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Reminders

* Homework 1: Generative Models of Text
— Out: Mon, Sep 8
— Due: Mon, Sep 22 at 11:59pm
* Quiz 2:
— In-class: Wed, Sep 24
— Lectures 5-8

* Homework 2: Generative Models of Images
— Out: Mon, Sep 22
— Due: Sat, Oct 4 at 11:59pm




DIFFUSION MODELS



Contracting path
* block consists of:

3x3 convolution
3x3 convolution
RelLU

max-pooling with stride of 2
(downsample)

* repeat the block N times,

doubling number of channels

Expanding path
* block consists of:

2x2 convolution (upsampling)

concatenation with
contracting path features

3x3 convolution
3x3 convolution
RelLU

* repeat the block N times,
halving the number of
channels

input
image
tile

U-Net
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=»conv 3x3, RelLU
copy and crop

¥ max pool 2x2
| 4 up-conv 2x2
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Diffusion Model

po(X7—1 | X7) po (Xt | Xeq1) Po(Xo | X1)

adds noiseto  ~--~ A e T ~=7 Te=oT T == q(x0)
theimage (xr | x7_1) o (Xet1 | X¢t) gy (X1 | Xo)
if we could sample
Forward Process: from this we’d be done (Exact) Reverse Process:
T T
v
q(X0:7) = q(X0) 1 o (Xt | Xt—1) ¢ (X0.:1) = qo(XT) H qg(Xe—1 | X¢)
The exactreverse process requires inference. And,
even though ¢4 (x; | x¢—1) is simple, computing
(Learned) Reverse Process: removes noise qs(X¢—1 | x¢) is intractable! Why? Because ¢(xo)
r might be not-so-simple.
po(Xo.1) = po(XT) Hpe(Xt—1 | X¢)
e fXO:t—2,t—|—1:T q¢(X0.7)dX0:t—2,¢4+1:T

qp(Xi—1 | X¢) =

goal is to learn this fxo:t—2,t:T 9g (X0:7)dX0:t—2,1:



Diffusion Model

po(Xr—1 | X7) Po(Xe | Xe41) Po(Xo | X1
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Figure from Ho et al. (2020)



Denoising Diffusion Probabilistic Model (DDPM)

po(X7—1 | X7) po (Xt | Xeq1) Po(Xo | X1)
Po (XT)

9o (X7 | X7-1) Qo (Xey1 | X¢) qs (X1 | X0)

Forward Process:

q(x¢) = data distribution

g (Xt | Xp—1) ~ N(Varxi—1, (1 — ay)T)

T
q¢ XOT —C]XOH Xt’th

(Learned) Reverse Process:
T

pQ(XT) ~ N(Ovl)

po(Xo:1) = po(Xr) tl;[lpﬁ(xt—l | %) po(Xe—1 | X¢) ~ N (po(xe,t), Bo(xe, 1))



Gaussian (an aside)
Let X NN(FLx?O-:%) and Y NN(M?/7O-§)

1. Sum of two Gaussians is a Gaussian

X"‘YNN(Nx"‘NyvOi""U;)

2. Difference of two Gaussians is a Gaussian

X_YNN(M:B_N?J?U;“’_U::%)

3. Gaussian with a Gaussian mean has a Gaussian Conditional

Z~ Ny =X,02) = P(Z | X) ~N(,")



Defining the Forward Process

Forward Process:
q(x¢) = data distribution

o (Xt | Xp—1) ~ N(Varxi—1, (1 — ay)T)

T
%(XOT —QXO H Xt’Xt 1

Noise schedule: Property #1:

We choose a; to follow a fixed schedule s.t. a(%, | %0) ~ N(v/asxo, (1 — &,)T)
qs(x7) ~ N(0,1), just like pg(x7). ,
where a; = H Qg

1.0 4 —— linear

cosine

0.8 1

Q: So what is (Xt | X,) ? Note the capital T in the
subscript.

0.6 1

0.4 4

0.2 1 A:
00 . q(x7 | x0) ~N(p~ 0,2 ~1)

0.0 0.2 0.4 0.6 0.8 1.0
diffusion step (t/T)




Gaussian (an aside)
Let X NN(,LLx7O-:%) and Y NN(M?/7O-Z)

1. Sum of two Gaussians is a Gaussian

X"‘YNN(Nx"‘NyvOi""U;)

2. Difference of two Gaussians is a Gaussian

X_YNN(Mw_Uyaaz"i‘U;)

3. Gaussian with a Gaussian mean has a Gaussian Conditional

Z~ Ny =X,02) = P(Z | X) ~N(,")

4. But #3 does not hold if X is passed through a nonlinear function f

WNN(Mz:f(X)aaf?u)#P(W|X)NN(’)



Parameterizing the learned reverse process
Recall: pp(x¢—1 | x¢) ~ N (pg(xt,t), Xo(xt, 1))

Later we will show that given a train-
ing sample xq, we want

.Pe(Xt—l |Xt)

to be as close as possible to

Q(Xt—l ‘ Xt XO)

Intuitively, this makes sense: if the
learned reverse processis supposed

to subtract away the noise, then
whenever we’re working with a spe-
cific x¢ it should subtract it away
exactly as exact reverse process would
have.



Properties of forward and exact reverse processes

Property #1:
q(x¢ | x0) ~ (\/ X, (1 — ay)I)
| | I —
where a; = H Qg

= we can sample x; from x( at any timestep ¢
efficiently in closed form

\/_XO—I—\/l — &€ where € ~ N (0, I)

[

Property #2: Estimating q(x;_1 | x;) isintractable
because of its dependence on ¢(x(). However,
conditioning on xy we can efficiently work with:

— N(laq(xta X0)7 07521)

:>Xt

C](Xt—l \ Xt,Xo)

— 1 -
where fIEIE)— \/ozif( = Oét)XO N \/ozi( = @t)Xt
- e - e

5 _ (1- Oét—l)(l - @t)
¢ 1— ay

Property #3: Combining the two previous prop-
erties, we can obtain a different parameteriza-
tion of [, which has been shown empirically to
help in learning py.

Rearranging x; = v/a;Xo + /1 — o€ we have
that:

V1—aue) [V

Substituting this definition of x into property
#2’s definition of /i, gives:

X0 = (Xt -

fiq(X¢,X0) = OJ,EO)XQ + agt)xt

:ozgo)((Xt—f\/l—(y,ee)/\/i)—koz()
(0



Parameterizing the learned reverse process
Recall: pp(x¢—1 | x¢) ~ N (pg(xt,t), Xo(xt, 1))

Idea#1: Ratherthanlearn Xy (x;, t) just use what
we know about ¢(x;_1 | x¢,Xg) ~ N( ,021):

EQ(Xt, t) = O'?I
Idea#2: Choose g basedonq(x;_1 | x¢,Xg), i.€.

we want pg(x¢, t) to be close to fi,(x¢, Xo). Here
are three ways we could parameterize this:

I Option A: Learn a network that approximates fi, (x¢, Xo)
directly from x; and ¢:

to(x¢,t) = UNety(xy, t)

L where t is treated as an extra feature in UNet

" Option B: Learn a network that approximates the real
xo from only x; and t¢:

Ko (Xt7 t) — OégO)XéO) (Xt7 t) + agt)xt

where x(go) (x¢,t) = UNety(x¢,t)

~Option C: Learn anetwork that approximates the e that
gave rise to x; from xg in the forward process from x;
and t:

+ Oégt)Xt

(xt — /1 - &tEQ(Xt,t)) aver

22 (Xtv t) — &gmxé()) (Xt7 t)

where xéo)(xt, t) =

where €g(x;,t) = UNety(xy, t)



DIFFUSION MODEL TRAINING



%(Xt MMS

Recall: given a training sample xg,

we want

Do (Xt—l | Xt)

to be as close as possible to
Q(Xt—l ’ Xt7XO)

Depending on which of the
options for parameterization we
pick, we get a different training
algorithm.

Learning the Reverse Process

Algorithm 1 Training (Option A, all timesteps)

1: initialize 6
2: foree {1,...,E}do
3: forxg € Ddo

4: fortc {1,...,T}do

5 € NN(O,I)

6:2(&5])@ X; < /QXg + /1 — aze
7: [Lg < aﬁO)xo + ozgt)xt

8: gt(e) < Hlaq — :LLQ(Xtvt>H2
3 0—60—Vo> | £(0)

Option A: Learn a network that approximates /i, (x¢, Xo)
directly from x; and t¢:

to(x¢,t) = UNetg(xy, t)

where t is treated as an extra feature in UNet



Learning the Reverse Process

Recall: given a training sample xy, Algorithm 1 Training (Option A)
we want 1: initialize 0
2: foree {1,...,EF}do
po(Xt—1 | X¢) 3 for o € Ddo
: t ~ Uniform(1,...,T)
to be as close as possible to e ~ N'(0,T)
Xy < /uXg + /1 — age

Q(Xt—l ’ Xt7XO) _
g < @§O>x0 + ozgt)xt

Ce(0) = Ilizg — po (x4, 2)|1?

Depending on which of the 0« 0 — Voly(6)

options for parameterization we

2 %N 2V R

pick, we get a different training

algorithm. Option A: Learn a network that approximates /i, (x¢, Xo)

directly from x; and t¢:
to(x¢,t) = UNetg(xy, t)

where t is treated as an extra feature in UNet



Learning the Reverse Process

Recall: given a training sample xg,

we want

Do (Xt—l | Xt)

to be as close as possible to
q(x¢—1 | X¢,X0)

Depending on which of the
options for parameterization we
pick, we get a different training

algorithm.

Algorithm 1 Training (Option B)

1. initialize 6

2: fore € {1,...,E}d0

3: for xp € Ddo

t ~ Uniform(1,...,7T)

e ~N(0,1)

Xt < /X + /1 — ay€
£(0) + [Ixo — x5 (x4, 1)]|2
0 < 0 — Vol,(0)

XN VR

Option B: Learn a network that approximates the real
xo from only x; and ¢:

po(xt,t) = ax§” (xe, 1) + ax,

where xéo) (x¢,t) = UNety(x¢,t)



Learning the Reverse Process

Recall: given a training sample xg,

we want

Do (Xt—l | Xt)

to be as close as possible to
q(x¢—1 | X¢,X0)

Depending on which of the
options for parameterization we
pick, we get a different training
algorithm.

Option Cis the best
empirically

Algorithm 1 Training (Option C)

1: initialize 6

: foree {1,...,FE} do

for xp € Ddo
t ~ Uniform(1,...,7T)
e ~N(0,1)
X; < /auXg + /1 — aqe€
£(0) < |le — e (xs, )%
0 < 60— Vol (0)

XNV R W N

Option C: Learn a network that approximates the e that
gave rise to x; from xg in the forward process from x;
and t:

po (X, t) = ago)xéo)(xt, t) + agt)xt

where Xéo)(Xt, t) = (x¢ — V1 — aeg(xe,t)) /@

where €y(x¢,t) = UNetg(x¢, 1)



Training (Computation Graph)
= A
U,/\)(D,D
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Sampling from the learned reverse process

po(X7—1 | X7) po (Xt | Xeq1) Po(Xo | X1)

Algorithm 1 Sampling

1 X7 ~ po(XT)
2: fort € {T,...,1} do
3: Xt—1 P(Xt—l ’ Xt)

4: return xg

22



Sampling from the learned reverse process

po(X7—1 | X7) po (Xt | Xeq1) Po(Xo | X1)

Algorithm 1 Sampling
1. X7 N(O, I)
2: fort € {T,...,1} do
3: x;_1 ~ N(ug(xe,t), Xo(xq,1))
4: return xg

23



Sampling from the learned reverse process

po(X7—1 | X7) po (Xt | Xeq1) Po(Xo | X1)

9o (X7 | X7-1) 0o (Xet1 | X¢) qs (X1 | X0)

Algorithm 1 Sampling (Option A)
1. X7 v N(O, I)
2: fort € {T,...,1} do
3 e ~ N(0,1I)
4: X¢—1 < [o(X¢, 1) + o€
5: return xg




Sampling from the learned reverse process

po(XT—1 | XT) po (Xt | Xeq1) Po(Xo | X1)

9o (X7 | X7-1) 0o (Xet1 | X¢) qs (X1 | X0)

Algorithm 1 Sampling (Option B)
1. X7 N(O, I)
2: fort € {T,...,1} do
3: e ~ N(0,1)
4: fu, @§0>x§0) (x¢,t) + ozgt)xt
5: Xt_1 4 [y + Ot€

6: return xg




Sampling from the learned reverse process

po(XT—1 | XT) po (Xt | Xeq1) Po(Xo | X1)

9o (X7 | X7-1) 0o (Xet1 | X¢) qs (X1 | X0)

Algorithm 1 Sampling (Option C)
1. X7~ N(O, I)
: fort € {T,...,1} do
3: e ~ N(0,1)
L Xo < (x¢ — V1 — uep(xe,t) [V

p, ago)fco — agt)xt

4

5

6: X1 < llt + O:€
7: return xg




Unsupervised Learning

Assumptions: Example: Diffusion Models

1. our data comes from some distribution * true p*(x,) is distribution over photos taken
p*(x,) and posted to Flikr

2. we choose a distribution pg(x,) for which * choose pg(x,) to be an expressive model
sampling x, ~ pg(X,) is tractable (e.g. noise fed into inverted CNN) that can

Goal: learn 6 s.t. pg(X,) = p*(X,) generate images

— sampling is will be easy
* learn by finding © = argmaxg log(pe(x,))?

— Sort of! We can’t compute the gradient

Ve log(pe(x,))
— So we instead optimize a variational

po(xXe—1|xt)
>@ ; @ o 50 lower bound (more on that later)

Dovgg, e i | -
qixe|Xe—1) 9 | ~

Figure from Ho et al. (2020)



DDPM Objective Function
(x) = +ELR0

|

pH(XO:T) ]
E|{—logpg(xp)| < E,|— log
| s (%)) q[ " q(x1.7(X0)

-

=E [ log p(x7) Zlobpg s l‘xt)} —3

i>1 Xt|xt 1) —

L= E, [PKL((](XT|XO) [ p(XT)Z-i- ZPKL(Q(Xt—l|Xt: Xo) || p()(xt—l’Xt)Z: 10gp9(X0\X12]

L 1 Lo

L‘; ] i | e Lo
; This KL divergence term L, , could fold {hy
docs, “\“)“”7 wants the two conditional frm nto
Qg?m\ o B Ve distributions to be as close as SUCTI
Kf T possible.

28
Equations from Ho et al. (2020)



VARIATIONAL AUTOENCODERS



GAN =2 VAE - Diffusion (in s minutes)

GANSs VAEs
po(e) ~ NI 4, x| ) = point mass on Gy ) wle) > NOY__ 2o A N0 e by
Model: \* . ~»|£T3 Model: \‘l po(z) = Wah + by
R e TR 29( ) = (Wgh + bg)I
7 X
)
MLE?: 6 = argmaxy 3. logp(x(i)) NOPE! MLE?: 6 = argmaxy S0, logp(x(i)) NOPE!
= [ p(x z) dz = [ p(x z) dz
Learn: minimax game Learn: 0,6 =arg Igllqbn KL(%(Z | x) || po(z | x))
where py(z | x) is true posterior of p(x | z) p(z)

Diffusion

po(z) ~ N(0,1) Learn: ¢ = argmin KL(q(z1.7 | %) || po(z1:7 | X))

where py(z1.7 | x) is true posterior of p(x | z1) - - - p(z7_1 | 27)p(27)

Model:

q(zo) = data dist.
MLE?: NOPE! 32



Variational Autoencoder
VAEs

po(z) ~ N(0,T)  po(x|2z) ~N(uo(2), %o (2))
~ h = tanh(W1z + by)

MLP po(z) = Wah + by

/\ S(2) = (Wsh 4 by)I

~ N (%), Xp(x))
MLE?: QA — arg maxg Ziv . logp(x(z ) NOPE!

Model:

fp z) dz
Learn: 0,¢ = argmlqbn KL(q¢( | x) || po(z | X))

where py(z | x) is true posterior of p(x | z) p(z)

33



Background for Variational Autoencoders (VAEs)

To talk about VAEs we need to lay some groundwork:

1. Autoencoders (not the variational kind)

2. KL divergence

3. Variational inference (using KL as an objective)

4. Monte Carlo estimation (for approximating expectations)
5. (Score function trick)

6. Reparameterization trick (for variance reduction)

7. Stochastic Gradient Variational Bayes



