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1 Introduction

System T is very expressive if we consider definability of computable func-
tions on the natural numbers. However, the only values we have are natural
numbers and functions, and the type system prevents us from implementing
the Church encodings of other data structures as we did in the λ-calculus.

In this lecture, we introduce products and sums, two basic kinds of data
structures that should arguably be available in every programming language.
Products are a conjunctive combination of data and sums are a disjunctive com-
bination of data. Notably, sums are not available in many popular languages,
which can be seen as the root cause of bugs like null-pointer dereference
that arise when the type system is not tracking them.

You can think of the following presentation of products and sums as an
extension of System T. However, the type and evaluation rules are modular
and can equally be added to other languages that we will study. The rules
do not rely on the fact that System T is a total language.

2 Products

Products are a conjunctive combination of data. Most popular programming
languages feature a version of products. Examples of products are tuples,
records, structs, and unit. The idea is to combine multiple data structures
into a new data structure that contains all of them.

The most general version of products is finite (labeled) products, such as
records, which are defined in [Har16]. In this lecture we present pairs and
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L7.2 Products and Sums

unit, which are equally expressive but notationally simpler.

2.1 Static Semantics

Syntax The syntax of pairs and unit is defined as follows.

Abstract Concrete
Typ τ ∶∶= unit 1 unit type

prod(τ1;τ2) τ1 × τ2 pair type

Exp e ∶∶= triv ⟨⟩ unit value
pair(e1;e2) ⟨e1, e2⟩ pair
proj[1](e) e ⋅ 1 left projection
proj[2](e) e ⋅ 2 right projection

The type unit is the type that has exactly one value, so the concrete
syntax is often written as 1. The type prod(τ1;τ2) is the type of pairs such
that the first component is of type τ1 and the second component is of type
τ2.

The expression triv is the introduction form for type unit. It is the
only value of type unit. The expression pair(e1;e2) is the introduction
form for pairs. The elimination form for pairs is the projection proj[i](e)
for i ∈ {1,2}. It evaluates to the first (i = 1) or second (i = 2) component of
the pair. There does not exist an elimination form for unit since the unit
value is computationally uninteresting: We never have to inspect it because
we know that a computation of type unit returns unit (or diverges if that is
possible in the programming language we’re working in).

Type Rules The type rules for pairs and unit are defined as follows.

Γ ⊢ triv ∶ unit
Tunit

Γ ⊢ e1 ∶ τ1 Γ ⊢ e2 ∶ τ2

Γ ⊢ pair(e1;e2) ∶ τ1 × τ2
Tpair

Γ ⊢ e ∶ τ1 × τ2 i ∈ {1,2}

Γ ⊢ proj[i](e) ∶ τi
Tproj

The rule Tunit states that the unit value triv has type unit in every
context. Rule Tpair states that if the type of the first component e1 is τ1 and the
type of the second component e2 is τ2 then the type of the pair pair(e1;e2)
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is τ1 × τ2. Rule Tproj states that the projection to the ith component of an
expression of type τ1 × τ2 results in an expression of type τi if i ∈ {1,2}. You
can think of i ∈ {1,2} as a (regular) premise or (equivalently) as shorthand
for defining two rules.

If we view the type rules as an extension of System T then we can show
that the properties of the type system such as the substitution lemma and
uniqueness of types still hold.

2.2 Dynamic Semantics

For eager (or call-by-value) pairs, values and transitions are defined as follows.

triv val
Vunit

e1 val e2 val

pair(e1;e2) val
Vpair

e1 z→ e′1

pair(e1;e2) z→ pair(e′1;e2)
Epair1

e1 val e2 z→ e′2

pair(e1;e2) z→ pair(e1;e
′

2)
Epair2

ez→ e′

proj[i](e) z→ proj[i](e′)
Eproj1

e1 val e2 val i ∈ {1,2}

proj[i](pair(e1;e2)) z→ ei
Eproj2

For an expression pair(e1;e2), we first step inside e1 using Rule Epair1.
When e1 is a value, we use Rule Epair2 to step inside e2. For an expression
proj[i](e), we first step inside e using Rule Eproj1. When e is a value of the
form pair(e1;e2)we step to ei to retrieve the ith component.

For lazy (or call-by-name) evaluation of pairs, we remove the premises
e1 val and e2 val from rule Vpair. We also remove rules Epair1 and Epair2 and
the premises e1 val and e2 val from rule Eproj2.

2.3 Discussion

Type Soundness It is a great exercise to verify that progress and preserva-
tion still hold for System T extended with either eager or lazy products.
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L7.4 Products and Sums

Records The most general form of tuples is records, also called finite labeled
products. We have discussed pairs and very similar rules work for tuples. In
addition, we could allow the user to specify the names of the components
of a tuple instead of using natural numbers as in tuples. The resulting forms
are often called records and are the most general form of products. You can
find the rules for records in PFPL [Har16].

Function Arguments Consider again System T and observe that adding
products immediately lets us define functions with multiple arguments
and multiple return values. For example, f ∶ nat×nat → nat×nat is
a function that takes two natural numbers as arguments and returns two
natural numbers. More precisely, functions still have one argument and one
result but the argument or result can be a product.

So there is no need to explicitly generalize functions to have multiple
arguments or results. Arguably, a generalization of functions that distin-
guishes a function with two arguments from a function with one argument
that is a pair (like in Python) makes it harder to compose functions since
you cannot directly apply a function with two arguments to a pair that is
returned by another function.

3 Sums

Sums are the disjunctive combination of data and are dual to products. Exam-
ples of sums include Booleans, enumerations, option types, and void, the
empty type. The idea of sums is to create a union of different data structures
in which data is labeled based on the component of the union it is in.

The most general version of sums are finite (labeled) sums, which are
available in functional languages such as SML, OCaml, and Haskell. In this
lecture we discuss binary sums and void, which are equally expressive but
notationally simpler.

3.1 Static Semantics

Syntax The syntax of binary sums and void is defined as follows.
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Abstract Concrete
Typ τ ∶∶= void 0 void type

sum(τ1;τ2) τ1 + τ2 sum type

Exp e ∶∶= inj[1]{τ1;τ2}(e) 1 ⋅ e left injection
inj[2]{τ1;τ2}(e) 2 ⋅ e right injection
case(e;x1.e1;x2.e2) case e{x1.e1 ∣ x2.e2 } case analysis
absurd{τ}(e) absurd(e) absurd

Void is the empty type, which is dual to unit in that it does not have
an introduction form but the, somewhat mysterious, elimination form
absurd{τ}(e) that we explain in the following. Binary sums have the
two injections as introduction forms and the case analysis is the elimination
form.

Type Rules The type rules for sums are defined as follows.

Γ ⊢ e ∶ τi i ∈ {1,2}

Γ ⊢ inj[i]{τ1;τ2}(e) ∶ τ1 + τ2
Tinj

Γ ⊢ e ∶ τ1 + τ2 Γ, x1 ∶ τ1 ⊢ e1 ∶ τ Γ, x2 ∶ τ2 ⊢ e2 ∶ τ

Γ ⊢ case(e;x1.e1;x2.e2) ∶ τ
Tcase

Γ ⊢ e ∶ void

Γ ⊢ absurd{τ}(e) ∶ τ
Tabsurd

In Rule Tinj, we ensure that e has type τi that is associated with the label
i. In Rule Tcase, the case analysis takes an expression e of type τ1 + τ2 and
provides two branches: If e evaluates to the injection inj[i]{τ1;τ2}(v) then
v is bound to xi in the evaluation of ei. Therefore, the type of xi is τi and the
type of ei is τ . Since we have the same type τ in both branches, the result
type of the case analysis is also τ .

Rule Tabsurd types the elimination form absurd{τ}(e) for values of type
void. The expression e has type void and the type of absurd{τ}(e) is an
arbitrary type τ , which the user selects with the annotation in the syntax.
There are no values of type void since void has no introduction forms. But
why do we then have an elimination form? First, because we can have it:
Since there are no values of type void, the expression e does not evaluate
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to a value. Therefore, it is safe to assign an arbitrary type τ to abort. Second,
it matches the logical principle that anything (here τ ) follows from false
(here void). Third, there are situations in which it is actually beneficial in
software engineering to express that some cases can be ignored because they
cannot happen.1

3.2 Dynamic Semantics

The eager (or call-by-value) dynamics for void and binary sums is defined as
follows.

e val i ∈ {1,2}

inj[i]{τ1;τ2}(e) val
Vinj

ez→ e′ i ∈ {1,2}

inj[i]{τ1;τ2}(e) z→ inj[i]{τ1;τ2}(e
′)

Einj

ez→ e′

case(e;x1.e1;x2.e2) z→ case(e′;x1.e1;x2.e2)
Ecase1

e val i ∈ {1,2}

case(inj[i]{τ1;τ2}(e);x1.e1;x2.e2) z→ [e/xi]ei
Ecase2

ez→ e′

absurd{τ}(e) z→ absurd{τ}(e′)
Eabsurd

An injection inj[i]{τ1;τ2}(e) val is a value if the payload e is a value
(Rule Vinj). There is no value of type void.

To evaluate an injection to a value, we repeatedly use Rule Einj to step
inside the payload.

To evaluate the case analysis case(e;x1.e1;x2.e2), we first step inside
the argument e using Rule Ecase1. If the argument of the case analysis has
the form of a value inj[i]{τ1;τ2}(e) then we step to the respective case
with the payload e substituted for the bound variable (Rule Ecase2).

To evaluate absurd{τ}(e)we use Rule Eabsurd to step inside e using the
premise ez→ e′. Since e′ cannot be a value, we can apply this rule over and

1I posted an example of such a situation on Ed.
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over in an evaluation. This means that the program absurd{τ}(e) diverges,
which can happen in a programming language with non-termination. Since
System T is a total language, the rule Eabsurd is never used in an evaluation.

For lazy (or call-by-name) sums, we drop the premise e val in Rule Vinj,
the Rule Einj, and the premise e val in Rule Ecase2.

3.3 Examples and Discussion

Booleans The most prominent sum type are the Booleans, which we define
as follows.

bool ≜ unit+ unit
true ≜ inj[1]{unit;unit}(⟨⟩)

false ≜ inj[2]{unit;unit}(⟨⟩)
if(e; e1; e2) ≜ case(e;x1.e1;x2.e2)

where x1 and x2 are fresh

Options and Null Pointers Another well-known sum type is the option
type opt(τ), which combines values of type τ with another value that
indicates that the optional value of type τ is not available.

opt(τ) ≜ τ + unit
null ≜ inj[2]{τ;unit}(⟨⟩)

just(e) ≜ inj[1]{τ;unit}(e)
ifnull(e; e1;x2.e2) ≜ case(e;x1.e1;x2.e2)

where x1 is fresh

The use of option types eliminates the decades-old issue of null-pointer
dereference, one of the most common bugs in software implemented in lan-
guages such as Java and C++. Null-pointer dereference is also the root cause of
many security vulnerabilities. A null-pointer dereference occurs when you
try to access a heap-allocated object that has not been created yet or is other-
wise unavailable. The need to reference a not-yet-existing object naturally
occurs when you create cyclic data structures such as doubly-linked lists.

Because of the prevalence of this bug, null-pointer dereference has been
a focus area of research on static analysis and software engineering. How-
ever, even after effective mitigations had become available, null-pointer
dereference still accounted for about 40% of memory bugs in Java projects
[LTW+06] in 2006. In 2020, null-pointer dereference was still the most com-
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mon logged error in Java production code2. This is in spite of the availability
of effective detection tools and programming language mitigations such as
a form of option types (using generics). Tony Hoare referred to null pointers
as his “billion dollar mistake” because he introduced the concept in ALGOL
W.3

Options eliminate the problem of null dereference because they combine
null with the values of a type τ in a type-safe way. If we have a value e of
type opt(τ) then the type system prevents us from using operations for
τ on e. The only way to apply such operations is to use a case analysis
ifnull(e; e1;x2.e2) and apply them to x2 in the branch e2. This forces us
to safely handle the null case in the branch e1. Moreover, this method is
efficient because x2 has the type τ in e2. In this way, we know that we
already performed the null check and do not have to repeat it in a function
that is called with the argument x2 inside e2.
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