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5.1 (8 Points) Resource Monoid

Recall the definition of the resource monoid Q = (Qsg x Qsg,-) where

(g+p-4q, p) ifqg'<p
(g, p'+q'-p) ifqg'>p

(q.94)-(p.p) = {
Let (g,q") = (r, ") - (s, s"). Prove the following statements.
l.gzrand g—q' =r—-r'"+s-7¢
2. If(p,p") = (F,r")-(s,sYand F = r then p=gand p' = ¢’
3. If (p,p")=(r,r")-(5,s) and §= sthen p=gand p' < ¢’

4. (") -((s,s) - (5, N =(r, ) - (5,8 - (1, 1)

5.2 (12 Points) Reasoning with the Cost Semantics

Consider the metric My, that counts the number of function applications, that is,

Mapplapp) = 1
Mapp (K) 0 ifK#app

Consider the function omega: (X — X) — Y that is defined as follows.

let rec omega = fun x — omega x in omega (fun x — x)

Let eomega be the above expression.

a) Prove that -; H pF €omega | © | (1,0) for every n € N and every heap H.

b) Prove that -; Hy €omega § (¢, H') for any ¢ and H'.



5.3 (18 Points) Resource-Based Type Safety

We will now use our effect-based cost semantics to show that well-typed programs don’t go
wrong: In a well-formed environment, a well-typed expression will either evaluate to a value of
the right type or can make an infinite number of steps.

First, recall the definition of a well-typed environment. We write H = £: A to indicate that
there exists a, necessarily unique, semantic value a € [A] so that HE v — a: A. An environment
V and a heap H are well-formed with respect to a context I' if H F V(x):T'(x) holds for every
x € dom(I'). We then write HE V : T.

The judgement H E v — a: A is defined by the following rules. Recall that the rules have to
be interpreted coinductively.

XeX ¢ e dom(H)
(V:TVAR)

(V:NIL)
HE(— VX HENull— []:L(T)

H([)Z([L[z) HI=€1—>a1 Hh[g'-’(dz,...,dn)ZL(T)
HE?(—lay,...,a,] :L(T)

(V:CoNSs)

H()=Ax.e,V) 3AT.HEV:ITATFAxeH" T — T,
HEl— (Ax.e,V):Z—T

(V:FuN)

In this problem assume that Mg is the steps metric, which counts the number of evaluation steps.
We then have M ]IE( =1 for all constants K.

Prove the following theorem. It is sufficient if you prove the theorem for expressions of the
form

e u= Xx X
lam(x.e) funx—e
app(ey, e2) e e
let(e1, x.e2) letx=ejiney

rec((f, x).ef,f.e) let rec fx= er ine
Theorem 1 (Type Safety). Let H=V :T, T H" e: T, and let Mg be the steps metric. Then
o thereisanneN such that V; H e (0, H) | (n,0), HEV:T,and H = ¢: T
* orV;H el o] (m,0) foreveryme N
A consequence of the theorem is that resource bounds on the number of evaluation steps
prove termination.
Hint: The following lemma can be proved by induction on n.

Lemmal. Let HEV:T andTH" e: T. IfV;H p-el ol (n,0) then V;H el o| (n+1,0) or
V;H el (¢, H) | (n+1,0) for a location ell and an heap H'.



ViHpy-el (4,H)|(q,9") Inenvironment V and heap H, expression e evaluates to (¢, H'),
the watermark resource usage is g and ¢’ resources are available afterwards.

H =H,0— (Ax.e, V)
(EE:VAR)
V;HybEx | (6,H) | MV V; H p-lam(x.e) | (¢, H’) | Mabs

(EE:ABS)

V;Hpber ) (41, H1) | (o, q1) H(¢) = (Ax.e, V')
V; Himte2 U (€2, Ho) | (g2, g3) V'[x— lo); Hy e Y (¢, H) | (g3, ga)

V; H yappler, e2) | (¢, H) | M?PP-(qo, q1)- (G2, 43)-(q3, Ga)

(EE:APP)

V,H pbe1 | (41, H1) | (qo, 1) Vix— 011, Hy e | (6, H) | (g2, 3) (
V; H y-let(er, x.e0) U (¢, H') | M*t-(q0, 1)-(q2, G5)

EE:LET)

H' =H,¢— Null
V;H ybnil § (¢, H) | M

(EE:NIL)

Vs Hyter | (61, H) | (qo, g1)
Vs Hy mt-ex | (42, H3) | (g2, 43) H' = Hy, 0 — (£1,05)

V; H pt-cons(er, e2) | (¢, H) | M°"-(q0, 1) (g2, G3)

(EE:CONS)

V;Hytel (¢, HY ] (g0, q1) H'(¢) =Null V;H mber U (41, HY) | (g2, q3)

il (EE:MATL1)
V; H p-matL(e, ey, (x1, X2).€2) U (41, H1) | My "+(q0, 41)- (g2, g3)
V;H e U (4, H) | (g0, q1)
H'(0)=(01,02)  Vix;—1,x2— 0 H ybex ) (4, H) (g2, g3)
(EE:MATL2)

V; H y-matL(e, ey, (x1, X2).€2) § (€1, H) | Mt (go, 41) (2, 43)

V'=VIif—{t; H=H{l;—AxepnV) ViH yFel (' ,H)(q,9)
V; H pt-rec((f, x).er, f.e) U (€', H") | M™(q,9)

(EE:REC)

Figure 1: Rules of the effect-based cost semantics.




ViHpFelol(q,q'))  After evaluating expression e in environment V and heap H for several

steps, the watermark resource usage is ¢ and g’ resources are available.

Vi, H pyte1 | ol (qo, g1)
(EP:ABORT) (Ep:APP1)

ViHpbelol0 V; H pt-appl(er, e2) § o | M?PP-(qo, q1)

Vs H e | (41, HY) | (qo, q1) Vi Hypbex ol (g2, 43)
V; H mt-appler, e2) § o | M2PP-(qo, 1)+ (g2, q3)

(Ep:APP2)

V;Hpber | (41, H1) | (o, q1) H(l1) = (Ax.e, V")
V; Hy e | (62, Hy) | (92, G3) V'[x— €3]; Hy p-e ) o | (g3, qa)

- (EP:APP3)
V; H mt-appl(er, e2) U o | M?PP-(qo, 41)-(q2, 43)- (g3, qa)

V,H yFe1 | o|(qo,q1)
V; H y-let(ey, x.e2) I o | M't-(qo, q1)

(EP:LET1)

V,Huber | (41, Hi) | (qo, 1) Vix— 011, Hmtex ol (g2,93)

= (EP:LET2)
V; H mt-let(er, x.e2) § o | M="-(qo0, 1)+ (G2, q3)

ViHpbe1 ol (qo,q1)
V; H pt=cons(ey, e2) U o | M®™-(qo, q1)

(Ep:CONS1)

V;Huber | (41, H1) | (o, q1) Vs Hy yt-e2 J o] (g2, q3)
V; H ptcons(er, e2) U o | M®"-(go, 1) (g2, g3)

(Ep:CONS2)

V;HpmbEel ol (qo,q1)
V; H y-matL(e, ey, (x1,X2).€2) |} o | MMt (go, g1)

(Ep:MATLO)

ViHutel (¢, H) [ (qo,q1)  H' (@) =Null  V;H yker§ol(ga,qs)

matl (Ep:MATL1)
V; H - matL(e, eq, (x1, X2).€2) § o | M7 ~+(qo, q1)(g2, g3)

V;H el (¢, H) | (qo, q1)
H'0)=(,03) Vixy— 1, x2— O H e ol (g2, q3)

il (EP:MATL2)
V;, H y-matL(e, ey, (x1, X2).€2) § o | M, = "-(q0, 41)- (92, g3)

V'=VI[f—¥¢f] H=H{;—Axepn,V) V;H ybelol(q,q)

roc ; (EP:REC)
V; H pt-rec((f, x).ep, f.e) Jo | M=“(q,q")

Figure 2: Rules of the partial effect-based cost semantics.




