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The (primal) optimization problem is:
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The (primal) optimization problem is:

1
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w,b

st yi((x,w)y+b)>1, i=1..m

This can be written as:

miil f(w,b)

st. g(w,b) <0, i=1,...m

Where  f(w,b) = ||w||?

and  g(w,b) =1 —yi((x;,w) +b)
are both convex functions
of our parameters w and b

Lagrangian

We can write the Lagrangian of:
min}||w||2
w,b 2

st yi((xi,w)+0)>1, i=1,...m

as: L(w,b,a)= f(w,b)+ Zaigi(w, b)
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We can write the Lagrangian of:
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st yi((xi,w)4+0)>1, i=1,...m

as: L(w,b,a)= f(w,b) + Zm: @;gi(w,b)
i=1
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Take the quantity: Z
Op(w,b) = max L(w,b,«)

a,a; >0

O (w, b) f(w,b) if w,b satisfy primal constraint
w.b) =
PR 00 otherwise

Primal and dual
Op(w,b) = max L(w,b, )

a,a; >0
f(w,b) if w,b satisfy primal constraint
673' (W7 b) = .
00 otherwise

The solution to:

min 6p(w,b) = min max L(w,b, «)
w, w,b a,a; >0

This is the same problem as our original primal
problem and therefore has the same solution.
Original problem:
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min —||w||

b 2

st yi((x,w)y+b)>1, i=1,..m




Primal and dual
Now take a slightly different problem:

Op(a) = milr)l L(w,b,a)

The dual optimization problem is:

0 = i b
Jnax, Op(a) = max min £(w,b,a)

We have that:

Both satisfied in
separable SVM

Primal and dual
formulation

If:
- fand g are convex
- There exist w that satisfies constraint g (i.e. there

exists a w for which g(w)<0)

then:
- there exists w* and b* solutions to the primal problem,

and o™ solution to the dual problem, and:
d* :p* — E(W*,b*,a*)
Also, w*,b*, a* satisfy the KKT conditions:

= s, i L0 be) <l e £lwobie) =27 QLW D)) g imtyagn GG(W) =0 i=1m
) . ) - Ow; w* 7 Y gi(w*)<0,i=1,...m
Under certain conditions (next slide): p oL(w*,b,a™)| 0 a; >0, 0= m
b b* 7 v
Both satisfied in
Primal and dual separable SVM KKT conditions

formulation
If:
- fand g are convex
- There exist w that satisfies constraint g (i.e. there
exists a w for which g(w)<0)

then:
- there exists w* and b* solutions to the primal problem,

and o™ solution to the dual problem, and:
Also, w*,b*, a* satisfy the KKT conditions:

Complementary slackness
OL(w,b*, a*) " /

Stationarity: w*,b* local extremum of Lagrangian for fixed o*
Feasibility: All primal and dual constraints are satisfied

Complementary Slackness: either «; =0 or g;(w,b) =0
If ;>0 then g¢i(w,b)=0

—0,i=1,.,0| @gWw)=0 i=1..m

8wi
OL(W*, b, a*)

w gi(w*) <0, 1=1,....m

o ZO, 1= 1,...,7’)’L

. = Ostationarity | | Feasibility

0b b

Complementary slackness
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O v g (W) <0,i=1,..,m

OLW b)) g S0 i1 ...
ob . - otationarity | |[Feasibility ™ = ™ 3o




Solve the dual problem. First solve:
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Solving the dual problem. First solve:
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Then replace:

mm[, (w, b, ) Zaz — fZZa oYy (Xi, Xj)

Then solve:

max min £(w,b,a) = max oy — ZZala]yly] (x4,%;)

020 Wb ,0; >0
st. a;>a
> aiyi =0

After solving for « :
W = Z QiYiXq
7

b=1- <X+7W>




Then solve:

max min £(w,b,a) = max Za, — fZZaza]ylyj (x4,X;)

a,a; >0 w,b aal>0

st. a; > a
> iy =0
After solving for @ :
W = Z QG YiXy
b=1 —7 (x4, W)

For new points, predict:

sign ((w, x;) + b) = sign <<Z aiyixi7x]'> + b) = sign (Z Qiyi(Xi, Xj) + b)

@ i

Then solve:

max min £(w,b,a) = max Zaz — fZZa,a]y,yj (x4,%;)

a,a; >0 w,b oaal>0

st. a; > a
> iy =0
After solving for @ :
W= Z QY X
7

b=1— (x4, W)
For new points, predict:

sign ((w, x;) + b) = sign <<Z aiyqui,Xj> + b> = sign (Z 0,y (X4, X5) + b)

Kernels

A kernel is a function of two variables that can be written as
dot product of the same feature map of these variables:

K(z,2) = ¢(c)7(2).

Theorem (Mercer). Let K : R®™ x R® — R be given. Then for K
to be a valid (Mercer) kernel, it is necessary and sufficient that for any
{z®,..., 2™}, (m < o0), the corresponding kernel matrix is symmetric
positive semi-definite.

Example kernel




Example kernel

K(z,2) = (z72)2

n n T

K(z,z) = (Zzﬂ,) (Zz],z) 1:1:2
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Survey

ka(z,y) = (¢a(T), Pa(y))
ko(z,y) = (do(2), Po(y))

k(z,y) =ko(x,y) + kp(z,y)

is k a kernel?

ves  $(2) = [da() ", du(2) "]’

ka(x,y) = <¢a($)7¢a(y)>
k(z,y) = —kq(x,y)

is k a kernel?

No, not PSD




ko(2,y) = (¢a(x), Pa(y))

_ T
k(z,y) = cka(z,y) >0 k(z,y) =z Ay
A p.s.d.
is k a kernel? s k a kernel?
A=LLT

Jos ¢(x) = Vega () Yes b(z) = L7a

Radial Basis . )
5 Function (RBF) Learn non-linear boundaries
kernel
9 sign (Z ;Y (¢ d(x;5)) + b) = sign (Z o yik(xi,x;5) + b)
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