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OverviewOverview

A Logi
al Framework is a formalism designed to represent and reason aboutdedu
tive systemsAim:� identify the prin
iples underlying logi
s and programming languages[Harper,Honsell,Plotkin'87; Pfenning'92; Mi
haylov,Pfenning'91; Shankar'94;Pfenning'95℄Intended appli
ations:� design of new and better logi
s and programming languages� program veri�
ation and 
erti�
ation [Ne
ula'97; Paulson'96℄Limitations:� ine�e
tive with imperative formalisms [Pfenning'94℄
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StateState

Till 2 years ago, no simple, general and e�e
tive treatment of the re
urring notionof state� store of an imperative programming language� database� 
ommuni
ation among 
on
urrent pro
esses, ...

... Linear Logi
 [Girard'87℄� adequate for representing state and imperative 
omputation[Chirimar'95; Hodas,Miller'94; Wadler'90℄� ine�e
tive for reasoning about them
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A
hievementsA
hievements

� Design of a formalism, LLF , that 
ombines{ the meta-reasoning power of traditional logi
al frameworks{ the possibility of linear logi
 of handling state� Based on a linear type theory� Conservative over LF [Harper,Honsell,Plotkin'93℄� Used to represent{ imperative programming languages{ substru
tural logi
s{ games, ...and to reason about them
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Logi
al FrameworksLogi
al Frameworks

Formalisms spe
ially designed to provide e�e
tive meta-representations of formalsystemsformal systemprogramming languages, logi
s, ...meta-representationrepresent language 
onstru
ts, model their semanti
s, en
ode properties andtheir proofse�e
tivenessimmedia
y and exe
utability

Logi
al framework = meta-language + representation methodology
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An Example: LF (Meta-Language)An Example: LF (Meta-Language)

� Syntax Kinds K ::= type j �x :A:KType families P ::= a j P MTypes A ::= P j �x :A:BObje
ts M ::= x j 
 j �x :A:M j M N

� Typing judgment � `� M : A \M has type Ain � and �"Contextx :A; : : :'
&

$
%

������ Signaturea :K; : : : ; 
 :A; : : :'
&

$
%

HHHH��
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An Example: LF (Meta-Language|Cont'd)An Example: LF (Meta-Language|Cont'd)

�; x :A `� M : B lam� `� �x :A:M : �x :A:B � `� M : �x :A:B � `� N : A app� `� M N : [N=x℄B

�Main properties{ is strongly normalizing{ admits unique 
anoni
al forms{ type 
he
king is de
idable{ 
an be implemented as a logi
 programming language (Elf [Pfenning'94℄)
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An Example: LF (Representation Methodology)An Example: LF (Representation Methodology)

Judgments-as-Types / Derivations-as-Obje
ts� Ea
h obje
t judgment is represented as a base type� The 
ontext of an obje
t judgment is en
oded in the 
ontext of the meta-language� Obje
t-level inferen
e rules are represented as 
onstants that map derivationsof their premisses to a derivation of their 
on
lusion� Derivations of an obje
t judgment are represented as 
anoni
al terms of the
orresponding base type
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An Example: LF (Representation Methodology|Cont'd)An Example: LF (Representation Methodology|Cont'd)

xi :�i; : : :#"  !HHHH�� p T
 ` e : �q = M

p
q `� M : has type peq p�qwhere for ea
h xi :�i in 
,pxi :�iq = xi :exp; ti :has type xi p�iq� 
ontext operations redu
e to meta-level primitives� meta-theoreti
 properties are inherited from the meta-language
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Problem!Problem!
i = vi; : : :#"  !HHHH�� p ES �K ` e ,! aq = M

pSq `� M : eval pKq peq paqThis does not work!� S is subje
t to destru
tive operations (e.g. assignment)� traditional log. frameworks do not allow removing assumptions from the 
ontextA way out ... � `� M : eval pSq pKq peq paq... but, we must en
ode expli
itly� 
ontext operations (lookup, insertion, ...)� 
ontext-related properties (weakening, ex
hange, ...)Iliano Cervesato | The Linear Logi
al Framework LLF 10



LLFLLF

�Meta-language: ���Æ&>, a type theory based on �, �Æ, & and >� Representation methodology: judgments-as-types, but provides dire
ten
oding of state in the linear 
ontext� Range of appli
ability: de
larative and imperative formalisms
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Linear Logi
 in BriefLinear Logi
 in Brief�;� ` A

Logi
alassumptions'
&

$
%

������ Resour
es#"  !HHHH�� Goal#"  !HHHH�� A

essing a resour
e
onsumes it

Main resour
e operators� A 
 B = \A and B simultaneously"� A&B = \A and B alternatively"� > = \resour
e sink"� A�ÆB = \B assuming A as a resour
e"� A! B = \B assuming A as a logi
al hypothesis"
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���Æ&>, the Meta-Language of LLF���Æ&>, the Meta-Language of LLF� Syntax Kinds K ::= type j �x :A:KType families P ::= a j P MTypes A ::= P j �x :A:Bj A�ÆB j A&B j >Obje
ts M ::= x j 
 j �x :A:M j M Nj ^�x :A:M j M^N j hM;Ni j fstM j sndM j hi� Typing judgment Linear 
ontextx^: A; : : :'
&

$
%�������;� `� M : A \M has type Ain �, � and �"Intuitionisti
 
ontextx :A; : : :'

&

$
%

������ Signaturea :K; : : : ; 
 :A; : : :'
&

$
%

HHHH��
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LLF, Main PropertiesLLF, Main Properties

� Chur
h-Rosser property� strongly normalizing� unique 
anoni
al forms� de
idability of type 
he
king� abstra
t logi
 programming language� 
onservative over LF
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Immedia
y in LLFImmedia
y in LLF

Dire
t 
orrelation between an obje
t system and its en
oding

LLF gives dire
t support to re
urrent representation patterns� binding 
onstru
ts via �-abstra
tion� derivations as proof-terms� state manipulation via linear 
onstru
ts
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Case Study: MLRCase Study: MLRMLR is a fragment of ML with� referen
es� value polymorphism� re
ursionTypes � ::= : : : j 1 j �1 ! �2 j � refExpressions e ::= xj hij lam x: ej e1 e2j : : :j 
j ref ej !ej e1 := e2Store S ::= � j S; 
 = v

Expressionsexp : type.
ell : type.unit : exp.lam : (exp -> exp) -> exp.app : exp -> exp -> exp....lo
 : 
ell -> exp.ref : exp -> exp.deref : exp -> exp.assign : exp -> exp -> exp.
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MLR: TypingMLR: Typing
 ` e : � \e has type � in 
"Contextxi :�i; : : : ; 
j :�j; : : :'
&

$
%

������ Expression#"  !������ Type#"  !HHHH��

Representation: p
q `� pT q : exp type peq p�qxi :exp; ti :exp type xi p�iq; : : :
j :
ell; lj :
ell type 
j p�jq; : : :'
&

$
%

������


 ` e1 : � ref 
 ` e2 : � et assign
 ` e1 := e2 : 1 et_assign : exp_type E1 (rf T)-> exp_type E2 T-> exp_type (assign E1 E2) 1.
 ` e : � ref et deref
 ` !e : � et_deref : exp_type E (rf T)-> exp_type (deref E) T.Iliano Cervesato | The Linear Logi
al Framework LLF 17



MLR: EvaluationMLR: Evaluation

Continuationinit; : : : ; �x: i; : : :'
&

$
%HHHH��

Instru
tioneval e;return v; : : :
'

&

$
%������S �K ` i ,! a \i followed by K evaluatesto a, starting from S"Store
i = vi; : : :'

&
$

%
������ Answer#"  !HHHH��

Representation: pSq `� pEq : eval pKq piq paq
i :
ell; hi^: 
ontains 
i pviq; : : :#"  !������
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MLR: Some Imperative RulesMLR: Some Imperative Rules

S0; 
 = v; S00 �K ` return hi ,! a ev assignS0; 
 = v0; S00 �K ` 
 := v ,! aev_assign : (
ontains C V -o eval K (return unit) A)-o (
ontains C V' -o eval K (assign2 (lo
 C) V) A).

S0; 
 = v; S00 �K ` return v ,! a ev derefS0; 
 = v; S00 �K ` !
 ,! a

ev_deref : read C V& eval K (return V) A-o eval K (ref1 (lo
 C)) A.rd : 
ontains C V-o <T>-o read C V.
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MLR: Adequa
yMLR: Adequa
y

Adequa
y theorem (Evaluation)Given a store S = (
1 = v1; : : : ; 
n = vn), a 
ontinuation K, an instru
tion i andan answer a, all 
losed, there is a bije
tion between derivations E ofS �K ` i ,! aand 
anoni
al LLF obje
ts M su
h thatpSq `� M : eval pKq piq paqis derivable, where
pSq = 24 
1 :
ell; h1^: 
ontains 
1 pv1q: : :
n :
ell; hn^: 
ontains 
n pvnq

35
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MLR: Type PreservationMLR: Type Preservation� Fun
tional 
ore: implemented in LF [Mi
haylov,Pfenning'91℄� Referen
es [Tofte'90; Harper'94℄: implemented in LLF [Cervesato'96℄Theorem (type preservation)If S �K ` i ,! a, with 
 ` i : � , 
 ` K : � ) � and 
 ` S : 
, then
 ` a : �Proof : by indu
tion on the evaluation derivationThe high level of abstra
tion of the representation permits trans
ribing this proofinto an LLF spe
i�
ation 
apturing its 
omputational 
ontents� ea
h 
ase yields one de
laration� the meta-reasoning is itself linearRepresentationtpev : eval K I A -> 
ont_type K T S -> instr_type I T -> ans_type A S -> type.Iliano Cervesato | The Linear Logi
al Framework LLF 21



ImplementationImplementation

LLF is implemented as part of the Twelf proje
t� Twelf, a su

essor to Elf [Pfenning'94℄{ higher-order 
onstraint logi
 programming language based on LF and LLF{ automated theorem prover in a meta-logi
 for LF [S
h�urmann,Pfenning'98℄{ internals: expli
it substitutions, spine 
al
ulus, 
ompilation� Linear aspe
ts{ linearity 
he
k{ resour
e management [Hodas,Miller'94; Cervesato,Pfenning'96℄{ linear uni�
ation [Cervesato,Pfenning'97℄
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LLF, SummaryLLF, Summary

� 
ombines the meta-reasoning power of logi
al frameworks with the ability ofhandling state of linear logi
� 
onservative extension of the logi
al framework LF� implemented as a linear logi
 programming language� used for the representation of{ imperative programming languages{ substru
tural and modal logi
s{ puzzles and solitaires{ planning{ imperative graph sear
h
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Future WorkFuture Work

� Spe
i�
ation and veri�
ation of{ \real" programming languages (e.g. SML'97, Java){ 
ommuni
ation proto
ols{ logi
s� Proof-Carrying Code [Ne
ula'97℄� Computer-assisted development environments for logi
s and programming lan-guages (meta-logi
al frameworks)� Type theoreti
 extensions of LLF (e.g. dependent linear types [Ishtiaq,Pym'97℄,non-
ommutativity [Pfenning'98℄)
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