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1 Language

Worlds p,q,r i=a|p-qle

Kinds K :=Ilz:A.K | Va.K | type
Types Auz=lx:AB|a-S|Va.B||la.B|QA|A&B|T
Terms M =X e.M | R| (My, M) | ()
Atomic Terms Ru=c-S|xz-S
Spines S = ()| (M;8)] (7;9)

1.1 Judgments

I'F K :rkind
T'Fp: world
I'FA:type
I'ES: K > type
- M: Alp)
' R: Alp)
'k S: Alp] > Cr]

1.2 Kind Formation
I'z: AF K : rkind I',a : world F K : rkind

T'+1Ilx : A.K : rkind I'Va.K : rkind

I' F type : rkind

1.3 World Formation
a:world el ' p: world I'+q: world

'k« : world I'kp-q:world '€ : world

The relation = 40p holds between two world expressions if they are identical up
to associativity and commutativity for -, and unit laws for e.




1.4 Type Formation
I'z: AF B :type
I'FIlx:A.B : type
a:KeX I'FS: K >type
'Fa-S:type

I'a :world - B : type
I'=Va.B : type

I'a : world - B : type
I't la.B : type
T'FA:type ' p: world
I'-@,A: type
'k A:type ' B : type
' A& B :type

T'FT:type

1.5 Type Checking
'FR:a-S[pl S=.5  p=acvq

'R:a-Sq|
I,xz: A+ M : Blp] I',a : world = M : Blp|
'k Az.M : Ilz:A.Blp| '+ M :Va.B[p]
DE M ({pfa)™B)p  TFM: Al
' M: |a.B[p] I'FM:@Q,Ap]
' M : Aip)] T'F M : Aslp]
TH (M, M) : Ay & Aslp| I Tl

1.6 Type Synthesis
c:AeXx L' S: Alg > C[r]
F'ke-S:Clr]
x:Ael L'k S: Alg > Clr]
x-S :C[r




1.7 Type Spine Kinding

'k () : type > type
THM:Al TFS:{M/z}*K > type
' (M;S): Iz:A.K > type
'k p: world I'FS:{p/a}* MK > type
I'FS:Va.K > type

1.8 Term Spine Typing

'H():a-S[p] >a-S[p

THM: Al TFS:{M/z}*Bp] > C[r]
'k (M;S): x:A.B[p] > Clr]
Ikg:world T FS:{g/a}*"Bp > Cr|
'k S:Va.Blp] > C[r]
T'FS:{p/a}*B[p] > C[r]

'k S:laBp] > Clr]

I'ES: Alg) > Clr]

'k S:@,Alp] > Clr]

I'FS: Ailp] > Cr]

I'E(m;8) « A1 & As[p] > Clr]

1.9 Substitution

Partial functions on normal terms yielding normal terms:

{(N/ay© A{g/By™d N | S)E
The first two also takes kinds to kinds and types to types.

Let o abbreviate {N/y}© or {q/B}"d.
1.9.1 Substitution on Kinds
o(llz:A.K) = z:(cA).(0K)
oc(Va.K) =Va.(cK)
otype = type



1.9.2 Substitution on Types
o(Ilz:A.B) = lx:(c A).(0 B)
ola-S)=a- (O’S)
oc(Va.B) =Va.(oB)
o(la.B) = la.(oB)
0(@QpA) = Q,p(cA)
0(A& B)=0A& 0B
ol =T

1.9.3 Substitution on Terms
oc(Ax. M) = dx.(c M)
o{My, My) = (oM, 0Ms)
a() =)
o(p-q) =op-oq
o(c-S)=c-(05)
o(y-S)=y-(c9) (if o not for y)
{N/a}C(z-8) =[N | S]°
of=p (if o not for B)
{p/a}*a=p
() =0
o(M;S)=(cM;0S)
o(m; S) = (m;08)

1.10 Reduction

.M | (N3 S)]45 = [(N/a}AM | §)EM/=1" 8

[RI(O)" =R
[M | S)74 = [M | 54
[M | S}t = [M | 5]
[M | 5)%4 =M | s
vl = |

[(My, My) | (w5 8)]4 M; | S]As



