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• Classical Synchronization: locks ensure mutual exclusion of threads

! Performance issues on modern multiprocessor architectures

• Blocking (busy waiting)

• Cache-coherency (high memory contention)

• Non-Blocking Synchronization: shared data is accessed without locks

! Outperforms lock-based synchronization in many scenarios

• Interference of threads possible

• Need to ensure consistency of the data structure
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How to Ensure Consistency Without Locks?

• Attempt to perform an operation

• Repeat operations after interference has been detected

• Ensure that a concurrent execution is equivalent to some sequential 
execution

• Desired properties: linearizability or serializability

! Different program logics exist, e.g., in [Fu et al. 2010]

! Contextual refinement, e.g., in [Liang et al. 2013]

• But: We also need additional progress guarantees.

Optimistic 
synchronization.

Sequential 
consistency.
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Progress Properties

Let     be a shared-memory data structure with operations

• Assume a system with m threads that access     exclusively via the 
operations

• Assume that all code outside the data structure operations      
terminates

• Fix an arbitrary scheduling of the m threads in which one or more 
operations      have been started

⇡1, ... ,⇡k
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Progress Properties

• A wait-free implementation guarantees that every thread can complete 
any started operation of the data structure in a finite number of steps

• A lock-free implementation guarantees that some thread will complete 
an operation in a finite number of steps

• An obstruction-free implementation guarantees the completion of an 
operation for any thread that eventually executes in isolation

• Wait-freedom implies lock-freedom

• Lock-freedom implies obstruction-freedom

No livelocks and 
no starvation.

No livelocks.

Liang et al.
Characterizing Progress 
Properties via Contextual 

Refinements. 
CONCUR’13.
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New quantitative technique to verify lock-freedom

• Uses quant. compensation schemes to pay for possible interference

• Enables local and modular reasoning

• Our paper: Formalization based on concurrent separation logic [O’Hearn 
2007] and quantitative separation logic [Atkey 2010]

• Running example: Treiber’s non-blocking stack (a classic lock-free data 
structure)

Sweet spot: strong progress 
guaranty and efficient, elegant 

implementations.
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Treiber’s Non-Blocking Stack

struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = { op1; . . . ; opn | 8i : opi 2 { ⇡1, . . . ,⇡k}}

Let S =
!

n! N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | 8i : si 2 S}

Finally, we set P =
!

m! N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P 2 P terminates.

PROOF Assume first that D is lock-free. Let P 2 P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n � 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P 2
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P" that only executes operations op 2 { ⇡1, . . . ,⇡k} and an
execution trace T of P" in which some operations have started
but no operation ever completes. It follows that P" diverges and T
is therefore infinite. Let n be the number of threads in P" and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si 2 Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si2{ push, pop} . An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange

SUBMISSION 3 2012/7/10
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }
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I := -1; //initialization

ping() , if I == TID then { while (true) do {} }
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Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = { op1; . . . ; opn | 8i : opi 2 { ⇡1, . . . ,⇡k}}

Let S =
!

n! N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | 8i : si 2 S}

Finally, we set P =
!

m! N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P 2 P terminates.

PROOF Assume first that D is lock-free. Let P 2 P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n � 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P 2
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P" that only executes operations op 2 { ⇡1, . . . ,⇡k} and an
execution trace T of P" in which some operations have started
but no operation ever completes. It follows that P" diverges and T
is therefore infinite. Let n be the number of threads in P" and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si 2 Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si2{ push, pop} . An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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Treiber’s Non-Blocking Stack

struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = { op1; . . . ; opn | 8i : opi 2 { ⇡1, . . . ,⇡k}}

Let S =
!

n! N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | 8i : si 2 S}

Finally, we set P =
!

m! N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P 2 P terminates.

PROOF Assume first that D is lock-free. Let P 2 P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n � 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P 2
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P" that only executes operations op 2 { ⇡1, . . . ,⇡k} and an
execution trace T of P" in which some operations have started
but no operation ever completes. It follows that P" diverges and T
is therefore infinite. Let n be the number of threads in P" and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si 2 Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si2{ push, pop} . An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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Treiber’s Non-Blocking Stack

struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = { op1; . . . ; opn | 8i : opi 2 { ⇡1, . . . ,⇡k}}

Let S =
!

n! N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | 8i : si 2 S}

Finally, we set P =
!

m! N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P 2 P terminates.

PROOF Assume first that D is lock-free. Let P 2 P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n � 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P 2
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P" that only executes operations op 2 { ⇡1, . . . ,⇡k} and an
execution trace T of P" in which some operations have started
but no operation ever completes. It follows that P" diverges and T
is therefore infinite. Let n be the number of threads in P" and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si 2 Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si2{ push, pop} . An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = {op1; . . . ; opn | ! i : opi " {⇡1, . . . ,⇡k}}

Let S =
!

n2N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | ! i : si " S}

Finally, we set P =
!

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P " P terminates.

PROOF Assume first that D is lock-free. Let P " P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n # 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P "
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operations op " {⇡1, . . . ,⇡k} and an
execution trace T of P1 in which some operations have started
but no operation ever completes. It follows that P1 diverges and T
is therefore infinite. Let n be the number of threads in P1 and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si " Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si" {push, pop}. An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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Treiber’s Non-Blocking Stack

struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = { op1; . . . ; opn | 8i : opi 2 { ⇡1, . . . ,⇡k}}

Let S =
!

n! N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | 8i : si 2 S}

Finally, we set P =
!

m! N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P 2 P terminates.

PROOF Assume first that D is lock-free. Let P 2 P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n � 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P 2
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P" that only executes operations op 2 { ⇡1, . . . ,⇡k} and an
execution trace T of P" in which some operations have started
but no operation ever completes. It follows that P" diverges and T
is therefore infinite. Let n be the number of threads in P" and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si 2 Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si2{ push, pop} . An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = {op1; . . . ; opn | ! i : opi " {⇡1, . . . ,⇡k}}

Let S =
!

n2N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | ! i : si " S}

Finally, we set P =
!

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P " P terminates.

PROOF Assume first that D is lock-free. Let P " P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n # 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P "
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operations op " {⇡1, . . . ,⇡k} and an
execution trace T of P1 in which some operations have started
but no operation ever completes. It follows that P1 diverges and T
is therefore infinite. Let n be the number of threads in P1 and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si " Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si" {push, pop}. An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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Treiber’s Non-Blocking Stack

struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = { op1; . . . ; opn | 8i : opi 2 { ⇡1, . . . ,⇡k}}

Let S =
!

n! N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | 8i : si 2 S}

Finally, we set P =
!

m! N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P 2 P terminates.

PROOF Assume first that D is lock-free. Let P 2 P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n � 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P 2
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P" that only executes operations op 2 { ⇡1, . . . ,⇡k} and an
execution trace T of P" in which some operations have started
but no operation ever completes. It follows that P" diverges and T
is therefore infinite. Let n be the number of threads in P" and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si 2 Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si2{ push, pop} . An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = {op1; . . . ; opn | ! i : opi " {⇡1, . . . ,⇡k}}

Let S =
!

n2N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | ! i : si " S}

Finally, we set P =
!

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P " P terminates.

PROOF Assume first that D is lock-free. Let P " P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n # 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P "
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operations op " {⇡1, . . . ,⇡k} and an
execution trace T of P1 in which some operations have started
but no operation ever completes. It follows that P1 diverges and T
is therefore infinite. Let n be the number of threads in P1 and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si " Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si" {push, pop}. An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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Treiber’s Non-Blocking Stack

struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = { op1; . . . ; opn | 8i : opi 2 { ⇡1, . . . ,⇡k}}

Let S =
!

n! N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | 8i : si 2 S}

Finally, we set P =
!

m! N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P 2 P terminates.

PROOF Assume first that D is lock-free. Let P 2 P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n � 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P 2
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P" that only executes operations op 2 { ⇡1, . . . ,⇡k} and an
execution trace T of P" in which some operations have started
but no operation ever completes. It follows that P" diverges and T
is therefore infinite. Let n be the number of threads in P" and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si 2 Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si2{ push, pop} . An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = {op1; . . . ; opn | ! i : opi " {⇡1, . . . ,⇡k}}

Let S =
!

n2N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | ! i : si " S}

Finally, we set P =
!

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P " P terminates.

PROOF Assume first that D is lock-free. Let P " P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n # 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P "
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operations op " {⇡1, . . . ,⇡k} and an
execution trace T of P1 in which some operations have started
but no operation ever completes. It follows that P1 diverges and T
is therefore infinite. Let n be the number of threads in P1 and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si " Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si" {push, pop}. An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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Treiber’s Non-Blocking Stack

struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = { op1; . . . ; opn | 8i : opi 2 { ⇡1, . . . ,⇡k}}

Let S =
!

n! N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | 8i : si 2 S}

Finally, we set P =
!

m! N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P 2 P terminates.

PROOF Assume first that D is lock-free. Let P 2 P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n � 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P 2
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P" that only executes operations op 2 { ⇡1, . . . ,⇡k} and an
execution trace T of P" in which some operations have started
but no operation ever completes. It follows that P" diverges and T
is therefore infinite. Let n be the number of threads in P" and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si 2 Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si2{ push, pop} . An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = {op1; . . . ; opn | ! i : opi " {⇡1, . . . ,⇡k}}

Let S =
!

n2N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | ! i : si " S}

Finally, we set P =
!

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P " P terminates.

PROOF Assume first that D is lock-free. Let P " P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n # 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P "
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operations op " {⇡1, . . . ,⇡k} and an
execution trace T of P1 in which some operations have started
but no operation ever completes. It follows that P1 diverges and T
is therefore infinite. Let n be the number of threads in P1 and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si " Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si" {push, pop}. An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of TreiberÕs lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() ! if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
everyn, the parallel execution ofn ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integerI and a single operationping. If
ping is executed twice by the same thread without interference from
another thread then the second execution ofping will not terminate.
Otherwise, each call ofping immediately returns. As a result, the
program

f
i=1 ,...,n ping terminates for everyn but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute Þnitely many operations. To this end, we deÞne a set of
programsSn that sequentially executen operations.

Sn = {op1 ; . . . ; opn | 8i : opi 2 {! 1 , . . . , ! k}}

Let S =
S

n2N Sn. We now deÞne the set of programsPm that
executem programs inS in parallel.

Pm = {
n

i=1 ,...,m

si | 8i : si 2 S}

Finally, we setP =
S

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a Þxed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structureD with operations! 1 , . . . , ! k is
lock-free if and only if every programP 2 P terminates.

PROOF Assume Þrst thatD is lock-free. LetP 2 P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete thenP immediately terminates. Ifn operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the deÞnition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a Þnite number of steps, we
reach a point in which onlyn � 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every programP 2
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operationsop 2 {! 1 , . . . , ! k} and an
execution traceT of P1 in which some operations have started
but no operation ever completes. It follows thatP1 diverges andT
is therefore inÞnite. Letn be the number of threads inP1 and letsi
be the sequential program that consists of all operations that have
been started by threadi in the execution traceT in their temporal
order. Then program

f
i=1 ,...,n si 2 Pn can be scheduled to produce

the inÞnite execution traceT . This contradicts the assumption that
every program inP terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs inP that we deÞned in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call aquantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to ÒpayÓ for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example TreiberÕs stack and a programPn in which
every thread only executes one operation, that is,Pn =

f
i=1 ,...,n si

andsi2{push, pop}. An execution ofPn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
veriÞed in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokensÑtokens are anafÞne resourceÑthe
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
deÞne a compensation scheme that enables the threads to exchange
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Treiber’s Non-Blocking Stack

struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = { op1; . . . ; opn | 8i : opi 2 { ⇡1, . . . ,⇡k}}

Let S =
!

n! N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | 8i : si 2 S}

Finally, we set P =
!

m! N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P 2 P terminates.

PROOF Assume first that D is lock-free. Let P 2 P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n � 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P 2
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P" that only executes operations op 2 { ⇡1, . . . ,⇡k} and an
execution trace T of P" in which some operations have started
but no operation ever completes. It follows that P" diverges and T
is therefore infinite. Let n be the number of threads in P" and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si 2 Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si2{ push, pop} . An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = {op1; . . . ; opn | ! i : opi " {⇡1, . . . ,⇡k}}

Let S =
!

n2N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | ! i : si " S}

Finally, we set P =
!

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P " P terminates.

PROOF Assume first that D is lock-free. Let P " P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n # 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P "
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operations op " {⇡1, . . . ,⇡k} and an
execution trace T of P1 in which some operations have started
but no operation ever completes. It follows that P1 diverges and T
is therefore infinite. Let n be the number of threads in P1 and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si " Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si" {push, pop}. An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of TreiberÕs lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() ! if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
everyn, the parallel execution ofn ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integerI and a single operationping. If
ping is executed twice by the same thread without interference from
another thread then the second execution ofping will not terminate.
Otherwise, each call ofping immediately returns. As a result, the
program

f
i=1 ,...,n ping terminates for everyn but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute Þnitely many operations. To this end, we deÞne a set of
programsSn that sequentially executen operations.

Sn = {op1 ; . . . ; opn | 8i : opi 2 {! 1 , . . . , ! k}}

Let S =
S

n2N Sn. We now deÞne the set of programsPm that
executem programs inS in parallel.

Pm = {
n

i=1 ,...,m

si | 8i : si 2 S}

Finally, we setP =
S

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a Þxed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structureD with operations! 1 , . . . , ! k is
lock-free if and only if every programP 2 P terminates.

PROOF Assume Þrst thatD is lock-free. LetP 2 P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete thenP immediately terminates. Ifn operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the deÞnition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a Þnite number of steps, we
reach a point in which onlyn � 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every programP 2
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operationsop 2 {! 1 , . . . , ! k} and an
execution traceT of P1 in which some operations have started
but no operation ever completes. It follows thatP1 diverges andT
is therefore inÞnite. Letn be the number of threads inP1 and letsi
be the sequential program that consists of all operations that have
been started by threadi in the execution traceT in their temporal
order. Then program

f
i=1 ,...,n si 2 Pn can be scheduled to produce

the inÞnite execution traceT . This contradicts the assumption that
every program inP terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs inP that we deÞned in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call aquantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to ÒpayÓ for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example TreiberÕs stack and a programPn in which
every thread only executes one operation, that is,Pn =

f
i=1 ,...,n si

andsi2{push, pop}. An execution ofPn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
veriÞed in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokensÑtokens are anafÞne resourceÑthe
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
deÞne a compensation scheme that enables the threads to exchange
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Let     be a share-memory data structure with operations                 .⇡1, ... ,⇡kD

Definitions
Sn = {op1; ... ; opn | 8i : opi 2 {! 1, ... , ! k}} S =

[

n2N

Sn

Pm = {
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Theorem
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Prove an upper bound on the number of loop iterations 

How to reason about one operation      locally when the number of loop 
iterations depends on the other threads?

Observation
In a lock-free data structure, every iteration of an
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  an operation by another thread.
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Idea: Threads that perform a successful operation have to pay for the 
additional loop iterations that they (potentially) cause in other threads.
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• After the execution the tokens disappear

! If n operations are executed then m*n is a bound on the loop iterations

• Successful push/pop:     1 token is used to pay for the loop iteration        
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• Unsuccessful push/pop: 1 token is used to pay for the loop iteration      
s                                        1 token is received from a successful thread
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = {op1; . . . ; opn | ! i : opi " {⇡1, . . . ,⇡k}}

Let S =
!

n2N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | ! i : si " S}

Finally, we set P =
!

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P " P terminates.

PROOF Assume first that D is lock-free. Let P " P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n # 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P "
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operations op " {⇡1, . . . ,⇡k} and an
execution trace T of P1 in which some operations have started
but no operation ever completes. It follows that P1 diverges and T
is therefore infinite. Let n be the number of threads in P1 and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si " Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si" {push, pop}. An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = {op1; . . . ; opn | ! i : opi " {⇡1, . . . ,⇡k}}

Let S =
!

n2N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | ! i : si " S}

Finally, we set P =
!

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P " P terminates.

PROOF Assume first that D is lock-free. Let P " P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n # 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P "
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operations op " {⇡1, . . . ,⇡k} and an
execution trace T of P1 in which some operations have started
but no operation ever completes. It follows that P1 diverges and T
is therefore infinite. Let n be the number of threads in P1 and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si " Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si" {push, pop}. An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = {op1; . . . ; opn | ! i : opi " {⇡1, . . . ,⇡k}}

Let S =
!

n2N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | ! i : si " S}

Finally, we set P =
!

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P " P terminates.

PROOF Assume first that D is lock-free. Let P " P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n # 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P "
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operations op " {⇡1, . . . ,⇡k} and an
execution trace T of P1 in which some operations have started
but no operation ever completes. It follows that P1 diverges and T
is therefore infinite. Let n be the number of threads in P1 and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si " Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si" {push, pop}. An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange

SUBMISSION 3 2012/7/10

111
111

111
111

Need m tokens for 
each push operation.



0

A Quantitative Compensation Scheme for 
Treiber’s Stack

8128

Threads

Shared Memory

77

2

1

struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = {op1; . . . ; opn | ! i : opi " {⇡1, . . . ,⇡k}}

Let S =
!

n2N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | ! i : si " S}

Finally, we set P =
!

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P " P terminates.

PROOF Assume first that D is lock-free. Let P " P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n # 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P "
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operations op " {⇡1, . . . ,⇡k} and an
execution trace T of P1 in which some operations have started
but no operation ever completes. It follows that P1 diverges and T
is therefore infinite. Let n be the number of threads in P1 and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si " Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si" {push, pop}. An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = {op1; . . . ; opn | ! i : opi " {⇡1, . . . ,⇡k}}

Let S =
!

n2N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | ! i : si " S}

Finally, we set P =
!

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P " P terminates.

PROOF Assume first that D is lock-free. Let P " P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n # 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P "
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operations op " {⇡1, . . . ,⇡k} and an
execution trace T of P1 in which some operations have started
but no operation ever completes. It follows that P1 diverges and T
is therefore infinite. Let n be the number of threads in P1 and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si " Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si" {push, pop}. An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = {op1; . . . ; opn | ! i : opi " {⇡1, . . . ,⇡k}}

Let S =
!

n2N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | ! i : si " S}

Finally, we set P =
!

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P " P terminates.

PROOF Assume first that D is lock-free. Let P " P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n # 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P "
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operations op " {⇡1, . . . ,⇡k} and an
execution trace T of P1 in which some operations have started
but no operation ever completes. It follows that P1 diverges and T
is therefore infinite. Let n be the number of threads in P1 and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si " Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si" {push, pop}. An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = {op1; . . . ; opn | ! i : opi " {⇡1, . . . ,⇡k}}

Let S =
!

n2N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | ! i : si " S}

Finally, we set P =
!

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P " P terminates.

PROOF Assume first that D is lock-free. Let P " P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n # 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P "
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operations op " {⇡1, . . . ,⇡k} and an
execution trace T of P1 in which some operations have started
but no operation ever completes. It follows that P1 diverges and T
is therefore infinite. Let n be the number of threads in P1 and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si " Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si" {push, pop}. An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = {op1; . . . ; opn | ! i : opi " {⇡1, . . . ,⇡k}}

Let S =
!

n2N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | ! i : si " S}

Finally, we set P =
!

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P " P terminates.

PROOF Assume first that D is lock-free. Let P " P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n # 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P "
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operations op " {⇡1, . . . ,⇡k} and an
execution trace T of P1 in which some operations have started
but no operation ever completes. It follows that P1 diverges and T
is therefore infinite. Let n be the number of threads in P1 and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si " Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si" {push, pop}. An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = {op1; . . . ; opn | ! i : opi " {⇡1, . . . ,⇡k}}

Let S =
!

n2N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | ! i : si " S}

Finally, we set P =
!

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P " P terminates.

PROOF Assume first that D is lock-free. Let P " P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n # 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P "
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operations op " {⇡1, . . . ,⇡k} and an
execution trace T of P1 in which some operations have started
but no operation ever completes. It follows that P1 diverges and T
is therefore infinite. Let n be the number of threads in P1 and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si " Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si" {push, pop}. An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = {op1; . . . ; opn | ! i : opi " {⇡1, . . . ,⇡k}}

Let S =
!

n2N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | ! i : si " S}

Finally, we set P =
!

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P " P terminates.

PROOF Assume first that D is lock-free. Let P " P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n # 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P "
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operations op " {⇡1, . . . ,⇡k} and an
execution trace T of P1 in which some operations have started
but no operation ever completes. It follows that P1 diverges and T
is therefore infinite. Let n be the number of threads in P1 and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si " Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si" {push, pop}. An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange
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struct Node {

value_t data;

Node *next;

};

Node *S;

void init() { S = NULL; }

void push(value_t v) {

Node *t, *x;

x = new Node();

x->data = v;

do { t = S;

x->next = t;

} while(!CAS(&S,t,x));

}

value_t pop() {

Node *t, *x;

do { t = S;

if (t == NULL) { return EMPTY; }

x = t->next;

} while(!CAS(&S,t,x));

return t->data;

}

Figure 1: An implementation of Treiber’s lock-free stack in a C-like language as given by Gotsman et al. [9].

I := -1; //initialization

ping() , if I == TID then { while (true) do {} }

else { I := TID }

Figure 2: A shared data structure that shows a limitation of the method of
proving lock-freedom that has been introduced by Gotsman et al. [9]. For
every n , the parallel execution of n ping operations terminates. However,
the data structure is not lock-free.

ID. A simple example is described in Figure 2.3 The shared data
structure consists of an integer I and a single operation ping. If
ping is executed twice by the same thread without interference from
another thread then the second execution of ping will not terminate.
Otherwise, each call of ping immediately returns. As a result, the
program

f
i=1,...,n ping terminates for every n but the data structure

is not lock-free. We are also aware of a similar counterexample that
uses a different system property instead of thread IDs.

Consequently, we have to prove a stronger termination property
to prove that a data structure is lock-free. Instead of assuming that
each client only executes one operation, we assume that each client
can execute finitely many operations. To this end, we define a set of
programs Sn that sequentially execute n operations.

Sn = {op1; . . . ; opn | ! i : opi " {⇡1, . . . ,⇡k}}

Let S =
!

n2N Sn. We now define the set of programs Pm that
execute m programs in S in parallel.

Pm = {
n

i=1,...,m

si | ! i : si " S}

Finally, we set P =
!

m2N Pm. For proving lock-freedom, we
rely on the following proposition. By allowing a fixed but arbitrary
number of operations per thread we avoid the limitations of the
previous approach.

Proposition 1 The data structure D with operations ⇡1, . . . ,⇡k is
lock-free if and only if every program P " P terminates.

PROOF Assume first that D is lock-free. Let P " P . We prove that
P terminates by induction on the number of incomplete operations
in P , that is, operations that have not been started yet or operations
that have been started but have not completed yet. If no operation
is incomplete then P immediately terminates. If n operations are
incomplete then the scheduler has already or will start an operation
by executing one of the threads. By the definition of lock-freedom it
then follows that some operation will complete, independently of
the choices of the scheduler. So after a finite number of steps, we
reach a point in which only n # 1 incomplete operations are left.
The termination argument follows by induction.

3 This example is based on an idea from James Aspnes.

To prove the other direction, assume now that every program P "
P terminates. Furthermore, assume for the sake of contradiction that
D is not lock-free. Then there exists some concurrent program
P1 that only executes operations op " {⇡1, . . . ,⇡k} and an
execution trace T of P1 in which some operations have started
but no operation ever completes. It follows that P1 diverges and T
is therefore infinite. Let n be the number of threads in P1 and let si
be the sequential program that consists of all operations that have
been started by thread i in the execution trace T in their temporal
order. Then program

f
i=1,...,n si " Pn can be scheduled to produce

the infinite execution trace T . This contradicts the assumption that
every program in P terminates. !

3. Quantitative Reasoning to Prove Lock-Freedom
A key insight of our work is that for many lock-free data structures,
it is possible to give an upper bound on the total number of loop
iterations in the programs in P that we defined in Section 2.

To see why, note that most non-blocking operations are based
on the same optimistic approach to concurrency. They repeatedly
try to access or modify a shared-memory data structure until
they can complete their operation without interference by another
thread. However, lock-freedom ensures that such interference is only
possible if another operation successfully completes:

In a lock-free data structure, every iteration of an unsuccess-
ful operation is caused by the successful completion of an
operation by another thread.

This property is the basis of a novel reasoning technique that we
call a quantitative compensation scheme. It ensures that a thread is
compensated for loop iterations that are caused by the successful
completion of an operation by another thread. In return, when a
thread completes an operation, it provides compensation to the
other threads. In this way, every thread is able to “pay” for its loop
iterations without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in which
every thread only executes one operation, that is, Pn =

f
i=1,...,n si

and si" {push, pop}. An execution of Pn never performs more than
n2 loop iterations. Using a compensation scheme, this bound can be
verified in a local and modular way. Assume that each of the threads
has a number of tokens at its disposal and that each loop iteration
in the program costs one token. After paying for the loop iteration,
the token disappears from the system. Because it is not possible
to create or duplicate tokens—tokens are an affine resource—the
number of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations per-
formed by a thread depends on the choices of the scheduler as
well as the number of operations that are performed by the other
threads. To still make possible local and modular reasoning, we
define a compensation scheme that enables the threads to exchange

SUBMISSION 3 2012/7/10

11 111 1
111

Treiber’s stack is lock-
free iff we have enough 

tokens to pay for all loop 
iterations.



Quantitative Reasoning in Separation Logic

Technical Report YALEU/DCS/TR-1476

repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call aquantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progressÑoften the successful completion of an operationÑin
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to ÒpayÓ for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example TreiberÕs stack and a programPn in
which every thread only executes one operation, that is,Pn =!

i =1 ,...,n si and si ! {push, pop}. An execution ofPn never
performs more thann2 loop iterations. Using a compensation
scheme, this bound can be veriÞed in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokensÑtokens are anaffine resourceÑthe number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we deÞne a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration inPn is
guarded by aCAS operation this compensation scheme can
be conveniently integrated into the speciÞcation ofCAS. To
this end, we require that (logically)n" 1 tokens have to be
available to execute aCAS.

(a) If the CAS is successful then it returnstrue and
(logically) 0 tokens. Thus, the executing thread loses
n" 1 tokens.

(b) If the CAS is unsuccessful then it returnsfalse and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needsn tokens to perform a data structure operation. One
token is used to pay for the Þrst loop iteration andn" 1 tokens
are available during the loop as the loop invariant. If theCAS

operation of a threadA is successful (case (a)) then this can
cause at mostn" 1 CAS operations in the other threads to fail.
Thesen" 1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful threadA does not need its tokens
anymore since it will exit the do-while loop. Therefore then" 1

tokens belonging toA are passed to the othern" 1 threads to

pay for the worst-case scenario in which this update causes
n" 1 more loop iterations.

If the CAS operation of a threadA fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for threadA. SinceA hadn" 1 tokens before
the execution of theCAS, it hasn tokens after the execution.
So threadA can pay a token for the next loop iteration and
maintain its loop invariant ofn" 1 available tokens.

In our example programPn , there aren2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded byn2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program withn threads such that threadi
executesmi operations performs at most

P
1! i ! n mi · n loop

iterations. Threadi then starts withmi · n tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namelyconcurrent
separation logic, auxiliary variables, andread permissions. The
only thing we add to separation logic is the notion of atoken
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in§III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is deÞned in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simpliÞes reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). AHoare triple
[P ]C [Q] for a programC is a total-correctness speciÞcation of
C that expresses the following. IfC is executed in a program
state that satisÞesP thenC safely terminates and the execution
results in a state that satisÞesQ.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. Theseparating
conjunction P #Q is satisÞed by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisÞesP and one sub-heap satisÞesQ. It enables
the safe use of the frame rule

[P ]C [Q]

[P #R]C [Q #R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modiÞed by the programC (using predicates
P andQ). This speciÞcation can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicateR).

1In fact there are at most
! n
2

"
loop iterations in the worst case. However,

the n2 bound is sufÞcient to prove termination.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call a quantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progress—often the successful completion of an operation—in
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to “pay” for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in
which every thread only executes one operation, that is, Pn =f

i =1 ,...,n si and si 2 { push, pop} . An execution of Pn never
performs more than n2 loop iterations. Using a compensation
scheme, this bound can be verified in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokens—tokens are an afÞne resource—the number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we define a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration in Pn is
guarded by a CAS operation this compensation scheme can
be conveniently integrated into the specification of CAS. To
this end, we require that (logically) n�1 tokens have to be
available to execute a CAS.

(a) If the CAS is successful then it returns true and
(logically) 0 tokens. Thus, the executing thread loses
n�1 tokens.

(b) If the CAS is unsuccessful then it returns false and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needs n tokens to perform a data structure operation. One
token is used to pay for the first loop iteration and n�1 tokens
are available during the loop as the loop invariant. If the CAS

operation of a thread A is successful (case (a)) then this can
cause at most n�1 CAS operations in the other threads to fail.
These n�1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful thread A does not need its tokens
anymore since it will exit the do-while loop. Therefore the n�1

tokens belonging to A are passed to the other n�1 threads to

pay for the worst-case scenario in which this update causes
n�1 more loop iterations.

If the CAS operation of a thread A fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for thread A. Since A had n�1 tokens before
the execution of the CAS, it has n tokens after the execution.
So thread A can pay a token for the next loop iteration and
maintain its loop invariant of n�1 available tokens.

In our example program Pn , there are n2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded by n2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program with n threads such that thread i
executes mi operations performs at most

P
1in mi án loop

iterations. Thread i then starts with mi án tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namely concurrent
separation logic, auxiliary variables, and read permissions. The
only thing we add to separation logic is the notion of a token
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in ¤III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is defined in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simplifies reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). A Hoare triple
[P ]C [Q] for a program C is a total-correctness specification of
C that expresses the following. If C is executed in a program
state that satisfies P then C safely terminates and the execution
results in a state that satisfies Q.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. The separating
conjunctionP ⇤Q is satisfied by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisfies P and one sub-heap satisfies Q. It enables
the safe use of the frame rule

[P ]C [Q]

[P ⇤R]C [Q ⇤R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modified by the program C (using predicates
P and Q). This specification can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicate R).

1In fact there are at most
�n
2

�
loop iterations in the worst case. However,

the n2 bound is sufficient to prove termination.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call aquantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progressÑoften the successful completion of an operationÑin
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to ÒpayÓ for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example TreiberÕs stack and a programPn in
which every thread only executes one operation, that is,Pn =!

i =1 ,...,n si and si ! {push, pop}. An execution ofPn never
performs more thann2 loop iterations. Using a compensation
scheme, this bound can be veriÞed in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokensÑtokens are anaffine resourceÑthe number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we deÞne a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration inPn is
guarded by aCAS operation this compensation scheme can
be conveniently integrated into the speciÞcation ofCAS. To
this end, we require that (logically)n" 1 tokens have to be
available to execute aCAS.

(a) If the CAS is successful then it returnstrue and
(logically) 0 tokens. Thus, the executing thread loses
n" 1 tokens.

(b) If the CAS is unsuccessful then it returnsfalse and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needsn tokens to perform a data structure operation. One
token is used to pay for the Þrst loop iteration andn" 1 tokens
are available during the loop as the loop invariant. If theCAS

operation of a threadA is successful (case (a)) then this can
cause at mostn" 1 CAS operations in the other threads to fail.
Thesen" 1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful threadA does not need its tokens
anymore since it will exit the do-while loop. Therefore then" 1

tokens belonging toA are passed to the othern" 1 threads to

pay for the worst-case scenario in which this update causes
n" 1 more loop iterations.

If the CAS operation of a threadA fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for threadA. SinceA hadn" 1 tokens before
the execution of theCAS, it hasn tokens after the execution.
So threadA can pay a token for the next loop iteration and
maintain its loop invariant ofn" 1 available tokens.

In our example programPn , there aren2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded byn2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program withn threads such that threadi
executesmi operations performs at most

P
1! i ! n mi · n loop

iterations. Threadi then starts withmi · n tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namelyconcurrent
separation logic, auxiliary variables, andread permissions. The
only thing we add to separation logic is the notion of atoken
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in§III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is deÞned in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simpliÞes reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). AHoare triple
[P ]C [Q] for a programC is a total-correctness speciÞcation of
C that expresses the following. IfC is executed in a program
state that satisÞesP thenC safely terminates and the execution
results in a state that satisÞesQ.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. Theseparating
conjunction P #Q is satisÞed by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisÞesP and one sub-heap satisÞesQ. It enables
the safe use of the frame rule

[P ]C [Q]

[P #R]C [Q #R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modiÞed by the programC (using predicates
P andQ). This speciÞcation can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicateR).

1In fact there are at most
! n
2

"
loop iterations in the worst case. However,

the n2 bound is sufÞcient to prove termination.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call a quantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progress—often the successful completion of an operation—in
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to “pay” for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in
which every thread only executes one operation, that is, Pn =f

i =1 ,...,n si and si 2 { push, pop} . An execution of Pn never
performs more than n2 loop iterations. Using a compensation
scheme, this bound can be verified in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokens—tokens are an afÞne resource—the number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we define a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration in Pn is
guarded by a CAS operation this compensation scheme can
be conveniently integrated into the specification of CAS. To
this end, we require that (logically) n�1 tokens have to be
available to execute a CAS.

(a) If the CAS is successful then it returns true and
(logically) 0 tokens. Thus, the executing thread loses
n�1 tokens.

(b) If the CAS is unsuccessful then it returns false and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needs n tokens to perform a data structure operation. One
token is used to pay for the first loop iteration and n�1 tokens
are available during the loop as the loop invariant. If the CAS

operation of a thread A is successful (case (a)) then this can
cause at most n�1 CAS operations in the other threads to fail.
These n�1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful thread A does not need its tokens
anymore since it will exit the do-while loop. Therefore the n�1

tokens belonging to A are passed to the other n�1 threads to

pay for the worst-case scenario in which this update causes
n�1 more loop iterations.

If the CAS operation of a thread A fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for thread A. Since A had n�1 tokens before
the execution of the CAS, it has n tokens after the execution.
So thread A can pay a token for the next loop iteration and
maintain its loop invariant of n�1 available tokens.

In our example program Pn , there are n2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded by n2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program with n threads such that thread i
executes mi operations performs at most

P
1in mi án loop

iterations. Thread i then starts with mi án tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namely concurrent
separation logic, auxiliary variables, and read permissions. The
only thing we add to separation logic is the notion of a token
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in ¤III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is defined in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simplifies reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). A Hoare triple
[P ]C [Q] for a program C is a total-correctness specification of
C that expresses the following. If C is executed in a program
state that satisfies P then C safely terminates and the execution
results in a state that satisfies Q.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. The separating
conjunctionP ⇤Q is satisfied by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisfies P and one sub-heap satisfies Q. It enables
the safe use of the frame rule

[P ]C [Q]

[P ⇤R]C [Q ⇤R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modified by the program C (using predicates
P and Q). This specification can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicate R).

1In fact there are at most
�n
2

�
loop iterations in the worst case. However,

the n2 bound is sufficient to prove termination.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call aquantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progressÑoften the successful completion of an operationÑin
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to ÒpayÓ for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example TreiberÕs stack and a programPn in
which every thread only executes one operation, that is,Pn =!

i =1 ,...,n si and si ! {push, pop}. An execution ofPn never
performs more thann2 loop iterations. Using a compensation
scheme, this bound can be veriÞed in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokensÑtokens are anaffine resourceÑthe number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we deÞne a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration inPn is
guarded by aCAS operation this compensation scheme can
be conveniently integrated into the speciÞcation ofCAS. To
this end, we require that (logically)n" 1 tokens have to be
available to execute aCAS.

(a) If the CAS is successful then it returnstrue and
(logically) 0 tokens. Thus, the executing thread loses
n" 1 tokens.

(b) If the CAS is unsuccessful then it returnsfalse and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needsn tokens to perform a data structure operation. One
token is used to pay for the Þrst loop iteration andn" 1 tokens
are available during the loop as the loop invariant. If theCAS

operation of a threadA is successful (case (a)) then this can
cause at mostn" 1 CAS operations in the other threads to fail.
Thesen" 1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful threadA does not need its tokens
anymore since it will exit the do-while loop. Therefore then" 1

tokens belonging toA are passed to the othern" 1 threads to

pay for the worst-case scenario in which this update causes
n" 1 more loop iterations.

If the CAS operation of a threadA fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for threadA. SinceA hadn" 1 tokens before
the execution of theCAS, it hasn tokens after the execution.
So threadA can pay a token for the next loop iteration and
maintain its loop invariant ofn" 1 available tokens.

In our example programPn , there aren2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded byn2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program withn threads such that threadi
executesmi operations performs at most

P
1! i ! n mi · n loop

iterations. Threadi then starts withmi · n tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namelyconcurrent
separation logic, auxiliary variables, andread permissions. The
only thing we add to separation logic is the notion of atoken
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in§III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is deÞned in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simpliÞes reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). AHoare triple
[P ]C [Q] for a programC is a total-correctness speciÞcation of
C that expresses the following. IfC is executed in a program
state that satisÞesP thenC safely terminates and the execution
results in a state that satisÞesQ.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. Theseparating
conjunction P #Q is satisÞed by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisÞesP and one sub-heap satisÞesQ. It enables
the safe use of the frame rule

[P ]C [Q]

[P #R]C [Q #R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modiÞed by the programC (using predicates
P andQ). This speciÞcation can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicateR).

1In fact there are at most
! n
2

"
loop iterations in the worst case. However,

the n2 bound is sufÞcient to prove termination.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call a quantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progress—often the successful completion of an operation—in
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to “pay” for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in
which every thread only executes one operation, that is, Pn =f

i =1 ,...,n si and si 2 { push, pop} . An execution of Pn never
performs more than n2 loop iterations. Using a compensation
scheme, this bound can be verified in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokens—tokens are an afÞne resource—the number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we define a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration in Pn is
guarded by a CAS operation this compensation scheme can
be conveniently integrated into the specification of CAS. To
this end, we require that (logically) n�1 tokens have to be
available to execute a CAS.

(a) If the CAS is successful then it returns true and
(logically) 0 tokens. Thus, the executing thread loses
n�1 tokens.

(b) If the CAS is unsuccessful then it returns false and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needs n tokens to perform a data structure operation. One
token is used to pay for the first loop iteration and n�1 tokens
are available during the loop as the loop invariant. If the CAS

operation of a thread A is successful (case (a)) then this can
cause at most n�1 CAS operations in the other threads to fail.
These n�1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful thread A does not need its tokens
anymore since it will exit the do-while loop. Therefore the n�1

tokens belonging to A are passed to the other n�1 threads to

pay for the worst-case scenario in which this update causes
n�1 more loop iterations.

If the CAS operation of a thread A fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for thread A. Since A had n�1 tokens before
the execution of the CAS, it has n tokens after the execution.
So thread A can pay a token for the next loop iteration and
maintain its loop invariant of n�1 available tokens.

In our example program Pn , there are n2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded by n2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program with n threads such that thread i
executes mi operations performs at most

P
1in mi án loop

iterations. Thread i then starts with mi án tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namely concurrent
separation logic, auxiliary variables, and read permissions. The
only thing we add to separation logic is the notion of a token
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in ¤III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is defined in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simplifies reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). A Hoare triple
[P ]C [Q] for a program C is a total-correctness specification of
C that expresses the following. If C is executed in a program
state that satisfies P then C safely terminates and the execution
results in a state that satisfies Q.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. The separating
conjunctionP ⇤Q is satisfied by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisfies P and one sub-heap satisfies Q. It enables
the safe use of the frame rule

[P ]C [Q]

[P ⇤R]C [Q ⇤R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modified by the program C (using predicates
P and Q). This specification can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicate R).

1In fact there are at most
�n
2

�
loop iterations in the worst case. However,

the n2 bound is sufficient to prove termination.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call aquantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progressÑoften the successful completion of an operationÑin
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to ÒpayÓ for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example TreiberÕs stack and a programPn in
which every thread only executes one operation, that is,Pn =!

i =1 ,...,n si and si ! {push, pop}. An execution ofPn never
performs more thann2 loop iterations. Using a compensation
scheme, this bound can be veriÞed in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokensÑtokens are anaffine resourceÑthe number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we deÞne a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration inPn is
guarded by aCAS operation this compensation scheme can
be conveniently integrated into the speciÞcation ofCAS. To
this end, we require that (logically)n" 1 tokens have to be
available to execute aCAS.

(a) If the CAS is successful then it returnstrue and
(logically) 0 tokens. Thus, the executing thread loses
n" 1 tokens.

(b) If the CAS is unsuccessful then it returnsfalse and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needsn tokens to perform a data structure operation. One
token is used to pay for the Þrst loop iteration andn" 1 tokens
are available during the loop as the loop invariant. If theCAS

operation of a threadA is successful (case (a)) then this can
cause at mostn" 1 CAS operations in the other threads to fail.
Thesen" 1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful threadA does not need its tokens
anymore since it will exit the do-while loop. Therefore then" 1

tokens belonging toA are passed to the othern" 1 threads to

pay for the worst-case scenario in which this update causes
n" 1 more loop iterations.

If the CAS operation of a threadA fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for threadA. SinceA hadn" 1 tokens before
the execution of theCAS, it hasn tokens after the execution.
So threadA can pay a token for the next loop iteration and
maintain its loop invariant ofn" 1 available tokens.

In our example programPn , there aren2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded byn2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program withn threads such that threadi
executesmi operations performs at most

P
1! i ! n mi · n loop

iterations. Threadi then starts withmi · n tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namelyconcurrent
separation logic, auxiliary variables, andread permissions. The
only thing we add to separation logic is the notion of atoken
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in§III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is deÞned in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simpliÞes reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). AHoare triple
[P ]C [Q] for a programC is a total-correctness speciÞcation of
C that expresses the following. IfC is executed in a program
state that satisÞesP thenC safely terminates and the execution
results in a state that satisÞesQ.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. Theseparating
conjunction P #Q is satisÞed by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisÞesP and one sub-heap satisÞesQ. It enables
the safe use of the frame rule

[P ]C [Q]

[P #R]C [Q #R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modiÞed by the programC (using predicates
P andQ). This speciÞcation can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicateR).

1In fact there are at most
! n
2

"
loop iterations in the worst case. However,

the n2 bound is sufÞcient to prove termination.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call a quantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progress—often the successful completion of an operation—in
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to “pay” for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in
which every thread only executes one operation, that is, Pn =f

i =1 ,...,n si and si 2 { push, pop} . An execution of Pn never
performs more than n2 loop iterations. Using a compensation
scheme, this bound can be verified in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokens—tokens are an afÞne resource—the number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we define a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration in Pn is
guarded by a CAS operation this compensation scheme can
be conveniently integrated into the specification of CAS. To
this end, we require that (logically) n�1 tokens have to be
available to execute a CAS.

(a) If the CAS is successful then it returns true and
(logically) 0 tokens. Thus, the executing thread loses
n�1 tokens.

(b) If the CAS is unsuccessful then it returns false and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needs n tokens to perform a data structure operation. One
token is used to pay for the first loop iteration and n�1 tokens
are available during the loop as the loop invariant. If the CAS

operation of a thread A is successful (case (a)) then this can
cause at most n�1 CAS operations in the other threads to fail.
These n�1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful thread A does not need its tokens
anymore since it will exit the do-while loop. Therefore the n�1

tokens belonging to A are passed to the other n�1 threads to

pay for the worst-case scenario in which this update causes
n�1 more loop iterations.

If the CAS operation of a thread A fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for thread A. Since A had n�1 tokens before
the execution of the CAS, it has n tokens after the execution.
So thread A can pay a token for the next loop iteration and
maintain its loop invariant of n�1 available tokens.

In our example program Pn , there are n2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded by n2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program with n threads such that thread i
executes mi operations performs at most

P
1in mi án loop

iterations. Thread i then starts with mi án tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namely concurrent
separation logic, auxiliary variables, and read permissions. The
only thing we add to separation logic is the notion of a token
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in ¤III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is defined in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simplifies reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). A Hoare triple
[P ]C [Q] for a program C is a total-correctness specification of
C that expresses the following. If C is executed in a program
state that satisfies P then C safely terminates and the execution
results in a state that satisfies Q.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. The separating
conjunctionP ⇤Q is satisfied by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisfies P and one sub-heap satisfies Q. It enables
the safe use of the frame rule

[P ]C [Q]

[P ⇤R]C [Q ⇤R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modified by the program C (using predicates
P and Q). This specification can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicate R).

1In fact there are at most
�n
2

�
loop iterations in the worst case. However,

the n2 bound is sufficient to prove termination.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call aquantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progressÑoften the successful completion of an operationÑin
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to ÒpayÓ for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example TreiberÕs stack and a programPn in
which every thread only executes one operation, that is,Pn =!

i =1 ,...,n si and si ! {push, pop}. An execution ofPn never
performs more thann2 loop iterations. Using a compensation
scheme, this bound can be veriÞed in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokensÑtokens are anaffine resourceÑthe number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we deÞne a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration inPn is
guarded by aCAS operation this compensation scheme can
be conveniently integrated into the speciÞcation ofCAS. To
this end, we require that (logically)n" 1 tokens have to be
available to execute aCAS.

(a) If the CAS is successful then it returnstrue and
(logically) 0 tokens. Thus, the executing thread loses
n" 1 tokens.

(b) If the CAS is unsuccessful then it returnsfalse and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needsn tokens to perform a data structure operation. One
token is used to pay for the Þrst loop iteration andn" 1 tokens
are available during the loop as the loop invariant. If theCAS

operation of a threadA is successful (case (a)) then this can
cause at mostn" 1 CAS operations in the other threads to fail.
Thesen" 1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful threadA does not need its tokens
anymore since it will exit the do-while loop. Therefore then" 1

tokens belonging toA are passed to the othern" 1 threads to

pay for the worst-case scenario in which this update causes
n" 1 more loop iterations.

If the CAS operation of a threadA fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for threadA. SinceA hadn" 1 tokens before
the execution of theCAS, it hasn tokens after the execution.
So threadA can pay a token for the next loop iteration and
maintain its loop invariant ofn" 1 available tokens.

In our example programPn , there aren2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded byn2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program withn threads such that threadi
executesmi operations performs at most

P
1! i ! n mi · n loop

iterations. Threadi then starts withmi · n tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namelyconcurrent
separation logic, auxiliary variables, andread permissions. The
only thing we add to separation logic is the notion of atoken
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in§III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is deÞned in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simpliÞes reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). AHoare triple
[P ]C [Q] for a programC is a total-correctness speciÞcation of
C that expresses the following. IfC is executed in a program
state that satisÞesP thenC safely terminates and the execution
results in a state that satisÞesQ.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. Theseparating
conjunction P #Q is satisÞed by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisÞesP and one sub-heap satisÞesQ. It enables
the safe use of the frame rule

[P ]C [Q]

[P #R]C [Q #R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modiÞed by the programC (using predicates
P andQ). This speciÞcation can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicateR).

1In fact there are at most
! n
2

"
loop iterations in the worst case. However,

the n2 bound is sufÞcient to prove termination.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call a quantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progress—often the successful completion of an operation—in
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to “pay” for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in
which every thread only executes one operation, that is, Pn =f

i =1 ,...,n si and si 2 { push, pop} . An execution of Pn never
performs more than n2 loop iterations. Using a compensation
scheme, this bound can be verified in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokens—tokens are an afÞne resource—the number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we define a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration in Pn is
guarded by a CAS operation this compensation scheme can
be conveniently integrated into the specification of CAS. To
this end, we require that (logically) n�1 tokens have to be
available to execute a CAS.

(a) If the CAS is successful then it returns true and
(logically) 0 tokens. Thus, the executing thread loses
n�1 tokens.

(b) If the CAS is unsuccessful then it returns false and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needs n tokens to perform a data structure operation. One
token is used to pay for the first loop iteration and n�1 tokens
are available during the loop as the loop invariant. If the CAS

operation of a thread A is successful (case (a)) then this can
cause at most n�1 CAS operations in the other threads to fail.
These n�1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful thread A does not need its tokens
anymore since it will exit the do-while loop. Therefore the n�1

tokens belonging to A are passed to the other n�1 threads to

pay for the worst-case scenario in which this update causes
n�1 more loop iterations.

If the CAS operation of a thread A fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for thread A. Since A had n�1 tokens before
the execution of the CAS, it has n tokens after the execution.
So thread A can pay a token for the next loop iteration and
maintain its loop invariant of n�1 available tokens.

In our example program Pn , there are n2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded by n2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program with n threads such that thread i
executes mi operations performs at most

P
1in mi án loop

iterations. Thread i then starts with mi án tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namely concurrent
separation logic, auxiliary variables, and read permissions. The
only thing we add to separation logic is the notion of a token
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in ¤III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is defined in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simplifies reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). A Hoare triple
[P ]C [Q] for a program C is a total-correctness specification of
C that expresses the following. If C is executed in a program
state that satisfies P then C safely terminates and the execution
results in a state that satisfies Q.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. The separating
conjunctionP ⇤Q is satisfied by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisfies P and one sub-heap satisfies Q. It enables
the safe use of the frame rule

[P ]C [Q]

[P ⇤R]C [Q ⇤R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modified by the program C (using predicates
P and Q). This specification can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicate R).

1In fact there are at most
�n
2

�
loop iterations in the worst case. However,

the n2 bound is sufficient to prove termination.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call aquantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progressÑoften the successful completion of an operationÑin
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to ÒpayÓ for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example TreiberÕs stack and a programPn in
which every thread only executes one operation, that is,Pn =!

i =1 ,...,n si and si ! {push, pop}. An execution ofPn never
performs more thann2 loop iterations. Using a compensation
scheme, this bound can be veriÞed in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokensÑtokens are anaffine resourceÑthe number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we deÞne a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration inPn is
guarded by aCAS operation this compensation scheme can
be conveniently integrated into the speciÞcation ofCAS. To
this end, we require that (logically)n" 1 tokens have to be
available to execute aCAS.

(a) If the CAS is successful then it returnstrue and
(logically) 0 tokens. Thus, the executing thread loses
n" 1 tokens.

(b) If the CAS is unsuccessful then it returnsfalse and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needsn tokens to perform a data structure operation. One
token is used to pay for the Þrst loop iteration andn" 1 tokens
are available during the loop as the loop invariant. If theCAS

operation of a threadA is successful (case (a)) then this can
cause at mostn" 1 CAS operations in the other threads to fail.
Thesen" 1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful threadA does not need its tokens
anymore since it will exit the do-while loop. Therefore then" 1

tokens belonging toA are passed to the othern" 1 threads to

pay for the worst-case scenario in which this update causes
n" 1 more loop iterations.

If the CAS operation of a threadA fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for threadA. SinceA hadn" 1 tokens before
the execution of theCAS, it hasn tokens after the execution.
So threadA can pay a token for the next loop iteration and
maintain its loop invariant ofn" 1 available tokens.

In our example programPn , there aren2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded byn2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program withn threads such that threadi
executesmi operations performs at most

P
1! i ! n mi · n loop

iterations. Threadi then starts withmi · n tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namelyconcurrent
separation logic, auxiliary variables, andread permissions. The
only thing we add to separation logic is the notion of atoken
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in§III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is deÞned in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simpliÞes reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). AHoare triple
[P ]C [Q] for a programC is a total-correctness speciÞcation of
C that expresses the following. IfC is executed in a program
state that satisÞesP thenC safely terminates and the execution
results in a state that satisÞesQ.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. Theseparating
conjunction P #Q is satisÞed by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisÞesP and one sub-heap satisÞesQ. It enables
the safe use of the frame rule

[P ]C [Q]

[P #R]C [Q #R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modiÞed by the programC (using predicates
P andQ). This speciÞcation can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicateR).

1In fact there are at most
! n
2

"
loop iterations in the worst case. However,

the n2 bound is sufÞcient to prove termination.

4

Technical Report YALEU/DCS/TR-1476

repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call a quantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progress—often the successful completion of an operation—in
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to “pay” for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in
which every thread only executes one operation, that is, Pn =f

i =1 ,...,n si and si 2 { push, pop} . An execution of Pn never
performs more than n2 loop iterations. Using a compensation
scheme, this bound can be verified in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokens—tokens are an afÞne resource—the number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we define a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration in Pn is
guarded by a CAS operation this compensation scheme can
be conveniently integrated into the specification of CAS. To
this end, we require that (logically) n�1 tokens have to be
available to execute a CAS.

(a) If the CAS is successful then it returns true and
(logically) 0 tokens. Thus, the executing thread loses
n�1 tokens.

(b) If the CAS is unsuccessful then it returns false and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needs n tokens to perform a data structure operation. One
token is used to pay for the first loop iteration and n�1 tokens
are available during the loop as the loop invariant. If the CAS

operation of a thread A is successful (case (a)) then this can
cause at most n�1 CAS operations in the other threads to fail.
These n�1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful thread A does not need its tokens
anymore since it will exit the do-while loop. Therefore the n�1

tokens belonging to A are passed to the other n�1 threads to

pay for the worst-case scenario in which this update causes
n�1 more loop iterations.

If the CAS operation of a thread A fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for thread A. Since A had n�1 tokens before
the execution of the CAS, it has n tokens after the execution.
So thread A can pay a token for the next loop iteration and
maintain its loop invariant of n�1 available tokens.

In our example program Pn , there are n2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded by n2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program with n threads such that thread i
executes mi operations performs at most

P
1in mi án loop

iterations. Thread i then starts with mi án tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namely concurrent
separation logic, auxiliary variables, and read permissions. The
only thing we add to separation logic is the notion of a token
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in ¤III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is defined in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simplifies reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). A Hoare triple
[P ]C [Q] for a program C is a total-correctness specification of
C that expresses the following. If C is executed in a program
state that satisfies P then C safely terminates and the execution
results in a state that satisfies Q.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. The separating
conjunctionP ⇤Q is satisfied by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisfies P and one sub-heap satisfies Q. It enables
the safe use of the frame rule

[P ]C [Q]

[P ⇤R]C [Q ⇤R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modified by the program C (using predicates
P and Q). This specification can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicate R).

1In fact there are at most
�n
2

�
loop iterations in the worst case. However,

the n2 bound is sufficient to prove termination.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call aquantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progressÑoften the successful completion of an operationÑin
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to ÒpayÓ for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example TreiberÕs stack and a programPn in
which every thread only executes one operation, that is,Pn =!

i =1 ,...,n si and si ! {push, pop}. An execution ofPn never
performs more thann2 loop iterations. Using a compensation
scheme, this bound can be veriÞed in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokensÑtokens are anaffine resourceÑthe number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we deÞne a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration inPn is
guarded by aCAS operation this compensation scheme can
be conveniently integrated into the speciÞcation ofCAS. To
this end, we require that (logically)n" 1 tokens have to be
available to execute aCAS.

(a) If the CAS is successful then it returnstrue and
(logically) 0 tokens. Thus, the executing thread loses
n" 1 tokens.

(b) If the CAS is unsuccessful then it returnsfalse and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needsn tokens to perform a data structure operation. One
token is used to pay for the Þrst loop iteration andn" 1 tokens
are available during the loop as the loop invariant. If theCAS

operation of a threadA is successful (case (a)) then this can
cause at mostn" 1 CAS operations in the other threads to fail.
Thesen" 1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful threadA does not need its tokens
anymore since it will exit the do-while loop. Therefore then" 1

tokens belonging toA are passed to the othern" 1 threads to

pay for the worst-case scenario in which this update causes
n" 1 more loop iterations.

If the CAS operation of a threadA fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for threadA. SinceA hadn" 1 tokens before
the execution of theCAS, it hasn tokens after the execution.
So threadA can pay a token for the next loop iteration and
maintain its loop invariant ofn" 1 available tokens.

In our example programPn , there aren2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded byn2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program withn threads such that threadi
executesmi operations performs at most

P
1! i ! n mi · n loop

iterations. Threadi then starts withmi · n tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namelyconcurrent
separation logic, auxiliary variables, andread permissions. The
only thing we add to separation logic is the notion of atoken
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in§III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is deÞned in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simpliÞes reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). AHoare triple
[P ]C [Q] for a programC is a total-correctness speciÞcation of
C that expresses the following. IfC is executed in a program
state that satisÞesP thenC safely terminates and the execution
results in a state that satisÞesQ.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. Theseparating
conjunction P #Q is satisÞed by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisÞesP and one sub-heap satisÞesQ. It enables
the safe use of the frame rule

[P ]C [Q]

[P #R]C [Q #R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modiÞed by the programC (using predicates
P andQ). This speciÞcation can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicateR).

1In fact there are at most
! n
2

"
loop iterations in the worst case. However,

the n2 bound is sufÞcient to prove termination.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call a quantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progress—often the successful completion of an operation—in
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to “pay” for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in
which every thread only executes one operation, that is, Pn =f

i =1 ,...,n si and si 2 { push, pop} . An execution of Pn never
performs more than n2 loop iterations. Using a compensation
scheme, this bound can be verified in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokens—tokens are an afÞne resource—the number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we define a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration in Pn is
guarded by a CAS operation this compensation scheme can
be conveniently integrated into the specification of CAS. To
this end, we require that (logically) n�1 tokens have to be
available to execute a CAS.

(a) If the CAS is successful then it returns true and
(logically) 0 tokens. Thus, the executing thread loses
n�1 tokens.

(b) If the CAS is unsuccessful then it returns false and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needs n tokens to perform a data structure operation. One
token is used to pay for the first loop iteration and n�1 tokens
are available during the loop as the loop invariant. If the CAS

operation of a thread A is successful (case (a)) then this can
cause at most n�1 CAS operations in the other threads to fail.
These n�1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful thread A does not need its tokens
anymore since it will exit the do-while loop. Therefore the n�1

tokens belonging to A are passed to the other n�1 threads to

pay for the worst-case scenario in which this update causes
n�1 more loop iterations.

If the CAS operation of a thread A fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for thread A. Since A had n�1 tokens before
the execution of the CAS, it has n tokens after the execution.
So thread A can pay a token for the next loop iteration and
maintain its loop invariant of n�1 available tokens.

In our example program Pn , there are n2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded by n2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program with n threads such that thread i
executes mi operations performs at most

P
1in mi án loop

iterations. Thread i then starts with mi án tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namely concurrent
separation logic, auxiliary variables, and read permissions. The
only thing we add to separation logic is the notion of a token
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in ¤III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is defined in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simplifies reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). A Hoare triple
[P ]C [Q] for a program C is a total-correctness specification of
C that expresses the following. If C is executed in a program
state that satisfies P then C safely terminates and the execution
results in a state that satisfies Q.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. The separating
conjunctionP ⇤Q is satisfied by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisfies P and one sub-heap satisfies Q. It enables
the safe use of the frame rule

[P ]C [Q]

[P ⇤R]C [Q ⇤R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modified by the program C (using predicates
P and Q). This specification can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicate R).

1In fact there are at most
�n
2

�
loop iterations in the worst case. However,

the n2 bound is sufficient to prove termination.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1.

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P !
⇤ ⌃ I ` [P !

]C [P ]

I ` [P ]while B do C [P ^ ¬B]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P ! . C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H !

✓ H such that the sate (H ! , V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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stack at all: The two threads use a different shared-memory
cell to transfer the stack element.

Our method can also be used to prove that Hendler et al’s
elimination-backoff stack [9] is lock-free. The main challenge
in the proof is that the push and pop operations consist of
two nestedloops guarded by CAS operations. Assume again
a system with n threads. The inner loop can be treated as in
Treiber’s stack using n tokens in the precondition and 0 tokens
in the postcondition. As a result, the number of tokens needed
for an iteration of the outer loop is n+ 1. That means that a
successful thread needs to transfer (n� 1) · (n+ 1) = n2

� 1

tokens to the other threads to account for additional loop
iterations in the other threads. Given this, we can verify the
elimination-backoff stack using n2 tokens in the precondition.
Technically, we need an invariant of the form I ⇤J , where I is
an invariant like in Treiber’s stack (for the inner loop) and J
is like I but with every token ! replaced by ! n. More details
on the verification can be found in Appendix IV.

Non-Blocking Maps and Sets:Quantitative compensation
schemes can also be used to prove the lock-freedom of non-
blocking maps and sets (e.g., [29], [30]).

As in other lock-free data structures, interference in map
and set operations only occurs when another thread makes
progress. For example, in Harris’ non-blocking linked list [29],
a thread will make an additional traversal (of the list) only
if another thread causes interference by making a successful
traversal. The number of these unsuccessful traversals can be
bounded using a quantitative compensation scheme, as in our
previous examples.

The number of loop iterations within each list traversal also
depends on the length of the list. Nevertheless, it is possible to
prove an upper bound on the number of loop iterations executed
by programs in P , since each of the n threads executes a fixed
number m

i

of operations. Thus the total number of operations
is bounded by m =

P
i=1,...,n mi

. In many important shared-
memory data structures, such as lists or maps, m (or a function
of m) constitutes an upper bound on the size of the shared data
structure. One can then use this bound to prove an upper bound
on the number of loop iterations by introducing ! m in the
global resource invariant. Like Atkey [19], we can use ideas
from amortized resource analysis [31] to deal with variable-
size data structures. By assigning tokens to each element of
a data structure we derive bounds that depend on the size of
the data structure without explicitly referring to its size. For
instance, an inductive list-predicate that states that k · |! | tokens
are available, where ! is the list pointed to by u can be defined
as follows.
LSeg 0(x, y, k) ,(x = y ^ emp)_

(9v, z x 7! v ⇤ x+ 1 7! z ⇤ LSeg 0(z, y, k) ⇤ ! k )

VIII. RELATED WORK

There is a large body of research on verifying safety proper-
ties and partial correctness of non-blocking data structures. See
for instance [18], [32], [33] and the references therein. This
work deals with the verification of the complementary liveness

property of being lock-free, which in comparison has received
little attention.

Colvin and Dongol [10], [34] use manually-derived global
well-founded orderings and temporal logic to prove the lock-
freedom of Treiber’s stack [6], Michael and Scott’s queue [7],
and a bounded array-based queue. Their technique is a non-
modular whole program analysis of the most general client
of the data structure. It is unclear if the approach applies to
data-structure operations with nested loops. In contrast, our
method is modular, can handle with nested loops, and does
not require temporal reasoning.

Petrank et al. [11] endeavor to reduce lock-freedom to a
safety property by introducing the more restrictive concept of
bounded lock-freedom. It states that, in a concurrent program,
there has to be progress after at most k steps, where k depends
on the input size of the program but not on the number of
threads in the system. They verify bounded lock-freedom with
a whole program analysis using temporal logic and the model
checker Chess. The technique is demonstrated by verifying
a simple concurrent program that uses Treiber’s stack. Our
compensation-based quantitative reasoning does not provide
an explicit bound on the steps between successful operations
but rather a global bound on the number of loop iterations in
the system. Additionally, our bound depends on the number
of threads in the system and not on the size of the input. A
conceptual difference of our work is that we prove the lock-
freedom of a given data structure as opposed to the verification
of a specific program. Moreover, our proofs are local and
modular, and not a whole program analysis. We also show
that compensation-based reasoning works for many advanced
lock-free data structures.

Gotsman et al. [13] reduce lock-freedom proofs to termina-
tion proofs of programs that execute n data structure operations
in parallel. They then prove termination using separation logic
and temporal rely-guarantee reasoning by layering liveness
reasoning on top of a circular safety proof. Using several tools
and manually formulating appropriate proof obligations, they
are able to automatically verify the lock-freedom of involved
algorithms such as Hendler et al.’s non-blocking stack with
elimination backoff [9]. While these automation results are very
impressive, the used reduction to termination is not intended to
be applied to shared data structures that use thread IDs or other
system information (see §II for details). In comparison, our
compensation reasoning does not restrict the use of thread IDs
or other system information. According to the authors (personal
communication), the termination proofs of [13] would also
work for a modification of the reduction that we used here.

Tofan et al. [12] describe a fully-mechanized technique based
on temporal logic and rely-guarantee reasoning that is similar
to the work of Gotsman et al. However, they assume weak
fairness of the scheduler while we do not pose any restriction
on the scheduler. Kobayashi and Sangiorgi [35] propose a type
system that proves lock-freedom for programs written in the
" -calculus. The target language and examples seem however
to be quite different from the programs we prove lock-free in
this article.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ! , which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H )| = 1 .

Using the separating conjunction ! ⇤P , it is straightforward
to state that two or more tokens are available. We define ! n to
be an abbreviation for n tokens ! ⇤ . . . ⇤ ! that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^ B =) P 0
⇤ ! I ` [P 0] C [P]

I ` [P ] while B do C [P ^ ¬B ]
(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ! can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤ ! ) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ] C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I ] C [Q ⇤ I ]

I ` [P ] atomic{C} [Q]
(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1] C1 [Q1] I ` [P2] C2 [Q2]

I ` [P1 ⇤ P2] C1 k C2 [Q1 ⇤ Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0

✓ H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ! is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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stack at all: The two threads use a different shared-memory
cell to transfer the stack element.

Our method can also be used to prove that Hendler et al’s
elimination-backoff stack [9] is lock-free. The main challenge
in the proof is that the push and pop operations consist of
two nested loops guarded by CAS operations. Assume again
a system with n threads. The inner loop can be treated as in
Treiber’s stack using n tokens in the precondition and 0 tokens
in the postcondition. As a result, the number of tokens needed
for an iteration of the outer loop is n+ 1. That means that a
successful thread needs to transfer (n ! 1) á(n+ 1) = n2 ! 1

tokens to the other threads to account for additional loop
iterations in the other threads. Given this, we can verify the
elimination-backoff stack using n2 tokens in the precondition.
Technically, we need an invariant of the form I " J , where I is
an invariant like in Treiber’s stack (for the inner loop) and J
is like I but with every token ⌃ replaced by ⌃n . More details
on the verification can be found in Appendix IV.

Non-Blocking Maps and Sets: Quantitative compensation
schemes can also be used to prove the lock-freedom of non-
blocking maps and sets (e.g., [29], [30]).

As in other lock-free data structures, interference in map
and set operations only occurs when another thread makes
progress. For example, in Harris’ non-blocking linked list [29],
a thread will make an additional traversal (of the list) only
if another thread causes interference by making a successful
traversal. The number of these unsuccessful traversals can be
bounded using a quantitative compensation scheme, as in our
previous examples.

The number of loop iterations within each list traversal also
depends on the length of the list. Nevertheless, it is possible to
prove an upper bound on the number of loop iterations executed
by programs in P , since each of the n threads executes a fixed
number mi of operations. Thus the total number of operations
is bounded by m =

!
i =1 ,...,n mi . In many important shared-

memory data structures, such as lists or maps, m (or a function
of m) constitutes an upper bound on the size of the shared data
structure. One can then use this bound to prove an upper bound
on the number of loop iterations by introducing ⌃m in the
global resource invariant. Like Atkey [19], we can use ideas
from amortized resource analysis [31] to deal with variable-
size data structures. By assigning tokens to each element of
a data structure we derive bounds that depend on the size of
the data structure without explicitly referring to its size. For
instance, an inductive list-predicate that states that ká |̀ | tokens
are available, where ` is the list pointed to by u can be defined
as follows.
LSeg!(x, y, k) ,(x = y ^ emp)_

(9v, z x 7! v ⇤ x+ 1 7! z ⇤ LSeg!(z, y, k) ⇤ ⌃k )

VIII. RELATED WORK

There is a large body of research on verifying safety proper-
ties and partial correctness of non-blocking data structures. See
for instance [18], [32], [33] and the references therein. This
work deals with the verification of the complementary liveness

property of being lock-free, which in comparison has received
little attention.

Colvin and Dongol [10], [34] use manually-derived global
well-founded orderings and temporal logic to prove the lock-
freedom of Treiber’s stack [6], Michael and Scott’s queue [7],
and a bounded array-based queue. Their technique is a non-
modular whole program analysis of the most general client
of the data structure. It is unclear if the approach applies to
data-structure operations with nested loops. In contrast, our
method is modular, can handle with nested loops, and does
not require temporal reasoning.

Petrank et al. [11] endeavor to reduce lock-freedom to a
safety property by introducing the more restrictive concept of
bounded lock-freedom. It states that, in a concurrent program,
there has to be progress after at most k steps, where k depends
on the input size of the program but not on the number of
threads in the system. They verify bounded lock-freedom with
a whole program analysis using temporal logic and the model
checker Chess. The technique is demonstrated by verifying
a simple concurrent program that uses Treiber’s stack. Our
compensation-based quantitative reasoning does not provide
an explicit bound on the steps between successful operations
but rather a global bound on the number of loop iterations in
the system. Additionally, our bound depends on the number
of threads in the system and not on the size of the input. A
conceptual difference of our work is that we prove the lock-
freedom of a given data structure as opposed to the verification
of a specific program. Moreover, our proofs are local and
modular, and not a whole program analysis. We also show
that compensation-based reasoning works for many advanced
lock-free data structures.

Gotsman et al. [13] reduce lock-freedom proofs to termina-
tion proofs of programs that execute n data structure operations
in parallel. They then prove termination using separation logic
and temporal rely-guarantee reasoning by layering liveness
reasoning on top of a circular safety proof. Using several tools
and manually formulating appropriate proof obligations, they
are able to automatically verify the lock-freedom of involved
algorithms such as Hendler et al.’s non-blocking stack with
elimination backoff [9]. While these automation results are very
impressive, the used reduction to termination is not intended to
be applied to shared data structures that use thread IDs or other
system information (see ¤II for details). In comparison, our
compensation reasoning does not restrict the use of thread IDs
or other system information. According to the authors (personal
communication), the termination proofs of [13] would also
work for a modification of the reduction that we used here.

Tofan et al. [12] describe a fully-mechanized technique based
on temporal logic and rely-guarantee reasoning that is similar
to the work of Gotsman et al. However, they assume weak
fairness of the scheduler while we do not pose any restriction
on the scheduler. Kobayashi and Sangiorgi [35] propose a type
system that proves lock-freedom for programs written in the
⇡-calculus. The target language and examples seem however
to be quite different from the programs we prove lock-free in
this article.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call aquantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progressÑoften the successful completion of an operationÑin
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to ÒpayÓ for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example TreiberÕs stack and a programPn in
which every thread only executes one operation, that is,Pn =!

i =1 ,...,n si and si ! {push, pop}. An execution ofPn never
performs more thann2 loop iterations. Using a compensation
scheme, this bound can be veriÞed in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokensÑtokens are anaffine resourceÑthe number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we deÞne a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration inPn is
guarded by aCAS operation this compensation scheme can
be conveniently integrated into the speciÞcation ofCAS. To
this end, we require that (logically)n" 1 tokens have to be
available to execute aCAS.

(a) If the CAS is successful then it returnstrue and
(logically) 0 tokens. Thus, the executing thread loses
n" 1 tokens.

(b) If the CAS is unsuccessful then it returnsfalse and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needsn tokens to perform a data structure operation. One
token is used to pay for the Þrst loop iteration andn" 1 tokens
are available during the loop as the loop invariant. If theCAS

operation of a threadA is successful (case (a)) then this can
cause at mostn" 1 CAS operations in the other threads to fail.
Thesen" 1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful threadA does not need its tokens
anymore since it will exit the do-while loop. Therefore then" 1

tokens belonging toA are passed to the othern" 1 threads to

pay for the worst-case scenario in which this update causes
n" 1 more loop iterations.

If the CAS operation of a threadA fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for threadA. SinceA hadn" 1 tokens before
the execution of theCAS, it hasn tokens after the execution.
So threadA can pay a token for the next loop iteration and
maintain its loop invariant ofn" 1 available tokens.

In our example programPn , there aren2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded byn2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program withn threads such that threadi
executesmi operations performs at most

P
1! i ! n mi · n loop

iterations. Threadi then starts withmi · n tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namelyconcurrent
separation logic, auxiliary variables, andread permissions. The
only thing we add to separation logic is the notion of atoken
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in§III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is deÞned in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simpliÞes reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). AHoare triple
[P ]C [Q] for a programC is a total-correctness speciÞcation of
C that expresses the following. IfC is executed in a program
state that satisÞesP thenC safely terminates and the execution
results in a state that satisÞesQ.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. Theseparating
conjunction P #Q is satisÞed by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisÞesP and one sub-heap satisÞesQ. It enables
the safe use of the frame rule

[P ]C [Q]

[P #R]C [Q #R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modiÞed by the programC (using predicates
P andQ). This speciÞcation can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicateR).

1In fact there are at most
! n
2

"
loop iterations in the worst case. However,

the n2 bound is sufÞcient to prove termination.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call a quantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progress—often the successful completion of an operation—in
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to “pay” for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in
which every thread only executes one operation, that is, Pn =f

i =1 ,...,n si and si 2 { push, pop} . An execution of Pn never
performs more than n2 loop iterations. Using a compensation
scheme, this bound can be verified in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokens—tokens are an afÞne resource—the number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we define a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration in Pn is
guarded by a CAS operation this compensation scheme can
be conveniently integrated into the specification of CAS. To
this end, we require that (logically) n�1 tokens have to be
available to execute a CAS.

(a) If the CAS is successful then it returns true and
(logically) 0 tokens. Thus, the executing thread loses
n�1 tokens.

(b) If the CAS is unsuccessful then it returns false and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needs n tokens to perform a data structure operation. One
token is used to pay for the first loop iteration and n�1 tokens
are available during the loop as the loop invariant. If the CAS

operation of a thread A is successful (case (a)) then this can
cause at most n�1 CAS operations in the other threads to fail.
These n�1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful thread A does not need its tokens
anymore since it will exit the do-while loop. Therefore the n�1

tokens belonging to A are passed to the other n�1 threads to

pay for the worst-case scenario in which this update causes
n�1 more loop iterations.

If the CAS operation of a thread A fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for thread A. Since A had n�1 tokens before
the execution of the CAS, it has n tokens after the execution.
So thread A can pay a token for the next loop iteration and
maintain its loop invariant of n�1 available tokens.

In our example program Pn , there are n2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded by n2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program with n threads such that thread i
executes mi operations performs at most

P
1in mi án loop

iterations. Thread i then starts with mi án tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namely concurrent
separation logic, auxiliary variables, and read permissions. The
only thing we add to separation logic is the notion of a token
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in ¤III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is defined in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simplifies reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). A Hoare triple
[P ]C [Q] for a program C is a total-correctness specification of
C that expresses the following. If C is executed in a program
state that satisfies P then C safely terminates and the execution
results in a state that satisfies Q.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. The separating
conjunctionP ⇤Q is satisfied by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisfies P and one sub-heap satisfies Q. It enables
the safe use of the frame rule

[P ]C [Q]

[P ⇤R]C [Q ⇤R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modified by the program C (using predicates
P and Q). This specification can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicate R).

1In fact there are at most
�n
2

�
loop iterations in the worst case. However,

the n2 bound is sufficient to prove termination.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1.

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P !
⇤ ⌃ I ` [P !

]C [P ]

I ` [P ]while B do C [P ^ ¬B]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P ! . C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H !

✓ H such that the sate (H ! , V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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stack at all: The two threads use a different shared-memory
cell to transfer the stack element.

Our method can also be used to prove that Hendler et al’s
elimination-backoff stack [9] is lock-free. The main challenge
in the proof is that the push and pop operations consist of
two nestedloops guarded by CAS operations. Assume again
a system with n threads. The inner loop can be treated as in
Treiber’s stack using n tokens in the precondition and 0 tokens
in the postcondition. As a result, the number of tokens needed
for an iteration of the outer loop is n+ 1. That means that a
successful thread needs to transfer (n� 1) · (n+ 1) = n2

� 1

tokens to the other threads to account for additional loop
iterations in the other threads. Given this, we can verify the
elimination-backoff stack using n2 tokens in the precondition.
Technically, we need an invariant of the form I ⇤J , where I is
an invariant like in Treiber’s stack (for the inner loop) and J
is like I but with every token ! replaced by ! n. More details
on the verification can be found in Appendix IV.

Non-Blocking Maps and Sets:Quantitative compensation
schemes can also be used to prove the lock-freedom of non-
blocking maps and sets (e.g., [29], [30]).

As in other lock-free data structures, interference in map
and set operations only occurs when another thread makes
progress. For example, in Harris’ non-blocking linked list [29],
a thread will make an additional traversal (of the list) only
if another thread causes interference by making a successful
traversal. The number of these unsuccessful traversals can be
bounded using a quantitative compensation scheme, as in our
previous examples.

The number of loop iterations within each list traversal also
depends on the length of the list. Nevertheless, it is possible to
prove an upper bound on the number of loop iterations executed
by programs in P , since each of the n threads executes a fixed
number m

i

of operations. Thus the total number of operations
is bounded by m =

P
i=1,...,n mi

. In many important shared-
memory data structures, such as lists or maps, m (or a function
of m) constitutes an upper bound on the size of the shared data
structure. One can then use this bound to prove an upper bound
on the number of loop iterations by introducing ! m in the
global resource invariant. Like Atkey [19], we can use ideas
from amortized resource analysis [31] to deal with variable-
size data structures. By assigning tokens to each element of
a data structure we derive bounds that depend on the size of
the data structure without explicitly referring to its size. For
instance, an inductive list-predicate that states that k · |! | tokens
are available, where ! is the list pointed to by u can be defined
as follows.
LSeg 0(x, y, k) ,(x = y ^ emp)_

(9v, z x 7! v ⇤ x+ 1 7! z ⇤ LSeg 0(z, y, k) ⇤ ! k )

VIII. RELATED WORK

There is a large body of research on verifying safety proper-
ties and partial correctness of non-blocking data structures. See
for instance [18], [32], [33] and the references therein. This
work deals with the verification of the complementary liveness

property of being lock-free, which in comparison has received
little attention.

Colvin and Dongol [10], [34] use manually-derived global
well-founded orderings and temporal logic to prove the lock-
freedom of Treiber’s stack [6], Michael and Scott’s queue [7],
and a bounded array-based queue. Their technique is a non-
modular whole program analysis of the most general client
of the data structure. It is unclear if the approach applies to
data-structure operations with nested loops. In contrast, our
method is modular, can handle with nested loops, and does
not require temporal reasoning.

Petrank et al. [11] endeavor to reduce lock-freedom to a
safety property by introducing the more restrictive concept of
bounded lock-freedom. It states that, in a concurrent program,
there has to be progress after at most k steps, where k depends
on the input size of the program but not on the number of
threads in the system. They verify bounded lock-freedom with
a whole program analysis using temporal logic and the model
checker Chess. The technique is demonstrated by verifying
a simple concurrent program that uses Treiber’s stack. Our
compensation-based quantitative reasoning does not provide
an explicit bound on the steps between successful operations
but rather a global bound on the number of loop iterations in
the system. Additionally, our bound depends on the number
of threads in the system and not on the size of the input. A
conceptual difference of our work is that we prove the lock-
freedom of a given data structure as opposed to the verification
of a specific program. Moreover, our proofs are local and
modular, and not a whole program analysis. We also show
that compensation-based reasoning works for many advanced
lock-free data structures.

Gotsman et al. [13] reduce lock-freedom proofs to termina-
tion proofs of programs that execute n data structure operations
in parallel. They then prove termination using separation logic
and temporal rely-guarantee reasoning by layering liveness
reasoning on top of a circular safety proof. Using several tools
and manually formulating appropriate proof obligations, they
are able to automatically verify the lock-freedom of involved
algorithms such as Hendler et al.’s non-blocking stack with
elimination backoff [9]. While these automation results are very
impressive, the used reduction to termination is not intended to
be applied to shared data structures that use thread IDs or other
system information (see §II for details). In comparison, our
compensation reasoning does not restrict the use of thread IDs
or other system information. According to the authors (personal
communication), the termination proofs of [13] would also
work for a modification of the reduction that we used here.

Tofan et al. [12] describe a fully-mechanized technique based
on temporal logic and rely-guarantee reasoning that is similar
to the work of Gotsman et al. However, they assume weak
fairness of the scheduler while we do not pose any restriction
on the scheduler. Kobayashi and Sangiorgi [35] propose a type
system that proves lock-freedom for programs written in the
" -calculus. The target language and examples seem however
to be quite different from the programs we prove lock-free in
this article.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ! , which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H )| = 1 .

Using the separating conjunction ! ⇤P , it is straightforward
to state that two or more tokens are available. We define ! n to
be an abbreviation for n tokens ! ⇤ . . . ⇤ ! that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^ B =) P 0
⇤ ! I ` [P 0] C [P]

I ` [P ] while B do C [P ^ ¬B ]
(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ! can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤ ! ) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ] C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I ] C [Q ⇤ I ]

I ` [P ] atomic{C} [Q]
(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1] C1 [Q1] I ` [P2] C2 [Q2]

I ` [P1 ⇤ P2] C1 k C2 [Q1 ⇤ Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0

✓ H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ! is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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stack at all: The two threads use a different shared-memory
cell to transfer the stack element.

Our method can also be used to prove that Hendler et al’s
elimination-backoff stack [9] is lock-free. The main challenge
in the proof is that the push and pop operations consist of
two nested loops guarded by CAS operations. Assume again
a system with n threads. The inner loop can be treated as in
Treiber’s stack using n tokens in the precondition and 0 tokens
in the postcondition. As a result, the number of tokens needed
for an iteration of the outer loop is n+ 1. That means that a
successful thread needs to transfer (n ! 1) á(n+ 1) = n2 ! 1

tokens to the other threads to account for additional loop
iterations in the other threads. Given this, we can verify the
elimination-backoff stack using n2 tokens in the precondition.
Technically, we need an invariant of the form I " J , where I is
an invariant like in Treiber’s stack (for the inner loop) and J
is like I but with every token ⌃ replaced by ⌃n . More details
on the verification can be found in Appendix IV.

Non-Blocking Maps and Sets: Quantitative compensation
schemes can also be used to prove the lock-freedom of non-
blocking maps and sets (e.g., [29], [30]).

As in other lock-free data structures, interference in map
and set operations only occurs when another thread makes
progress. For example, in Harris’ non-blocking linked list [29],
a thread will make an additional traversal (of the list) only
if another thread causes interference by making a successful
traversal. The number of these unsuccessful traversals can be
bounded using a quantitative compensation scheme, as in our
previous examples.

The number of loop iterations within each list traversal also
depends on the length of the list. Nevertheless, it is possible to
prove an upper bound on the number of loop iterations executed
by programs in P , since each of the n threads executes a fixed
number mi of operations. Thus the total number of operations
is bounded by m =

!
i =1 ,...,n mi . In many important shared-

memory data structures, such as lists or maps, m (or a function
of m) constitutes an upper bound on the size of the shared data
structure. One can then use this bound to prove an upper bound
on the number of loop iterations by introducing ⌃m in the
global resource invariant. Like Atkey [19], we can use ideas
from amortized resource analysis [31] to deal with variable-
size data structures. By assigning tokens to each element of
a data structure we derive bounds that depend on the size of
the data structure without explicitly referring to its size. For
instance, an inductive list-predicate that states that ká |̀ | tokens
are available, where ` is the list pointed to by u can be defined
as follows.
LSeg!(x, y, k) ,(x = y ^ emp)_

(9v, z x 7! v ⇤ x+ 1 7! z ⇤ LSeg!(z, y, k) ⇤ ⌃k )

VIII. RELATED WORK

There is a large body of research on verifying safety proper-
ties and partial correctness of non-blocking data structures. See
for instance [18], [32], [33] and the references therein. This
work deals with the verification of the complementary liveness

property of being lock-free, which in comparison has received
little attention.

Colvin and Dongol [10], [34] use manually-derived global
well-founded orderings and temporal logic to prove the lock-
freedom of Treiber’s stack [6], Michael and Scott’s queue [7],
and a bounded array-based queue. Their technique is a non-
modular whole program analysis of the most general client
of the data structure. It is unclear if the approach applies to
data-structure operations with nested loops. In contrast, our
method is modular, can handle with nested loops, and does
not require temporal reasoning.

Petrank et al. [11] endeavor to reduce lock-freedom to a
safety property by introducing the more restrictive concept of
bounded lock-freedom. It states that, in a concurrent program,
there has to be progress after at most k steps, where k depends
on the input size of the program but not on the number of
threads in the system. They verify bounded lock-freedom with
a whole program analysis using temporal logic and the model
checker Chess. The technique is demonstrated by verifying
a simple concurrent program that uses Treiber’s stack. Our
compensation-based quantitative reasoning does not provide
an explicit bound on the steps between successful operations
but rather a global bound on the number of loop iterations in
the system. Additionally, our bound depends on the number
of threads in the system and not on the size of the input. A
conceptual difference of our work is that we prove the lock-
freedom of a given data structure as opposed to the verification
of a specific program. Moreover, our proofs are local and
modular, and not a whole program analysis. We also show
that compensation-based reasoning works for many advanced
lock-free data structures.

Gotsman et al. [13] reduce lock-freedom proofs to termina-
tion proofs of programs that execute n data structure operations
in parallel. They then prove termination using separation logic
and temporal rely-guarantee reasoning by layering liveness
reasoning on top of a circular safety proof. Using several tools
and manually formulating appropriate proof obligations, they
are able to automatically verify the lock-freedom of involved
algorithms such as Hendler et al.’s non-blocking stack with
elimination backoff [9]. While these automation results are very
impressive, the used reduction to termination is not intended to
be applied to shared data structures that use thread IDs or other
system information (see ¤II for details). In comparison, our
compensation reasoning does not restrict the use of thread IDs
or other system information. According to the authors (personal
communication), the termination proofs of [13] would also
work for a modification of the reduction that we used here.

Tofan et al. [12] describe a fully-mechanized technique based
on temporal logic and rely-guarantee reasoning that is similar
to the work of Gotsman et al. However, they assume weak
fairness of the scheduler while we do not pose any restriction
on the scheduler. Kobayashi and Sangiorgi [35] propose a type
system that proves lock-freedom for programs written in the
⇡-calculus. The target language and examples seem however
to be quite different from the programs we prove lock-free in
this article.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call aquantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progressÑoften the successful completion of an operationÑin
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to ÒpayÓ for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example TreiberÕs stack and a programPn in
which every thread only executes one operation, that is,Pn =!

i =1 ,...,n si and si ! {push, pop}. An execution ofPn never
performs more thann2 loop iterations. Using a compensation
scheme, this bound can be veriÞed in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokensÑtokens are anaffine resourceÑthe number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we deÞne a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration inPn is
guarded by aCAS operation this compensation scheme can
be conveniently integrated into the speciÞcation ofCAS. To
this end, we require that (logically)n" 1 tokens have to be
available to execute aCAS.

(a) If the CAS is successful then it returnstrue and
(logically) 0 tokens. Thus, the executing thread loses
n" 1 tokens.

(b) If the CAS is unsuccessful then it returnsfalse and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needsn tokens to perform a data structure operation. One
token is used to pay for the Þrst loop iteration andn" 1 tokens
are available during the loop as the loop invariant. If theCAS

operation of a threadA is successful (case (a)) then this can
cause at mostn" 1 CAS operations in the other threads to fail.
Thesen" 1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful threadA does not need its tokens
anymore since it will exit the do-while loop. Therefore then" 1

tokens belonging toA are passed to the othern" 1 threads to

pay for the worst-case scenario in which this update causes
n" 1 more loop iterations.

If the CAS operation of a threadA fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for threadA. SinceA hadn" 1 tokens before
the execution of theCAS, it hasn tokens after the execution.
So threadA can pay a token for the next loop iteration and
maintain its loop invariant ofn" 1 available tokens.

In our example programPn , there aren2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded byn2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program withn threads such that threadi
executesmi operations performs at most

P
1! i ! n mi · n loop

iterations. Threadi then starts withmi · n tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namelyconcurrent
separation logic, auxiliary variables, andread permissions. The
only thing we add to separation logic is the notion of atoken
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in§III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is deÞned in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simpliÞes reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). AHoare triple
[P ]C [Q] for a programC is a total-correctness speciÞcation of
C that expresses the following. IfC is executed in a program
state that satisÞesP thenC safely terminates and the execution
results in a state that satisÞesQ.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. Theseparating
conjunction P #Q is satisÞed by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisÞesP and one sub-heap satisÞesQ. It enables
the safe use of the frame rule

[P ]C [Q]

[P #R]C [Q #R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modiÞed by the programC (using predicates
P andQ). This speciÞcation can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicateR).

1In fact there are at most
! n
2

"
loop iterations in the worst case. However,

the n2 bound is sufÞcient to prove termination.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call a quantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progress—often the successful completion of an operation—in
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to “pay” for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in
which every thread only executes one operation, that is, Pn =f

i =1 ,...,n si and si 2 { push, pop} . An execution of Pn never
performs more than n2 loop iterations. Using a compensation
scheme, this bound can be verified in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokens—tokens are an afÞne resource—the number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we define a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration in Pn is
guarded by a CAS operation this compensation scheme can
be conveniently integrated into the specification of CAS. To
this end, we require that (logically) n�1 tokens have to be
available to execute a CAS.

(a) If the CAS is successful then it returns true and
(logically) 0 tokens. Thus, the executing thread loses
n�1 tokens.

(b) If the CAS is unsuccessful then it returns false and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needs n tokens to perform a data structure operation. One
token is used to pay for the first loop iteration and n�1 tokens
are available during the loop as the loop invariant. If the CAS

operation of a thread A is successful (case (a)) then this can
cause at most n�1 CAS operations in the other threads to fail.
These n�1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful thread A does not need its tokens
anymore since it will exit the do-while loop. Therefore the n�1

tokens belonging to A are passed to the other n�1 threads to

pay for the worst-case scenario in which this update causes
n�1 more loop iterations.

If the CAS operation of a thread A fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for thread A. Since A had n�1 tokens before
the execution of the CAS, it has n tokens after the execution.
So thread A can pay a token for the next loop iteration and
maintain its loop invariant of n�1 available tokens.

In our example program Pn , there are n2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded by n2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program with n threads such that thread i
executes mi operations performs at most

P
1in mi án loop

iterations. Thread i then starts with mi án tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namely concurrent
separation logic, auxiliary variables, and read permissions. The
only thing we add to separation logic is the notion of a token
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in ¤III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is defined in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simplifies reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). A Hoare triple
[P ]C [Q] for a program C is a total-correctness specification of
C that expresses the following. If C is executed in a program
state that satisfies P then C safely terminates and the execution
results in a state that satisfies Q.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. The separating
conjunctionP ⇤Q is satisfied by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisfies P and one sub-heap satisfies Q. It enables
the safe use of the frame rule

[P ]C [Q]

[P ⇤R]C [Q ⇤R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modified by the program C (using predicates
P and Q). This specification can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicate R).

1In fact there are at most
�n
2

�
loop iterations in the worst case. However,

the n2 bound is sufficient to prove termination.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1.

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P !
⇤ ⌃ I ` [P !

]C [P ]

I ` [P ]while B do C [P ^ ¬B]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P ! . C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H !

✓ H such that the sate (H ! , V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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stack at all: The two threads use a different shared-memory
cell to transfer the stack element.

Our method can also be used to prove that Hendler et al’s
elimination-backoff stack [9] is lock-free. The main challenge
in the proof is that the push and pop operations consist of
two nestedloops guarded by CAS operations. Assume again
a system with n threads. The inner loop can be treated as in
Treiber’s stack using n tokens in the precondition and 0 tokens
in the postcondition. As a result, the number of tokens needed
for an iteration of the outer loop is n+ 1. That means that a
successful thread needs to transfer (n� 1) · (n+ 1) = n2

� 1

tokens to the other threads to account for additional loop
iterations in the other threads. Given this, we can verify the
elimination-backoff stack using n2 tokens in the precondition.
Technically, we need an invariant of the form I ⇤J , where I is
an invariant like in Treiber’s stack (for the inner loop) and J
is like I but with every token ! replaced by ! n. More details
on the verification can be found in Appendix IV.

Non-Blocking Maps and Sets:Quantitative compensation
schemes can also be used to prove the lock-freedom of non-
blocking maps and sets (e.g., [29], [30]).

As in other lock-free data structures, interference in map
and set operations only occurs when another thread makes
progress. For example, in Harris’ non-blocking linked list [29],
a thread will make an additional traversal (of the list) only
if another thread causes interference by making a successful
traversal. The number of these unsuccessful traversals can be
bounded using a quantitative compensation scheme, as in our
previous examples.

The number of loop iterations within each list traversal also
depends on the length of the list. Nevertheless, it is possible to
prove an upper bound on the number of loop iterations executed
by programs in P , since each of the n threads executes a fixed
number m

i

of operations. Thus the total number of operations
is bounded by m =

P
i=1,...,n mi

. In many important shared-
memory data structures, such as lists or maps, m (or a function
of m) constitutes an upper bound on the size of the shared data
structure. One can then use this bound to prove an upper bound
on the number of loop iterations by introducing ! m in the
global resource invariant. Like Atkey [19], we can use ideas
from amortized resource analysis [31] to deal with variable-
size data structures. By assigning tokens to each element of
a data structure we derive bounds that depend on the size of
the data structure without explicitly referring to its size. For
instance, an inductive list-predicate that states that k · |! | tokens
are available, where ! is the list pointed to by u can be defined
as follows.
LSeg 0(x, y, k) ,(x = y ^ emp)_

(9v, z x 7! v ⇤ x+ 1 7! z ⇤ LSeg 0(z, y, k) ⇤ ! k )

VIII. RELATED WORK

There is a large body of research on verifying safety proper-
ties and partial correctness of non-blocking data structures. See
for instance [18], [32], [33] and the references therein. This
work deals with the verification of the complementary liveness

property of being lock-free, which in comparison has received
little attention.

Colvin and Dongol [10], [34] use manually-derived global
well-founded orderings and temporal logic to prove the lock-
freedom of Treiber’s stack [6], Michael and Scott’s queue [7],
and a bounded array-based queue. Their technique is a non-
modular whole program analysis of the most general client
of the data structure. It is unclear if the approach applies to
data-structure operations with nested loops. In contrast, our
method is modular, can handle with nested loops, and does
not require temporal reasoning.

Petrank et al. [11] endeavor to reduce lock-freedom to a
safety property by introducing the more restrictive concept of
bounded lock-freedom. It states that, in a concurrent program,
there has to be progress after at most k steps, where k depends
on the input size of the program but not on the number of
threads in the system. They verify bounded lock-freedom with
a whole program analysis using temporal logic and the model
checker Chess. The technique is demonstrated by verifying
a simple concurrent program that uses Treiber’s stack. Our
compensation-based quantitative reasoning does not provide
an explicit bound on the steps between successful operations
but rather a global bound on the number of loop iterations in
the system. Additionally, our bound depends on the number
of threads in the system and not on the size of the input. A
conceptual difference of our work is that we prove the lock-
freedom of a given data structure as opposed to the verification
of a specific program. Moreover, our proofs are local and
modular, and not a whole program analysis. We also show
that compensation-based reasoning works for many advanced
lock-free data structures.

Gotsman et al. [13] reduce lock-freedom proofs to termina-
tion proofs of programs that execute n data structure operations
in parallel. They then prove termination using separation logic
and temporal rely-guarantee reasoning by layering liveness
reasoning on top of a circular safety proof. Using several tools
and manually formulating appropriate proof obligations, they
are able to automatically verify the lock-freedom of involved
algorithms such as Hendler et al.’s non-blocking stack with
elimination backoff [9]. While these automation results are very
impressive, the used reduction to termination is not intended to
be applied to shared data structures that use thread IDs or other
system information (see §II for details). In comparison, our
compensation reasoning does not restrict the use of thread IDs
or other system information. According to the authors (personal
communication), the termination proofs of [13] would also
work for a modification of the reduction that we used here.

Tofan et al. [12] describe a fully-mechanized technique based
on temporal logic and rely-guarantee reasoning that is similar
to the work of Gotsman et al. However, they assume weak
fairness of the scheduler while we do not pose any restriction
on the scheduler. Kobayashi and Sangiorgi [35] propose a type
system that proves lock-freedom for programs written in the
" -calculus. The target language and examples seem however
to be quite different from the programs we prove lock-free in
this article.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ! , which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H )| = 1 .

Using the separating conjunction ! ⇤P , it is straightforward
to state that two or more tokens are available. We define ! n to
be an abbreviation for n tokens ! ⇤ . . . ⇤ ! that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^ B =) P 0
⇤ ! I ` [P 0] C [P]

I ` [P ] while B do C [P ^ ¬B ]
(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ! can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤ ! ) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ] C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I ] C [Q ⇤ I ]

I ` [P ] atomic{C} [Q]
(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1] C1 [Q1] I ` [P2] C2 [Q2]

I ` [P1 ⇤ P2] C1 k C2 [Q1 ⇤ Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0

✓ H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ! is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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stack at all: The two threads use a different shared-memory
cell to transfer the stack element.

Our method can also be used to prove that Hendler et al’s
elimination-backoff stack [9] is lock-free. The main challenge
in the proof is that the push and pop operations consist of
two nested loops guarded by CAS operations. Assume again
a system with n threads. The inner loop can be treated as in
Treiber’s stack using n tokens in the precondition and 0 tokens
in the postcondition. As a result, the number of tokens needed
for an iteration of the outer loop is n+ 1. That means that a
successful thread needs to transfer (n ! 1) á(n+ 1) = n2 ! 1

tokens to the other threads to account for additional loop
iterations in the other threads. Given this, we can verify the
elimination-backoff stack using n2 tokens in the precondition.
Technically, we need an invariant of the form I " J , where I is
an invariant like in Treiber’s stack (for the inner loop) and J
is like I but with every token ⌃ replaced by ⌃n . More details
on the verification can be found in Appendix IV.

Non-Blocking Maps and Sets: Quantitative compensation
schemes can also be used to prove the lock-freedom of non-
blocking maps and sets (e.g., [29], [30]).

As in other lock-free data structures, interference in map
and set operations only occurs when another thread makes
progress. For example, in Harris’ non-blocking linked list [29],
a thread will make an additional traversal (of the list) only
if another thread causes interference by making a successful
traversal. The number of these unsuccessful traversals can be
bounded using a quantitative compensation scheme, as in our
previous examples.

The number of loop iterations within each list traversal also
depends on the length of the list. Nevertheless, it is possible to
prove an upper bound on the number of loop iterations executed
by programs in P , since each of the n threads executes a fixed
number mi of operations. Thus the total number of operations
is bounded by m =

!
i =1 ,...,n mi . In many important shared-

memory data structures, such as lists or maps, m (or a function
of m) constitutes an upper bound on the size of the shared data
structure. One can then use this bound to prove an upper bound
on the number of loop iterations by introducing ⌃m in the
global resource invariant. Like Atkey [19], we can use ideas
from amortized resource analysis [31] to deal with variable-
size data structures. By assigning tokens to each element of
a data structure we derive bounds that depend on the size of
the data structure without explicitly referring to its size. For
instance, an inductive list-predicate that states that ká |̀ | tokens
are available, where ` is the list pointed to by u can be defined
as follows.
LSeg!(x, y, k) ,(x = y ^ emp)_

(9v, z x 7! v ⇤ x+ 1 7! z ⇤ LSeg!(z, y, k) ⇤ ⌃k )

VIII. RELATED WORK

There is a large body of research on verifying safety proper-
ties and partial correctness of non-blocking data structures. See
for instance [18], [32], [33] and the references therein. This
work deals with the verification of the complementary liveness

property of being lock-free, which in comparison has received
little attention.

Colvin and Dongol [10], [34] use manually-derived global
well-founded orderings and temporal logic to prove the lock-
freedom of Treiber’s stack [6], Michael and Scott’s queue [7],
and a bounded array-based queue. Their technique is a non-
modular whole program analysis of the most general client
of the data structure. It is unclear if the approach applies to
data-structure operations with nested loops. In contrast, our
method is modular, can handle with nested loops, and does
not require temporal reasoning.

Petrank et al. [11] endeavor to reduce lock-freedom to a
safety property by introducing the more restrictive concept of
bounded lock-freedom. It states that, in a concurrent program,
there has to be progress after at most k steps, where k depends
on the input size of the program but not on the number of
threads in the system. They verify bounded lock-freedom with
a whole program analysis using temporal logic and the model
checker Chess. The technique is demonstrated by verifying
a simple concurrent program that uses Treiber’s stack. Our
compensation-based quantitative reasoning does not provide
an explicit bound on the steps between successful operations
but rather a global bound on the number of loop iterations in
the system. Additionally, our bound depends on the number
of threads in the system and not on the size of the input. A
conceptual difference of our work is that we prove the lock-
freedom of a given data structure as opposed to the verification
of a specific program. Moreover, our proofs are local and
modular, and not a whole program analysis. We also show
that compensation-based reasoning works for many advanced
lock-free data structures.

Gotsman et al. [13] reduce lock-freedom proofs to termina-
tion proofs of programs that execute n data structure operations
in parallel. They then prove termination using separation logic
and temporal rely-guarantee reasoning by layering liveness
reasoning on top of a circular safety proof. Using several tools
and manually formulating appropriate proof obligations, they
are able to automatically verify the lock-freedom of involved
algorithms such as Hendler et al.’s non-blocking stack with
elimination backoff [9]. While these automation results are very
impressive, the used reduction to termination is not intended to
be applied to shared data structures that use thread IDs or other
system information (see ¤II for details). In comparison, our
compensation reasoning does not restrict the use of thread IDs
or other system information. According to the authors (personal
communication), the termination proofs of [13] would also
work for a modification of the reduction that we used here.

Tofan et al. [12] describe a fully-mechanized technique based
on temporal logic and rely-guarantee reasoning that is similar
to the work of Gotsman et al. However, they assume weak
fairness of the scheduler while we do not pose any restriction
on the scheduler. Kobayashi and Sangiorgi [35] propose a type
system that proves lock-freedom for programs written in the
⇡-calculus. The target language and examples seem however
to be quite different from the programs we prove lock-free in
this article.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call aquantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progressÑoften the successful completion of an operationÑin
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to ÒpayÓ for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example TreiberÕs stack and a programPn in
which every thread only executes one operation, that is,Pn =!

i =1 ,...,n si and si ! {push, pop}. An execution ofPn never
performs more thann2 loop iterations. Using a compensation
scheme, this bound can be veriÞed in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokensÑtokens are anaffine resourceÑthe number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we deÞne a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration inPn is
guarded by aCAS operation this compensation scheme can
be conveniently integrated into the speciÞcation ofCAS. To
this end, we require that (logically)n" 1 tokens have to be
available to execute aCAS.

(a) If the CAS is successful then it returnstrue and
(logically) 0 tokens. Thus, the executing thread loses
n" 1 tokens.

(b) If the CAS is unsuccessful then it returnsfalse and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needsn tokens to perform a data structure operation. One
token is used to pay for the Þrst loop iteration andn" 1 tokens
are available during the loop as the loop invariant. If theCAS

operation of a threadA is successful (case (a)) then this can
cause at mostn" 1 CAS operations in the other threads to fail.
Thesen" 1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful threadA does not need its tokens
anymore since it will exit the do-while loop. Therefore then" 1

tokens belonging toA are passed to the othern" 1 threads to

pay for the worst-case scenario in which this update causes
n" 1 more loop iterations.

If the CAS operation of a threadA fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for threadA. SinceA hadn" 1 tokens before
the execution of theCAS, it hasn tokens after the execution.
So threadA can pay a token for the next loop iteration and
maintain its loop invariant ofn" 1 available tokens.

In our example programPn , there aren2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded byn2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program withn threads such that threadi
executesmi operations performs at most

P
1! i ! n mi · n loop

iterations. Threadi then starts withmi · n tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namelyconcurrent
separation logic, auxiliary variables, andread permissions. The
only thing we add to separation logic is the notion of atoken
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in§III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is deÞned in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simpliÞes reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). AHoare triple
[P ]C [Q] for a programC is a total-correctness speciÞcation of
C that expresses the following. IfC is executed in a program
state that satisÞesP thenC safely terminates and the execution
results in a state that satisÞesQ.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. Theseparating
conjunction P #Q is satisÞed by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisÞesP and one sub-heap satisÞesQ. It enables
the safe use of the frame rule

[P ]C [Q]

[P #R]C [Q #R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modiÞed by the programC (using predicates
P andQ). This speciÞcation can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicateR).

1In fact there are at most
! n
2

"
loop iterations in the worst case. However,

the n2 bound is sufÞcient to prove termination.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call a quantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progress—often the successful completion of an operation—in
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to “pay” for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in
which every thread only executes one operation, that is, Pn =f

i =1 ,...,n si and si 2 { push, pop} . An execution of Pn never
performs more than n2 loop iterations. Using a compensation
scheme, this bound can be verified in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokens—tokens are an afÞne resource—the number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we define a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration in Pn is
guarded by a CAS operation this compensation scheme can
be conveniently integrated into the specification of CAS. To
this end, we require that (logically) n�1 tokens have to be
available to execute a CAS.

(a) If the CAS is successful then it returns true and
(logically) 0 tokens. Thus, the executing thread loses
n�1 tokens.

(b) If the CAS is unsuccessful then it returns false and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needs n tokens to perform a data structure operation. One
token is used to pay for the first loop iteration and n�1 tokens
are available during the loop as the loop invariant. If the CAS

operation of a thread A is successful (case (a)) then this can
cause at most n�1 CAS operations in the other threads to fail.
These n�1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful thread A does not need its tokens
anymore since it will exit the do-while loop. Therefore the n�1

tokens belonging to A are passed to the other n�1 threads to

pay for the worst-case scenario in which this update causes
n�1 more loop iterations.

If the CAS operation of a thread A fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for thread A. Since A had n�1 tokens before
the execution of the CAS, it has n tokens after the execution.
So thread A can pay a token for the next loop iteration and
maintain its loop invariant of n�1 available tokens.

In our example program Pn , there are n2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded by n2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program with n threads such that thread i
executes mi operations performs at most

P
1in mi án loop

iterations. Thread i then starts with mi án tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namely concurrent
separation logic, auxiliary variables, and read permissions. The
only thing we add to separation logic is the notion of a token
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in ¤III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is defined in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simplifies reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). A Hoare triple
[P ]C [Q] for a program C is a total-correctness specification of
C that expresses the following. If C is executed in a program
state that satisfies P then C safely terminates and the execution
results in a state that satisfies Q.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. The separating
conjunctionP ⇤Q is satisfied by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisfies P and one sub-heap satisfies Q. It enables
the safe use of the frame rule

[P ]C [Q]

[P ⇤R]C [Q ⇤R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modified by the program C (using predicates
P and Q). This specification can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicate R).

1In fact there are at most
�n
2

�
loop iterations in the worst case. However,

the n2 bound is sufficient to prove termination.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1.

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P !
⇤ ⌃ I ` [P !

]C [P ]

I ` [P ]while B do C [P ^ ¬B]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P ! . C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H !

✓ H such that the sate (H ! , V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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stack at all: The two threads use a different shared-memory
cell to transfer the stack element.

Our method can also be used to prove that Hendler et al’s
elimination-backoff stack [9] is lock-free. The main challenge
in the proof is that the push and pop operations consist of
two nestedloops guarded by CAS operations. Assume again
a system with n threads. The inner loop can be treated as in
Treiber’s stack using n tokens in the precondition and 0 tokens
in the postcondition. As a result, the number of tokens needed
for an iteration of the outer loop is n+ 1. That means that a
successful thread needs to transfer (n� 1) · (n+ 1) = n2

� 1

tokens to the other threads to account for additional loop
iterations in the other threads. Given this, we can verify the
elimination-backoff stack using n2 tokens in the precondition.
Technically, we need an invariant of the form I ⇤J , where I is
an invariant like in Treiber’s stack (for the inner loop) and J
is like I but with every token ! replaced by ! n. More details
on the verification can be found in Appendix IV.

Non-Blocking Maps and Sets:Quantitative compensation
schemes can also be used to prove the lock-freedom of non-
blocking maps and sets (e.g., [29], [30]).

As in other lock-free data structures, interference in map
and set operations only occurs when another thread makes
progress. For example, in Harris’ non-blocking linked list [29],
a thread will make an additional traversal (of the list) only
if another thread causes interference by making a successful
traversal. The number of these unsuccessful traversals can be
bounded using a quantitative compensation scheme, as in our
previous examples.

The number of loop iterations within each list traversal also
depends on the length of the list. Nevertheless, it is possible to
prove an upper bound on the number of loop iterations executed
by programs in P , since each of the n threads executes a fixed
number m

i

of operations. Thus the total number of operations
is bounded by m =

P
i=1,...,n mi

. In many important shared-
memory data structures, such as lists or maps, m (or a function
of m) constitutes an upper bound on the size of the shared data
structure. One can then use this bound to prove an upper bound
on the number of loop iterations by introducing ! m in the
global resource invariant. Like Atkey [19], we can use ideas
from amortized resource analysis [31] to deal with variable-
size data structures. By assigning tokens to each element of
a data structure we derive bounds that depend on the size of
the data structure without explicitly referring to its size. For
instance, an inductive list-predicate that states that k · |! | tokens
are available, where ! is the list pointed to by u can be defined
as follows.
LSeg 0(x, y, k) ,(x = y ^ emp)_

(9v, z x 7! v ⇤ x+ 1 7! z ⇤ LSeg 0(z, y, k) ⇤ ! k )

VIII. RELATED WORK

There is a large body of research on verifying safety proper-
ties and partial correctness of non-blocking data structures. See
for instance [18], [32], [33] and the references therein. This
work deals with the verification of the complementary liveness

property of being lock-free, which in comparison has received
little attention.

Colvin and Dongol [10], [34] use manually-derived global
well-founded orderings and temporal logic to prove the lock-
freedom of Treiber’s stack [6], Michael and Scott’s queue [7],
and a bounded array-based queue. Their technique is a non-
modular whole program analysis of the most general client
of the data structure. It is unclear if the approach applies to
data-structure operations with nested loops. In contrast, our
method is modular, can handle with nested loops, and does
not require temporal reasoning.

Petrank et al. [11] endeavor to reduce lock-freedom to a
safety property by introducing the more restrictive concept of
bounded lock-freedom. It states that, in a concurrent program,
there has to be progress after at most k steps, where k depends
on the input size of the program but not on the number of
threads in the system. They verify bounded lock-freedom with
a whole program analysis using temporal logic and the model
checker Chess. The technique is demonstrated by verifying
a simple concurrent program that uses Treiber’s stack. Our
compensation-based quantitative reasoning does not provide
an explicit bound on the steps between successful operations
but rather a global bound on the number of loop iterations in
the system. Additionally, our bound depends on the number
of threads in the system and not on the size of the input. A
conceptual difference of our work is that we prove the lock-
freedom of a given data structure as opposed to the verification
of a specific program. Moreover, our proofs are local and
modular, and not a whole program analysis. We also show
that compensation-based reasoning works for many advanced
lock-free data structures.

Gotsman et al. [13] reduce lock-freedom proofs to termina-
tion proofs of programs that execute n data structure operations
in parallel. They then prove termination using separation logic
and temporal rely-guarantee reasoning by layering liveness
reasoning on top of a circular safety proof. Using several tools
and manually formulating appropriate proof obligations, they
are able to automatically verify the lock-freedom of involved
algorithms such as Hendler et al.’s non-blocking stack with
elimination backoff [9]. While these automation results are very
impressive, the used reduction to termination is not intended to
be applied to shared data structures that use thread IDs or other
system information (see §II for details). In comparison, our
compensation reasoning does not restrict the use of thread IDs
or other system information. According to the authors (personal
communication), the termination proofs of [13] would also
work for a modification of the reduction that we used here.

Tofan et al. [12] describe a fully-mechanized technique based
on temporal logic and rely-guarantee reasoning that is similar
to the work of Gotsman et al. However, they assume weak
fairness of the scheduler while we do not pose any restriction
on the scheduler. Kobayashi and Sangiorgi [35] propose a type
system that proves lock-freedom for programs written in the
" -calculus. The target language and examples seem however
to be quite different from the programs we prove lock-free in
this article.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ! , which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H )| = 1 .

Using the separating conjunction ! ⇤P , it is straightforward
to state that two or more tokens are available. We define ! n to
be an abbreviation for n tokens ! ⇤ . . . ⇤ ! that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^ B =) P 0
⇤ ! I ` [P 0] C [P]

I ` [P ] while B do C [P ^ ¬B ]
(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ! can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤ ! ) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ] C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I ] C [Q ⇤ I ]

I ` [P ] atomic{C} [Q]
(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1] C1 [Q1] I ` [P2] C2 [Q2]

I ` [P1 ⇤ P2] C1 k C2 [Q1 ⇤ Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0

✓ H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ! is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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stack at all: The two threads use a different shared-memory
cell to transfer the stack element.

Our method can also be used to prove that Hendler et al’s
elimination-backoff stack [9] is lock-free. The main challenge
in the proof is that the push and pop operations consist of
two nested loops guarded by CAS operations. Assume again
a system with n threads. The inner loop can be treated as in
Treiber’s stack using n tokens in the precondition and 0 tokens
in the postcondition. As a result, the number of tokens needed
for an iteration of the outer loop is n+ 1. That means that a
successful thread needs to transfer (n ! 1) á(n+ 1) = n2 ! 1

tokens to the other threads to account for additional loop
iterations in the other threads. Given this, we can verify the
elimination-backoff stack using n2 tokens in the precondition.
Technically, we need an invariant of the form I " J , where I is
an invariant like in Treiber’s stack (for the inner loop) and J
is like I but with every token ⌃ replaced by ⌃n . More details
on the verification can be found in Appendix IV.

Non-Blocking Maps and Sets: Quantitative compensation
schemes can also be used to prove the lock-freedom of non-
blocking maps and sets (e.g., [29], [30]).

As in other lock-free data structures, interference in map
and set operations only occurs when another thread makes
progress. For example, in Harris’ non-blocking linked list [29],
a thread will make an additional traversal (of the list) only
if another thread causes interference by making a successful
traversal. The number of these unsuccessful traversals can be
bounded using a quantitative compensation scheme, as in our
previous examples.

The number of loop iterations within each list traversal also
depends on the length of the list. Nevertheless, it is possible to
prove an upper bound on the number of loop iterations executed
by programs in P , since each of the n threads executes a fixed
number mi of operations. Thus the total number of operations
is bounded by m =

!
i =1 ,...,n mi . In many important shared-

memory data structures, such as lists or maps, m (or a function
of m) constitutes an upper bound on the size of the shared data
structure. One can then use this bound to prove an upper bound
on the number of loop iterations by introducing ⌃m in the
global resource invariant. Like Atkey [19], we can use ideas
from amortized resource analysis [31] to deal with variable-
size data structures. By assigning tokens to each element of
a data structure we derive bounds that depend on the size of
the data structure without explicitly referring to its size. For
instance, an inductive list-predicate that states that ká |̀ | tokens
are available, where ` is the list pointed to by u can be defined
as follows.
LSeg!(x, y, k) ,(x = y ^ emp)_

(9v, z x 7! v ⇤ x+ 1 7! z ⇤ LSeg!(z, y, k) ⇤ ⌃k )

VIII. RELATED WORK

There is a large body of research on verifying safety proper-
ties and partial correctness of non-blocking data structures. See
for instance [18], [32], [33] and the references therein. This
work deals with the verification of the complementary liveness

property of being lock-free, which in comparison has received
little attention.

Colvin and Dongol [10], [34] use manually-derived global
well-founded orderings and temporal logic to prove the lock-
freedom of Treiber’s stack [6], Michael and Scott’s queue [7],
and a bounded array-based queue. Their technique is a non-
modular whole program analysis of the most general client
of the data structure. It is unclear if the approach applies to
data-structure operations with nested loops. In contrast, our
method is modular, can handle with nested loops, and does
not require temporal reasoning.

Petrank et al. [11] endeavor to reduce lock-freedom to a
safety property by introducing the more restrictive concept of
bounded lock-freedom. It states that, in a concurrent program,
there has to be progress after at most k steps, where k depends
on the input size of the program but not on the number of
threads in the system. They verify bounded lock-freedom with
a whole program analysis using temporal logic and the model
checker Chess. The technique is demonstrated by verifying
a simple concurrent program that uses Treiber’s stack. Our
compensation-based quantitative reasoning does not provide
an explicit bound on the steps between successful operations
but rather a global bound on the number of loop iterations in
the system. Additionally, our bound depends on the number
of threads in the system and not on the size of the input. A
conceptual difference of our work is that we prove the lock-
freedom of a given data structure as opposed to the verification
of a specific program. Moreover, our proofs are local and
modular, and not a whole program analysis. We also show
that compensation-based reasoning works for many advanced
lock-free data structures.

Gotsman et al. [13] reduce lock-freedom proofs to termina-
tion proofs of programs that execute n data structure operations
in parallel. They then prove termination using separation logic
and temporal rely-guarantee reasoning by layering liveness
reasoning on top of a circular safety proof. Using several tools
and manually formulating appropriate proof obligations, they
are able to automatically verify the lock-freedom of involved
algorithms such as Hendler et al.’s non-blocking stack with
elimination backoff [9]. While these automation results are very
impressive, the used reduction to termination is not intended to
be applied to shared data structures that use thread IDs or other
system information (see ¤II for details). In comparison, our
compensation reasoning does not restrict the use of thread IDs
or other system information. According to the authors (personal
communication), the termination proofs of [13] would also
work for a modification of the reduction that we used here.

Tofan et al. [12] describe a fully-mechanized technique based
on temporal logic and rely-guarantee reasoning that is similar
to the work of Gotsman et al. However, they assume weak
fairness of the scheduler while we do not pose any restriction
on the scheduler. Kobayashi and Sangiorgi [35] propose a type
system that proves lock-freedom for programs written in the
⇡-calculus. The target language and examples seem however
to be quite different from the programs we prove lock-free in
this article.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate! , which states the availability
of one consumable resource, ortoken. The predicate is afÞne
because it is satisÞed by every state in whichone or more
tokensare available. This in contrast to a linear predicate like
E !" F that is only satisÞed by heapsH with |dom(H)| = 1.

Using the separating conjunction! #P , it is straightforward
to state that two or more tokens are available. We deÞne! n to
be an abbreviation forn tokens! # . . . # ! that are connected
by the separating conjunction#.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P $ B =% P 0 # ! I & [P 0
]C [P ]

I & [P ]while B doC [P $ ÂB]

(WHILE)

The loop bodyC must preserve the loop invariantP under the
weakened preconditionP 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariantP , thus making a token available for possible
future loop iterations.

The tokens! can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formulax !" 10 ' (x !" #! ) expresses that the heap-cell
referred to by the variablex points to10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with aresource invariant. Each
atomic block that modiÞes the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicatesI,P ,
andQ, the judgmentI & [P ]C [Q] states that under the global
resource invariantI, in a state whereP holds, the execution
of the concurrent programC is safe and terminates in a state
that satisÞesQ.

Concurrent execution ofC1 andC2 is writtenC1 ( C2. We
assume that shared variables are only accessed within atomic
regions using the commandatomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariantI is

that it speciÞes a part of the heap owned by the shared region.
The logical ruleATOM for the commandatomic transfers the
ownership of this heap region to the executing thread.

emp & [P # I]C [Q # I]

I & [P ] atomic{C} [Q]

(ATOM)

Because theatomic construct ensures mutual exclusion, it is
safe to shareI between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I & [P1]C1 [Q1] I & [P2]C2 [Q2]

I & [P1 #P2]C1 ( C2 [Q1 #Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodiÞed) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heapH and stackV , there is at
most one sub-heapH 0 ) H such that the sate(H 0, V ) satisÞes
I. All invariants we use in this article are precise. Note that
precision with respect to the resource tokens! is not required
since they are afÞne and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exempliÞed with TreiberÕs non-
blocking stack in¤III. The most important rules of this logic
are described in¤IV. The logic is formally deÞned and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap locationB that is shared between a
number of producer and consumer threads. A producer checks
whetherB contains the integer0 (i.e., B is empty). If so
then it updatesB with a newly produced value and terminates.
Otherwise, it leavesB unchanged and terminates. A consumer
checks whetherB contains a non-zero integer (i.e,B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check ifB contains a new value to
consume. IfB contains0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens speciÞed by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of speciÞed tokens
is always Þnite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operationConsumerdepend on the scheduler and on the
number ofProduceroperations that are executed in parallel.
However, it is the case that a program that usesn Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call aquantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progressÑoften the successful completion of an operationÑin
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to ÒpayÓ for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example TreiberÕs stack and a programPn in
which every thread only executes one operation, that is,Pn =!

i =1 ,...,n si and si ! {push, pop}. An execution ofPn never
performs more thann2 loop iterations. Using a compensation
scheme, this bound can be veriÞed in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokensÑtokens are anaffine resourceÑthe number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we deÞne a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration inPn is
guarded by aCAS operation this compensation scheme can
be conveniently integrated into the speciÞcation ofCAS. To
this end, we require that (logically)n" 1 tokens have to be
available to execute aCAS.

(a) If the CAS is successful then it returnstrue and
(logically) 0 tokens. Thus, the executing thread loses
n" 1 tokens.

(b) If the CAS is unsuccessful then it returnsfalse and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needsn tokens to perform a data structure operation. One
token is used to pay for the Þrst loop iteration andn" 1 tokens
are available during the loop as the loop invariant. If theCAS

operation of a threadA is successful (case (a)) then this can
cause at mostn" 1 CAS operations in the other threads to fail.
Thesen" 1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful threadA does not need its tokens
anymore since it will exit the do-while loop. Therefore then" 1

tokens belonging toA are passed to the othern" 1 threads to

pay for the worst-case scenario in which this update causes
n" 1 more loop iterations.

If the CAS operation of a threadA fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for threadA. SinceA hadn" 1 tokens before
the execution of theCAS, it hasn tokens after the execution.
So threadA can pay a token for the next loop iteration and
maintain its loop invariant ofn" 1 available tokens.

In our example programPn , there aren2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded byn2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program withn threads such that threadi
executesmi operations performs at most

P
1! i ! n mi · n loop

iterations. Threadi then starts withmi · n tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namelyconcurrent
separation logic, auxiliary variables, andread permissions. The
only thing we add to separation logic is the notion of atoken
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in§III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is deÞned in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simpliÞes reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). AHoare triple
[P ]C [Q] for a programC is a total-correctness speciÞcation of
C that expresses the following. IfC is executed in a program
state that satisÞesP thenC safely terminates and the execution
results in a state that satisÞesQ.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. Theseparating
conjunction P #Q is satisÞed by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisÞesP and one sub-heap satisÞesQ. It enables
the safe use of the frame rule

[P ]C [Q]

[P #R]C [Q #R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modiÞed by the programC (using predicates
P andQ). This speciÞcation can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicateR).

1In fact there are at most
! n
2

"
loop iterations in the worst case. However,

the n2 bound is sufÞcient to prove termination.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call a quantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progress—often the successful completion of an operation—in
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to “pay” for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in
which every thread only executes one operation, that is, Pn =f

i =1 ,...,n si and si 2 { push, pop} . An execution of Pn never
performs more than n2 loop iterations. Using a compensation
scheme, this bound can be verified in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokens—tokens are an afÞne resource—the number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we define a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration in Pn is
guarded by a CAS operation this compensation scheme can
be conveniently integrated into the specification of CAS. To
this end, we require that (logically) n�1 tokens have to be
available to execute a CAS.

(a) If the CAS is successful then it returns true and
(logically) 0 tokens. Thus, the executing thread loses
n�1 tokens.

(b) If the CAS is unsuccessful then it returns false and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needs n tokens to perform a data structure operation. One
token is used to pay for the first loop iteration and n�1 tokens
are available during the loop as the loop invariant. If the CAS

operation of a thread A is successful (case (a)) then this can
cause at most n�1 CAS operations in the other threads to fail.
These n�1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful thread A does not need its tokens
anymore since it will exit the do-while loop. Therefore the n�1

tokens belonging to A are passed to the other n�1 threads to

pay for the worst-case scenario in which this update causes
n�1 more loop iterations.

If the CAS operation of a thread A fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for thread A. Since A had n�1 tokens before
the execution of the CAS, it has n tokens after the execution.
So thread A can pay a token for the next loop iteration and
maintain its loop invariant of n�1 available tokens.

In our example program Pn , there are n2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded by n2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program with n threads such that thread i
executes mi operations performs at most

P
1in mi án loop

iterations. Thread i then starts with mi án tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namely concurrent
separation logic, auxiliary variables, and read permissions. The
only thing we add to separation logic is the notion of a token
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in ¤III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is defined in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simplifies reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). A Hoare triple
[P ]C [Q] for a program C is a total-correctness specification of
C that expresses the following. If C is executed in a program
state that satisfies P then C safely terminates and the execution
results in a state that satisfies Q.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. The separating
conjunctionP ⇤Q is satisfied by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisfies P and one sub-heap satisfies Q. It enables
the safe use of the frame rule

[P ]C [Q]

[P ⇤R]C [Q ⇤R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modified by the program C (using predicates
P and Q). This specification can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicate R).

1In fact there are at most
�n
2

�
loop iterations in the worst case. However,

the n2 bound is sufficient to prove termination.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1.

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P !
⇤ ⌃ I ` [P !

]C [P ]

I ` [P ]while B do C [P ^ ¬B]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P ! . C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H !

✓ H such that the sate (H ! , V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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stack at all: The two threads use a different shared-memory
cell to transfer the stack element.

Our method can also be used to prove that Hendler et al’s
elimination-backoff stack [9] is lock-free. The main challenge
in the proof is that the push and pop operations consist of
two nestedloops guarded by CAS operations. Assume again
a system with n threads. The inner loop can be treated as in
Treiber’s stack using n tokens in the precondition and 0 tokens
in the postcondition. As a result, the number of tokens needed
for an iteration of the outer loop is n+ 1. That means that a
successful thread needs to transfer (n� 1) · (n+ 1) = n2

� 1

tokens to the other threads to account for additional loop
iterations in the other threads. Given this, we can verify the
elimination-backoff stack using n2 tokens in the precondition.
Technically, we need an invariant of the form I ⇤J , where I is
an invariant like in Treiber’s stack (for the inner loop) and J
is like I but with every token ! replaced by ! n. More details
on the verification can be found in Appendix IV.

Non-Blocking Maps and Sets:Quantitative compensation
schemes can also be used to prove the lock-freedom of non-
blocking maps and sets (e.g., [29], [30]).

As in other lock-free data structures, interference in map
and set operations only occurs when another thread makes
progress. For example, in Harris’ non-blocking linked list [29],
a thread will make an additional traversal (of the list) only
if another thread causes interference by making a successful
traversal. The number of these unsuccessful traversals can be
bounded using a quantitative compensation scheme, as in our
previous examples.

The number of loop iterations within each list traversal also
depends on the length of the list. Nevertheless, it is possible to
prove an upper bound on the number of loop iterations executed
by programs in P , since each of the n threads executes a fixed
number m

i

of operations. Thus the total number of operations
is bounded by m =

P
i=1,...,n mi

. In many important shared-
memory data structures, such as lists or maps, m (or a function
of m) constitutes an upper bound on the size of the shared data
structure. One can then use this bound to prove an upper bound
on the number of loop iterations by introducing ! m in the
global resource invariant. Like Atkey [19], we can use ideas
from amortized resource analysis [31] to deal with variable-
size data structures. By assigning tokens to each element of
a data structure we derive bounds that depend on the size of
the data structure without explicitly referring to its size. For
instance, an inductive list-predicate that states that k · |! | tokens
are available, where ! is the list pointed to by u can be defined
as follows.
LSeg 0(x, y, k) ,(x = y ^ emp)_

(9v, z x 7! v ⇤ x+ 1 7! z ⇤ LSeg 0(z, y, k) ⇤ ! k )

VIII. RELATED WORK

There is a large body of research on verifying safety proper-
ties and partial correctness of non-blocking data structures. See
for instance [18], [32], [33] and the references therein. This
work deals with the verification of the complementary liveness

property of being lock-free, which in comparison has received
little attention.

Colvin and Dongol [10], [34] use manually-derived global
well-founded orderings and temporal logic to prove the lock-
freedom of Treiber’s stack [6], Michael and Scott’s queue [7],
and a bounded array-based queue. Their technique is a non-
modular whole program analysis of the most general client
of the data structure. It is unclear if the approach applies to
data-structure operations with nested loops. In contrast, our
method is modular, can handle with nested loops, and does
not require temporal reasoning.

Petrank et al. [11] endeavor to reduce lock-freedom to a
safety property by introducing the more restrictive concept of
bounded lock-freedom. It states that, in a concurrent program,
there has to be progress after at most k steps, where k depends
on the input size of the program but not on the number of
threads in the system. They verify bounded lock-freedom with
a whole program analysis using temporal logic and the model
checker Chess. The technique is demonstrated by verifying
a simple concurrent program that uses Treiber’s stack. Our
compensation-based quantitative reasoning does not provide
an explicit bound on the steps between successful operations
but rather a global bound on the number of loop iterations in
the system. Additionally, our bound depends on the number
of threads in the system and not on the size of the input. A
conceptual difference of our work is that we prove the lock-
freedom of a given data structure as opposed to the verification
of a specific program. Moreover, our proofs are local and
modular, and not a whole program analysis. We also show
that compensation-based reasoning works for many advanced
lock-free data structures.

Gotsman et al. [13] reduce lock-freedom proofs to termina-
tion proofs of programs that execute n data structure operations
in parallel. They then prove termination using separation logic
and temporal rely-guarantee reasoning by layering liveness
reasoning on top of a circular safety proof. Using several tools
and manually formulating appropriate proof obligations, they
are able to automatically verify the lock-freedom of involved
algorithms such as Hendler et al.’s non-blocking stack with
elimination backoff [9]. While these automation results are very
impressive, the used reduction to termination is not intended to
be applied to shared data structures that use thread IDs or other
system information (see §II for details). In comparison, our
compensation reasoning does not restrict the use of thread IDs
or other system information. According to the authors (personal
communication), the termination proofs of [13] would also
work for a modification of the reduction that we used here.

Tofan et al. [12] describe a fully-mechanized technique based
on temporal logic and rely-guarantee reasoning that is similar
to the work of Gotsman et al. However, they assume weak
fairness of the scheduler while we do not pose any restriction
on the scheduler. Kobayashi and Sangiorgi [35] propose a type
system that proves lock-freedom for programs written in the
" -calculus. The target language and examples seem however
to be quite different from the programs we prove lock-free in
this article.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ! , which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H )| = 1 .

Using the separating conjunction ! ⇤P , it is straightforward
to state that two or more tokens are available. We define ! n to
be an abbreviation for n tokens ! ⇤ . . . ⇤ ! that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^ B =) P 0
⇤ ! I ` [P 0] C [P]

I ` [P ] while B do C [P ^ ¬B ]
(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ! can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤ ! ) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ] C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I ] C [Q ⇤ I ]

I ` [P ] atomic{C} [Q]
(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1] C1 [Q1] I ` [P2] C2 [Q2]

I ` [P1 ⇤ P2] C1 k C2 [Q1 ⇤ Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0

✓ H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ! is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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stack at all: The two threads use a different shared-memory
cell to transfer the stack element.

Our method can also be used to prove that Hendler et al’s
elimination-backoff stack [9] is lock-free. The main challenge
in the proof is that the push and pop operations consist of
two nested loops guarded by CAS operations. Assume again
a system with n threads. The inner loop can be treated as in
Treiber’s stack using n tokens in the precondition and 0 tokens
in the postcondition. As a result, the number of tokens needed
for an iteration of the outer loop is n+ 1. That means that a
successful thread needs to transfer (n ! 1) á(n+ 1) = n2 ! 1

tokens to the other threads to account for additional loop
iterations in the other threads. Given this, we can verify the
elimination-backoff stack using n2 tokens in the precondition.
Technically, we need an invariant of the form I " J , where I is
an invariant like in Treiber’s stack (for the inner loop) and J
is like I but with every token ⌃ replaced by ⌃n . More details
on the verification can be found in Appendix IV.

Non-Blocking Maps and Sets: Quantitative compensation
schemes can also be used to prove the lock-freedom of non-
blocking maps and sets (e.g., [29], [30]).

As in other lock-free data structures, interference in map
and set operations only occurs when another thread makes
progress. For example, in Harris’ non-blocking linked list [29],
a thread will make an additional traversal (of the list) only
if another thread causes interference by making a successful
traversal. The number of these unsuccessful traversals can be
bounded using a quantitative compensation scheme, as in our
previous examples.

The number of loop iterations within each list traversal also
depends on the length of the list. Nevertheless, it is possible to
prove an upper bound on the number of loop iterations executed
by programs in P , since each of the n threads executes a fixed
number mi of operations. Thus the total number of operations
is bounded by m =

!
i =1 ,...,n mi . In many important shared-

memory data structures, such as lists or maps, m (or a function
of m) constitutes an upper bound on the size of the shared data
structure. One can then use this bound to prove an upper bound
on the number of loop iterations by introducing ⌃m in the
global resource invariant. Like Atkey [19], we can use ideas
from amortized resource analysis [31] to deal with variable-
size data structures. By assigning tokens to each element of
a data structure we derive bounds that depend on the size of
the data structure without explicitly referring to its size. For
instance, an inductive list-predicate that states that ká |̀ | tokens
are available, where ` is the list pointed to by u can be defined
as follows.
LSeg!(x, y, k) ,(x = y ^ emp)_

(9v, z x 7! v ⇤ x+ 1 7! z ⇤ LSeg!(z, y, k) ⇤ ⌃k )

VIII. RELATED WORK

There is a large body of research on verifying safety proper-
ties and partial correctness of non-blocking data structures. See
for instance [18], [32], [33] and the references therein. This
work deals with the verification of the complementary liveness

property of being lock-free, which in comparison has received
little attention.

Colvin and Dongol [10], [34] use manually-derived global
well-founded orderings and temporal logic to prove the lock-
freedom of Treiber’s stack [6], Michael and Scott’s queue [7],
and a bounded array-based queue. Their technique is a non-
modular whole program analysis of the most general client
of the data structure. It is unclear if the approach applies to
data-structure operations with nested loops. In contrast, our
method is modular, can handle with nested loops, and does
not require temporal reasoning.

Petrank et al. [11] endeavor to reduce lock-freedom to a
safety property by introducing the more restrictive concept of
bounded lock-freedom. It states that, in a concurrent program,
there has to be progress after at most k steps, where k depends
on the input size of the program but not on the number of
threads in the system. They verify bounded lock-freedom with
a whole program analysis using temporal logic and the model
checker Chess. The technique is demonstrated by verifying
a simple concurrent program that uses Treiber’s stack. Our
compensation-based quantitative reasoning does not provide
an explicit bound on the steps between successful operations
but rather a global bound on the number of loop iterations in
the system. Additionally, our bound depends on the number
of threads in the system and not on the size of the input. A
conceptual difference of our work is that we prove the lock-
freedom of a given data structure as opposed to the verification
of a specific program. Moreover, our proofs are local and
modular, and not a whole program analysis. We also show
that compensation-based reasoning works for many advanced
lock-free data structures.

Gotsman et al. [13] reduce lock-freedom proofs to termina-
tion proofs of programs that execute n data structure operations
in parallel. They then prove termination using separation logic
and temporal rely-guarantee reasoning by layering liveness
reasoning on top of a circular safety proof. Using several tools
and manually formulating appropriate proof obligations, they
are able to automatically verify the lock-freedom of involved
algorithms such as Hendler et al.’s non-blocking stack with
elimination backoff [9]. While these automation results are very
impressive, the used reduction to termination is not intended to
be applied to shared data structures that use thread IDs or other
system information (see ¤II for details). In comparison, our
compensation reasoning does not restrict the use of thread IDs
or other system information. According to the authors (personal
communication), the termination proofs of [13] would also
work for a modification of the reduction that we used here.

Tofan et al. [12] describe a fully-mechanized technique based
on temporal logic and rely-guarantee reasoning that is similar
to the work of Gotsman et al. However, they assume weak
fairness of the scheduler while we do not pose any restriction
on the scheduler. Kobayashi and Sangiorgi [35] propose a type
system that proves lock-freedom for programs written in the
⇡-calculus. The target language and examples seem however
to be quite different from the programs we prove lock-free in
this article.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate! , which states the availability
of one consumable resource, ortoken. The predicate is afÞne
because it is satisÞed by every state in whichone or more
tokensare available. This in contrast to a linear predicate like
E !" F that is only satisÞed by heapsH with |dom(H)| = 1.

Using the separating conjunction! #P , it is straightforward
to state that two or more tokens are available. We deÞne! n to
be an abbreviation forn tokens! # . . . # ! that are connected
by the separating conjunction#.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P $ B =% P 0 # ! I & [P 0
]C [P ]

I & [P ]while B doC [P $ ÂB]

(WHILE)

The loop bodyC must preserve the loop invariantP under the
weakened preconditionP 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariantP , thus making a token available for possible
future loop iterations.

The tokens! can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formulax !" 10 ' (x !" #! ) expresses that the heap-cell
referred to by the variablex points to10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with aresource invariant. Each
atomic block that modiÞes the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicatesI,P ,
andQ, the judgmentI & [P ]C [Q] states that under the global
resource invariantI, in a state whereP holds, the execution
of the concurrent programC is safe and terminates in a state
that satisÞesQ.

Concurrent execution ofC1 andC2 is writtenC1 ( C2. We
assume that shared variables are only accessed within atomic
regions using the commandatomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariantI is

that it speciÞes a part of the heap owned by the shared region.
The logical ruleATOM for the commandatomic transfers the
ownership of this heap region to the executing thread.

emp & [P # I]C [Q # I]

I & [P ] atomic{C} [Q]

(ATOM)

Because theatomic construct ensures mutual exclusion, it is
safe to shareI between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I & [P1]C1 [Q1] I & [P2]C2 [Q2]

I & [P1 #P2]C1 ( C2 [Q1 #Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodiÞed) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heapH and stackV , there is at
most one sub-heapH 0 ) H such that the sate(H 0, V ) satisÞes
I. All invariants we use in this article are precise. Note that
precision with respect to the resource tokens! is not required
since they are afÞne and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exempliÞed with TreiberÕs non-
blocking stack in¤III. The most important rules of this logic
are described in¤IV. The logic is formally deÞned and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap locationB that is shared between a
number of producer and consumer threads. A producer checks
whetherB contains the integer0 (i.e., B is empty). If so
then it updatesB with a newly produced value and terminates.
Otherwise, it leavesB unchanged and terminates. A consumer
checks whetherB contains a non-zero integer (i.e,B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check ifB contains a new value to
consume. IfB contains0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens speciÞed by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of speciÞed tokens
is always Þnite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operationConsumerdepend on the scheduler and on the
number ofProduceroperations that are executed in parallel.
However, it is the case that a program that usesn Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call aquantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progressÑoften the successful completion of an operationÑin
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to ÒpayÓ for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example TreiberÕs stack and a programPn in
which every thread only executes one operation, that is,Pn =!

i =1 ,...,n si and si ! {push, pop}. An execution ofPn never
performs more thann2 loop iterations. Using a compensation
scheme, this bound can be veriÞed in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokensÑtokens are anaffine resourceÑthe number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we deÞne a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration inPn is
guarded by aCAS operation this compensation scheme can
be conveniently integrated into the speciÞcation ofCAS. To
this end, we require that (logically)n" 1 tokens have to be
available to execute aCAS.

(a) If the CAS is successful then it returnstrue and
(logically) 0 tokens. Thus, the executing thread loses
n" 1 tokens.

(b) If the CAS is unsuccessful then it returnsfalse and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needsn tokens to perform a data structure operation. One
token is used to pay for the Þrst loop iteration andn" 1 tokens
are available during the loop as the loop invariant. If theCAS

operation of a threadA is successful (case (a)) then this can
cause at mostn" 1 CAS operations in the other threads to fail.
Thesen" 1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful threadA does not need its tokens
anymore since it will exit the do-while loop. Therefore then" 1

tokens belonging toA are passed to the othern" 1 threads to

pay for the worst-case scenario in which this update causes
n" 1 more loop iterations.

If the CAS operation of a threadA fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for threadA. SinceA hadn" 1 tokens before
the execution of theCAS, it hasn tokens after the execution.
So threadA can pay a token for the next loop iteration and
maintain its loop invariant ofn" 1 available tokens.

In our example programPn , there aren2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded byn2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program withn threads such that threadi
executesmi operations performs at most

P
1! i ! n mi · n loop

iterations. Threadi then starts withmi · n tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namelyconcurrent
separation logic, auxiliary variables, andread permissions. The
only thing we add to separation logic is the notion of atoken
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in§III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is deÞned in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simpliÞes reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). AHoare triple
[P ]C [Q] for a programC is a total-correctness speciÞcation of
C that expresses the following. IfC is executed in a program
state that satisÞesP thenC safely terminates and the execution
results in a state that satisÞesQ.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. Theseparating
conjunction P #Q is satisÞed by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisÞesP and one sub-heap satisÞesQ. It enables
the safe use of the frame rule

[P ]C [Q]

[P #R]C [Q #R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modiÞed by the programC (using predicates
P andQ). This speciÞcation can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicateR).

1In fact there are at most
! n
2

"
loop iterations in the worst case. However,

the n2 bound is sufÞcient to prove termination.
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repeatedly try to access or modify a shared-memory data
structure until they can complete their operation without
interference by another thread. However, lock-freedom ensures
that such interference is only possible if another operation
successfully makes progress:

In an operation of a lock-free data structure, the failure of
a thread to make progress is always caused by successful
progress in an operation executed by another thread.

This property is the basis of a novel reasoning technique that
we call a quantitative compensation scheme. It ensures that a
thread is compensated for loop iterations that are caused by
progress—often the successful completion of an operation—in
another thread. In return, when a thread makes progress (e.g.,
completes an operation), it compensates the other threads. In
this way, every thread is able to “pay” for its loop iterations
without being aware of the other threads or the scheduler.

Consider for example Treiber’s stack and a program Pn in
which every thread only executes one operation, that is, Pn =f

i =1 ,...,n si and si 2 { push, pop} . An execution of Pn never
performs more than n2 loop iterations. Using a compensation
scheme, this bound can be verified in a local and modular
way. Assume that each of the threads has a number of tokens
at its disposal and that each loop iteration in the program
costs one token. After paying for the loop iteration, the token
disappears from the system. Because it is not possible to create
or duplicate tokens—tokens are an afÞne resource—the number
of tokens that are initially present in the system is an upper
bound on the total number of loop iterations executed.

Unfortunately, the maximum number of loop iterations
performed by a thread depends on the choices of the scheduler
as well as the number of operations that are performed by
the other threads. To still make possible local and modular
reasoning, we define a compensation scheme that enables the
threads to exchange tokens. Since each loop iteration in Pn is
guarded by a CAS operation this compensation scheme can
be conveniently integrated into the specification of CAS. To
this end, we require that (logically) n�1 tokens have to be
available to execute a CAS.

(a) If the CAS is successful then it returns true and
(logically) 0 tokens. Thus, the executing thread loses
n�1 tokens.

(b) If the CAS is unsuccessful then it returns false and
(logically) n tokens. Thus, the executing thread gains a
token that it can use to pay for its next loop iteration.

The idea behind this compensation scheme is that every thread
needs n tokens to perform a data structure operation. One
token is used to pay for the first loop iteration and n�1 tokens
are available during the loop as the loop invariant. If the CAS

operation of a thread A is successful (case (a)) then this can
cause at most n�1 CAS operations in the other threads to fail.
These n�1 failed CAS operations need to return one token
more than they had prior to their execution (case (b)). On the
other hand, the successful thread A does not need its tokens
anymore since it will exit the do-while loop. Therefore the n�1

tokens belonging to A are passed to the other n�1 threads to

pay for the worst-case scenario in which this update causes
n�1 more loop iterations.

If the CAS operation of a thread A fails (case (b)), then some
other thread successfully updated the stack (case (a)) and thus
provided a token for thread A. Since A had n�1 tokens before
the execution of the CAS, it has n tokens after the execution.
So thread A can pay a token for the next loop iteration and
maintain its loop invariant of n�1 available tokens.

In our example program Pn , there are n2 many tokens in the
system at the beginning of the execution. So the number of loop
iterations is bounded by n2 and the program terminates.1 More
generally, we can use the same local and modular reasoning
to prove that every program with n threads such that thread i
executes mi operations performs at most

P
1in mi án loop

iterations. Thread i then starts with mi án tokens.
We will show in the following that this quantitative reasoning

can be directly incorporated in total correctness proofs for these
programs. We use the exact same techniques (for proving safety
properties [18]) to prove liveness properties; namely concurrent
separation logic, auxiliary variables, and read permissions. The
only thing we add to separation logic is the notion of a token
or a resource following Atkey [19].

IV. PRELIMINARY EXPLANATIONS

Before we formalize the proof outlined in ¤III, we give a
short introduction to separation logic, quantitative reasoning,
and concurrent separation logic. For the reader unfamiliar with
the separation logic extensions of permissions and auxiliary
variables, see Appendix I and the relevant literature [20], [21].
Our full logic is defined in Appendix II.

Separation Logic: Separation logic [22], [23] is an
extension of Hoare logic [24] that simplifies reasoning about
shared mutable data structures and pointers. As in Hoare logic,
programs are annotated with Hoare triples using predicates
P,Q, . . . over program states (heap and stack). A Hoare triple
[P ]C [Q] for a program C is a total-correctness specification of
C that expresses the following. If C is executed in a program
state that satisfies P then C safely terminates and the execution
results in a state that satisfies Q.

In addition to the traditional logical connectives, predicates of
separation logic are formed by logical connectives that enable
local and modular reasoning about the heap. The separating
conjunctionP ⇤Q is satisfied by a program state if the heap
of that state can be split in two disjoint parts such that one
sub-heap satisfies P and one sub-heap satisfies Q. It enables
the safe use of the frame rule

[P ]C [Q]

[P ⇤R]C [Q ⇤R]

(FRAME)

With the frame rule it is possible to specify only the part of
the heap that is modified by the program C (using predicates
P and Q). This specification can then be embedded in a larger
proof to state that other parts of the heap are not changed
(predicate R).

1In fact there are at most
�n
2

�
loop iterations in the worst case. However,

the n2 bound is sufficient to prove termination.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1.

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P !
⇤ ⌃ I ` [P !

]C [P ]

I ` [P ]while B do C [P ^ ¬B]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P ! . C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H !

✓ H such that the sate (H ! , V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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stack at all: The two threads use a different shared-memory
cell to transfer the stack element.

Our method can also be used to prove that Hendler et al’s
elimination-backoff stack [9] is lock-free. The main challenge
in the proof is that the push and pop operations consist of
two nestedloops guarded by CAS operations. Assume again
a system with n threads. The inner loop can be treated as in
Treiber’s stack using n tokens in the precondition and 0 tokens
in the postcondition. As a result, the number of tokens needed
for an iteration of the outer loop is n+ 1. That means that a
successful thread needs to transfer (n� 1) · (n+ 1) = n2

� 1

tokens to the other threads to account for additional loop
iterations in the other threads. Given this, we can verify the
elimination-backoff stack using n2 tokens in the precondition.
Technically, we need an invariant of the form I ⇤J , where I is
an invariant like in Treiber’s stack (for the inner loop) and J
is like I but with every token ! replaced by ! n. More details
on the verification can be found in Appendix IV.

Non-Blocking Maps and Sets:Quantitative compensation
schemes can also be used to prove the lock-freedom of non-
blocking maps and sets (e.g., [29], [30]).

As in other lock-free data structures, interference in map
and set operations only occurs when another thread makes
progress. For example, in Harris’ non-blocking linked list [29],
a thread will make an additional traversal (of the list) only
if another thread causes interference by making a successful
traversal. The number of these unsuccessful traversals can be
bounded using a quantitative compensation scheme, as in our
previous examples.

The number of loop iterations within each list traversal also
depends on the length of the list. Nevertheless, it is possible to
prove an upper bound on the number of loop iterations executed
by programs in P , since each of the n threads executes a fixed
number m

i

of operations. Thus the total number of operations
is bounded by m =

P
i=1,...,n mi

. In many important shared-
memory data structures, such as lists or maps, m (or a function
of m) constitutes an upper bound on the size of the shared data
structure. One can then use this bound to prove an upper bound
on the number of loop iterations by introducing ! m in the
global resource invariant. Like Atkey [19], we can use ideas
from amortized resource analysis [31] to deal with variable-
size data structures. By assigning tokens to each element of
a data structure we derive bounds that depend on the size of
the data structure without explicitly referring to its size. For
instance, an inductive list-predicate that states that k · |! | tokens
are available, where ! is the list pointed to by u can be defined
as follows.
LSeg 0(x, y, k) ,(x = y ^ emp)_

(9v, z x 7! v ⇤ x+ 1 7! z ⇤ LSeg 0(z, y, k) ⇤ ! k )

VIII. RELATED WORK

There is a large body of research on verifying safety proper-
ties and partial correctness of non-blocking data structures. See
for instance [18], [32], [33] and the references therein. This
work deals with the verification of the complementary liveness

property of being lock-free, which in comparison has received
little attention.

Colvin and Dongol [10], [34] use manually-derived global
well-founded orderings and temporal logic to prove the lock-
freedom of Treiber’s stack [6], Michael and Scott’s queue [7],
and a bounded array-based queue. Their technique is a non-
modular whole program analysis of the most general client
of the data structure. It is unclear if the approach applies to
data-structure operations with nested loops. In contrast, our
method is modular, can handle with nested loops, and does
not require temporal reasoning.

Petrank et al. [11] endeavor to reduce lock-freedom to a
safety property by introducing the more restrictive concept of
bounded lock-freedom. It states that, in a concurrent program,
there has to be progress after at most k steps, where k depends
on the input size of the program but not on the number of
threads in the system. They verify bounded lock-freedom with
a whole program analysis using temporal logic and the model
checker Chess. The technique is demonstrated by verifying
a simple concurrent program that uses Treiber’s stack. Our
compensation-based quantitative reasoning does not provide
an explicit bound on the steps between successful operations
but rather a global bound on the number of loop iterations in
the system. Additionally, our bound depends on the number
of threads in the system and not on the size of the input. A
conceptual difference of our work is that we prove the lock-
freedom of a given data structure as opposed to the verification
of a specific program. Moreover, our proofs are local and
modular, and not a whole program analysis. We also show
that compensation-based reasoning works for many advanced
lock-free data structures.

Gotsman et al. [13] reduce lock-freedom proofs to termina-
tion proofs of programs that execute n data structure operations
in parallel. They then prove termination using separation logic
and temporal rely-guarantee reasoning by layering liveness
reasoning on top of a circular safety proof. Using several tools
and manually formulating appropriate proof obligations, they
are able to automatically verify the lock-freedom of involved
algorithms such as Hendler et al.’s non-blocking stack with
elimination backoff [9]. While these automation results are very
impressive, the used reduction to termination is not intended to
be applied to shared data structures that use thread IDs or other
system information (see §II for details). In comparison, our
compensation reasoning does not restrict the use of thread IDs
or other system information. According to the authors (personal
communication), the termination proofs of [13] would also
work for a modification of the reduction that we used here.

Tofan et al. [12] describe a fully-mechanized technique based
on temporal logic and rely-guarantee reasoning that is similar
to the work of Gotsman et al. However, they assume weak
fairness of the scheduler while we do not pose any restriction
on the scheduler. Kobayashi and Sangiorgi [35] propose a type
system that proves lock-freedom for programs written in the
" -calculus. The target language and examples seem however
to be quite different from the programs we prove lock-free in
this article.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ! , which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H )| = 1 .

Using the separating conjunction ! ⇤P , it is straightforward
to state that two or more tokens are available. We define ! n to
be an abbreviation for n tokens ! ⇤ . . . ⇤ ! that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^ B =) P 0
⇤ ! I ` [P 0] C [P]

I ` [P ] while B do C [P ^ ¬B ]
(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ! can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤ ! ) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ] C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I ] C [Q ⇤ I ]

I ` [P ] atomic{C} [Q]
(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1] C1 [Q1] I ` [P2] C2 [Q2]

I ` [P1 ⇤ P2] C1 k C2 [Q1 ⇤ Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0

✓ H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ! is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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stack at all: The two threads use a different shared-memory
cell to transfer the stack element.

Our method can also be used to prove that Hendler et al’s
elimination-backoff stack [9] is lock-free. The main challenge
in the proof is that the push and pop operations consist of
two nested loops guarded by CAS operations. Assume again
a system with n threads. The inner loop can be treated as in
Treiber’s stack using n tokens in the precondition and 0 tokens
in the postcondition. As a result, the number of tokens needed
for an iteration of the outer loop is n+ 1. That means that a
successful thread needs to transfer (n ! 1) á(n+ 1) = n2 ! 1

tokens to the other threads to account for additional loop
iterations in the other threads. Given this, we can verify the
elimination-backoff stack using n2 tokens in the precondition.
Technically, we need an invariant of the form I " J , where I is
an invariant like in Treiber’s stack (for the inner loop) and J
is like I but with every token ⌃ replaced by ⌃n . More details
on the verification can be found in Appendix IV.

Non-Blocking Maps and Sets: Quantitative compensation
schemes can also be used to prove the lock-freedom of non-
blocking maps and sets (e.g., [29], [30]).

As in other lock-free data structures, interference in map
and set operations only occurs when another thread makes
progress. For example, in Harris’ non-blocking linked list [29],
a thread will make an additional traversal (of the list) only
if another thread causes interference by making a successful
traversal. The number of these unsuccessful traversals can be
bounded using a quantitative compensation scheme, as in our
previous examples.

The number of loop iterations within each list traversal also
depends on the length of the list. Nevertheless, it is possible to
prove an upper bound on the number of loop iterations executed
by programs in P , since each of the n threads executes a fixed
number mi of operations. Thus the total number of operations
is bounded by m =

!
i =1 ,...,n mi . In many important shared-

memory data structures, such as lists or maps, m (or a function
of m) constitutes an upper bound on the size of the shared data
structure. One can then use this bound to prove an upper bound
on the number of loop iterations by introducing ⌃m in the
global resource invariant. Like Atkey [19], we can use ideas
from amortized resource analysis [31] to deal with variable-
size data structures. By assigning tokens to each element of
a data structure we derive bounds that depend on the size of
the data structure without explicitly referring to its size. For
instance, an inductive list-predicate that states that ká |̀ | tokens
are available, where ` is the list pointed to by u can be defined
as follows.
LSeg!(x, y, k) ,(x = y ^ emp)_

(9v, z x 7! v ⇤ x+ 1 7! z ⇤ LSeg!(z, y, k) ⇤ ⌃k )

VIII. RELATED WORK

There is a large body of research on verifying safety proper-
ties and partial correctness of non-blocking data structures. See
for instance [18], [32], [33] and the references therein. This
work deals with the verification of the complementary liveness

property of being lock-free, which in comparison has received
little attention.

Colvin and Dongol [10], [34] use manually-derived global
well-founded orderings and temporal logic to prove the lock-
freedom of Treiber’s stack [6], Michael and Scott’s queue [7],
and a bounded array-based queue. Their technique is a non-
modular whole program analysis of the most general client
of the data structure. It is unclear if the approach applies to
data-structure operations with nested loops. In contrast, our
method is modular, can handle with nested loops, and does
not require temporal reasoning.

Petrank et al. [11] endeavor to reduce lock-freedom to a
safety property by introducing the more restrictive concept of
bounded lock-freedom. It states that, in a concurrent program,
there has to be progress after at most k steps, where k depends
on the input size of the program but not on the number of
threads in the system. They verify bounded lock-freedom with
a whole program analysis using temporal logic and the model
checker Chess. The technique is demonstrated by verifying
a simple concurrent program that uses Treiber’s stack. Our
compensation-based quantitative reasoning does not provide
an explicit bound on the steps between successful operations
but rather a global bound on the number of loop iterations in
the system. Additionally, our bound depends on the number
of threads in the system and not on the size of the input. A
conceptual difference of our work is that we prove the lock-
freedom of a given data structure as opposed to the verification
of a specific program. Moreover, our proofs are local and
modular, and not a whole program analysis. We also show
that compensation-based reasoning works for many advanced
lock-free data structures.

Gotsman et al. [13] reduce lock-freedom proofs to termina-
tion proofs of programs that execute n data structure operations
in parallel. They then prove termination using separation logic
and temporal rely-guarantee reasoning by layering liveness
reasoning on top of a circular safety proof. Using several tools
and manually formulating appropriate proof obligations, they
are able to automatically verify the lock-freedom of involved
algorithms such as Hendler et al.’s non-blocking stack with
elimination backoff [9]. While these automation results are very
impressive, the used reduction to termination is not intended to
be applied to shared data structures that use thread IDs or other
system information (see ¤II for details). In comparison, our
compensation reasoning does not restrict the use of thread IDs
or other system information. According to the authors (personal
communication), the termination proofs of [13] would also
work for a modification of the reduction that we used here.

Tofan et al. [12] describe a fully-mechanized technique based
on temporal logic and rely-guarantee reasoning that is similar
to the work of Gotsman et al. However, they assume weak
fairness of the scheduler while we do not pose any restriction
on the scheduler. Kobayashi and Sangiorgi [35] propose a type
system that proves lock-freedom for programs written in the
⇡-calculus. The target language and examples seem however
to be quite different from the programs we prove lock-free in
this article.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1 .

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P 0
⇤ ⌃ I ` [P 0]C [P ]

I ` [P ] while B do C [P ^ ¬B]
(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]
(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0

✓ H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning: Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resources in the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
affine consumable resources too [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokens are available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1.

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P !
⇤ ⌃ I ` [P !

]C [P ]

I ` [P ]while B doC [P ^ ÂB]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P ! . C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL) is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs) for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise [14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H !

✓ H such that the sate (H ! , V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in ¤III. The most important rules of this logic
are described in ¤IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumer example.

Producer and Consumer Example: In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumerdepend on the scheduler and on the
number of Produceroperations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ! , which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E !" F that is only satisfied by heaps H with |dom(H )| = 1.

Using the separating conjunction ! #P , it is straightforward
to state that two or more tokens are available. We define ! n to
be an abbreviation for n tokens ! # . . . # ! that are connected
by the separating conjunction #.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P $ B =% P 0 # ! I & [P 0
]C [P ]

I & [P ]while B do C [P $ ¬B ]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ! can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x !" 10 ' (x !" #! ) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I & [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 ( C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp & [P # I ]C [Q # I ]

I & [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I & [P1]C1 [Q1] I & [P2]C2 [Q2]

I & [P1 # P2]C1 ( C2 [Q1 # Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0 ) H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ! is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.

5



Concurrent Separation Logic
Resource invariant: 
another predicate.

Technical Report YALEU/DCS/TR-1476

Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1 .

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P 0
⇤ ⌃ I ` [P 0]C [P ]

I ` [P ] while B do C [P ^ ¬B]
(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]
(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0

✓ H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning: Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resources in the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
affine consumable resources too [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokens are available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1.

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P !
⇤ ⌃ I ` [P !

]C [P ]

I ` [P ]while B doC [P ^ ÂB]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P ! . C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL) is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs) for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise [14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H !

✓ H such that the sate (H ! , V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in ¤III. The most important rules of this logic
are described in ¤IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumer example.

Producer and Consumer Example: In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumerdepend on the scheduler and on the
number of Produceroperations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ! , which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E !" F that is only satisfied by heaps H with |dom(H )| = 1.

Using the separating conjunction ! #P , it is straightforward
to state that two or more tokens are available. We define ! n to
be an abbreviation for n tokens ! # . . . # ! that are connected
by the separating conjunction #.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P $ B =% P 0 # ! I & [P 0
]C [P ]

I & [P ]while B do C [P $ ¬B ]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ! can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x !" 10 ' (x !" #! ) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I & [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 ( C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp & [P # I ]C [Q # I ]

I & [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I & [P1]C1 [Q1] I & [P2]C2 [Q2]

I & [P1 # P2]C1 ( C2 [Q1 # Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0 ) H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ! is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1 .

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P 0
⇤ ⌃ I ` [P 0]C [P ]

I ` [P ] while B do C [P ^ ¬B]
(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]
(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0

✓ H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning: Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resources in the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
affine consumable resources too [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokens are available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1.

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P !
⇤ ⌃ I ` [P !

]C [P ]

I ` [P ]while B doC [P ^ ÂB]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P ! . C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL) is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs) for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise [14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H !

✓ H such that the sate (H ! , V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in ¤III. The most important rules of this logic
are described in ¤IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumer example.

Producer and Consumer Example: In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumerdepend on the scheduler and on the
number of Produceroperations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ! , which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E !" F that is only satisfied by heaps H with |dom(H )| = 1.

Using the separating conjunction ! #P , it is straightforward
to state that two or more tokens are available. We define ! n to
be an abbreviation for n tokens ! # . . . # ! that are connected
by the separating conjunction #.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P $ B =% P 0 # ! I & [P 0
]C [P ]

I & [P ]while B do C [P $ ¬B ]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ! can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x !" 10 ' (x !" #! ) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I & [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 ( C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp & [P # I ]C [Q # I ]

I & [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I & [P1]C1 [Q1] I & [P2]C2 [Q2]

I & [P1 # P2]C1 ( C2 [Q1 # Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0 ) H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ! is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1 .

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P 0
⇤ ⌃ I ` [P 0]C [P ]

I ` [P ] while B do C [P ^ ¬B]
(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]
(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0

✓ H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning: Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resources in the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
affine consumable resources too [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokens are available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1.

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P !
⇤ ⌃ I ` [P !

]C [P ]

I ` [P ]while B doC [P ^ ÂB]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P ! . C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL) is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs) for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise [14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H !

✓ H such that the sate (H ! , V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in ¤III. The most important rules of this logic
are described in ¤IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumer example.

Producer and Consumer Example: In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumerdepend on the scheduler and on the
number of Produceroperations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ! , which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E !" F that is only satisfied by heaps H with |dom(H )| = 1.

Using the separating conjunction ! #P , it is straightforward
to state that two or more tokens are available. We define ! n to
be an abbreviation for n tokens ! # . . . # ! that are connected
by the separating conjunction #.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P $ B =% P 0 # ! I & [P 0
]C [P ]

I & [P ]while B do C [P $ ¬B ]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ! can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x !" 10 ' (x !" #! ) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I & [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 ( C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp & [P # I ]C [Q # I ]

I & [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I & [P1]C1 [Q1] I & [P2]C2 [Q2]

I & [P1 # P2]C1 ( C2 [Q1 # Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0 ) H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ! is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1 .

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P 0
⇤ ⌃ I ` [P 0]C [P ]

I ` [P ] while B do C [P ^ ¬B]
(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]
(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0

✓ H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning: Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resources in the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
affine consumable resources too [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokens are available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1.

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P !
⇤ ⌃ I ` [P !

]C [P ]

I ` [P ]while B doC [P ^ ÂB]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P ! . C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL) is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs) for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise [14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H !

✓ H such that the sate (H ! , V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in ¤III. The most important rules of this logic
are described in ¤IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumer example.

Producer and Consumer Example: In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumerdepend on the scheduler and on the
number of Produceroperations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ! , which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E !" F that is only satisfied by heaps H with |dom(H )| = 1.

Using the separating conjunction ! #P , it is straightforward
to state that two or more tokens are available. We define ! n to
be an abbreviation for n tokens ! # . . . # ! that are connected
by the separating conjunction #.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P $ B =% P 0 # ! I & [P 0
]C [P ]

I & [P ]while B do C [P $ ¬B ]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ! can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x !" 10 ' (x !" #! ) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I & [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 ( C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp & [P # I ]C [Q # I ]

I & [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I & [P1]C1 [Q1] I & [P2]C2 [Q2]

I & [P1 # P2]C1 ( C2 [Q1 # Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0 ) H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ! is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1 .

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P 0
⇤ ⌃ I ` [P 0]C [P ]

I ` [P ] while B do C [P ^ ¬B]
(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]
(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0

✓ H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning: Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resources in the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
affine consumable resources too [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokens are available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1.

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P !
⇤ ⌃ I ` [P !

]C [P ]

I ` [P ]while B doC [P ^ ÂB]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P ! . C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL) is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs) for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise [14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H !

✓ H such that the sate (H ! , V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in ¤III. The most important rules of this logic
are described in ¤IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumer example.

Producer and Consumer Example: In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumerdepend on the scheduler and on the
number of Produceroperations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ! , which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E !" F that is only satisfied by heaps H with |dom(H )| = 1.

Using the separating conjunction ! #P , it is straightforward
to state that two or more tokens are available. We define ! n to
be an abbreviation for n tokens ! # . . . # ! that are connected
by the separating conjunction #.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P $ B =% P 0 # ! I & [P 0
]C [P ]

I & [P ]while B do C [P $ ¬B ]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ! can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x !" 10 ' (x !" #! ) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I & [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 ( C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp & [P # I ]C [Q # I ]

I & [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I & [P1]C1 [Q1] I & [P2]C2 [Q2]

I & [P1 # P2]C1 ( C2 [Q1 # Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0 ) H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ! is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1 .

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P 0
⇤ ⌃ I ` [P 0]C [P ]

I ` [P ] while B do C [P ^ ¬B]
(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]
(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0

✓ H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning: Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resources in the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
affine consumable resources too [19]. To this end, the logic is
equipped with a special predicate ⌃, which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokens are available. This in contrast to a linear predicate like
E 7! F that is only satisfied by heaps H with |dom(H)| = 1.

Using the separating conjunction ⌃ ⇤P , it is straightforward
to state that two or more tokens are available. We define ⌃n to
be an abbreviation for n tokens ⌃ ⇤ . . . ⇤ ⌃ that are connected
by the separating conjunction ⇤.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P ^B =) P !
⇤ ⌃ I ` [P !

]C [P ]

I ` [P ]while B doC [P ^ ÂB]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P ! . C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ⌃ can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x 7! 10_ (x 7! ⇤⌃) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL) is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs) for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I ` [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 k C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp ` [P ⇤ I]C [Q ⇤ I]

I ` [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I ` [P1]C1 [Q1] I ` [P2]C2 [Q2]

I ` [P1 ⇤ P2]C1 k C2 [Q1 ⇤Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise [14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H !

✓ H such that the sate (H ! , V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ⌃ is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in ¤III. The most important rules of this logic
are described in ¤IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumer example.

Producer and Consumer Example: In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumerdepend on the scheduler and on the
number of Produceroperations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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Quantitative Reasoning:Being based on the logic of
bunched implications [25], separation logic treats heap cells as
linear resourcesin the sense of linear logic. It is technically
unproblematic to extend separation logic to reason about
afÞne consumable resourcestoo [19]. To this end, the logic is
equipped with a special predicate ! , which states the availability
of one consumable resource, or token. The predicate is affine
because it is satisfied by every state in which one or more
tokensare available. This in contrast to a linear predicate like
E !" F that is only satisfied by heaps H with |dom(H )| = 1.

Using the separating conjunction ! #P , it is straightforward
to state that two or more tokens are available. We define ! n to
be an abbreviation for n tokens ! # . . . # ! that are connected
by the separating conjunction #.

Since we use consumable resources to model the terminating
behavior of programs, the semantics of the while command are
extended such that a single token is consumed, if available, at
the beginning of each iteration. Correspondingly, the derivation
rule for while commands ensures that a single token is available
for consumption on each loop iteration and thus that the loop
will execute safely:

P $ B =% P 0 # ! I & [P 0
]C [P ]

I & [P ]while B do C [P $ ¬B ]

(WHILE)

The loop body C must preserve the loop invariant P under the
weakened precondition P 0. C is then able to execute under the
assumption that one token has been consumed and still restore
the invariant P , thus making a token available for possible
future loop iterations.

The tokens ! can be freely mixed with other predicates
using the usual connectives of separation logic. For instance,
the formula x !" 10 ' (x !" #! ) expresses that the heap-cell
referred to by the variable x points to 10, or the heap-cell
points to an arbitrary value and a token is available. Together
with the frame rule, the tokens enable modular reasoning about
quantitative resource usage.

Concurrent Separation Logic: Concurrent separation
logic (CSL)is an extension of separation logic that is used to
reason about concurrent programs [14]. The idea is that shared
memory regions are associated with a resource invariant. Each
atomic block that modifies the shared region can assume that
the invariant holds at the beginning of its execution and must
ensure that the invariant holds at the end of the atomic block.

The original presentation of CSL [14] uses conditional
critical regions (CCRs)for shared variables. In this article,
we follow Parkinson et al. [18] and assume a global shared
region with one invariant so as to simplify the syntax and the
logic. An extension to CCRs is possible. For predicates I ,P ,
and Q, the judgment I & [P ]C [Q] states that under the global
resource invariant I , in a state where P holds, the execution
of the concurrent program C is safe and terminates in a state
that satisfies Q.

Concurrent execution of C1 and C2 is written C1 ( C2. We
assume that shared variables are only accessed within atomic
regions using the command atomic(C) and that atomic blocks
are not nested. An interpretation of the resource invariant I is

that it specifies a part of the heap owned by the shared region.
The logical rule ATOM for the command atomic transfers the
ownership of this heap region to the executing thread.

emp & [P # I ]C [Q # I ]

I & [P ] atomic{C} [Q]

(ATOM)

Because the atomic construct ensures mutual exclusion, it is
safe to share I between two programs that run in parallel.
Pre- and post-conditions of concurrent programs are however
combined by use of the separating conjunction2:

I & [P1]C1 [Q1] I & [P2]C2 [Q2]

I & [P1 # P2]C1 ( C2 [Q1 # Q2]
(PAR)

Most of the other rules of sequential separation logic can be
used in CSL by just adding the (unmodified) resource invariant
I to the rules. The invariant is only used in the rule ATOM.

A technical detail that is crucial for the soundness of the
classic rule for conjunction [24] is that we require the resource
invariant I to be precise[14] with respect to the heap [26].
This means that, for a given heap H and stack V , there is at
most one sub-heap H 0 ) H such that the sate (H 0, V ) satisfies
I . All invariants we use in this article are precise. Note that
precision with respect to the resource tokens ! is not required
since they are affine and not linear entities.

V. FORMALIZED QUANTITATIVE REASONING

In the following, we show how quantitative concurrent
separation logic can be used to formalize the quantitative
compensation scheme that we exemplified with Treiber’s non-
blocking stack in §III. The most important rules of this logic
are described in §IV. The logic is formally defined and proved
sound in Appendix II.

Before we verify realistic non-blocking data structures, we
describe the formalized quantitative reasoning for a simple
producer and consumerexample.

Producer and Consumer Example:In the example in
Figure 3, we have a heap location B that is shared between a
number of producer and consumer threads. A producer checks
whether B contains the integer 0 (i.e., B is empty). If so
then it updates B with a newly produced value and terminates.
Otherwise, it leaves B unchanged and terminates. A consumer
checks whether B contains a non-zero integer (i.e, B is non-
empty). If so then it consumes the integer, sets the contents of
B to zero, and loops to check if B contains a new value to
consume. If B contains 0 then the consumer terminates.

If we verify this program using our quantitative separation
logic then we prove that the number of tokens specified by
the precondition is an upper bound on the number of loop
iterations of the program. Since the number of specified tokens
is always finite, we have thus proved termination.

The challenge in the proof is that the loop iterations of
the operation Consumer depend on the scheduler and on the
number of Producer operations that are executed in parallel.
However, it is the case that a program that uses n Consumer

2We omit the variable side-conditions here for clarity. They are included in
the full set of derivation rules in Appendix II.
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S := alloc(1); [S] := 0;

A := alloc(max_tid); C := alloc(max_tid);

push(v) !
pushed := false;

x := alloc(2);

[x] := v;

[(pushed _ " n) ⇤ �r(tid , _, _)] // loop invariant

while ( !pushed ) do {

//While rule antecedent:

((pushed _ " n) ⇤ �r(tid , _, _)) ^ !pushed ) " n�1 ⇤ �r(tid , _, _) ⇤ "
[" n�1 ⇤ �r(tid , _, _)]
atomic {

[" n�1 ⇤ �r(tid , _, _) ⇤ S 7! u ⇤ ↵(tid , u ) ⇤ I 0(tid , u )] // atom block

[" n�1 ⇤ �(tid , _, _) ⇤ S 7! u ⇤ I 0(tid , u )] // impl. & read perm.

t := [S];

[" n�1 ⇤ �(tid , _, _) ⇤ (S 7! u ^ t = u) ⇤ I 0(tid , u )] // read & frame

C[tid] := 1

[" n�1 ⇤ �(tid , _, 1) ⇤ (S 7! u ^ t = u) ⇤ I 0(tid , u )] // assignment

A[tid] := t

[" n�1 ⇤ (A [tid ] 7! t ^ t = u) ⇤ C [tid ] 7! 1 ⇤ S 7! u ⇤ I 0(tid , u )]

[" n�1 ⇤ �r(tid , t, 1) ⇤ S 7! u ⇤ ↵(tid , u ) ⇤ I 0(tid , u )] // perm.

[" n�1 ⇤ �r(tid , t, 1) ⇤ I ] // exist. intro & (3)

};

[" n�1 ⇤ �r(tid , t, 1)] // atomic block & frame

// [x+1] := t; this is not essential for lock-freedom

atomic {

[" n�1 ⇤ �r(tid , t, 1) ⇤ I ] // atomic block

[" n�1 ⇤ �r(tid , t, 1) ⇤ S 7! u ⇤ # 1in ↵(i, u )] // exist. elim.

s := [S]; if s == t then {

[" n�1 ⇤ �(tid , _, _) ⇤ S 7! t ⇤ # {1,...,n}\{tid }(�(i, _, _))]
[S] := x;

[�(tid , _, _) ⇤ S 7! x ⇤ I 0(tid , x )] // permissions & (4)

pushed := true

[(pushed _ " n) ⇤ �(tid , _, _) ⇤ 9u. S 7! u ⇤ I 0(tid , u )]
} else {

[" n�1 ⇤ t 6= u ^ �r(tid , t, 1) ⇤ ↵(tid , u ) ⇤ S 7! u ⇤ I 0(tid , u )]

[" n ⇤ �(tid , t, 1) ⇤ S 7! u ⇤ I 0(tid , u )] // impl. using (5)

skip

[(pushed _ " n) ⇤ �(tid , _, _) ⇤ 9u. S 7! u ⇤ I 0(tid , u )]
};

C[tid] := 0

[(pushed _ " n) ⇤ �(tid , _, 0) ⇤ S 7! u ⇤ I 0(tid , u )]
// write & exist. elim (above) and permissions & impl.

[(pushed _ " n) ⇤ �r(tid , _, _) ⇤ ↵(tid , u ) ⇤ S 7! u ⇤ I 0(tid , u )]
[(pushed _ " n) ⇤ �r(tid , _, _) ⇤ I ] // exist. intro

};

[(pushed _ " n) ⇤ �r(tid , _, _)] // atomic block end

}

Fig. 4. An implementation of the push operation of Treiber’s lock-free stack
in our language and the verification of the while loop. The CAS operation
is implemented using an atomic block that updates the local variable pushed.
The auxiliary array A contains in A[tid] the value of the local variable t of
the thread with ID tid or zero if the thread does not assume t = [S]. The loop
invariant pushed ! ⌃n states that either the new element x has been pushed
to the stack S or there are n tokens available. The predicates ! and ! r are
defined in (1).

critical state. As shown in Figure 4, the arrays A and C are
never used on the right-hand side of an assignment and are
only updated in the two atomic blocks of each operation.

Let n be the number of threads in the system. We define
I , 9u. S 7! u ⇤ ~

0i<n
! (i, u)

! (i, u) , 9a, c. C[i] 7!r c ⇤A[i] 7!r a ⇤ (c = 0 _ a = u_⌃)

The resource invariant I states that the shared region has a
full permission for the heap location S that points to the value
u. Additionally, the predicate ! (i, u) states for each thread i
that the shared region has read permissions for C[i] and A[i];
and that thread i is in a non-critical section (c = 0 ), that the

local variable t contains the value [S] (a = u), or that there is
a token ⌃ available.

We use read permissions since threads need access to the
local predicate A[tid ] 7!r t at some point to infer that A[tid ]
contains the value of the local variable t. This relation of the
local variable t with the array A is the only technical difficulty
in the proof. Just as in safety proofs, we can now use the rules
of our quantitative concurrent separation logic to verify the
following Hoare triples.
I ` [A[tid ] 7!r ⇤ C[tid ] 7!r ⇤ ⌃n ] push(v) [A[tid ] 7!r ⇤ C[tid ] 7!r ]

I ` [A[tid ] 7!r ⇤ C[tid ] 7!r ⇤ ⌃n ] pop() [A[tid ] 7!r ⇤ C[tid ] 7!r ]

Where " and " r are defined as:
" (t, a, c) , A[t] 7! a ⇤ C[t] 7! c (1)

" r (t, a, c) , A[t] 7!r a ⇤ C[t] 7!r c (2)
Thus, the execution of any operation requires n tokens and
read permission to the heap locations A[tid ] and C[tid ]. After
execution, the tokens are consumed and we are left with the
read permissions. We use the following abbreviation for parts
of the invariant I that are not needed in the local proofs.

I 0(j, u) , ~
i2{0,...,n �1}\{j }

! (i, u)

We have for all values u and j 2 {0, . . . , n�1} that
I = 9u. S 7! u ⇤ ! (j, u) ⇤ I 0(j, u) (3)

⌃n�1 ~
i2{0,...,n �1}\{j }

(" r (i, , )) =) I 0(j, u) (4)

t 6= u ^ " r (j, t, 1) ⇤ ! (j, u) =) ⌃ ⇤ " (j, t, 1) (5)
Using these assertions, the verification of push and pop is a
straightforward application of the rules of our logic. Figure 4
describes the main part—the while loop—of the proof of push.
The loop invariant pushed _ ⌃n states that either the new
element x has been pushed onto the stack S or there are
n tokens available. In the first atomic block we leave the
assumptions I 0(tid , u) of the other thread untouched and just
establish A[tid ] 7!r t ⇤ C[tid ] 7!r 1.

The key aspect of the proof is the second atomic block which
corresponds to the CAS operation in the original code. In the
if case, we possibly break the assumptions of the other threads
([S] := x). Then we have to use n� 1 tokens and implication
(4) to re-establish I 0(tid , u). Since the variable pushed is set
to true, we can maintain the loop invariant without using
another token. In the else case we use the inequality t 6= u
and implication (5) to derive the loop invariant. Finally, we
re-establish ! (tid , u) using C[tid ] 7! 0.

The verification of the while loop of pop is similar. By
applying the proof from the end of §V to the specifications
of push and pop, we have then proved the lock-freedom of
Treiber’s stack.

An interesting aspect of the proof is that it is not essential for
a thread to know the entire resource invariant I . The only part
that is needed is the implication S 7! ⇤⌃n

⇤~0i<n A[i] 7!r

=) I . This can be used to make the assumptions
A(i) of the threads on the global data structure abstract.
The implication S 7! ⇤ ⌃n

⇤ ~0i<n A[i] 7!

r =)
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S := alloc(1); [S] := 0;

A := alloc(max_tid); C := alloc(max_tid);

push(v) ,
pushed := false;

x := alloc(2);

[x] := v;

[(pushed _ ⌃n ) ⇤ ! r (tid , _, _)] // loop invariant

while ( !pushed ) do {

//While rule antecedent:

((pushed _ ⌃n ) ⇤ ! r (tid , _, _)) ^ !pushed ) ⌃n ! 1 ⇤ ! r (tid , _, _) ⇤ ⌃
[⌃n ! 1 ⇤ ! r (tid , _, _)]
atomic {

[⌃n ! 1 ⇤ ! r (tid , _, _) ⇤ S 7! u ⇤ " (tid , u ) ⇤ I "(tid , u )] // atom block

[⌃n ! 1 ⇤ ! (tid , _, _) ⇤ S 7! u ⇤ I "(tid , u )] // impl. & read perm.

t := [S];

[⌃n ! 1 ⇤ ! (tid , _, _) ⇤ (S 7! u ^ t = u) ⇤ I "(tid , u )] // read & frame

C[tid] := 1

[⌃n ! 1 ⇤ ! (tid , _, 1) ⇤ (S 7! u ^ t = u) ⇤ I "(tid , u )] // assignment

A[tid] := t

[⌃n ! 1 ⇤ (A [tid] 7! t ^ t = u) ⇤ C [tid] 7! 1 ⇤ S 7! u ⇤ I "(tid , u )]

[⌃n ! 1 ⇤ ! r (tid , t, 1) ⇤ S 7! u ⇤ " (tid , u ) ⇤ I "(tid , u )] // perm.

[⌃n ! 1 ⇤ ! r (tid , t, 1) ⇤ I ] // exist. intro & (3)

};

[⌃n ! 1 ⇤ ! r (tid , t, 1)] // atomic block & frame

// [x+1] := t; this is not essential for lock-freedom

atomic {

[⌃n ! 1 ⇤ ! r (tid , t, 1) ⇤ I ] // atomic block

[⌃n ! 1 ⇤ ! r (tid , t, 1) ⇤ S 7! u ⇤ ~1# i # n " (i, u )] // exist. elim.

s := [S]; if s == t then {

[⌃n ! 1 ⇤ ! (tid , _, _) ⇤ S 7! t ⇤ ~{ 1,...,n }\{ tid} (! (i, _, _))]
[S] := x;

[! (tid , _, _) ⇤ S 7! x ⇤ I "(tid , x )] // permissions & (4)

pushed := true

[(pushed _ ⌃n ) ⇤ ! (tid , _, _) ⇤ 9u. S 7! u ⇤ I "(tid , u )]
} else {

[⌃n ! 1 ⇤ t 6= u ^ ! r (tid , t, 1) ⇤ " (tid , u ) ⇤ S 7! u ⇤ I "(tid , u )]

[⌃n ⇤ ! (tid , t, 1) ⇤ S 7! u ⇤ I "(tid , u )] // impl. using (5)

skip

[(pushed _ ⌃n ) ⇤ ! (tid , _, _) ⇤ 9u. S 7! u ⇤ I "(tid , u )]
};

C[tid] := 0

[(pushed _ ⌃n ) ⇤ ! (tid , _, 0) ⇤ S 7! u ⇤ I "(tid , u )]
// write & exist. elim (above) and permissions & impl.

[(pushed _ ⌃n ) ⇤ ! r (tid , _, _) ⇤ " (tid , u ) ⇤ S 7! u ⇤ I "(tid , u )]
[(pushed _ ⌃n ) ⇤ ! r (tid , _, _) ⇤ I ] // exist. intro

};

[(pushed _ ⌃n ) ⇤ ! r (tid , _, _)] // atomic block end

}

Fig. 4. An implementation of thepush operation of TreiberÕs lock-free stack
in our language and the veriÞcation of the while loop. The CAS operation
is implemented using an atomic block that updates the local variablepushed.
The auxiliary arrayA contains inA[tid] the value of the local variablet of
the thread with IDtid or zero if the thread does not assumet = [S]. The loop
invariantpushed _ ⌃n states that either the new elementx has been pushed
to the stackS or there aren tokens available. The predicates� and�r are
deÞned in (1).

critical state. As shown in Figure 4, the arraysA andC are
never used on the right-hand side of an assignment and are
only updated in the two atomic blocks of each operation.

Let n be the number of threads in the system. We deÞne

I , ! u. S "# u $ ~
0i<n

↵(i, u )

↵(i, u ) , ! a, c. C[i ] "#r c$A[i ] "#r a $ (c = 0 %a = u %⌃)

The resource invariantI states that the shared region has a
full permission for the heap locationS that points to the value
u. Additionally, the predicate↵(i, u ) states for each threadi
that the shared region has read permissions forC[i ] andA[i ];
and that threadi is in a non-critical section (c = 0 ), that the

local variablet contains the value[S] (a = u), or that there is
a token⌃ available.

We use read permissions since threads need access to the
local predicateA[tid ] "#r t at some point to infer thatA[tid ]
contains the value of the local variablet. This relation of the
local variablet with the arrayA is the only technical difÞculty
in the proof. Just as in safety proofs, we can now use the rules
of our quantitative concurrent separation logic to verify the
following Hoare triples.

I & [A[tid ] "#r $ C[tid ] "#r $⌃n ] push(v) [A[tid ] "#r $ C[tid ] "#r ]

I & [A[tid ] "#r $ C[tid ] "#r $⌃n ] pop() [A[tid ] "#r $ C[tid ] "#r ]

Where� and�r are deÞned as:

�(t, a, c) , A[t] "# a $ C[t] "# c (1)

�r (t, a, c) , A[t] "#r a $ C[t] "#r c (2)

Thus, the execution of any operation requiresn tokens and
read permission to the heap locationsA[tid ] andC[tid ]. After
execution, the tokens are consumed and we are left with the
read permissions. We use the following abbreviation for parts
of the invariantI that are not needed in the local proofs.

I 0(j, u ) , ~
i2{ 0,...,n �1}\{ j }

↵(i, u )

We have for all valuesu and j ' { 0, . . . , n( 1} that

I = ! u. S "# u $↵(j, u ) $ I 0(j, u ) (3)

⌃n�1 ~
i2{ 0,...,n �1}\{ j }

(�r (i, , )) = ) I 0(j, u ) (4)

t *= u + �r (j, t, 1) $↵(j, u ) =) ⌃ $ �(j, t, 1) (5)

Using these assertions, the veriÞcation ofpush andpop is a
straightforward application of the rules of our logic. Figure 4
describes the main partÑthe while loopÑof the proof ofpush.
The loop invariantpushed%⌃n states that either the new
elementx has been pushed onto the stackS or there are
n tokens available. In the Þrst atomic block we leave the
assumptionsI 0(tid , u) of the other thread untouched and just
establishA[tid ] "#r t $ C[tid ] "#r 1.

The key aspect of the proof is the second atomic block which
corresponds to the CAS operation in the original code. In the
if case, we possibly break the assumptions of the other threads
([S] := x). Then we have to usen ( 1 tokens and implication
(4) to re-establishI 0(tid , u). Since the variablepushedis set
to true, we can maintain the loop invariant without using
another token. In theelse case we use the inequalityt *= u
and implication (5) to derive the loop invariant. Finally, we
re-establish↵(tid , u) usingC[tid ] "# 0.

The veriÞcation of the while loop ofpop is similar. By
applying the proof from the end of¤V to the speciÞcations
of push and pop, we have then proved the lock-freedom of
TreiberÕs stack.

An interesting aspect of the proof is that it is not essential for
a thread to know the entire resource invariantI . The only part
that is needed is the implicationS "# $⌃n $~0i<n A[i ] "#r

=) I . This can be used to make the assumptions
A(i ) of the threads on the global data structure abstract.
The implication S "# $ ⌃n $ ~0i<n A[i ] "#r =)

7

Technical Report YALEU/DCS/TR-1476

S := alloc(1); [S] := 0;
A := alloc(max_tid); C := alloc(max_tid);

push(v) ,
pushed := false;
x := alloc(2);
[x] := v;

[ (pushed ! ⌃n ) " ! r (tid , _, _)] // loop invariant
while ( !pushed ) do {
//While rule antecedent:
((pushed ! ⌃n ) " ! r (tid , _, _)) # !pushed $ ⌃n �1 " ! r (tid , _, _) " ⌃
[ ⌃n �1 " ! r (tid , _, _)]
atomic {

[ ⌃n �1 " ! r (tid , _, _) " S %&u " " (tid , u ) " I 0(tid , u )] // atom block
[ ⌃n �1 " ! (tid , _, _) " S %&u " I 0(tid , u )] // impl. & read perm.
t := [S];
[ ⌃n �1 " ! (tid , _, _) " (S %&u # t = u) " I 0(tid , u )] // read & frame
C[tid] := 1
[ ⌃n �1 " ! (tid , _, 1) " (S %&u # t = u) " I 0(tid , u )] // assignment
A[tid] := t
[ ⌃n �1 " (A [tid] %&t # t = u) " C [tid] %&1 " S %&u " I 0(tid , u )]
[ ⌃n �1 " ! r (tid , t, 1) " S %&u " " (tid , u ) " I 0(tid , u )] // perm.
[ ⌃n �1 " ! r (tid , t, 1) " I ] // exist. intro & (3)

};
[ ⌃n �1 " ! r (tid , t, 1)] // atomic block & frame
// [x+1] := t; this is not essential for lock-freedom
atomic {

[ ⌃n �1 " ! r (tid , t, 1) " I ] // atomic block
[ ⌃n �1 " ! r (tid , t, 1) " S %&u " ~1i n " (i, u )] // exist. elim.
s := [S]; if s == t then {

[ ⌃n �1 " ! (tid , _, _) " S %&t " ~{1,...,n }\{tid}(! (i, _, _))]
[S] := x;
[ ! (tid , _, _) " S %&x " I 0(tid , x )] // permissions & (4)
pushed := true
[ (pushed ! ⌃n ) " ! (tid , _, _) " ' u. S %&u " I 0(tid , u )]

} else {
[ ⌃n �1 " t (= u # ! r (tid , t, 1) " " (tid , u ) " S %&u " I 0(tid , u )]
[ ⌃n " ! (tid , t, 1) " S %&u " I 0(tid , u )] // impl. using (5)
skip
[ (pushed ! ⌃n ) " ! (tid , _, _) " ' u. S %&u " I 0(tid , u )]

};
C[tid] := 0
[ (pushed ! ⌃n ) " ! (tid , _, 0) " S %&u " I 0(tid , u )]
// write & exist. elim (above) and permissions & impl.
[ (pushed ! ⌃n ) " ! r (tid , _, _) " " (tid , u ) " S %&u " I 0(tid , u )]
[ (pushed ! ⌃n ) " ! r (tid , _, _) " I ] // exist. intro

};
[ (pushed ! ⌃n ) " ! r (tid , _, _)] // atomic block end

}

Fig. 4. An implementation of thepush operation of TreiberÕs lock-free stack
in our language and the veriÞcation of the while loop. The CAS operation
is implemented using an atomic block that updates the local variablepushed.
The auxiliary arrayA contains inA[tid] the value of the local variablet of
the thread with IDtid or zero if the thread does not assumet = [S]. The loop
invariantpushed _ ⌃n states that either the new elementx has been pushed
to the stackS or there aren tokens available. The predicates! and! r are
deÞned in (1).

critical state. As shown in Figure 4, the arraysA andC are
never used on the right-hand side of an assignment and are
only updated in the two atomic blocks of each operation.

Let n be the number of threads in the system. We deÞne

I , ! u. S "# u $ ~
0) i<n

! (i, u )

! (i, u ) , ! a, c. C[i ] "#r c$A[i ] "#r a $ (c = 0%a = u %⌃)
The resource invariantI states that the shared region has a
full permission for the heap locationS that points to the value
u. Additionally, the predicate! (i, u ) states for each threadi
that the shared region has read permissions forC[i ] andA[i ];
and that threadi is in a non-critical section (c = 0), that the

local variablet contains the value[S] (a = u), or that there is
a token⌃ available.

We use read permissions since threads need access to the
local predicateA[tid ] "#r t at some point to infer thatA[tid ]
contains the value of the local variablet. This relation of the
local variablet with the arrayA is the only technical difÞculty
in the proof. Just as in safety proofs, we can now use the rules
of our quantitative concurrent separation logic to verify the
following Hoare triples.

I & [A[tid ] "#r $ C[tid ] "#r $⌃n
] push(v) [A[tid ] "#r $ C[tid ] "#r ]

I & [A[tid ] "#r $ C[tid ] "#r $⌃n
] pop() [A[tid ] "#r $ C[tid ] "#r ]

Where" and" r are deÞned as:

" (t, a, c) , A[t] "# a $ C[t] "# c (1)

" r (t, a, c) , A[t] "#r a $ C[t] "#r c (2)

Thus, the execution of any operation requiresn tokens and
read permission to the heap locationsA[tid ] andC[tid ]. After
execution, the tokens are consumed and we are left with the
read permissions. We use the following abbreviation for parts
of the invariantI that are not needed in the local proofs.

I *
(j, u ) , ~

i + { 0,...,n , 1}\{ j }
! (i, u )

We have for all valuesu and j ' { 0, . . . , n( 1} that

I = ! u. S "# u $ ! (j, u ) $ I *
(j, u ) (3)

⌃n , 1 ~
i + { 0,...,n , 1}\{ j }

(" r (i, , )) =) I *
(j, u ) (4)

t *= u + " r (j, t, 1) $ ! (j, u ) =) ⌃ $ " (j, t, 1) (5)

Using these assertions, the veriÞcation ofpush andpop is a
straightforward application of the rules of our logic. Figure 4
describes the main partÑthe while loopÑof the proof ofpush.
The loop invariantpushed %⌃n states that either the new
elementx has been pushed onto the stackS or there are
n tokens available. In the Þrst atomic block we leave the
assumptionsI *

(tid , u) of the other thread untouched and just
establishA[tid ] "#r t $ C[tid ] "#r 1.

The key aspect of the proof is the second atomic block which
corresponds to the CAS operation in the original code. In the
if case, we possibly break the assumptions of the other threads
([S] := x). Then we have to usen ( 1 tokens and implication
(4) to re-establishI *

(tid , u). Since the variablepushed is set
to true, we can maintain the loop invariant without using
another token. In theelse case we use the inequalityt *= u
and implication (5) to derive the loop invariant. Finally, we
re-establish! (tid , u) usingC[tid ] "# 0.

The veriÞcation of the while loop ofpop is similar. By
applying the proof from the end of¤V to the speciÞcations
of push and pop, we have then proved the lock-freedom of
TreiberÕs stack.

An interesting aspect of the proof is that it is not essential for
a thread to know the entire resource invariantI . The only part
that is needed is the implicationS "# $⌃n $~0) i<n A[i ] "#r

=) I . This can be used to make the assumptions
A(i ) of the threads on the global data structure abstract.
The implication S "# $ ⌃n $ ~0) i<n A[i ] "#r =)
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S := alloc(1); [S] := 0;
A := alloc(max_tid); C := alloc(max_tid);

push(v) !
pushed := false;
x := alloc(2);
[x] := v;

[ (pushed _ " n) ⇤ ! r(tid , _, _)] // loop invariant

while ( !pushed ) do {
//While rule antecedent:

((pushed _ " n) ⇤ ! r(tid , _, _)) ^ !pushed ) " n! 1 ⇤ ! r(tid , _, _) ⇤ "
[ " n! 1 ⇤ ! r(tid , _, _)]
atomic {

[ " n! 1 ⇤ ! r(tid , _, _) ⇤ S 7! u ⇤ " (tid , u) ⇤ I

"(tid , u)] // atom block

[ " n! 1 ⇤ ! (tid , _, _) ⇤ S 7! u ⇤ I

"(tid , u)] // impl. & read perm.

t := [S];
[ " n! 1 ⇤ ! (tid , _, _) ⇤ (S 7! u ^ t = u) ⇤ I

"(tid , u)] // read & frame

C[tid] := 1
[ " n! 1 ⇤ ! (tid , _, 1) ⇤ (S 7! u ^ t = u) ⇤ I

"(tid , u)] // assignment

A[tid] := t
[ " n! 1 ⇤ (A[tid ] 7! t ^ t = u) ⇤ C[tid ] 7! 1 ⇤ S 7! u ⇤ I

"(tid , u)]
[ " n! 1 ⇤ ! r(tid , t, 1) ⇤ S 7! u ⇤ " (tid , u) ⇤ I

"(tid , u)] // perm.

[ " n! 1 ⇤ ! r(tid , t, 1) ⇤ I] // exist. intro & (3)
};
[ " n! 1 ⇤ ! r(tid , t, 1)] // atomic block & frame

// [x+1] := t; this is not essential for lock-freedom

atomic {
[ " n! 1 ⇤ ! r(tid , t, 1) ⇤ I] // atomic block

[ " n! 1 ⇤ ! r(tid , t, 1) ⇤ S 7! u ⇤ # 1# i# n " (i, u)] // exist. elim.

s := [S]; if s == t then {
[ " n! 1 ⇤ ! (tid , _, _) ⇤ S 7! t ⇤ # {1,...,n}\{tid }(! (i, _, _))]
[S] := x;
[ ! (tid , _, _) ⇤ S 7! x ⇤ I

"(tid , x)] // permissions & (4)
pushed := true
[ (pushed _ " n) ⇤ ! (tid , _, _) ⇤ 9u. S 7! u ⇤ I

"(tid , u)]
} else {

[ " n! 1 ⇤ t 6= u ^ ! r(tid , t, 1) ⇤ " (tid , u) ⇤ S 7! u ⇤ I

"(tid , u)]
[ " n ⇤ ! (tid , t, 1) ⇤ S 7! u ⇤ I

"(tid , u)] // impl. using (5)
skip
[ (pushed _ " n) ⇤ ! (tid , _, _) ⇤ 9u. S 7! u ⇤ I

"(tid , u)]
};
C[tid] := 0
[ (pushed _ " n) ⇤ ! (tid , _, 0) ⇤ S 7! u ⇤ I

"(tid , u)]
// write & exist. elim (above) and permissions & impl.

[ (pushed _ " n) ⇤ ! r(tid , _, _) ⇤ " (tid , u) ⇤ S 7! u ⇤ I

"(tid , u)]
[ (pushed _ " n) ⇤ ! r(tid , _, _) ⇤ I] // exist. intro

};
[ (pushed _ " n) ⇤ ! r(tid , _, _)] // atomic block end

}

Fig. 4. An implementation of the push operation of Treiber’s lock-free stack
in our language and the verification of the while loop. The CAS operation
is implemented using an atomic block that updates the local variable pushed.
The auxiliary array A contains in A[tid] the value of the local variable t of
the thread with ID tid or zero if the thread does not assume t = [S]. The loop
invariant pushed _ ⌃n states that either the new element x has been pushed
to the stack S or there are n tokens available. The predicates � and �r are
defined in (1).

critical state. As shown in Figure 4, the arrays A and C are
never used on the right-hand side of an assignment and are
only updated in the two atomic blocks of each operation.

Let n be the number of threads in the system. We define
I , 9u. S 7! u ⇤ ~

0i<n

↵(i, u )

↵(i, u ) , 9a, c. C[i ] 7!r c⇤A[i ] 7!r a ⇤ (c = 0 _ a = u _⌃)

The resource invariant I states that the shared region has a
full permission for the heap location S that points to the value
u. Additionally, the predicate ↵(i, u ) states for each thread i
that the shared region has read permissions for C[i ] and A[i ];
and that thread i is in a non-critical section (c = 0 ), that the

local variable t contains the value [S] (a = u), or that there is
a token ⌃ available.

We use read permissions since threads need access to the
local predicate A[tid ] 7!r t at some point to infer that A[tid ]
contains the value of the local variable t . This relation of the
local variable t with the array A is the only technical difficulty
in the proof. Just as in safety proofs, we can now use the rules
of our quantitative concurrent separation logic to verify the
following Hoare triples.
I ` [A[tid ] 7!r ⇤ C[tid ] 7!r ⇤ ⌃n] push(v) [A[tid ] 7!r ⇤ C[tid ] 7!r ]

I ` [A[tid ] 7!r ⇤ C[tid ] 7!r ⇤ ⌃n] pop() [A[tid ] 7!r ⇤ C[tid ] 7!r ]

Where � and �
r

are defined as:
�(t, a, c) , A[t] 7! a ⇤ C[t] 7! c (1)
�
r

(t, a, c) , A[t] 7!r a ⇤ C[t] 7!r c (2)
Thus, the execution of any operation requires n tokens and
read permission to the heap locations A[tid ] and C[tid ]. After
execution, the tokens are consumed and we are left with the
read permissions. We use the following abbreviation for parts
of the invariant I that are not needed in the local proofs.

I 0(j, u ) , ~
i2{0,...,n�1}\{j}

↵(i, u )

We have for all values u and j 2 {0, . . . , n�1} that
I = 9u. S 7! u ⇤ ↵(j, u ) ⇤ I 0(j, u ) (3)

⌃n�1 ~
i2{0,...,n�1}\{j}

(�
r

(i, , )) =) I 0(j, u ) (4)

t 6= u ^ �
r

(j, t, 1) ⇤ ↵(j, u ) =) ⌃ ⇤ �(j, t, 1) (5)
Using these assertions, the verification of push and pop is a
straightforward application of the rules of our logic. Figure 4
describes the main part—the while loop—of the proof of push.
The loop invariant pushed _ ⌃n states that either the new
element x has been pushed onto the stack S or there are
n tokens available. In the first atomic block we leave the
assumptions I 0(tid , u) of the other thread untouched and just
establish A[tid ] 7!r t ⇤ C[tid ] 7!r 1.

The key aspect of the proof is the second atomic block which
corresponds to the CAS operation in the original code. In the
if case, we possibly break the assumptions of the other threads
([S] := x). Then we have to use n � 1 tokens and implication
(4) to re-establish I 0(tid , u). Since the variable pushed is set
to true, we can maintain the loop invariant without using
another token. In the else case we use the inequality t 6= u
and implication (5) to derive the loop invariant. Finally, we
re-establish ↵(tid , u) using C[tid ] 7! 0.

The verification of the while loop of pop is similar. By
applying the proof from the end of §V to the specifications
of push and pop, we have then proved the lock-freedom of
Treiber’s stack.

An interesting aspect of the proof is that it is not essential for
a thread to know the entire resource invariant I . The only part
that is needed is the implication S 7! ⇤⌃n

⇤~0i<n

A[i ] 7!r

=) I . This can be used to make the assumptions
A(i ) of the threads on the global data structure abstract.
The implication S 7! ⇤ ⌃n

⇤ ~0i<n

A[i ] 7!

r =)
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S := alloc(1); [S] := 0;

A := alloc(max_tid); C := alloc(max_tid);

push(v) !
pushed := false;

x := alloc(2);

[x] := v;

[(pushed _ " n) ⇤ �r(tid , _, _)] // loop invariant

while ( !pushed ) do {

//While rule antecedent:

((pushed _ " n) ⇤ �r(tid , _, _)) ^ !pushed ) " n�1 ⇤ �r(tid , _, _) ⇤ "
[" n�1 ⇤ �r(tid , _, _)]
atomic {

[" n�1 ⇤ �r(tid , _, _) ⇤ S 7! u ⇤ ↵(tid , u ) ⇤ I 0(tid , u )] // atom block

[" n�1 ⇤ �(tid , _, _) ⇤ S 7! u ⇤ I 0(tid , u )] // impl. & read perm.

t := [S];

[" n�1 ⇤ �(tid , _, _) ⇤ (S 7! u ^ t = u) ⇤ I 0(tid , u )] // read & frame

C[tid] := 1

[" n�1 ⇤ �(tid , _, 1) ⇤ (S 7! u ^ t = u) ⇤ I 0(tid , u )] // assignment

A[tid] := t

[" n�1 ⇤ (A [tid ] 7! t ^ t = u) ⇤ C [tid ] 7! 1 ⇤ S 7! u ⇤ I 0(tid , u )]

[" n�1 ⇤ �r(tid , t, 1) ⇤ S 7! u ⇤ ↵(tid , u ) ⇤ I 0(tid , u )] // perm.

[" n�1 ⇤ �r(tid , t, 1) ⇤ I ] // exist. intro & (3)

};

[" n�1 ⇤ �r(tid , t, 1)] // atomic block & frame

// [x+1] := t; this is not essential for lock-freedom

atomic {

[" n�1 ⇤ �r(tid , t, 1) ⇤ I ] // atomic block

[" n�1 ⇤ �r(tid , t, 1) ⇤ S 7! u ⇤ # 1in ↵(i, u )] // exist. elim.

s := [S]; if s == t then {

[" n�1 ⇤ �(tid , _, _) ⇤ S 7! t ⇤ # {1,...,n}\{tid }(�(i, _, _))]
[S] := x;

[�(tid , _, _) ⇤ S 7! x ⇤ I 0(tid , x )] // permissions & (4)

pushed := true

[(pushed _ " n) ⇤ �(tid , _, _) ⇤ 9u. S 7! u ⇤ I 0(tid , u )]
} else {

[" n�1 ⇤ t 6= u ^ �r(tid , t, 1) ⇤ ↵(tid , u ) ⇤ S 7! u ⇤ I 0(tid , u )]

[" n ⇤ �(tid , t, 1) ⇤ S 7! u ⇤ I 0(tid , u )] // impl. using (5)

skip

[(pushed _ " n) ⇤ �(tid , _, _) ⇤ 9u. S 7! u ⇤ I 0(tid , u )]
};

C[tid] := 0

[(pushed _ " n) ⇤ �(tid , _, 0) ⇤ S 7! u ⇤ I 0(tid , u )]
// write & exist. elim (above) and permissions & impl.

[(pushed _ " n) ⇤ �r(tid , _, _) ⇤ ↵(tid , u ) ⇤ S 7! u ⇤ I 0(tid , u )]
[(pushed _ " n) ⇤ �r(tid , _, _) ⇤ I ] // exist. intro

};

[(pushed _ " n) ⇤ �r(tid , _, _)] // atomic block end

}

Fig. 4. An implementation of the push operation of Treiber’s lock-free stack
in our language and the verification of the while loop. The CAS operation
is implemented using an atomic block that updates the local variable pushed.
The auxiliary array A contains in A[tid] the value of the local variable t of
the thread with ID tid or zero if the thread does not assume t = [S]. The loop
invariant pushed ! ⌃n states that either the new element x has been pushed
to the stack S or there are n tokens available. The predicates ! and ! r are
defined in (1).

critical state. As shown in Figure 4, the arrays A and C are
never used on the right-hand side of an assignment and are
only updated in the two atomic blocks of each operation.

Let n be the number of threads in the system. We define
I , 9u. S 7! u ⇤ ~

0i<n
! (i, u)

! (i, u) , 9a, c. C[i] 7!r c ⇤A[i] 7!r a ⇤ (c = 0 _ a = u_⌃)

The resource invariant I states that the shared region has a
full permission for the heap location S that points to the value
u. Additionally, the predicate ! (i, u) states for each thread i
that the shared region has read permissions for C[i] and A[i];
and that thread i is in a non-critical section (c = 0 ), that the

local variable t contains the value [S] (a = u), or that there is
a token ⌃ available.

We use read permissions since threads need access to the
local predicate A[tid ] 7!r t at some point to infer that A[tid ]
contains the value of the local variable t. This relation of the
local variable t with the array A is the only technical difficulty
in the proof. Just as in safety proofs, we can now use the rules
of our quantitative concurrent separation logic to verify the
following Hoare triples.
I ` [A[tid ] 7!r ⇤ C[tid ] 7!r ⇤ ⌃n ] push(v) [A[tid ] 7!r ⇤ C[tid ] 7!r ]

I ` [A[tid ] 7!r ⇤ C[tid ] 7!r ⇤ ⌃n ] pop() [A[tid ] 7!r ⇤ C[tid ] 7!r ]

Where " and " r are defined as:
" (t, a, c) , A[t] 7! a ⇤ C[t] 7! c (1)

" r (t, a, c) , A[t] 7!r a ⇤ C[t] 7!r c (2)
Thus, the execution of any operation requires n tokens and
read permission to the heap locations A[tid ] and C[tid ]. After
execution, the tokens are consumed and we are left with the
read permissions. We use the following abbreviation for parts
of the invariant I that are not needed in the local proofs.

I 0(j, u) , ~
i2{0,...,n �1}\{j }

! (i, u)

We have for all values u and j 2 {0, . . . , n�1} that
I = 9u. S 7! u ⇤ ! (j, u) ⇤ I 0(j, u) (3)

⌃n�1 ~
i2{0,...,n �1}\{j }

(" r (i, , )) =) I 0(j, u) (4)

t 6= u ^ " r (j, t, 1) ⇤ ! (j, u) =) ⌃ ⇤ " (j, t, 1) (5)
Using these assertions, the verification of push and pop is a
straightforward application of the rules of our logic. Figure 4
describes the main part—the while loop—of the proof of push.
The loop invariant pushed _ ⌃n states that either the new
element x has been pushed onto the stack S or there are
n tokens available. In the first atomic block we leave the
assumptions I 0(tid , u) of the other thread untouched and just
establish A[tid ] 7!r t ⇤ C[tid ] 7!r 1.

The key aspect of the proof is the second atomic block which
corresponds to the CAS operation in the original code. In the
if case, we possibly break the assumptions of the other threads
([S] := x). Then we have to use n� 1 tokens and implication
(4) to re-establish I 0(tid , u). Since the variable pushed is set
to true, we can maintain the loop invariant without using
another token. In the else case we use the inequality t 6= u
and implication (5) to derive the loop invariant. Finally, we
re-establish ! (tid , u) using C[tid ] 7! 0.

The verification of the while loop of pop is similar. By
applying the proof from the end of §V to the specifications
of push and pop, we have then proved the lock-freedom of
Treiber’s stack.

An interesting aspect of the proof is that it is not essential for
a thread to know the entire resource invariant I . The only part
that is needed is the implication S 7! ⇤⌃n

⇤~0i<n A[i] 7!r

=) I . This can be used to make the assumptions
A(i) of the threads on the global data structure abstract.
The implication S 7! ⇤ ⌃n

⇤ ~0i<n A[i] 7!

r =)
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S := alloc(1); [S] := 0;

A := alloc(max_tid); C := alloc(max_tid);

push(v) ,
pushed := false;

x := alloc(2);

[x] := v;

[(pushed _ ⌃n ) ⇤ ! r (tid , _, _)] // loop invariant

while ( !pushed ) do {

//While rule antecedent:

((pushed _ ⌃n ) ⇤ ! r (tid , _, _)) ^ !pushed ) ⌃n ! 1 ⇤ ! r (tid , _, _) ⇤ ⌃
[⌃n ! 1 ⇤ ! r (tid , _, _)]
atomic {

[⌃n ! 1 ⇤ ! r (tid , _, _) ⇤ S 7! u ⇤ " (tid , u ) ⇤ I "(tid , u )] // atom block

[⌃n ! 1 ⇤ ! (tid , _, _) ⇤ S 7! u ⇤ I "(tid , u )] // impl. & read perm.

t := [S];

[⌃n ! 1 ⇤ ! (tid , _, _) ⇤ (S 7! u ^ t = u) ⇤ I "(tid , u )] // read & frame

C[tid] := 1

[⌃n ! 1 ⇤ ! (tid , _, 1) ⇤ (S 7! u ^ t = u) ⇤ I "(tid , u )] // assignment

A[tid] := t

[⌃n ! 1 ⇤ (A [tid] 7! t ^ t = u) ⇤ C [tid] 7! 1 ⇤ S 7! u ⇤ I "(tid , u )]

[⌃n ! 1 ⇤ ! r (tid , t, 1) ⇤ S 7! u ⇤ " (tid , u ) ⇤ I "(tid , u )] // perm.

[⌃n ! 1 ⇤ ! r (tid , t, 1) ⇤ I ] // exist. intro & (3)

};

[⌃n ! 1 ⇤ ! r (tid , t, 1)] // atomic block & frame

// [x+1] := t; this is not essential for lock-freedom

atomic {

[⌃n ! 1 ⇤ ! r (tid , t, 1) ⇤ I ] // atomic block

[⌃n ! 1 ⇤ ! r (tid , t, 1) ⇤ S 7! u ⇤ ~1# i # n " (i, u )] // exist. elim.

s := [S]; if s == t then {

[⌃n ! 1 ⇤ ! (tid , _, _) ⇤ S 7! t ⇤ ~{ 1,...,n }\{ tid} (! (i, _, _))]
[S] := x;

[! (tid , _, _) ⇤ S 7! x ⇤ I "(tid , x )] // permissions & (4)

pushed := true

[(pushed _ ⌃n ) ⇤ ! (tid , _, _) ⇤ 9u. S 7! u ⇤ I "(tid , u )]
} else {

[⌃n ! 1 ⇤ t 6= u ^ ! r (tid , t, 1) ⇤ " (tid , u ) ⇤ S 7! u ⇤ I "(tid , u )]

[⌃n ⇤ ! (tid , t, 1) ⇤ S 7! u ⇤ I "(tid , u )] // impl. using (5)

skip

[(pushed _ ⌃n ) ⇤ ! (tid , _, _) ⇤ 9u. S 7! u ⇤ I "(tid , u )]
};

C[tid] := 0

[(pushed _ ⌃n ) ⇤ ! (tid , _, 0) ⇤ S 7! u ⇤ I "(tid , u )]
// write & exist. elim (above) and permissions & impl.

[(pushed _ ⌃n ) ⇤ ! r (tid , _, _) ⇤ " (tid , u ) ⇤ S 7! u ⇤ I "(tid , u )]
[(pushed _ ⌃n ) ⇤ ! r (tid , _, _) ⇤ I ] // exist. intro

};

[(pushed _ ⌃n ) ⇤ ! r (tid , _, _)] // atomic block end

}

Fig. 4. An implementation of thepush operation of TreiberÕs lock-free stack
in our language and the veriÞcation of the while loop. The CAS operation
is implemented using an atomic block that updates the local variablepushed.
The auxiliary arrayA contains inA[tid] the value of the local variablet of
the thread with IDtid or zero if the thread does not assumet = [S]. The loop
invariantpushed _ ⌃n states that either the new elementx has been pushed
to the stackS or there aren tokens available. The predicates� and�r are
deÞned in (1).

critical state. As shown in Figure 4, the arraysA andC are
never used on the right-hand side of an assignment and are
only updated in the two atomic blocks of each operation.

Let n be the number of threads in the system. We deÞne

I , ! u. S "# u $ ~
0i<n

↵(i, u )

↵(i, u ) , ! a, c. C[i ] "#r c$A[i ] "#r a $ (c = 0 %a = u %⌃)

The resource invariantI states that the shared region has a
full permission for the heap locationS that points to the value
u. Additionally, the predicate↵(i, u ) states for each threadi
that the shared region has read permissions forC[i ] andA[i ];
and that threadi is in a non-critical section (c = 0 ), that the

local variablet contains the value[S] (a = u), or that there is
a token⌃ available.

We use read permissions since threads need access to the
local predicateA[tid ] "#r t at some point to infer thatA[tid ]
contains the value of the local variablet. This relation of the
local variablet with the arrayA is the only technical difÞculty
in the proof. Just as in safety proofs, we can now use the rules
of our quantitative concurrent separation logic to verify the
following Hoare triples.

I & [A[tid ] "#r $ C[tid ] "#r $⌃n ] push(v) [A[tid ] "#r $ C[tid ] "#r ]

I & [A[tid ] "#r $ C[tid ] "#r $⌃n ] pop() [A[tid ] "#r $ C[tid ] "#r ]

Where� and�r are deÞned as:

�(t, a, c) , A[t] "# a $ C[t] "# c (1)

�r (t, a, c) , A[t] "#r a $ C[t] "#r c (2)

Thus, the execution of any operation requiresn tokens and
read permission to the heap locationsA[tid ] andC[tid ]. After
execution, the tokens are consumed and we are left with the
read permissions. We use the following abbreviation for parts
of the invariantI that are not needed in the local proofs.

I 0(j, u ) , ~
i2{ 0,...,n �1}\{ j }

↵(i, u )

We have for all valuesu and j ' { 0, . . . , n( 1} that

I = ! u. S "# u $↵(j, u ) $ I 0(j, u ) (3)

⌃n�1 ~
i2{ 0,...,n �1}\{ j }

(�r (i, , )) = ) I 0(j, u ) (4)

t *= u + �r (j, t, 1) $↵(j, u ) =) ⌃ $ �(j, t, 1) (5)

Using these assertions, the veriÞcation ofpush andpop is a
straightforward application of the rules of our logic. Figure 4
describes the main partÑthe while loopÑof the proof ofpush.
The loop invariantpushed%⌃n states that either the new
elementx has been pushed onto the stackS or there are
n tokens available. In the Þrst atomic block we leave the
assumptionsI 0(tid , u) of the other thread untouched and just
establishA[tid ] "#r t $ C[tid ] "#r 1.

The key aspect of the proof is the second atomic block which
corresponds to the CAS operation in the original code. In the
if case, we possibly break the assumptions of the other threads
([S] := x). Then we have to usen ( 1 tokens and implication
(4) to re-establishI 0(tid , u). Since the variablepushedis set
to true, we can maintain the loop invariant without using
another token. In theelse case we use the inequalityt *= u
and implication (5) to derive the loop invariant. Finally, we
re-establish↵(tid , u) usingC[tid ] "# 0.

The veriÞcation of the while loop ofpop is similar. By
applying the proof from the end of¤V to the speciÞcations
of push and pop, we have then proved the lock-freedom of
TreiberÕs stack.

An interesting aspect of the proof is that it is not essential for
a thread to know the entire resource invariantI . The only part
that is needed is the implicationS "# $⌃n $~0i<n A[i ] "#r

=) I . This can be used to make the assumptions
A(i ) of the threads on the global data structure abstract.
The implication S "# $ ⌃n $ ~0i<n A[i ] "#r =)
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S := alloc(1); [S] := 0;
A := alloc(max_tid); C := alloc(max_tid);

push(v) ,
pushed := false;
x := alloc(2);
[x] := v;

[ (pushed ! ⌃n ) " ! r (tid , _, _)] // loop invariant
while ( !pushed ) do {
//While rule antecedent:
((pushed ! ⌃n ) " ! r (tid , _, _)) # !pushed $ ⌃n �1 " ! r (tid , _, _) " ⌃
[ ⌃n �1 " ! r (tid , _, _)]
atomic {

[ ⌃n �1 " ! r (tid , _, _) " S %&u " " (tid , u ) " I 0(tid , u )] // atom block
[ ⌃n �1 " ! (tid , _, _) " S %&u " I 0(tid , u )] // impl. & read perm.
t := [S];
[ ⌃n �1 " ! (tid , _, _) " (S %&u # t = u) " I 0(tid , u )] // read & frame
C[tid] := 1
[ ⌃n �1 " ! (tid , _, 1) " (S %&u # t = u) " I 0(tid , u )] // assignment
A[tid] := t
[ ⌃n �1 " (A [tid] %&t # t = u) " C [tid] %&1 " S %&u " I 0(tid , u )]
[ ⌃n �1 " ! r (tid , t, 1) " S %&u " " (tid , u ) " I 0(tid , u )] // perm.
[ ⌃n �1 " ! r (tid , t, 1) " I ] // exist. intro & (3)

};
[ ⌃n �1 " ! r (tid , t, 1)] // atomic block & frame
// [x+1] := t; this is not essential for lock-freedom
atomic {

[ ⌃n �1 " ! r (tid , t, 1) " I ] // atomic block
[ ⌃n �1 " ! r (tid , t, 1) " S %&u " ~1i n " (i, u )] // exist. elim.
s := [S]; if s == t then {

[ ⌃n �1 " ! (tid , _, _) " S %&t " ~{1,...,n }\{tid}(! (i, _, _))]
[S] := x;
[ ! (tid , _, _) " S %&x " I 0(tid , x )] // permissions & (4)
pushed := true
[ (pushed ! ⌃n ) " ! (tid , _, _) " ' u. S %&u " I 0(tid , u )]

} else {
[ ⌃n �1 " t (= u # ! r (tid , t, 1) " " (tid , u ) " S %&u " I 0(tid , u )]
[ ⌃n " ! (tid , t, 1) " S %&u " I 0(tid , u )] // impl. using (5)
skip
[ (pushed ! ⌃n ) " ! (tid , _, _) " ' u. S %&u " I 0(tid , u )]

};
C[tid] := 0
[ (pushed ! ⌃n ) " ! (tid , _, 0) " S %&u " I 0(tid , u )]
// write & exist. elim (above) and permissions & impl.
[ (pushed ! ⌃n ) " ! r (tid , _, _) " " (tid , u ) " S %&u " I 0(tid , u )]
[ (pushed ! ⌃n ) " ! r (tid , _, _) " I ] // exist. intro

};
[ (pushed ! ⌃n ) " ! r (tid , _, _)] // atomic block end

}

Fig. 4. An implementation of thepush operation of TreiberÕs lock-free stack
in our language and the veriÞcation of the while loop. The CAS operation
is implemented using an atomic block that updates the local variablepushed.
The auxiliary arrayA contains inA[tid] the value of the local variablet of
the thread with IDtid or zero if the thread does not assumet = [S]. The loop
invariantpushed _ ⌃n states that either the new elementx has been pushed
to the stackS or there aren tokens available. The predicates! and! r are
deÞned in (1).

critical state. As shown in Figure 4, the arraysA andC are
never used on the right-hand side of an assignment and are
only updated in the two atomic blocks of each operation.

Let n be the number of threads in the system. We deÞne

I , ! u. S "# u $ ~
0) i<n

! (i, u )

! (i, u ) , ! a, c. C[i ] "#r c$A[i ] "#r a $ (c = 0%a = u %⌃)
The resource invariantI states that the shared region has a
full permission for the heap locationS that points to the value
u. Additionally, the predicate! (i, u ) states for each threadi
that the shared region has read permissions forC[i ] andA[i ];
and that threadi is in a non-critical section (c = 0), that the

local variablet contains the value[S] (a = u), or that there is
a token⌃ available.

We use read permissions since threads need access to the
local predicateA[tid ] "#r t at some point to infer thatA[tid ]
contains the value of the local variablet. This relation of the
local variablet with the arrayA is the only technical difÞculty
in the proof. Just as in safety proofs, we can now use the rules
of our quantitative concurrent separation logic to verify the
following Hoare triples.

I & [A[tid ] "#r $ C[tid ] "#r $⌃n
] push(v) [A[tid ] "#r $ C[tid ] "#r ]

I & [A[tid ] "#r $ C[tid ] "#r $⌃n
] pop() [A[tid ] "#r $ C[tid ] "#r ]

Where" and" r are deÞned as:

" (t, a, c) , A[t] "# a $ C[t] "# c (1)

" r (t, a, c) , A[t] "#r a $ C[t] "#r c (2)

Thus, the execution of any operation requiresn tokens and
read permission to the heap locationsA[tid ] andC[tid ]. After
execution, the tokens are consumed and we are left with the
read permissions. We use the following abbreviation for parts
of the invariantI that are not needed in the local proofs.

I *
(j, u ) , ~

i + { 0,...,n , 1}\{ j }
! (i, u )

We have for all valuesu and j ' { 0, . . . , n( 1} that

I = ! u. S "# u $ ! (j, u ) $ I *
(j, u ) (3)

⌃n , 1 ~
i + { 0,...,n , 1}\{ j }

(" r (i, , )) =) I *
(j, u ) (4)

t *= u + " r (j, t, 1) $ ! (j, u ) =) ⌃ $ " (j, t, 1) (5)

Using these assertions, the veriÞcation ofpush andpop is a
straightforward application of the rules of our logic. Figure 4
describes the main partÑthe while loopÑof the proof ofpush.
The loop invariantpushed %⌃n states that either the new
elementx has been pushed onto the stackS or there are
n tokens available. In the Þrst atomic block we leave the
assumptionsI *

(tid , u) of the other thread untouched and just
establishA[tid ] "#r t $ C[tid ] "#r 1.

The key aspect of the proof is the second atomic block which
corresponds to the CAS operation in the original code. In the
if case, we possibly break the assumptions of the other threads
([S] := x). Then we have to usen ( 1 tokens and implication
(4) to re-establishI *

(tid , u). Since the variablepushed is set
to true, we can maintain the loop invariant without using
another token. In theelse case we use the inequalityt *= u
and implication (5) to derive the loop invariant. Finally, we
re-establish! (tid , u) usingC[tid ] "# 0.

The veriÞcation of the while loop ofpop is similar. By
applying the proof from the end of¤V to the speciÞcations
of push and pop, we have then proved the lock-freedom of
TreiberÕs stack.

An interesting aspect of the proof is that it is not essential for
a thread to know the entire resource invariantI . The only part
that is needed is the implicationS "# $⌃n $~0) i<n A[i ] "#r

=) I . This can be used to make the assumptions
A(i ) of the threads on the global data structure abstract.
The implication S "# $ ⌃n $ ~0) i<n A[i ] "#r =)
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S := alloc(1); [S] := 0;
A := alloc(max_tid); C := alloc(max_tid);

push(v) !
pushed := false;
x := alloc(2);
[x] := v;

[ (pushed _ " n) ⇤ ! r(tid , _, _)] // loop invariant

while ( !pushed ) do {
//While rule antecedent:

((pushed _ " n) ⇤ ! r(tid , _, _)) ^ !pushed ) " n! 1 ⇤ ! r(tid , _, _) ⇤ "
[ " n! 1 ⇤ ! r(tid , _, _)]
atomic {

[ " n! 1 ⇤ ! r(tid , _, _) ⇤ S 7! u ⇤ " (tid , u) ⇤ I

"(tid , u)] // atom block

[ " n! 1 ⇤ ! (tid , _, _) ⇤ S 7! u ⇤ I

"(tid , u)] // impl. & read perm.

t := [S];
[ " n! 1 ⇤ ! (tid , _, _) ⇤ (S 7! u ^ t = u) ⇤ I

"(tid , u)] // read & frame

C[tid] := 1
[ " n! 1 ⇤ ! (tid , _, 1) ⇤ (S 7! u ^ t = u) ⇤ I

"(tid , u)] // assignment

A[tid] := t
[ " n! 1 ⇤ (A[tid ] 7! t ^ t = u) ⇤ C[tid ] 7! 1 ⇤ S 7! u ⇤ I

"(tid , u)]
[ " n! 1 ⇤ ! r(tid , t, 1) ⇤ S 7! u ⇤ " (tid , u) ⇤ I

"(tid , u)] // perm.

[ " n! 1 ⇤ ! r(tid , t, 1) ⇤ I] // exist. intro & (3)
};
[ " n! 1 ⇤ ! r(tid , t, 1)] // atomic block & frame

// [x+1] := t; this is not essential for lock-freedom

atomic {
[ " n! 1 ⇤ ! r(tid , t, 1) ⇤ I] // atomic block

[ " n! 1 ⇤ ! r(tid , t, 1) ⇤ S 7! u ⇤ # 1# i# n " (i, u)] // exist. elim.

s := [S]; if s == t then {
[ " n! 1 ⇤ ! (tid , _, _) ⇤ S 7! t ⇤ # {1,...,n}\{tid }(! (i, _, _))]
[S] := x;
[ ! (tid , _, _) ⇤ S 7! x ⇤ I

"(tid , x)] // permissions & (4)
pushed := true
[ (pushed _ " n) ⇤ ! (tid , _, _) ⇤ 9u. S 7! u ⇤ I

"(tid , u)]
} else {

[ " n! 1 ⇤ t 6= u ^ ! r(tid , t, 1) ⇤ " (tid , u) ⇤ S 7! u ⇤ I

"(tid , u)]
[ " n ⇤ ! (tid , t, 1) ⇤ S 7! u ⇤ I

"(tid , u)] // impl. using (5)
skip
[ (pushed _ " n) ⇤ ! (tid , _, _) ⇤ 9u. S 7! u ⇤ I

"(tid , u)]
};
C[tid] := 0
[ (pushed _ " n) ⇤ ! (tid , _, 0) ⇤ S 7! u ⇤ I

"(tid , u)]
// write & exist. elim (above) and permissions & impl.

[ (pushed _ " n) ⇤ ! r(tid , _, _) ⇤ " (tid , u) ⇤ S 7! u ⇤ I

"(tid , u)]
[ (pushed _ " n) ⇤ ! r(tid , _, _) ⇤ I] // exist. intro

};
[ (pushed _ " n) ⇤ ! r(tid , _, _)] // atomic block end

}

Fig. 4. An implementation of the push operation of Treiber’s lock-free stack
in our language and the verification of the while loop. The CAS operation
is implemented using an atomic block that updates the local variable pushed.
The auxiliary array A contains in A[tid] the value of the local variable t of
the thread with ID tid or zero if the thread does not assume t = [S]. The loop
invariant pushed _ ⌃n states that either the new element x has been pushed
to the stack S or there are n tokens available. The predicates � and �r are
defined in (1).

critical state. As shown in Figure 4, the arrays A and C are
never used on the right-hand side of an assignment and are
only updated in the two atomic blocks of each operation.

Let n be the number of threads in the system. We define
I , 9u. S 7! u ⇤ ~

0i<n

↵(i, u )

↵(i, u ) , 9a, c. C[i ] 7!r c⇤A[i ] 7!r a ⇤ (c = 0 _ a = u _⌃)

The resource invariant I states that the shared region has a
full permission for the heap location S that points to the value
u. Additionally, the predicate ↵(i, u ) states for each thread i
that the shared region has read permissions for C[i ] and A[i ];
and that thread i is in a non-critical section (c = 0 ), that the

local variable t contains the value [S] (a = u), or that there is
a token ⌃ available.

We use read permissions since threads need access to the
local predicate A[tid ] 7!r t at some point to infer that A[tid ]
contains the value of the local variable t . This relation of the
local variable t with the array A is the only technical difficulty
in the proof. Just as in safety proofs, we can now use the rules
of our quantitative concurrent separation logic to verify the
following Hoare triples.
I ` [A[tid ] 7!r ⇤ C[tid ] 7!r ⇤ ⌃n] push(v) [A[tid ] 7!r ⇤ C[tid ] 7!r ]

I ` [A[tid ] 7!r ⇤ C[tid ] 7!r ⇤ ⌃n] pop() [A[tid ] 7!r ⇤ C[tid ] 7!r ]

Where � and �
r

are defined as:
�(t, a, c) , A[t] 7! a ⇤ C[t] 7! c (1)
�
r

(t, a, c) , A[t] 7!r a ⇤ C[t] 7!r c (2)
Thus, the execution of any operation requires n tokens and
read permission to the heap locations A[tid ] and C[tid ]. After
execution, the tokens are consumed and we are left with the
read permissions. We use the following abbreviation for parts
of the invariant I that are not needed in the local proofs.

I 0(j, u ) , ~
i2{0,...,n�1}\{j}

↵(i, u )

We have for all values u and j 2 {0, . . . , n�1} that
I = 9u. S 7! u ⇤ ↵(j, u ) ⇤ I 0(j, u ) (3)

⌃n�1 ~
i2{0,...,n�1}\{j}

(�
r

(i, , )) =) I 0(j, u ) (4)

t 6= u ^ �
r

(j, t, 1) ⇤ ↵(j, u ) =) ⌃ ⇤ �(j, t, 1) (5)
Using these assertions, the verification of push and pop is a
straightforward application of the rules of our logic. Figure 4
describes the main part—the while loop—of the proof of push.
The loop invariant pushed _ ⌃n states that either the new
element x has been pushed onto the stack S or there are
n tokens available. In the first atomic block we leave the
assumptions I 0(tid , u) of the other thread untouched and just
establish A[tid ] 7!r t ⇤ C[tid ] 7!r 1.

The key aspect of the proof is the second atomic block which
corresponds to the CAS operation in the original code. In the
if case, we possibly break the assumptions of the other threads
([S] := x). Then we have to use n � 1 tokens and implication
(4) to re-establish I 0(tid , u). Since the variable pushed is set
to true, we can maintain the loop invariant without using
another token. In the else case we use the inequality t 6= u
and implication (5) to derive the loop invariant. Finally, we
re-establish ↵(tid , u) using C[tid ] 7! 0.

The verification of the while loop of pop is similar. By
applying the proof from the end of §V to the specifications
of push and pop, we have then proved the lock-freedom of
Treiber’s stack.

An interesting aspect of the proof is that it is not essential for
a thread to know the entire resource invariant I . The only part
that is needed is the implication S 7! ⇤⌃n

⇤~0i<n

A[i ] 7!r

=) I . This can be used to make the assumptions
A(i ) of the threads on the global data structure abstract.
The implication S 7! ⇤ ⌃n

⇤ ~0i<n

A[i ] 7!

r =)
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S := alloc(1); [S] := 0;

A := alloc(max_tid); C := alloc(max_tid);

push(v) !
pushed := false;

x := alloc(2);

[x] := v;

[(pushed ! " n) " �r(tid, _, _)] // loop invariant

while ( !pushed ) do {

//While rule antecedent:

((pushed ! " n) " �r(tid, _, _)) # !pushed $ " n�1 " �r(tid, _, _) " "
[" n�1 " �r(tid, _, _)]
atomic {

[" n�1 " �r(tid, _, _) " S %&u " ↵(tid, u) " I

0(tid, u)] // atom block

[" n�1 " �(tid, _, _) " S %&u " I

0(tid, u)] // impl. & read perm.

t := [S];

[" n�1 " �(tid, _, _) " (S %&u # t = u) " I

0(tid, u)] // read & frame

C[tid] := 1

[" n�1 " �(tid, _, 1) " (S %&u # t = u) " I

0(tid, u)] // assignment

A[tid] := t

[" n�1 " (A[tid] %&t # t = u) " C[tid] %&1 " S %&u " I

0(tid, u)]

[" n�1 " �r(tid, t, 1) " S %&u " ↵(tid, u) " I

0(tid, u)] // perm.

[" n�1 " �r(tid, t, 1) " I] // exist. intro & (3)

};

[" n�1 " �r(tid, t, 1)] // atomic block & frame

// [x+1] := t; this is not essential for lock-freedom

atomic {

[" n�1 " �r(tid, t, 1) " I] // atomic block

[" n�1 " �r(tid, t, 1) " S %&u " # 1in ↵(i, u)] // exist. elim.

s := [S]; if s == t then {

[" n�1 " �(tid, _, _) " S %&t " # {1,...,n}\{tid}(�(i, _, _))]
[S] := x;

[�(tid, _, _) " S %&x " I

0(tid, x)] // permissions & (4)

pushed := true

[(pushed ! " n) " �(tid, _, _) " ' u. S %&u " I

0(tid, u)]
} else {

[" n�1 " t (= u # �r(tid, t, 1) " ↵(tid, u) " S %&u " I

0(tid, u)]

[" n " �(tid, t, 1) " S %&u " I

0(tid, u)] // impl. using (5)

skip

[(pushed ! " n) " �(tid, _, _) " ' u. S %&u " I

0(tid, u)]
};

C[tid] := 0

[(pushed ! " n) " �(tid, _, 0) " S %&u " I

0(tid, u)]
// write & exist. elim (above) and permissions & impl.

[(pushed ! " n) " �r(tid, _, _) " ↵(tid, u) " S %&u " I

0(tid, u)]
[(pushed ! " n) " �r(tid, _, _) " I] // exist. intro

};

[(pushed ! " n) " �r(tid, _, _)] // atomic block end

}

Fig. 4. An implementation of the push operation of Treiber’s lock-free stack
in our language and the verification of the while loop. The CAS operation
is implemented using an atomic block that updates the local variable pushed.
The auxiliary array A contains in A[tid] the value of the local variable t of
the thread with ID tid or zero if the thread does not assume t = [S]. The loop
invariant pushed _ ⌃n states that either the new element x has been pushed
to the stack S or there are n tokens available. The predicates ! and ! r are
defined in (1).

critical state. As shown in Figure 4, the arrays A and C are
never used on the right-hand side of an assignment and are
only updated in the two atomic blocks of each operation.

Let n be the number of threads in the system. We define
I , ! u. S "# u $ ~

0) i<n

! (i, u)

! (i, u) , ! a, c. C[i] "#r c $A[i] "#r a $ (c = 0 %a = u %⌃)

The resource invariant I states that the shared region has a
full permission for the heap location S that points to the value
u. Additionally, the predicate ! (i, u) states for each thread i
that the shared region has read permissions for C[i] and A[i];
and that thread i is in a non-critical section (c = 0 ), that the

local variable t contains the value [S] (a = u), or that there is
a token ⌃ available.

We use read permissions since threads need access to the
local predicate A[tid ] "#r t at some point to infer that A[tid ]
contains the value of the local variable t. This relation of the
local variable t with the array A is the only technical difficulty
in the proof. Just as in safety proofs, we can now use the rules
of our quantitative concurrent separation logic to verify the
following Hoare triples.

I & ["
r

(tid , , ) $⌃n] push(v) ["
r

(tid , , )]

I & ["
r

(tid , , ) $⌃n] pop() ["
r

(tid , , )]

Where " and "
r

are defined as:
" (t, a, c) , A[t] "# a $C[t] "# c (1)

"
r

(t, a, c) , A[t] "#r a $C[t] "#r c (2)
Thus, the execution of any operation requires n tokens and
read permission to the heap locations A[tid ] and C[tid ]. After
execution, the tokens are consumed and we are left with the
read permissions. We use the following abbreviation for parts
of the invariant I that are not needed in the local proofs.

I*(j, u) , ~
i+ {0,...,n, 1}\{j}

! (i, u)

We have for all values u and j ' { 0, . . . , n( 1} that
I = ! u. S "# u $ ! (j, u) $ I*(j, u) (3)

⌃n, 1 ~
i+ {0,...,n, 1}\{j}

("
r

(i, , )) = ) I*(j, u) (4)

t *= u + "
r

(j, t, 1) $ ! (j, u) =) ⌃ $ " (j, t, 1) (5)
Using these assertions, the verification of push and pop is a
straightforward application of the rules of our logic. Figure 4
describes the main part—the while loop—of the proof of push.
The loop invariant pushed %⌃n states that either the new
element x has been pushed onto the stack S or there are
n tokens available. In the first atomic block we leave the
assumptions I*(tid , u) of the other thread untouched and just
establish A[tid ] "#r t $C[tid ] "#r 1.

The key aspect of the proof is the second atomic block which
corresponds to the CAS operation in the original code. In the
if case, we possibly break the assumptions of the other threads
([S] := x). Then we have to use n ( 1 tokens and implication
(4) to re-establish I*(tid , u). Since the variable pushed is set
to true, we can maintain the loop invariant without using
another token. In the else case we use the inequality t *= u
and implication (5) to derive the loop invariant. Finally, we
re-establish ! (tid , u) using C[tid ] "# 0.

The verification of the while loop of pop is similar. By
applying the proof from the end of ¤V to the specifications
of push and pop, we have then proved the lock-freedom of
Treiber’s stack.

An interesting aspect of the proof is that it is not essential for
a thread to know the entire resource invariant I . The only part
that is needed is the implication S "# $⌃n $~0) i<n

A[i] "#r

=) I . This can be used to make the assumptions
A(i) of the threads on the global data structure abstract.
The implication S "# $ ⌃n $ ~0) i<n

A[i] "#r =)
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Data Structure Tokens Per Operation

Treiber’s Stack n

Michael and Scott’s Queue n + 1

Hazard-Pointer Stack n + (c · n)

Hazard-Pointer Queue (n + 1) + (c · n)

Elimination-Backoff Stack n · (n + 1)

More Advanced Shared-
Memory Data Structures Details are in the Paper
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