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Abstract. Common assumption in most machine learning algorithms
is that, labeled (source) data and unlabeled (target) data are sampled
from the same distribution. However, many real world tasks violate this
assumption: in temporal domains, feature distributions may vary over
time, clinical studies may have sampling bias, or sometimes sufficient
labeled data for the domain of interest does not exist, and labeled data
from a related domain must be utilized. In such settings, knowing in
which dimensions source and target data vary is extremely important to
reduce the distance between domains and accurately transfer knowledge.
In this paper, we present a novel method to identify variant and invari-
ant features between two datasets. Our contribution is two fold: First,
we present a novel transfer learning approach for domain adaptation,
and second, we formalize the problem of finding differently distributed
features as a convex optimization problem. Experimental studies on syn-
thetic and benchmark real world datasets show that our approach out-
perform other transfer learning approaches, and it aids the prediction
accuracy significantly.

1 Introduction

In real life applications of supervised machine learning, the conditions in which
the models are developed and used may differ. For instance, in clinical studies of
drugs, the selection of patients may not be representative of the general popula-
tion: the sample may have a gender bias, race bias, or patients in the study may
have a lower health status. A network intrusion software or a spam detection
software developed many years ago may not be predictive anymore, due to newer
attack or spam patterns. A survey conducted in a region, may not be applicable
to another region, due to differences in the populations. These examples conflict
with the major assumption of machine learning, that training and testing data
come from the same distribution. Moreover it is not always guaranteed that there
is sufficient labeled data in the target (newer) domain to train a new model.

There have been many efforts to deal with such situations, including rela-
tively new learning paradigms, such as transfer learning. Transfer learning tries
to utilize the readily available labeled data from another domain for prediction
in the target domain of interest. This approach is also known as domain adapta-
tion. An example application area for domain adaptation is sentiment analysis,
where one intends to use reviews in a particular domain, say stock reviews, to
predict the sentiments in another domain, say computer reviews. How products
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are described in the reviews differ across domains, and therefore two dataset
distributions may be different [10]. In bioinformatics, one may want to utilize
labeled clinical data from one institution, to predict high-risk patients in another
institution. Although the two clinical datasets may share the same feature sets
(age, blood pressure, BMI etc.) we have no apriori reason to believe that the
sets of patients come from the same distribution.

An effective domain adaptation is only possible when common feature repre-
sentations of source and target domains are found [2]. In the literature of statis-
tics and machine learning, the question of whether two datasets come from the
same distribution, also known as the two-sample or homogeneity problem, has
been tackled for many years in the context of data integration [3]. However, iden-
tifying which features are variant between two datasets is a relatively unexplored
problem. Solving this problem is crucial for domain adaptation, since once the in-
variant features are identified, source and target domains can be reduced to the
same distribution, and supervised machine learning algorithms can be applied.

In this paper, we present a novel, reliable and efficient unsupervised method
to distinguish variant and invariant features across source and target datasets.
We formulate the problem as a convex optimization problem which has obvious
advantages such as reliability and efficiency. Experiments on the synthetic and
real-world datasets reveal that: 1. Our method can discriminate between variant
and invariant features with perfect accuracy 2. Knowing which features are vari-
ant is extremely important for domain adaptation: there is 30% improvement
in prediction accuracy when only invariant features are used for training as op-
posed to all features 3. Our method outperforms other state-of-the-art transfer
learning approaches on benchmark real-world datasets. Finally, rather than pro-
jecting source and target datasets to the feature space, or re-weighting instances
to reduce their distance, we introduce a novel transfer learning approach.

The rest of the paper is organized as follows: In the following section, we
formalize the problem statement and our solution. In section 3, we describe the
experiments we conducted on synthetic and real world datasets. In section 4,
we review related work. In the last section, we conclude the paper and provide
future prospects.

2 Feature Selection with MMD (f-MMD)

Current methods in information theory can provide a measure of distance be-
tween two domains. For example, Kullback-Leibler divergence is a widely used
metric to measure distance between two distributions. However, it requires ex-
pensive distribution density calculation. As a non-parametric distance measure,
Borgwardt et al. proposed Maximum Mean Discrepancy statistic [3]. The main
idea is that, under a sufficiently rich reproducing kernel Hilbert space (RKHS),
if feature means of the population are identical then it is guaranteed that the
distributions are the same [6]. Based on this theorem, distance between samples
of two distributions can be measured by the difference of the empirical means of
the samples in a RKHS [10]. Formally:
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Definition: Let X = {x1,x2,..,xm} and Y= {y1,y2,..,yn} be two sets of obser-
vations drawn from Borel probability distributions p and q. Let F be a class of
functions f: X → R then the empirical estimate of MMD is defined as :

MMD[F , X, Y ] = supf∈F

(
1
m

m∑
i=1

f(xi) − 1
n

n∑
i=1

f(yi)

)
(1)

As shown by Borgwardt et al. [3] when F is rich enough, MMD (F , X, Y) will
be zero if and only if p = q. However, if it is too rich, for most finite samples
of X and Y, MMD will differ significantly from 0. It has been shown that the
unit ball in a universal RKHS is a sufficiently large function class that can be
chosen as F . Let φ(x) be the feature map defined as φ(x): X → H, where H is
a universal RKHS. Function evaluation can then be written as f(x) = 〈φ(x), f〉.
Based on this argument, the distance between two domains, S and T, can be
measured by the squared difference in the empirical means:

Dist(XS , XT ) =

∣∣∣∣∣
∣∣∣∣∣ 1
nS

nS∑
i=1

φ(XSi) −
1

nT

nT∑
i=1

φ(XTi)

∣∣∣∣∣
∣∣∣∣∣
2

H
(2)

Let x and y denote instances from source and target domains respectively: x ∈
XS , y ∈ XT . Following Pan et al., equation (2) can be written in the following
form using the kernel trick, i.e. k(zi, z

T
j ) = φ(zi)φ(zT

j ), where k is a positive
definite kernel [9]:

Dist(XS , XT ) = tr(KL) (3)such that:

K =

[
Kxx Kxy

Kyx Kyy

]
and L =

[
Lxx Lxy

Lyx Lyy

]
(4)

where K ∈ R(nS+nT )×(nS+nT ) is a composite kernel matrix and Kxx, Kyy and
Kxy are kernel matrices defined by k on the source domain, target domain and
cross domains respectively. nS and nT denotes the number of instances in the
source and target domains. L � 0 is a coefficient matrix with Lxx = 1

n2
S
, Lyy = 1

n2
T

and Lxy = −1
nS∗nT

.
Our goal is to find the features whose distributions are variant between the

two domains. In other words, we are trying to find features which contribute
to the distance between two domains the most. Let’s define a diagonal weight
matrix W, whose diagonal entries correspond to feature weights. Let W ∈ Rd×d

be this diagonal weight matrix and x ∈ Rd×1 be a d dimensional sample vector.
Let σ be a feature map such that:

σ(x) → x W 1/2.

Finally, we can define the new (positive definite) kernel, k′(xi, x
T
j ) as:

k′(xi, x
T
j ) = 〈φ ◦ σ(xi), φ ◦ σ(xT

j )〉H
where H is a universal RKHS.
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The new kernel matrices K ′
xx, K ′

yy, K ′
xy can be defined by k′ on the source

domain, target domain and cross domain respectively. The new composite kernel
matrix K ′ can be computed with equation (4) on K ′

xx, K ′
yy, K ′

xy (note that K ′
yx

= (K
′
xy)

T ).
To illustrate the argument with an example, let φ(x): X → H be a polynomial

kernel with degree, d. Then, K ′
xx is:

K ′
xx = ((xW 1/2) ∗ (xW 1/2)T +1)d

K ′
xx = (xWx + 1)d

K ′
yy, K ′

xy can be computed in a similar fashion.
To solve for the matrix W, we present the following convex optimization

problem:

W ∗ = arg min
W

− trace(K ′L)

subject to diag(W )T ∗ diag(W ) ≤ 1
W > 0

(5)

where diag(W) ∈ Rd×1 is the diagonal of the weight matrix. Intuition behind
this optimization problem is the following:

– By assigning higher weights to features which minimize the negative MMD
score in the objective function, we create a gap between the weights of the
variant and invariant features across domains. Our assumption here is that
there is at least one feature that differs across domains, i.e. the domains are
not identical.

– With the first constraint, we are constraining the size of weights by applying
a ridge penalty.

Equation (5) is a quadratically constrained quadratic program (QCQP) which
can be cast as a Semidefinite Program (SDP). When interior point methods
are used, QCQP can have polynomial worst-case complexity [14]. After solving
equation (5), using a QCQP solver (in our experiments we used CVX [5][4]),
variant features can be found by applying a threshold function to the diagonal
entries of W ∗. Denoting the set of variant features as V, and the set of invariant
features as N, Algorithm 1 describes how we populate V and N. For the rest of
this paper we will refer our approach as f-MMD.

3 Experiments

We tested the performance of our algorithm first on the synthetic datasets we
designed, and then on the real world datasets. With the synthetic datasets, our
purpose is to see how well our algorithm can distinguish between variant and
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Algorithm 1. Feature Separation with MMD (f-MMD)
1: Input: Samples from source domain, XS , and target domain, XT , weight threshold

λ
2: Output: Variant feature set V, and invariant feature set N.
3: Solve the optimization problem (5) to obtain the weight matrix W ∗.
4: w ← diag(W ∗)
5: for i = 1 : d where d is the number of features do
6: if wi ≥ λ then
7: V ← V ∪ i
8: else {wi < λ}
9: N ← N ∪ i

10: end if
11: end for

invariant features, and how this information can aid the classification perfor-
mance. With the experiments on the real world datasets, since we don’t know
apriori which features are identically distributed (or differently distributed), we
only measured the improvement in the prediction performance, after applying
our algorithm to select invariant features.

3.1 Synthetic Datasets

Synthetic datasets are designed to address the following questions:

– Can f-MMD identify features whose distribution vary between domains?
– How does the removal of the variant features affect prediction performance?

Synthetic data is generated as follows: Given m, the number of samples from
each domain, d, the number of dimensions, k, the number of variant dimensions
and t, the number of dimensions related to the class label, we sample invari-
ant (d-k) features from (d-k) randomly picked distributions with zero mean and
unit variance. For the first domain, k variant dimensions are sampled from ran-
domly picked k distributions with zero mean and unit variance. For the second
domain, these dimensions are sampled from the same k distributions but with
linear shift in sample mean. Similar to the random signal generation used in
[1], there are 18 distributions from which a feature is sampled: exponential, stu-
dent (degrees of freedom = 3 or 5), Laplace, mixture of 2 double exponentials,
symmetric 2 gauss (multimodal, transmodal, unimodal), uniform, asymmetric 2
gauss (multimodal, transmodal, or unimodal), asymmetric 4 gauss (multimodal,
transmodal, or unimodal) and symmetric 4 gauss (multimodal, transmodal, or
unimodal). To create class labels, d dimensional weight vector, v ∈ Rd is drawn
from the standard uniform distribution. t features that are related to the class
label are randomly selected from all d features. A d dimensional indicator vector
is constructed, where Ii = 1 if ith feature is related to the class label, 0 otherwise.
Consequently,

∑d
j=1 Ij = t. For i = 1...d, we set vi = 0 if Ii = 0, otherwise, we

left it unchanged. Class labels are then found by applying sign function to the
data sample x, i.e. y = sign(v*x).
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The illustration of the synthetic data in 2 dimensions are shown in Figure 1.
Source data is shown in red, target data is shown in blue. x1 is the invariant
dimension (identically distributed in both domains), x2 is the variant dimension
- there is a linear shift in the means across domains. x2 is also the predictive
dimension for class labels in this example.
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Fig. 1. 2D synthetic data, source data is shown in red, target data is shown in blue.
Positive samples are shown with stars, and negative samples are shown with dots.

Next, we created d = 100 dimensional synthetic dataset with 200 samples (100
instances from each domain) by using the procedure described above. Each sub-
figure in Figure 2 shows the output weights for each dimension enumerated from
1 to 100. As evident from each subfigure, the features that are given significantly
higher weights by our algorithm, are indeed variant features.

To illustrate the weight distribution between variant and invariant features,
we generated another synthetic dataset with 10 dimensions. This time we varied
k from 1 to 10, i.e. we generated 10 source and target datasets with 1 to 10
variant dimensions. The output weights sorted in descending order are given in
Table 1. λ parameter for the threshold function can be found empirically by
observing the output weight distribution, and picking a value from the range
with largest difference in weights. In our experiments, we used λ = 0.1. Note
that the number of features that have weights above 0.1 is exactly the same as k,
our algorithm successfully identifies all of the variant features between datasets.

To address the second question, whether prediction performance improves af-
ter the removal of variant features, we trained linear SVM and logistic regression
on source domain to predict class labels in the target domain. Linear classifiers
are chosen to capture the contribution of each feature independently to the clas-
sification prediction. We used a source (training) dataset of size 300, with 20
dimensions (10 variant, 10 invariant). We randomly picked 10 features to be
related to the class variable, y.

Prediction performances of linear SVM and logistic regression on the synthetic
dataset are shown in Table 2 and in Table 3 respectively. First column indicates
the prediction accuracy when the classifier is trained only with the invariant
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Table 1. Feature weights for each synthetic dataset sorted in descending order. k is the
number of variant dimensions in each dataset. The weights for the invariant features
are significantly lower than the variant features as expected. Dimensions that have
weights above 0.1 are indeed the correct variant dimensions.

Dimension k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10

w1 0.999 0.827 0.793 0.620 0.531 0.503 0.466 0.621 0.412 0.484

w2 0.028 0.563 0.470 0.597 0.498 0.464 0.435 0.339 0.406 0.335

w3 0.027 0.008 0.386 0.420 0.462 0.420 0.414 0.325 0.402 0.311

w4 0.024 0.007 0.006 0.287 0.440 0.390 0.399 0.292 0.341 0.306

w5 0.004 0.005 0.003 0.034 0.251 0.328 0.372 0.291 0.315 0.305

w6 0.003 0.004 0.001 0.000 0.002 0.310 0.285 0.287 0.309 0.295

w7 0.003 0.002 0.001 0.000 0.001 0.002 0.206 0.267 0.289 0.293

w8 0.001 0.002 0.000 0.000 0.001 0.001 0.002 0.262 0.289 0.283

w9 0.000 0.001 0.000 0.000 0.000 0.001 0.000 0.046 0.163 0.266

w10 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.016 0.001 0.213

features whose f-MMD weights smaller than λ = 0.1. Second column indicates
the accuracy when its trained with all the features. Training sample size is fixed
at 300 instances, while the target dataset size is varied from 100 to 300 samples.
As can be seen from Table 2 and Table 3, there is a drastic improvement in
prediction accuracy when only invariant features are used in training and testing,
as opposed to using all the features. This further supports our intuition that using
only the invariant features can have significant benefits in domain adaptation.

We also compared dimensionality reduction with f-MMD to other benchmark
methods: Transfer Component Analysis (TCA) [10] and kernel PCA (KPCA).
TCA is dimensionality reduction method that uses MMD as a distance measure
across domains. It learns transfer components that reduce the distance across
domains in a RKHS and performs mapping onto the learned transfer compo-
nents. The prediction performance of the 3 algorithms on the synthetic dataset
is shown in Table 4. Total number of features is 40. Source domain size is fixed at
300, and target domain size is increased from 100 to 300. The reduced number
of dimensions is the same for all three methods, (d = 20). As can be seen in
Table 4, our method outperforms both TCA and kernel PCA, especially as the
target domain size increases.

3.2 Real World Datasets

We tested our approach on two real world datasets: USPS handwritten digit
images dataset and WIFI localization dataset [16]. Both datasets are commonly
used in transfer learning tasks. USPS dataset contains images of size 16 x 16,
totaling up 256 features, with pixel values ranging from 0 to 2. Many previ-
ous work states that, for the binary classification tasks on the USPS dataset,
discriminating 4 from 7 [15] and 4 from 9 is particularly challenging [12][17].
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Fig. 2. Weights, with respect to dimensions. Red dots illustrate variant features, blue
dots illustrate invariant features. As can be seen in each subfigure, f-MMD weights for
variant features are significantly higher than the invariant features.
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Hence to make our task harder, for source domain we used digits 4 and 7, and
for target domain we used digits 4 and 9. Labeling digit 4 as positive class and
7 and 9 as negative classes, the goal is to transfer the discriminative knowledge
between 4 and 7 in the source domain to 4 and 9 in the target domain. Dimen-
sion size is determined by the output of f-MMD: Using a threshold, λ = 0.1,
we removed all features with weights larger than λ. Denoting the number of
remaining features with p, for f-MMD, linear SVM is trained with the reduced
dataset of p-dimensions. For TCA, raw data is first mapped to the feature space,
and dimensions with the highest p eigenvalues are used for classification.

WIFI localization dataset consists of wifi data collected in an indoor building
at time points A and B. The goal is to predict the location where the wifi data is
received at time point B, using the labeled data collected at time point A. This
dataset has been used as a benchmark dataset for transfer learning applications,
since source domain (data from time point A) and target domain (data from
time point B) do not come from the same distribution [16]. For this dataset,
we trained a ridge regression with ridge penalty 0.05 to predict the locations.
Following [10] we used a training dataset of 621 instances, and varied the testing
dataset size from 100 to 500. We compared our approach to KPCA and TCA,
keeping the dimension size equal for all 3 methods.

Figure 3 (a) shows average absolute regression error results after applying
TCA, KPCA and f-MMD respectively, along with the ridge regression results
with no dimension reduction on the WIFI dataset. Figure 3 (b) shows the ac-
curacy of linear SVM after applying TCA, KPCA and f-MMD on the USPS
dataset. The exact performance results on WIFI localization dataset and USPS
dataset are shown in Table 5 and Table 6 respectively. On both datasets, ex-
periments show that our method significantly outperforms other feature repre-
sentation methods: On the USPS handwritten digits dataset, for 550 samples,
we obtain a 84% classification accuracy, while TCA and Kernel PCA achieves
a mere 44% and 78.8% respectively. On the WIFI localization dataset, with the
same number of dimensions and with 921 samples, average ridge regression error
after dimensionality reduction with our algorithm is 88.6, while after TCA and
Kernel PCA it is 103.37 and 92.4 respectively. This shows that our algorithm is
a very promising method for domain adaptation.

Table 2. Prediction accuracy of SVM on synthetic dataset

#Samples Invariant
Features

All Features

400 86% 61%

450 86.7% 55.3%

500 86% 55.5%

550 87.2% 57.2%

600 87% 56.7%
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Table 3. Prediction accuracy of logistic regression on synthetic dataset

#Samples Invariant
Features

All Features

400 82% 62%

450 84.7% 58%

500 83.5% 59.5%

550 85.2% 60.9%

600 84% 61.3%

Table 4. Linear SVM classification performance after f-MMD, TCA and KPCA on
synthetic dataset

#Samples f-MMD TCA KPCA

400 86% 81% 55%

500 86% 75% 48.5%

550 87.2% 67.2% 50.4%

600 87% 58% 51%

Table 5. Average absolute ridge regression error after f-MMD, TCA and KPCA on
WIFI localization dataset

#Samples f-MMD TCA KPCA

721 76.02 102.13 83.51

821 85.44 109.93 90.75

921 88.62 103.32 92.38

1021 85.32 100.84 90.23

1121 85.87 100.37 92.24

Table 6. Classification accuracy of linear SVM after f-MMD, TCA and KPCA on the
USPS dataset

#Samples f-MMD TCA KPCA

350 80 52 70

400 80 49 74

450 82 48 76.5

500 83.5 42 77.5

550 84 44 78.8

600 82 43 77.6

4 Related Work

Prior work in domain adaptation focuses on reducing the distance between source
and target domains, either through re-weighting the instances (instance based
approaches) or finding a common feature representation between two domains
(feature based approaches). Instance based approaches, first estimate the weights
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Fig. 3. Comparison of f-MMD to benchmark methods. Figure 3 (a) shows average
absolute ridge regression error of f-MMD, TCA and KPCA with respect to the sample
size, as testing sample size is increased from 100 to 500. Results when no dimensionality
reduction is applied is shown with black. Figure 3 (b) shows linear SVM prediction
accuracy after f-MMD and TCA with respect to sample size as testing sample size is
increased from 50 to 300.

corresponding to each instance in the source domain, prior model training. In-
stance weights are typically proportional to the distance between source and
target density distributions. As a distance measure, Kullback-Leibler divergence
[13], or Maximum Mean Discrepancy can be used [7]. Instance based approaches
assume that there is a subset of instances with similar distributions in source
and target domains, however such a subset may not exist when there are features
that are variantly distributed across the two domains.

This work is mostly related to feature based approaches, which assume that the
domains share a subset of features that come from similar distributions, and there
are features that are variantly distributed across domains. The goal is to find a
common feature representation of source and target domains. Among prior work
in feature based approaches,Pan et al. first proposedMaximum Mean Discrepancy
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Embedding (MMDE) [9] where the distance between distributions are measured
with Maximum Mean Discrepancy. In MMDE, first, the kernel that minimizes dis-
tance between two distributions is found, and then kernel PCA is applied to the
learned kernel. However this method requires an expensive SDP computation, and
it is not feasible to be used on large datasets. Hence subsequently Pan et al. pro-
posed Transfer Component Analysis (TCA), where the goal is to find a projection
that minimizes distance between distributions [10]. TCA doesn’t require an SDP
computation, it is shown to be more efficient than MMDE in domain adaptation
problems such as WIFI localization prediction [10].

5 Conclusion

In this paper, we proposed a novel and an extremely efficient method for do-
main adaptation. Unlike previous feature based approaches, rather than finding
a projection of the feature space to maximize the similarity between source and
target domains, we identify the features whose distribution vary between the two
domains. In our experiments, we showed that knowing which features are variant
and incorporating this knowledge to the prediction task significantly improves
prediction performance, a novel finding in domain adaptation. We showed that
our method significantly outperforms other comparable feature based methods
on benchmark datasets. In the future, our goal is to extend this work to select
the kernels that are differently distributed across domains. We are also intrigued
to see how we can incorporate variant features to further increase prediction
accuracy in domain adaptation.
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