z0 = x

…

q(z0) = data dist.

θ = arg min
θ

KL(q(z1:T | x) ‖ pθ(z1:T | x))

where pθ(z1:T | x) is true posterior of p(x | z1) · · · p(zT−1 | zT )p(zT )

VAEs

Model:

pθ(z) ∼ N (0, I) pθ(x | z) ∼ N (µθ(z),Σθ(z))

z x

MLE?: 

Learn:

NOPE!

h = tanh(W1z + b1)

µθ(z) = W2h+ b2

Σθ(z) = (W3h+ b3)I

p(x) =
∫

z p(x | z) p(z) dz

θ̂ = arg maxθ

∑N

i=1 log p(x(i))

qφ(z | x) ∼ N (µφ(x),Σφ(x))

θ,φ = arg min
θ,φ

KL(qφ(z | x) ‖ pθ(z | x))

where pθ(z | x) is true posterior of p(x | z) p(z)

MLP



ZERO-SHOT AND FEW-SHOT LEARNING
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Zero-shot Learning
• Definition: in zero-shot learning we assume that training data does not 

contain any examples of the labels that appear in the test data

81
Figure from https://cdn.aaai.org/AAAI/2008/AAAI08-103.pdf

Question: 
How can we hope to 
learn in a setting 
where have no 
labeled examples?

Answer:

Idea: cheat! 

leverage a 

“description of 

the label”, 𝑑 𝑧



Few-shot Learning
• Definition: in few-shot learning we assume that training data contains 

a handful (maybe two, three, or four) examples of each label

83
Figure from https://dl.acm.org/doi/10.1145/3386252



Few-shot Learning
• Definition: in few-shot learning we assume that training data contains 

a handful (maybe two, three, or four) examples of each label
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Figure from https://dl.acm.org/doi/10.1145/3386252



PROMPTING
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Prompting
• Language models are trained to maximize the likelihood of 

sequences in the training data
• Most condition on the previous tokens to generate the next 

tokens

• Key idea behind prompting: provide a prefix string to the such 
that its likely completion is the answer you want

86

Definition: An autoregressive language model defines a probability
distribution over sequences x1:T of the form:

p(x1:T ) =
T∏

t=1

p(xt | x1, . . . , xt−1)



Prompting Examples
Conditional 
Sampling:
To draw a sample, 
feed in a prompt 
(i.e. context) and 
then sample from 
the model 
conditioned on that 
prompt

87

Prompt
(i.e. context)

Output
(i.e. generated 

poem)

Examples from GPT-3 paper

GPT-3

text completion



What else can a large LM (attempt to) do?

Using the idea of 
prompts, we can 
apply LMs to a 
variety of 
different 
problems in 
natural language 
processing.

In the zero-shot 
setting, we 
simply feed the 
context to the 
model and 
observe how it 
completes the 
sequence. (i.e. 
there is no 
additional 
training)

88

Answer fact-based questions:

Complete sentences logically:

Complete analogies:

Reading comprehension:

Examples from GPT-3


