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Abstract—Productivity of corecursive definitions is an essential
property in proof assistants since it ensures logical consistency
and decidability of type checking. Type-based mechanisms for
ensuring productivity use types annotated with size informa-
tion to track the number of elements produced in corecursive
definitions. In this paper, we propose an extension of the
Calculus of Constructions—the theory underlying the Coq proof
assistant—with a type-based criterion for ensuring productivity
of stream definitions. We prove strong normalization and logical
consistency. Furthermore, we define an algorithm for inferring
size annotations in types. These results can be easily extended to
handle general coinductive types.

I. INTRODUCTION

Coinductive types play an important role in proof assistants
in modeling and reasoning about infinite data (such as streams)
and infinite processes (such as communication protocols).

Coinductive types can be seen as the dual of inductive
types. While recursive functions allow to analyze (consume)
elements of inductive types, corecursive functions allow to
produce elements of coinductive types.

Proof assistants based on dependent type theory impose
restrictions for defining recursive and corecursive functions,
in order to maintain logical consistency and decidability of
type checking. For recursive functions, the requirement is
termination. Dually, for corecursive functions, the requirement
is productivity. In the case of stream definitions, productivity
means that computing any element of the stream takes a finite
amount of time. In other words, computation cannot get stuck.

Proof assistants, such as Coq [1] and Agda [2], use syntactic
methods, so-called guard predicates, to ensure productivity
and termination. Basically, a corecursive definition is accepted
as productive if all recursive calls are guarded by a constructor.
Let us illustrate with an example. Consider the function nats n
that computes the stream [n,n+1,...]. In Cog, we can define
it by a cofixpoint definition as follows:

def .
nats = cofix nats : nat — stream nat :=
An. cons(n, nats (1 + n))

where cons : A — stream A — stream A is the stream
constructor. nats satisfies the guard predicate since the only
corecursive call is guarded by cons. This ensures productivity.

However, this criterion is very restrictive. For example, the
following alternative definition of nats is productive, but it is
not accepted by Coq:

def )
nats’ = An. cofix nats’ : stream nat :=
cons(n, map (Az.1 + z) nats’)

where map F' z is the stream obtained by applying F' to each
element of stream z. The reason is that, since nats’ is the
argument to a function, it is not considered guarded by cons.

The limitations of guard predicates appear often in practice,

both for ensuring termination and productivity. Several alter-
natives have been proposed in the context of proof assistants.
Type-based approaches are emerging as the ideal candidate to
replace guard predicates in proof assistants based on dependent
type theory, such as Coq and Agda. Type-based approaches
offer several advantages over syntactic methods [3]-[6]. In
particular, they are more expressive and easier to understand.

In previous work, Grégoire and the author defined an

extension of the Calculus of Inductive Constructions (CIC)
with a type-based termination mechanism similar to the system
CIC™ [6] of Barthe et al. Our contribution was the completion
of the metatheoretical study of type-based termination in
CIC [5], [7]. Most important, we proved strong normalization
and logical consistency.

In this work, we extend our previous results to the coinduc-

tive case. The contributions of this paper are the following.

o We define an extension of the Calculus of Constructions
with universes, CCw, with a stream type and a type-based
criterion for ensuring productivity of stream definitions
(Sect. III).

o We prove strong normalization and logical consistency,
using a model based on A-sets [8] (Sect. IV), fixing some
errors in the sketch we proposed in [5].

o We give an algorithm for inferring sized types, based on
the algorithm for CIC™ [6] (Sect. V).

II. TYPE-BASED PRODUCTIVITY

In this section, we give a (very) short introduction to type-
based mechanisms for ensuring productivity and termination.
While several systems with different strengths have been
proposed, they all share some common principles.

The main idea is to annotate types (inductive and coin-
ductive) with size information. For inductive types, the size
annotation represents an upper bound on the size of its
elements. For example, the type list® T represents the type
of lists, of type T, whose length is at most s. On recursive
functions, termination is ensured by allowing recursive calls
only on smaller arguments—based on their type.

Dually, for coinductive types, the size annotation represent
a lower bound on the number of elements produced. For
example, the type stream®T' represents the type of streams



(infinite lists) of type 1" of which at least the first s elements
can be produced. In our case, a size is either a variable, e.g.
1, , the successor of a size, S, or co which means there is no
bound. Let us illustrate how productivity is ensured by looking
at a simplified version of the typing rule for corecursion:

T(f : stream*T) + M : stream’ T
I+ (cofix f:streamT := M) : stream™ T

This typing rule is read as follows: given a stream f of at least
1 elements (i.e. the first ¢+ elements can be produced), M (f)
returns a stream of ¢ + 1 elements. By iterating M, we can
produce all elements of the stream.

The advantage of this approach over guard predicates is
that we can encode more information about a function in
its type. For example, the map function on streams can be
given the type stream® A — stream® B. In turn, this allows to
accept both definitions of nats given in the Introduction (see
Sect. III-A for more examples).

III. CCw WITH STREAMS

In this section we introduce our system, called CC@, an
extension of CCw with sized streams. CCwW is the extension
with coinduction of the system we presented in [5], [7], which
is itself closely related to CIC™ [6].

The main feature of CCw is, of course, the size annotations
in streams (and coinductive types in general). Size (or stage)
expressions are given by the following grammar:

S:::V5|§|oo

where Vs is a denumerable set of stage variables. We use 1, 7
to denote stage variables, and s, r to denote stages. We write
|s|, called the base of s, for the partial function defined by
[¢] = and |8] = |s] (it is not defined for co).

We define a substage relation, denoted with C, that we use
for defining a subtyping relation. It is given by the reflexive-
transitive closure of the relation defined by the rules s C 5§
and s C oo, for all stages s.

We present CCw in the style of Pure Type Systems [9] (PTS)
by giving the specification of its sorts (universes). The set of
sorts, denoted U, includes an impredicative universe, Prop,
and a predicative hierarchy {Type, };>0. The specification of
CC® universes is completed by the sets Axiom (that describe
the typing rules for sorts) and Rule (that describe the typing
rules for products), defined as follows:

Axiom = {(Prop, Typey)} U {(Type;, Type; 1) }i>0
Rule = {(Type;, Prop, Prop)};>0 U

{(Typei7 Typej ) Typemax(i,j) ) }’i;jZO

As a PTS, CCw is functional, meaning that Axiom and Rule
can be seen as functions; concretely, Axiom : & — U and
Rule : U x U — U—we exploit this view in the size-inference
algorithm of Sect. V.

Following [6], [7], [10], we consider three classes of terms,
which differ in the kind of annotations that (co-)inductive types
carry. (The distinction is necessary to ensure subject reduction

and efficient size inference.) In bare terms, (co-)inductive
types carry no annotations. In positions terms, (co-)inductive
types either carry no annotations, or a *, used to indicate
(co-)recursive positions in (co-)fixpoint definitions. Finally, in
sized terms, (co-)inductive types carry a size expression.

Definition 1 (Terms). The terms of CCl are given by the
following generic grammar defined over a set a.

Tla] := U | Tz:Ta].Tla] | V | Ae:T°.Tla] | Tla] Ta]
| stream® T a] | cons (T al, T|a])
| casero V := Tla] of cons(V,V) = T|a]
| cofix V:T* := T|a]

where V is a denumerable set of term variables. The set of bare
terms, position terms and sized terms are defined by T° ::=
Tlel, T* == TH{e,*}], and T == TIS], respectively. We
also consider the class of sized terms with no size variables:

T = T[o0).

We make use of the following erasure functions: |-|: 7 —
T° (that erases all size annotations), |-|* : 7 — T* (that
replaces with * all size annotations s such that |s| = ¢ and
erases the rest), and () : T — T°° (that replaces all size
annotations with co). Given a term M, we write FV (M) for
the set of free term variables of M and SV (M) for the set of
size variables occurring in M. We omit the obvious definitions
of these operators.

Let us briefly explain the constructions related to streams
(the rest are standard). The constructor form cons(M, N) rep-
resents the stream whose head (first element) is M, and whose
tail (the rest of the stream) is N. In Coq, with streams defined
as a coinductive type, cons would have three arguments: the
type of elements of the stream, the head, and the tail. Here,
we can leave the type implicit and infer it from the head.

We can perform case analysis on a stream: in
casepo x:= M of cons(y;,y2) = N, the argument,
M, is an stream and P° is the return type (which can depend
on x). Streams can be constructed by a cofixpoint construction
of the form cofix f:T* := M, where f can occur in M. The
position type marks recursive positions (as illustrated in the
examples below). Position types were introduced in [10] to
ensure most general types. The typing rules ensure that 7™ is
a function type that returns (produces) a stream.

A context is a finite sequence of variable declarations,
written (z1:71) . .. (£n:T). We use I', A to denote contexts. A
bare—resp. position—context is a finite sequence of variable
declarations of the form (x:7°)—resp. (x:1T).

Reduction: 1t is defined by [-reduction, :-reduction (pat-
tern matching), and v-reduction (cofixpoint unfolding). The
first two are defined by the following rules:

(Az:T°.M)N B N [M/x]

casepo x := cons(My, My) of
< cons(y1,y2) = N v N [My/y1] [Mz/ys]

In the case of cofixpoints, reduction needs to be restricted,
as unrestricted cofixpoint unfolding is obviously not strongly
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Fig. 2. Positivity of stage variables

normalizing. We use a lazy strategy where cofixpoints are only
unfolded in the context of a case analysis. (At the end of this
section we discuss how this choice affects the metatheory of
CC@.) We define v-reduction as follows:

casepo x := (cofix f:T* := M) N of
cons(y1,y2) = O

casepo x := M [(cofix f:T* := M)/f] N of
cons(y1,y2) = O

where N is a sequence of terms. We write — for the
compatible closure of Siv-reduction.
Typing: It is defined by the following judgments:

o WF(T") means that context I is well formed;
e ' M : T means that M has type 7" under context I'.

The typing rules depend on a notion of subtyping and posi-
tivity of stage variables, defined by the following judgments:

e T =<r U means that T is a subtype of U with respect to
a reduction relation R on terms;
e 2 pos T (resp. » neg T') means that 2 occurs positively
(resp. negatively) in 7.
Subtyping is defined by the rules of Fig. 1. The instances of R
that we will use are convertibility (=) and a-equivalence (=).
We write < for <. Positivity of a stage variable is defined by
the rules of Fig. 2. We use polarities to simplify the definition
of positivity: a polarity £ is either + or —. Given a polarity &,
we write —¢ for the opposite polarity. We write occ™ (resp.
occ™) to mean pos (resp. neg).

Subtyping in products is contravariant in the domain and
covariant in the codomain. Size annotations occur negatively
in coinductive types. E.g. stream® T < stream® T’; in words:
if a stream is guaranteed to produce at least s + 1 elements,
then it is guaranteed to produce at least s elements as well. In
the case of inductive types, the situation is the opposite: size
annotations occur positively, e.g. list® T' < list® T'. Recall that
for inductive types, size annotations indicate an upper bound
on the size of its elements.

The typing rules are given in Fig. 4. Most of the rules
are standard. In rule (case), the argument M must have

simple(T) simple(U)
simple(Ilz:T.U)

SV(T) =0
simple(T)

simple(T)
simple(stream® T)

Fig. 3. Simple types

a successor type, i.e. it must guarantee to produce at least
one element; otherwise, evaluation could get stuck. Note, in
rule (cofix), that types valid for corecursion have the form
ITA.stream® U where ¢ occurs negatively in A and does not
occur in U. For example, valid types include stream®T and
stream®T" — stream® T — stream'T'. Note that the body M
ensure that at least one more element is produced (with the
return type T [2/1]).

Note the use of function SV(-) in rules (abs), (app),
(cons), (case), and (cofix). We add this conditions to restrict
the occurrences of size variables in types, which is necessary
for defining the A-set model.

Basically, we only allow simple types in the typing judg-
ment. A type T is simple if it satisfies the predicate simple(7),
defined by the rules of Fig. 3. By using SV(-) in the above
mentioned rules, we ensure that, in a typing judgment, all
terms in type positions satisfy the simple predicate. That is,
given a valid judgment I' = M : T, the following holds:

o simple(T") and simple(T);

o if T = u, for some sort w, then simple(M);

o if T % u, for all sorts u, then SV(M) = (.

This property, easily proved by induction on the type deriva-
tion, is essential in our relational model, since only simple
types have a relational interpretation (Sect. IV).

Restricting to simple types disallows, for example, types of
the form F' (stream” T"). However, in [5] we showed that such
types have little use in systems with implicit size quantification
like CCw. Basically, every size variable can be replaced by co
in a judgment, i.e. ' - M : T implies I'>° = M : T°°. In
a type derivation, the only needed size variables come from
the introduction of cofixpoints. However, cofixpoint types have
a precise form, ITA.stream” U, which in general satisfies the
simple predicate. Therefore, restricting to simple types does
not pose a limitation in practice.

Metatheory: The metatheory of coinduction in the pres-
ence of dependent types is far from trivial. One particular
issue is subject reduction: it is not valid for v-reduction. This
was observed by Giménez [11], who studied and implemented
guarded coinduction in the Coq kernel. The unrestricted v-
reduction, denoted v,

(cofix f:T* := M) v, (M [(cofix f:T* := M)/f])

does satisfy SR, but it is not strongly normalizing. (We write
—, for the compatible closure of [ii,-reduction.)

To get around this issue, we define two systems: in CCw,
evaluation of programs and conversion use the restricted



reduction —; in UCC®, evaluation of programs is defined
using —, while the conversion rule is defined using —,,.

Since — C —», it is clear that any program typable in CC&
is also typable in UCCW. Furthermore, strong normalization of
CCW is a direct consequence of strong normalization of UCC®.
A corollary of this property is that conversion (and therefore,
type checking) is decidable in CC@. Hence, UCCW satisfies
SR but type checking is not decidable (see [12] for a proof),
while CC@ is decidable but does not satisfy SR.

The Coq kernel implements v-reduction, which does not
satisfy SR, on the idea that having a terminating type-checking
procedure is more important than having SR. Although it
works relatively well in practice, this situation is not com-
pletely satisfactory.

We do not provide a definite solution to this problem
in this paper. Instead, we focus on establishing soundness
for a productivity criterion that greatly improves over guard
predicates and can be readily implemented in the Coq kernel.

Research on this topic is very active. Although, as far as
we know, no complete solution has been proposed yet, there
are some promising approaches (e.g. [12], [13]).

The following lemma states some metatheoretical properties
of UCCw: weakening, substitution, uniqueness of types (up to
erasure), and subject reduction:

Lemma 2. o IfT'H-M:T, then TAF- M :T.
« IfDy(z: T2 F M :U, Ty F N : T, and SV(N
then T'1(Tg [N/z]) F M [N/z] : U [N/x].
o fTHFM:Ty and T+ M : Ty, then |T1| = |T5|.
o« IfTHEM:T and M — M’ thenT - M': T

) =0,

A. Examples

We consider some programs in CC& that show the advan-
tages of type-based productivity against guard predicates as
used in Coq. (We assume a signature containing a definition
of natural numbers as well as some usual operations.)

A typical function on streams is map, defined as follows:

map : II(A B:Typey).(A — B) — stream® A — stream® B
map def AA B f. cofix map : stream* A — stream* B :=

Az. case z of cons(h,t) = cons(f h, mapt)

While this function is guarded (hence accepted by Coq), the
advantage of CCW, is that we can give it the size-preserving
type stream® A — stream® B (note the use of position types
to mark recursive positions).

Other examples of size-preserving functions are sum, that
returns the pair-wise addition of two streams of natural num-
bers, and merge, that combines two ordered streams (we write
Snat® to mean stream® nat):

sum : Snat® — Snat® — Snat®

sum % cofix sum : Snat* — Snat* — Snat* :=
Ax1 xo. case x1 of cons(hi,t1) =
case xo of cons(ha,ts) =
cons(hy + ho,sumty to)

WEF(T) F'ET:u
WF(T'(2:T))
WEF(T) T(z)=T
Ftx:T

(wf-emp) (wf-cons)

WEF(+)

(var)

WEF(T) (u1,u2) € Axiom

I'Fup:us

PET:w DNaeT)FU :uy

(u1,u2,us) € Rule

'z :T.U : ug
M(xeT)-M:U SV(M) =10

'FXe:|T|.M : Iz : T.U
-M:lzx:T.U r-N:T SV(N)=10
I'MN :U|[N/x]

I'M:T

(sort)

(prod)

(abs)

(app)
I'CU:u
I'EM:U

I'ET: Type,
I' - stream® T : Type,

T<U

(conv)

(stream)

'M:T TkN:steam®T  SV(M)=0

I+ cons(M, N) : stream® T’

(cons)

'+ M :stream®*T  I',zstream* T+ P:u
T(y1:T)(ya:stream® T) = N : P [cons(y1, y2)/x]]

SV(N) =0
m(

case|p| ¥ := M of
cons(yy,y2) = N
T = A stream' U 1 neg A 1 ¢ SV(I,U, M)
I'FT:u D(f:T)F M: Tt/ SV(M) =10
'k cofix f:|T|" := M : T [s/9]

(case)

> . P[M/q]

(cofix)
Fig. 4. Typing rules

merge : Snat® — Snat® — Snat®
merge 4 cofix merge : Snat* — Snat* — Snat* :=
A1 o. case xq of cons(hy, t;) =
case xo of cons(hg,ts) =
if hy < hg then cons(hy, mergety z2)
else cons(hq, merge x4 to)

The following definitions are not guarded, but are well typed
in CCw, thanks to the size-preserving type of sum, merge, and
map. The stream fib computes the Fibonacci sequence, while
ham computes the streams of Hamming numbers:

fib %'cofix fib : Snat* := cons(0, sum fib (cons(1, fib)))
ham “cofix ham : Snat* :=
cons(1, merge (map (Az.2 * x) ham)
(merge (map (Az.3 * ) ham)
(map (Az.5 % ) ham)))



However, the following alternative definition of fib is not well
typed in CC, even though it is productive:

fib” % cofix fib' : Snat* :=
cons(0, (cons(1, sum fib’ (tail fib")))

where the usual definition of tail has type stream® A —
stream® A. The problem is that tail fib" is not well typed, since
fib’ does not have a successor stage in its type. In general, we
cannot make corecursive calls to the result of an application
of tail. (Although fib’ can be written using mutual recursion.)

The function even filters out the odd positions of a stream:

even : Snat®™ — Snat?

def ..
even = cofix even : Snat — Snat* :=
Az. case z of cons(hy,t1) =

case t1 of cons(hg,ts) = cons(hg,even ty)

However, our type system is not expressive enough to give
even the more precise type stream’™ A — stream® A, since
our size algebra does not feature addition. This implies that,
similarly to the case of tail, we cannot make corecursive calls
to the result of an application of even.

IV. STRONG NORMALIZATION

In this section we define a model for UCC@ based on A-
sets [8], [14]. We establish strong normalization (SN) and
logical consistency as a consequence of soundness.

In previous work [S], [7] we defined a A-set model for
an extension of CCw with inductive types and a type-based
mechanism for ensuring termination. To deal with sized types,
we extended the A-set model with a relational interpretation.

To focus on the adaptation of our relational model to
streams, we only prove SN for the predicative fragment of
UCC@. That is, in this section, we only consider the fragment
of UCCL obtained by removing Prop.

Dealing with impredicativity in dependent type theories is a
complicated issue. However, in the A-set model, the technical
difficulties have been solved by Altenkirch [8], and Mellies
and Werner [14]. In [5], we used A-sets to define a model of
CIC with an impredicative universe and full inductive types.

Impredicativity is rather orthogonal to coinduction in our
setting, since coinductive types are defined in the predicative
hierarchy. In particular, corecursive definitions inhabit the
predicate universes. Therefore, we restrict to the predicative
fragment of CCW to avoid obscuring the proof of SN with
technical details that are not related to coinduction.

Overview of the proof: The A-set model combines a set-
theoretical model with a realizability interpretation. A A-set X
contains two main components: a carrier set X, that defines
the set-theoretical interpretation, and a realizability relation
E C SN x X, that is used to prove strong normalization (SN
is the set of strongly normalizing terms).

Terms are interpreted as elements in the carrier set of
their types. Hence, soundness of the model is expressed as
follows: if I' - M : T, then [M](y) € [T](7), where [] is
the interpretation function and -~ the interpretation of I'. SN

follows from the fact that every term realizes its interpretation,
ie. M E [M](7).

In order to deal with sized (inductive) types, in [5], [7],
we extended the A-set model with a relational interpretation,
denoted [-], that takes size information into account. In
this work we extend the relational interpretation to streams,
although the method applies to coinductive types in general.

In the traditional interpretation, [-], we interpret streams by
their set-theoretical counterpart, concretely finite and infinite
sequences. We write (;); to denote sequences (finite and
infinite). We write m; for the partial function returning the
i-th element of a sequence (if defined).

The relational interpretation of streams is natural: the type
stream® T is interpreted as the set of pairs of (set-theoretical)
streams, whose length is at least s, and whose elements are
pairwise related by the interpretation of 7":

[stream® T] = {(«, B) : i < [8] = (mi(a), 7 (B)) € [T]}

If s is oo, the relational interpretation is the identity relation.
Let us illustrate the proof of soundness with a simplified
cofixpoint definition. Consider the following typing rule:

(f : stream* T) = M : stream' T
F cofix f:stream* T := M : stream® T

Soundness of the relational interpretation states that given
two streams (a1, as) that coincide in the first ¢ positions,
([M](c1), [M](c2)) is a pair of streams that coincide in the
first ¢+ + 1 positions. Intuitively, starting from any pair of
streams, and iterating [M] w-times, we obtain two streams
that coincide everywhere.

In essence, the cofixpoint rule defines a contractive function
in the relational model. Then, there is a unique fixed point: a
stream that is invariant under cofixpoint unfolding. This unique
stream is used as the interpretation of cofix f:stream* T := M.

The relational interpretation only makes sense for types.
This is where the restriction to simple types comes into play:
we define the relational interpretation by induction on the
simple predicate. The case of streams is given above. In the
case of products, the interpretation is a set of pair of functions
that take related elements in the domain into related elements
in the codomain. Otherwise, the type has no size variables,
and the interpretation is just the identity relation.

A. Preliminary definitions
We introduce the notion of saturated sets and A-sets. We

define saturated sets in terms of elimination contexts.

Definition 3 (Elimination context). An elimination context is a
term with a “hole”, denoted by [, that belongs to the following
grammar:

E[] == | E[] T | casero V := EJ] of cons(V,V) = T

We write E[M| for the term obtained by replacing the hole of
E[] with M.

We define weak-head reduction in terms of elimination
contexts: E[M] —wn E[N] < M Buu N. An atomic term



is a term in weak-head normal form (whnf), where reduction
is stopped by a variable, i.e., a term is atomic if it is of the
form E[z]. We use AT to denote the set of atomic terms.

Definition 4 (Saturated set). A set of terms X C SN is
saturated iff it satisfies the following conditions:

1) ATNSN C X;

2) if M € SNand M —, M' and M’ € X, then M € X.

In other words, saturated sets contain all strongly normaliz-
ing atomic terms and are closed by weak-head expansion. The
greatest saturated set is SN, and the smallest saturated set is
AT, that is the closure of AT under weak-head expansion.

In the following we introduce the main tool of our proof,
A-sets, as well as some operations.

Definition 5 (A-set). A A-set is a triple X = (Xo, FEx, Lx)
where X, is a non-empty set, witnessed by L x € X,, and
':X g T X Xo-

X, is the carrier-set and the elements of X, are called
the carriers of X. The terms M such that M [=x o for some
a € X, are called the realizers of o. The element | x is called
the atomic element of X. We write o« C X for o € X,. A
A-set X isincluded in a A-set Y, written X C Y, if X, C Y.,
):X - ):y, and J_X = J_y.

The notion of saturated A-set is necessary for proving SN.

Definition 6 (Saturated A-set). A A-set X is said to be
saturated if
1) every realizer is strongly normalizable;
2) the atomic element 1 x is realized by any atomic
strongly normalizable term,
3) for every a € X, if N Ex o, and M —y1, N with
M € SN, then M [Ex « (i.e., the realizers are closed
under weak-head expansion).

Note that the set of realizers of a saturated A-set is a
saturated set. We define a product operation on A-sets that
is used to interpret the product construction on terms.

Definition 7 (Product). Let X be a A-set and {Y,}acx, an
Xo-indexed family of A-sets. We define the A-set TI(X,Y) by:
c I(XY), € {f € Xo = Upex, (Ya), : Va €

Xo.f(a) € (Ya)o}s
. M}ZH(Xﬁy)f — VO[GXO.N':XaéMN':Yw

fla)

. J_H(Xy) def a e X, = Ly .

Saturated A-sets are closed under products:
Lemma 8. If X and every {Y,}acx, are saturated A-sets,
so is TI(X,Y).

The following operation is useful for defining the relational
interpretation of types.
Definition 9. Let X be a A-set. Then X? is a A-set where

. (X?), = {(a,0) s a T X}

. M‘:XQ (Oé,Oé) — M‘:X()é

] J_X2 — (J_X,J_X)

B. The model

We define two interpretations: the first, the term interpreta-
tion, does not take size annotations into account; the second,
the relational interpretation, only makes sense for simple types
and uses size annotations.

We require the use of inaccessible cardinals to interpret the
predicative hierarchy of universes. This is common in models
of type theory (e.g. [15], [16]). We assume an increasing
sequence of inaccessible cardinals {\; };en.

We define U; to be the set of saturated A-sets whose carrier-
set are in V,—where V,, represents the cumulative hierarchy
of sets. The set U, can itself be viewed as the A-set (I, SN x
U;,{0}). Note that U; € U;1 which verifies the typing rule
Type; : Type; ;.

Term interpretation: We interpret streams by finite and
infinite sequences of elements in the interpretation of the
type. To define the realizers, we need to force reduction
of a term by placing it inside a case analysis. We define
M def caseType, * := M of cons(y1,y2) = cons(y1,y2).

Given a A-set X, we define S(X) as the A-set given by

. S(X), €O} U{(a0,...,00,0) i = 0Aa; C X}

U {(ap,1,...): o, C X}
o« M Es(x)  with M € SN, iff
- B=(0), and | M —%, N € AT;
- B = (a4)i=o... and [M —¥, cons(N,P) where
N ':X ag, and P ’:S(X) <Oéi>i:1...

. LE©0)

We define the interpretation function by induction on the
structure of terms. We write [I' = M],, for the interpretation
of M under the interpretation y of I'. We use Hilbert’s choice

operator, €, to define the interpretation of cofixpoints to ensure
that the interpretation is invariant under (relaxed) v-reductions.

Definition 10 (Interpretation of terms and contexts).

- [1=10
1) ={(r,q)
r }— Type Iy =U;

)y = y(x)

[( cye[lAaC [T}
[
O+
[
o« [DFAzTe.
[
[
[
[

o PFIz:T.UL, =I(T+T),[(z:T)FU,.)
M, =[(z:T)+F M],_

o [[FMN], = ([['FM],)([T'F N],)

o [I'Fstream>T], =S(I'+T],)

I'F cons(M, N)], = ([T - M],, [T+ N],)
It casepo x:= M of cons(yl,yg) = N|, =
- [C(y1 : T)(yo : streamT) +

M]’Y = (@;)i=o.. .
- J—[I‘ (x:stream T')P] (’y,(@))) lf [F t M]’y = ((Z))
o [I' F cofix f:T* := M), = €(F,P), where F C [I'
T, and P(F') is the following property:

A

]7,&07 ab)’L 1.

F=[(f:|T)) - My r

We write [I'(x:T) & M|, _
T)y = [(z:T) - M],s.

as a short hand for § C [I



The above interpretation is sound with respect to weakening,
substitution, and subject reduction as stated in the following
lemma.

Lemma 11. o (Weakening) [['(z:T°)A b Mlyas =
CAF My s.
o (Substitution) Let SV(N) = () and v = [I' = NJ,. Then,
[,A[N/z] &b M[N/z]|ys = [D(x: T)AF M, 5.
e (Reduction) If M — N, then [I' - M], = [I' F N],.

Proving that v-reduction is invariant is trivial thanks to the
use of Hilbert’s choice operator.

The relational interpretation: The relational interpreta-
tion of types (RI) is used to ensure that terms respect size
information given by their types. We write [I' - T2 iy, for
the RI of 7" under interpretations y; and 72 of I', and a stage
interpretation 7 (defined below). The RI of a type is a A-set

whose carrier set is composed of pairs.

Definition 12 (Relational type). Let Xy and X5 be A-sets.
A relational type for X; and X is a A-sets X such that
Xo C X1, X Xoo, and L x = (Lx,, Lx,). We denote it by
X € R(X1,Xo).

We define the RI by induction on the structure of simple
types. We need to define the interpretation of stages, products,
and streams. Stages are interpreted by ordinals. In uCCw, the
greatest ordinal we need to consider is w. However, if we add
general coinductive types, we would need to consider greater
ordinals (see [5] for the case of general inductive types).

Definition 13 (Stage interpretation). A stage assignment T is
a function from Vs to a. The interpretation of a stage s under
m, written (8))x, is defined by:

(o) = 7(2), (8)r = min((s)= + 1,w) .

We define a relational interpretation for products. Let
II(X;, 0 T X; — Y, ,,) for i = 1,2 be two product spaces
of A-sets. Let X be a A-set such that X € R(X;,Xs).
For each (aj,a2) T X, let Yy, o, be a A-set such that
Y(ai,a2) € R(Y1,a,,Y2,4,). We define a relational type
I (X,Y) for II(X4,Y7) and II( X5, Ys):

GOODW = w,

I (X,Y) € ROIL(X1, Y1), (X5, Y2)),

by the following rules.
o TF(XY), S {(fi f2) C (XL V) X TI(X, Ya) |
(a1,00) C X = (fr0u, foaz) C Yo, a0}
« M |:H+(X,Y) (f1,f2) <~ V(a1,0[2) C X.
N Ex (a1,a2) = M N FEy(a,,a,) (fron, foas);

o Lmrxy) = (J‘H(Xl’yl)’ LH(Xz,Yz))

The carrier set of a relational product is formed by pairs of
functions that take related elements in the domain into related
elements in the codomain.

Finally, we define the relational interpretation of streams.
Intuitively, two elements of [I' - stream® T'|7 .~ are related
if the first (s). elements are related in [I' = 777 _. . In
particular, they must contain at least (s|), elements.

Given a relational A-set X € R(X1,Xz), we define

Si(X) = (X% =, 1%) by induction on a as follows:
o if a =0, then
- X0 ¥ S(Xy), x S(Xa).,
_ O de def g\ o X0
SR NON)

e if a =0b+1, then
- XY {(a,0)) € 8(X1), x S(Xa),
1< a= (71'1(0[),71}(0/)) C X}
where we require that m;(«) and m;(«’) are both
defined or both undefined.

- M E°® (o, &) iff M € SN and

* (a,a) = (0,0) implies | M —%, N € AT;

* (a,/) = ((a4)i=o0...,{a})i=o...) 1implies
\I,M —):Vh cons(N1,N2), N1 ':X (ao,a{))
and Na |=° ({)i=1..., (af)i=1...)

- 12 9,0).

e if a = w, then SE(X) €' N, ., SHX).

Now we are ready to define the relational interpretation. We

proceed by induction on the definition of simple types. Let T’
be a type such that simple(T").

o If T =1lx: T1. Ty, we define [T+ T]7 as

Yi~Y2

o ([0 =17

Yi~y2?

"/1 —~V2,— )

o If T = stream* T}, then [T + T]7, . < SE= ([T +

Tl]]gl""'}’z)'
« Otherwise, SV(T') = 0, and [I' + T]Z
T]’Y1)2‘

As in the interpretation of terms, we extend the relational
interpretation to contexts, by the following rules:

[T]" = {(©,0}
D)™ = {((71, 1), (72, 22)) = (71,72) € [T]™ A
(alv O‘?) C [[F - Tﬂzvrlw’w}

e F

Y1~~7Y2

The relational interpretation is sound with respect to weak-
ening, substitution, subject reduction, and subtyping as stated
in the following lemma.

Lemma 14. o (Weakening) [’A + U]T
[C(z: T)AFUIE, o) 51~ (90.00,6)
o (Substitution) Let SV(N) = () and v; = [I' - NJ,,. Then
[CAIN/a] & TIN/2|T, 50 mpn50) = [F@:U)A
]]7{’)’1 v1,61)~(v2,v2,02)"
o (Subject Reduction) If T — U, then [I' - T]Z =

(71,01)~(72,92)

Yi~v2
[[F - U]]%N’Yz
o (Subtyping) If T < U, then [I' T]]Z;l,wz crr
U]]’YlN’Y2

The following theorem states soundness of the A-set model.
We write [I' - M],, -, for (I' - M],,, [ - M],,).



Theorem 15 (Soundness of the A-set model). If '+ M : T,
with SV(M) = 0, and (71,72) € [L]™, then [I' = M], +,,
[TFT] are defined and

[ My, £ [P ET]

™
Y12
T
i~y o

Proof: By induction on the type derivation. The inter-
esting case is rule (cofix), where M is cofix f:T* := M.
We need to prove that the use of Hilbert’s choice operator is
well defined, i.e. that there is exactly one function satisfying
the required property. Intuitively, we prove that, starting from
any two stream functions in the RI of 7', and iterating the
interpretation of M w-times, we obtain two stream functions
that coincide everywhere. (See Appendix B for more details).
1

C. Strong Normalization

We can prove SN from Soundness of the A-set model, by
showing that a term realizes its interpretation.

Definition 16. Let (v1,72) € [[]™. We define 0 =L (v1,72)
by the following clauses:

0Fr (1.72) M EEer)maen) (@1, 02)
€ ):E : 0(z — M) ':g(m:T) (71, 1), (72, a2)

Lemma 17. If T = M : T and (v1,72) € [I]" and 6 =L
(’71772)’ then M0 ):[FFT]](’YIN’YZJT) [F = M]’Yl,'Yz

Corollary 18. If I' = M : T then M is strongly normalizing.

Proof: By showing that the identity relation, id, satisfies

id |:£ L, where Lr is the sequence of atomic elements in

the relational interpretation of the types of I. O

As a consequence of soundness and strong normalization,
we can easily derive logical consistency.

Theorem 19. There is no M such that - = M : Ilz : Typeg.x.

V. TYPE INFERENCE

A consequence of SN is decidability of type checking:
conversion is decidable by reducing both types to normal form
and comparing for a-equality. In this section, we adapt the
size-inference algorithms for inductive types given in [6], [10]
to our system.

For performing size inference, we consider a variant of CC&
where size variables are drawn from a set of inference size
variables Vs, = {a, 3, ...}. The set of generic terms is the set
of terms constructed using inference size variables. A generic
term can be instantiated by replacing inference size variables
with stage expressions, thus obtaining a sized term.

The algorithm works as follows: starting from a bare term
M°, the algorithm computes a generic term M, a generic type
T, and a minimal constraint set C' on stage variables, such that
every instantiation p that satisfies C, pM has type pT.

Formally, a stage constraint is a pair of inference stage
expressions, written s C r. A constraint set is a finite set of
stage constraints. We say that a stage substitution p : Vs, — S
satisfies a constraint system C, written p = C, if for every
constraint s; C sy in C, we have p(s;) T p(s2). Note

that every constraint set is satisfiable by the substitution that
replaces every variable with co.

The inference algorithm is defined by the following judg-
ments:

e« C,T + M° ~ C',M = T: given a context I', a bare
term M °, and a set of constraints C, the algorithm either
computes M satisfying |M| = M°, a type T, and a new
set of constraints C’, such that for all p = C’, pI' +
pM’ : pT; or fails if no such M, T, and C” exists.

e CT F M° « T ~ (C',M: given a context I', a
bare term M°, a type T and a set of constraints C, the
algorithm either computes M satisfying |M| = M*° and
a new set of constraints C”, such that for all p &= C’,
pL' = pM' : pT; or fails if no such M and C’ exists.

The adaptation of the algorithms in [6], [10] to CC® is
relatively easy, since recursive and corecursive definitions have
similar typing rules in the sized-types approach. We need to
consider two features of our system: simple types and the
implicit argument in cons. To ensure that a type satisfies the
simple predicate we only need to add constraints that restrict
the occurrences of size variables. For example, we ensure that
no size variables occur in a type 7' by adding co C SV(T).

To deal with the implicit argument of cons, we compute
least upper bounds and greatest lower bounds on types. E.g.,
given T and 15, T' = T7 UT5 satisfies the following property:
for any substitution p and type T such that pTy, pTo < TV,
we have pT < T".

The type inference algorithm relies on a procedure called
RecCheck that is used to check productivity of corecursive def-
initions, originally introduced in [10] for checking termination
of recursive functions. Since the typing rules for fixpoint and
cofixpoint are similar, we can use the same procedure in both
cases.

Given a constraint system computed from the body of
a corecursive definition, RecCheck verifies if the constraint
set can be instantiated in a way that satisfies the con-
ditions imposed by the (cofix) typing rule. Informally,
RecCheck(a, V*,C') succeeds (returning a constraint set) if
o can be mapped to a fresh variable ¢, the variables in V'* can
be mapped to stages with base 2, and every other variable (3
in C' is mapped to a stage not containing .

Formally, RecCheck satisfies the following properties. We
write p <y, p as a shorthand for p(«) C p/(a) for all a € V3
and p(a) = p/(«) for all « ¢ V.

o Soundness (SRC): if RecCheck(a, V*,C") = C then for

all p, such that p |= C, there exists a fresh stage variable
¢ and p’ such that p' = C’, p'(a) =1, [p(a) /1] p’ <y« p,
and |p/(V*)] =1, and |/ (SV(C") \ V*)] #1.
o Completeness (CRC): if p(o) = 2 and [p(V*)| =
v and [p(SV(C') \ V*)] # ¢ and also p |
C’ then RecCheck(a, V*,C’) is defined and p |
RecCheck(a, V*,C")
The algorithm for computing RecCheck and the proofs of
correctness can be found in [10].
In defining the algorithm, we use the following procedures:



e 17 C T5 computes a constraint set C' such that for all p,
p = Ciff pTy < pTo;

e ThUcTo ~ T, C" (resp. Ty Mg Te ~ T', C") computes a
type T” (fresh with respect to C) and a constraint set C”
such that for all p = C and T such that pT, pTs < T
(resp. T < pTy, pT3) there exists p’ = C’ such that
p =sv(c) p and p'T" < T (resp. T < p'T").

These procedures work by reducing 77 and 75 to normal
form and extracting constraints from the size expressions in
corresponding positions. They fail if the normal forms do not
have the same shape, i.e. if |nf(77)| Z |nf(T%)].

The algorithm is defined in Fig. 5. We write C,I" - M° ~~
C'" = T for C,T - M° ~ C' M = T when M is just
(M°)°°. And similarly for C,T'+ M° < T ~ C'. We write
C, '+ M° ~ C" =* W as a shorthand for C,I" = M° ~~
C' = T Awhnf(T) =W.

Let us briefly explain the rules related to streams. In rule
(a-stream) we check that the argument to stream is a type and
introduce a fresh size variable in the result. In rule (a-cons)
we independently check both arguments to cons and then take
the join (least upper bound) of the result. In rule (a-case) we
first check the argument M°, then we check the return type
adding the constraint @ C r to ensure that the type of M has
a successor size; finally, we check the type of the only branch.
In rule (a-cofix) first we check the type of the cofixpoint, and
then its body; we call RecCheck to ensure the conditAion of
typing rule (cofix) are satisfied, adding the constraint A C A
to ensure that o occurs negatively in A.

The type-inference algorithm is sound and complete:

Lemma 20 (Soundness of type inference).
D IfCTF M° < T ~ C',M, then for all p = C',
pl'F pM : pT.
2) If O, T + M° ~ C' M = T, then for all p = C’,
pI'= pM : pT.

Lemma 21 (Completeness of type inference).
D) If o' =M :pT, pl=C, and SV(I',T) CV, then there
exist C', M’ p' suchthat p' = C', p=v p/, P’ M' = M,
and C,T+ |M|<T ~C' M’
) IfpI' M T, plE C, and SV(I') C V, there exist
C' M, T, p such that p' = C', p'T' < T, p' =v p,
pPM =M, and C,TH M|~ C' M =T

VI. RELATED WORK

Guarded recursion: The use of guarded definitions to
ensure productivity in type theory was introduced by Co-
quand [17]. Giménez proves SN for an extension of CC with
streams and guarded recursion [11]. He already observed that
subject reduction (SR) is not valid.

Finding a satisfactory representation of coinduction in type
theory that does not have such problems with SR is currently
an important question in Type Theory. McBride [12] proposes
to use Observational Type Theory. Abel et al. [13] propose
the use of copatterns to define corecursive functions. In a
nutshell, copatterns allows to define corecursive functions by

their observations. This approach satisfies SR; however, the
authors only handle the simply-typed case, and in particular
they do not address the issue of productivity (only coverage).

Altenkirch and Danielsson [18] describe coinduction in
Agda, which allows mixing induction and coinduction. Re-
duction is based on operators that delay and force evaluation
of a corecursive value. This approach does not suffer from the
SR problem, since dependent elimination is not allowed.

Type-based approaches: The literature on termination
and productivity checking using sized types is too vast to
review here—see e.g. [4], [5]. We focus on work related to
dependent type theories.

In [19], [20], Abel proposes extensions of dependent type
theories with sized types and first-class sizes. While this
approach is more expressive than ours, it imposes a greater
burden on the user, as sizes are not hidden—although the task
could be simplified by inferring implicit size information. An
experimental version of Agda incorporates these extensions.
However, as far as we know, there is no comprehensive
metatheoretical study.

In [5] we sketched some of the ideas presented in this paper.

Other approaches: Severi and de Vries [21] propose an
extension of Pure Type Systems with streams, called coPTS.
Productivity is ensured by the type system by keeping track
of the depth of a stream. They use a judgment of the form
I'F; M : T that types M at a depth i. Productivity is ensured
by a rule of the form:

F(f Yi41 T) }_74 M:T
I'Ficofix ffT:=M:T

coPTS allow to type stream definitions that use tail (such as
fib"), but not functions like even. However, this approach is less
compositional than sized types, since size information is not
exported in the type of a function (but tied to the judgment).

Hutton and Jaskelliof [22] propose the use of contractive
functions as a way to ensure productivity of stream defini-
tions in Haskell. They show that any contractive function
streamT — streamT' can be generated from a function of
type list T — T, and viceversa. However, writing functions
this way is not always simple (e.g. the Hamming sequence).

Semantics based on contractive functions have been pro-
posed several times in the literature, e.g. [23], [24] and, in a
more general setting, in [25].

VII. CONCLUSIONS AND FUTURE WORK

We presented an extension of the Calculus of Constructions
with a type-based mechanism for ensuring productivity of
stream definitions. We have proved strong normalization and
logical consistency based on a A-set model. We also presented
a size-inference algorithm, inspired from CIC".

While deep theoretical issues remain, this approach presents
an important improvement over guard predicates currently
implemented in Coq. It is more expressive and easier to un-
derstand, while posing little burden on the user. Furthermore,
it allows to treat induction and coinduction in a uniform way,
both at the theoretical and practical level.



(a-sort)

CTFM ~C =T

C,TFu~ C = Axiom(u)

C.Tkaz~C=T(x)

(a-var)

~check
CTFM =T - uT <1 @cheek

C,F = Tlo ~y Cl,Tl =" uy

Cl,F(I:Tl) = M° ~ Oy = Ty

C3:CQUOOESV(M)

C,F FAx: Tlo.MO ~ 03 = Iz : T1.T5

C,F F Tlo ~ Cl,Tl =% Ul
C’l,F(x : Tl) - TQO > CQ,TQ =* U
C,F FIlx : Tlo.TQO ~ C'Q,Hx 1Ty = Rule(ul,ug)

C,F '_ TO = Typeo ~ ClaT
C,I'F streamT° ~» Cq,stream®T = Type,

« fresh

(a-stream)

C, '+ M° ~ C7 =" stream” T}
C2,T(y1 : T1)(yo : stream®Ty) = N° < P[cons(y1,y2)/x] ~ Cs

(Oluagr),F(a::T)}—PowC’g,P:V‘u

(a-prod)

Ty Ug, Ty ~ T,C3

(a-abs)

C,F"Mlo ~ (O =" Ilx : . T
Ol,FI—MZC’ <= Ty ~ Oy
03 = CQUOO E SV(M2)
C,F"MloMgo M—)Cg :>T[M2/J}]
C’,FI—MlowCl =1

C,T'+ My° ~ Cy =™ stream” Ty
C4 = C3 U oo E SV(Ml)

(a-app)

S = = (a-cons)
C,T + cons(M;°, Ms°) ~» Cy = stream” T

«a fresh

C,T F (casepo x := M°® of cons(yi,y2) = N°) ~ (C3Uocc C SV(N)) = P[M/x]

T* = IIA*.stream* U*

C,T = |T*| ~ Cq,[TAstream® U = u
C1,T(f : TTA.stream® U) = M° < TTIA.stream® U ~ Cy

(a-case)

shift(A, A*) = (V*,A)

RecCheck(a, V*,Co UA C A) = C;

C,T'F cofix f:T* := M° ~ C3 = [1A.stream® U

Fig. 5.

The next step is implementing this system in the Coq kernel.
We also plan to work on the extensions to mutual corecursion
and ML-style polymorphism for stages, i.e. V2.7'(2).

The model we propose can be easily extended to handle
general coinductive types, by interpreting them as the greatest
fixed point of monotone operators. The relational interpretation
extends naturally: two elements are related in [col®], for some
coinductive type col, if they are related at least until depth (s).
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APPENDIX A
SIMPLE METATHEORY OF UCC®

We prove some metatheoretical results about UCC®, includ-
ing substitution, uniqueness of types, and subject reduction
(Lemma 2).

Lemma 22 (Confluence). If M ~ N (resp. M =, N), then
M | N (resp. M |, N).

Proof: Using the parallel reduction method of Tait and
Martin-Lof. U

Definition 23 (Subcontext). We say that A is a subcontext of
T, denoted A < T, if, for all (x : T) €T, there exists T' such
that (x:T') € A with T' < T.

Lemma 24 (Context conversion). If I' = M : T, WF(A), and
AT, then A+-M:T.

Proof: By induction on the type derivation. In rules
(prod), (abs), (case), and (cofix), we use the following

property: if A <T', then A,0 <TI', 0. O
Lemma 25 (Stage substitution). [fI' - M : T then T [s/i] -
M [s/d] : T [s/].

Proof: A straightforward induction fails in rule (cofix),
since s might contain the fresh size variable introduced by
applying rule (cofix). To solve this issue, we first prove a
special case of stage substitution with only size variables:

®if ' M : T and j is fresh in I, M, and T, then
T [y/2) = M [3/4] : T [3/1) with a derivation of the same height.

We proceed by induction on the type derivation. All cases
are easy by applying the IH. In rule (cofix) we use the TH
twice if the size variable introduced in the rule is 5. Then we
prove the following result:

) if T M : T and s does not contain 1, then T'[s/1] b
M [s/2] : T'[s/4].

We proceed by induction on the height h of the type
derivation and case analysis on the last rule used. In (cofix)
we use (*) if the fresh size variable introduced appears in s.

Using (*) and (**), the main result now follows easily. We
consider two cases: if s does not contain 1, the result follows
from (**). If s contains 2, we apply (¥) and substitute 2 by a
fresh size variable « that does not appear in s. Then we apply
(**) substituting x by s. O

Lemma 26 (Substitution). IfTy(x : T)I'o - M : U, T1 - N :
T, and SV(N) =0, then Ty (s [N/z]) = M [N/x] : U [N/z].

Proof: By induction on the type derivation. O
Lemma 27 (Type validity). If ' M : T, then I' - T : u.

Proof: By induction on the type derivation, using
Lemma 25 in the case of rule (cofix). O

Lemma 28 (Uniqueness of types). If ' - M : T} and T
M :T5, then |T1| ~ |T2|

Proof: By induction on M and the following property: if
T1 < TQ, then |T1| ~ |T2| O

Lemma 29 (Subject reduction). If '+ M : T and M — N,
thenT'H N : T.

Proof: By induction on the type derivation and case
analysis on the reduction rule. The interesting cases are when
reduction occurs at the head. We consider the case rule.

[+ M :stream® T T, zistream® T+ P u
T(y1:T)(yo:stream® T) = M’ : P [cons(y1,y2)/z]]

SV(N) =0
T+ ( ) . P[M/q]

case;p| ¥ := M of
cons(y1, y2) = M’
We only consider reduction occurring at the head.

o t-redex We have M = cons(M;,M;) and N =
M’ [M1/y1] [M2/ys]. By inversion on the type derivation
of M and conversion, we have I' + M; : T and
I' = M5 : stream?® T. The result follows by Lemma 26.

o v-redex We have M = (cofix f:T1* := M;) M and

casepo x := (M [cofix f:T1* := My /f]) M of
cons(y1,y2) = M’

. By inversion on the type derivation of M, we have
7" = HAstream'U, @ neg A, T'(f:T1) + My :
Ty [t/1], and T + (cofix f:T4* := My) : Ty [r/1]. By
inversion, 5 C r, then » = 71 for some 7;. By Lemma 26,
I (Ml [COﬁX fZTl* = Ml/f]) T1 [T/Z]. Then,
I' b (M [cofix f:T1* := Mq/f]) : stream®*T. Also by
Lemma 26, T - P {(M1 [cofix f:T1* i= My/f)) M/x]
u. The result follows by conversion (note the use of
unrestricted reduction).

O

APPENDIX B
STRONG NORMALIZATION

In this section we give the proofs of the lemmas and
theorems stated in Sect. IV. Most of the proofs follow by
induction on the relevant structure; we focus on the cases
related to streams (see [5] for more details).

Term interpretation: The following lemmas state proper-
ties of the term interpretation.

Lemma 30 (Soundness of weakening). If [TA F M], s is
defined, and z ¢ FV (A, M), then [I'(z : T°)A = M], o5 is
defined, and

[D(z:T°)A b M]yas = [[AF M5 .

Proof: By induction on the structure of M. The case of
cofixpoints follows by IH.

0
Lemma 31 (Soundness of substitution). If I'(x:T)A F
M : Uad T + N : T are derivable, SV(N) = 0,
v € [I], v = [T+ N, is defined, (y,v,0) € [['(x:T)A],
and [I'(x : T)A F M), s is defined, then [I',A[N/x] +
M [N/x],s is defined, and

[0, A[N/a] = M[N/a]l,s = [D(x: T)AF M), -



Proof: By induction on the structure of M.

o Cofixpoint M = cofix f:W* := Mj. Since the interpre-
tation of M is defined, there exists a unique function F' in
[(z:T)A F W], satisfying the fixpoint equations.
By IH,

[FA[N/z] = W [N/x]],5 =
[C(a: T)AF Wl .s

[CAN/a) (f + W [N/a] | & My [N/allys =
[C(z: T)A(f = [W]) = Myl

Then, the same function F’ satisfies the cofixpoint equa-
tion for A [N/x] + cofix f:W*[N/z| := My [N/x],
and the result follows.

O
The following lemma states that the interpretation is invari-
ant under reduction. Recall the use of Hilbert’s choice operator
in the interpretation of cofixpoints: the conditions imposed

ensure that v-reduction is sound.

Lemma 32 (Soundness of subject reduction). Let ' M : T
and M —, N. If [I' = M], is defined, then [I' - NJ, is
defined and

[0+ M), = [0+ N,

Proof: By induction on M — N. The key cases are when
M is a redex.

e [-redex Follows directly from the definition and
Lemma 31.

o t-redex M = casepo z := cons(uq,us) of cons(y1,y2) =
M, and

N = My [u1/y1] [u2/yo]

The result follows from Lemma 31.
o v-redex
casepo x := ((cofix f:T* := My) Ny) of
cons(y1,y2) = O

and

casepo 1 := (M, [cofix f:T* := My/f]) Ny of
cons(y1,y2) = O

The result follows from Lemma 31, since by the cofix-
point equation, [I' F cofix f:T* :=M;], = [ F
M1 [COﬁX fZT* = Ml/,ﬂ]'y
The rest of the cases concern the compatible closure of —.
They follow easily by direct applications of the IH. O
Relational interpretation: The following lemmas state
some properties of the relational interpretation.

Lemma 33 (Stage substitution). Let s, r be stages, and m a

stage assignment. Then (r [s/1])x = () r(:=(s),)-
Proof: By induction on the structure of r. O

Lemma 34 (Stage monotonicity). For any stages s,r, such
that s C r, and any stage assignment 7, (s)r < (7)) -

Proof: By induction on s C r. Note that, for any s and

7, (8)r < w. |

The following lemma states that the RI of a simple type
does not depend on the derivation.

Lemma 35. Let T be a term such that simple(T) and
SV(T) = 0. If [T + T] is defined and [I' - T1,, =
'+ Ty, then [T+ T]Z ([T +1T1,,)%

Y12

s
Yi~Y2

Proof: By induction on simple(T). If T = stream® T},
the result follows from the definition of the RI of streams and
the IH on 7. O

The following lemmas state several soundness properties
of the relational interpretation: weakening, stage substitution,
substitution, subject reduction and subtyping.

Lemma 36 (Soundness of weakening). If [TA +
UH?V1761)~(72’62) is defined, then [I'(z:T)A -

Erw a1,81)~(72,02,62) is defined and both are equal.

Proof: 1If U
Lemma 30.

stream?® U, the result follows from
O

Lemma 37 (Soundness of stage substitution). If [T +
T[s/1)]%, ., is defined, then [I' F TIEESE) s defined,
and both are equal.

Proof: If T = stream” T1, the result follows from the TH
and Lemma 33. O

Lemma 38 (Soundness of substitution). Let I'(x : U)A F
T:Wand T F N : U and SV(N) = (. Let ; € [T},
v; = [+ Ny, (i, vi,0;) € [D(z: U)A], for i = 1,2, and
[T(x:U)AFT] are defined. Then

s
Y1,V1,01~7Y2,V2,02

[[FA [N/:E] =T [N/x]]]?71751)’”(72752) =
[D(z: U)AET]E,,,

v1,01)~(v2,v2,02)

Proof: If T
Lemma 31.

stream” T3, the result follows from
O

Lemma 39 (Soundness of subject reduction). Let I' - T : u

and T —, U, with simple(T). If [I' = T]7 is defined,

then [I'=UJT, ., is defined and
[THT] =[THU]Z

Y1~Y2

1~V7Y2

s
Y12
Proof: By induction on the structure of 7', using
Lemma 32. O
The following lemma states that the RI is sound with respect
to subtyping.

Lemma 40 (Soundness of subtyping). Assume I' =T, U : u,
and simple(T,U) and T < U. If [I' = T]7, ., and [T
Ul7%, ., are defined, then [I'=T]7 . C[I'FUJT .,

Proof: We proceed by induction on the derivation of T' <
U.

o (st-stream) We have the derivation
n<U
stream” T < stream® U;

sCr




By IH, [[' - T1]7, ., € [I' & Ui]7, .,,- Then, from
the definition of the relational mterpretatlon of streams,
[T + stream” Ty]7 C [ + stream® Uy]7
[T+ stream® U]

2 Y1~Y2 <

Yi~y2”
L
The following lemma is used in the proof of soundness of
the cofixpoint rule.

Lemma 41 (Soundness of stage monotonicity). Let s,r be
stages such that s Cr. If [['=T]Z . is defined, and 1 pos

T, then [T+ TS C [0+ T)5ESD

Proof: From 1 pos T' we know that T [s/1] < T [r/2]. The
result follows from the previous lemma. |
Soundness of the A-set model: We give the proof of
soundness of the A-set model. The proof proceeds by induction
on the type derivation. The interesting case is the (cofix) rule.
The following lemmas show that the use of Hilbert’s choice
operator is well defined, under some condition guaranteed by
the inductive hypotheses in the soundness theorem.
For the following lemmas, let us assume a typing derivation
of the form

T =1IA.stream' U 1 neg A

1 ¢ SV(I,U, M) ET:u
D(f:T)F M:T [/ SV(M)Z@

I+ cofix f:|T|" := M : T [s/1]

Furthermore, we assume:
1) [I'] is defined with y € [I'];
2) [I'F 1T, is defined;
3) [I(f:T)F M],,, is defined for any ¢ such that v, ¢ €
[L(f T
4) [T]°° is defined,;
5) [T'F T]]iow(;_a is defined for any ordinal a;
) [I(f:T) F My, g1mrnpe C [T F T/I55Y 2= for

oo(1i=a

any @1 ~ @2 C [I'E T]yoy

Given the above assumptions, we prove that there is a
unique function satisfying the cofixpoint equation of Defini-
tion. 10. For readability, we omit the context in the interpre-
tations as well as 7.

We give the definition of a function satisfying the cofix-
point equations. Intuitively, the function is constructed by
iterating the body of the cofixpoint. Given a set of functions
® C ([T]),, we write [M]q for the set {[M], : ¢ € ®}.

We define a sequence of sets {®%} for ordinals a < w, as
follows.

) 0¥ ={p:oC [T}

2) @ = [M]ge;

3) ¥ =, ®°.

The intuition is that the functions in ®¢ define the first a items
of the stream; hence the functions in ®“ completely defines
the stream.

Lemma 42. For all a, ®* ~ ®° C [T]|“=°. This means, for
all 1,2 € %, 1 ~ o C [T]"""

Proof: By induction on the ordinal a.

e a = 0. The result follows immediately, as all streams are
related.

e a=b-+1. The result follows from assumption 6.

e 0 = w. Let p1,00 € P¥. ((51,(52) C [[AHZ::UJ. We
want to prove that (p1(01),@2(d2) C [stream® U]"=.
Let j < w; we prove that m;(¢1(61)) = m;(p2(d2)).
From 2 neg A and Lemma 37, (01,82) T [A]*=/FL
Since 1,2 € ®ITL by IH, 1 ~ o T [T
Then, (¢1(81),02(d2)) T [stream® U]“=/*1. Then, by
definition, 7Tj(g01 ((51)) = 7Tj(§02((52)).

[

It is easy to see that the sequence {®°}, is decreasing,

ie., if a < b, then ®°* C ®°. By the previous lemma and
Lemma 37, there is at most one function in the set ®“. We
prove that ®“ is not empty by constructing an element in it.

Let {¢'}; a sequence of functions [T'] defined as follows:

o =60 [A] — (0)
Qpi—H = [M]api

Note that ' € ®%. Let F' C [T be defined as follows

CFB) = (mol@(9), m(2(6), ma(H (D)), ). if
mo(p*(0)) is defined for all 4;

o F(6) = (mol (0)), m(2(0))s ., Tu1 (7(0)), 0), if
mi(p'T1(0)) is defined for i = 0,...,n — 1 and
(" T1(0)) is not defined

We show that F' satisfies the cofixpoint equations. First, we

show that F'is in ®“.

Lemma 43. For all a, F € ®°.

Proof: By induction on a.

e a = 0. The result follows immediately since all functions
are in @Y.

e a=b+1. Let p € . We want to prove that (¢, F') C
[T]"=°. Le., for all 0, j < a, m;j(p(d)) ~ m;(F(9)).
We have ¢ € ®* C ®°. By IH, (p, F) C [T]“="°; we
only need to check the case j = b, as the case j < b
is handled by the IH. We have 7, (F'(8)) =~ mp(%(9)).
Since ¢ € ®%, by Lemma 42, (¢, ¢®) T [T]“=°. Then,
6 (p(d)) =~ mp(©*(d)). The result follows.

e a = w. The result follows by IH and the definition of
R

O

Lemma 44. For all o, F ~ [M]p C [T]*="

Proof: For any a < w, from the previous lemma, since

F € ®°, then [M]r € ®°FL. Then, [M]r € ®*. The result

follows from Lemma 42. O

Applying the previous lemma to a = w, we get that F' =
[M]p.

Theorem 45 (Soundness of the A-set model). 1) If
WE(T'), then [I'|™ is defined for any stage valuation .
Furthermore, if (y1,72) € [I']”, then (y1,7) € [I']>.

2) IfT - M : T, with SV(M) = 0, and (y1,72) € [T]".
then [I' = M), ., [T F T~ are defined and

Y1~7Y2

O+ My, £[CFT]S

Yi~vvz o



3) If '+ T : Type,, simple(T), and (y1,72) € [T]™, then
[T =T]7, ., is defined, and
[T+T]Z

i~y E Ui .
Proof: By induction on the type derivation. We show only
the cases related to streams.
o (stream) Follows directly from the definition and the
IH.

o (cons) M is cons(Ny, N3); we have the derivation

I'N: T I' Ny :stream®T
SV(Nz) =10
T cons(Ny, Ny) : stream® T’

By IH[I' F Ni]y,4, T [T F T]]:lwv2 and [I" F
Naly, 4, © [T F stream® T]Z . . We need to show that
(' F Nilyy 70, [T F N2y, ) C [T F stream® TMww’
This follows from the definition of the RI of streams.
o (case) M is casejp| x:= Ny of cons(yi,y2) = Na;
we have the derivation
Ik Ny :stream® T F,x:streamgT FP:u
T (y1:T)(ya:stream® T') = Ny : P [cons(y1, y2)/x]]
case|p| T = Nj of
cons(y1,y2) = Na

) . PN, /]

We have two cases. If [[' + Ni],, ., = (0,0),
the result follows immediately. If [I' = Nil,, 4, =
({(@i)i=o..., (@})i=0...), then [[' = M), = [IV N2]’y§.
for 5 = 1,2, where IV = T'(y1:T)(y2:streamT) and
7} = 7j, a0, (0)i=o.... The result follows from the TH
on Ny and soundness of substitution (Lemma 31).

o (cofix) M is cofix f:|T|* := N; we have the derivation

T = IIA.stream' U 1 neg A
1 ¢ SV(I',U,N) 'ET:u
D(f:T)F N : Tt/ SV(N)=10

Tk cofix f:|T|" := N : T [s/1]

We are in conditions of applying Lemmas 42- 44. Then

1 = [I' F M],, and 9o = [I' - M],, are defined

and satisfy the cofixpoint equations. We prove that 1 ~

w2 C [I' = T[s/d]7, .., We proceed by induction on
($), using Lemma 37.

— (s)x = 0. The result follows immediately, since all
streams are related.

- (s)= = a+1. The result follows from the IH on N,
Lemma 31 and using the fact that ¢y and @9 satisfy
the cofixpoint equations.

- (s)x = w. We need to show that both streams
coincide in position ¢ for any ¢ < w; this follows
from the IH on (s) .

L]
Theorem 15 follows from the above, since it is a special
case.

Finally, we prove that a term realizes its interpretation
(Lemma 17).

Proof of Lemma 17: We proceed by induction on the
derivation of I' = M : T. We only consider the cases related
to streams.

o (stream) MM is stream®T. We need to show that M6 €
SN. By IH on T, T8 € SN. The result follows.
» (cons) M is cons(Ny, N3); we have the derivation

'EN T ' Ny :stream®T
SV(Ny) =0

I F cons(Ny, Ny) : stream® T’

By IH, N19 'ZHN‘Tl]](’YlN’YLTF) [F = Nl]’hn/z and
N ):[[F)—stream*‘ 1] (y1~v2,7) [F F NQ]%W?. Note that
Jeons(N10, Nof) —yn cons(N16, Nof). The result fol-
lows from the relational interpretation of streams.

o (case) M is casejp| x := Ny of cons(yi,y2) = Na;
we have the derivation

I'F Ny :stream® T [, z:stream® T H P :u
D (y1:T)(ya:stream® T') = Ny : P [cons(y1,y2)/x]]
SV(Nz) =10

= ( case|p| = := Ny of
cons(y1,y2) = Na

) . PN, /]

If ' Ny = (0,0), by IH [N:0 —%, M €
AT. Then M6 —, M" € AT for some M";
by IH, |P|# and N;0 are SN, and the result fol-
lows. If [F - Nl]’n,vz = (<Oéi>i:0__4,<a;>i:0m), then
by IH, |[N:0 —%, cons(Ni,Nj). Then M6 —i,
N30 [N7/y1] [N4/y2]; the result follows from the IH on
N>, and the fact that realizers are closed under weak-head
expansion.

o (cofix) M is cofix f:|T'|* := M;; we have the derivation

T = I1A.stream' U 1 neg A

v ¢ SV(T,U, M) P-T:u
D(f:T)+F My : T [2/4] SV(M;) =10

'k cofix f:|T|" := My : T'[s/1]

Let (¢1,92) be [[' F M],, ~,. By Theorem 15, ¢; =
[O(f:T) = Mi](y, e, for i = 1,2. We need to show
that for all N and (61,02) C [T + Als/4]
that N [=rr-Afs /i) (vi~re,m) (015 92),

s
Si~nn SUCh

(COﬁX f:T* = M1)9 ]\7 ':ﬂF,AFstreamS Ul (v1,01~7v2,02,m)
(1(61), 2(62))

We proceed by induction on (s).

- If (s)r = 0, we need to prove that (cofix f:T* :=
M) N € SN. By the IH, M0, T*0 € SN. By
assumption, N € SN. The result follows.

— Assume that (s), = a+ 1. By IH,

(COﬁX f:T* = Ml)e ):[[FI—T]](’ylrv'yg,ﬂ'(z::a)) ((pla 902)

Let ¢ = 0(f — (cofix f:T* := Mj)0). Then,
0 =S (41, 01), (2, ¢2). By the outer IH on

w(1:=a)



M,

M8 E[rerh/a)(n~ve m(:=a))
[F(f : T) - Ml]'u,wle,«pz

Note that [ + TRAEESY = [T F
TPEE55 ) by Lemma 37. Let N and (61,02)
such that (d1,00) C [I' F APEESED and
N E[rr-AJ (e m(i=at1)) (01,02). Then,

Mlel N ':[[I“Akstream1 Ul (v1,01~72,02,7(1:=a+1))
(¢1(01), ¥2(02))

If (¢1(d1),02(02)) = (0,0) we proceed as in
the previous case. Otherwise, [(M:10'N) —%,
cons(Ny, N3) for some N7 and N. Then, from

L((cofix f:T* := M) N) —yn L(M10' N)

the result follows. .

— Finally, we consider the case (s), = w. Let N
and (01,02) T [I' = Afoo/e]]7 .., such that
N E[r+-Aloo/o)] (y1~va,m) (01,02). We want to show
that

Mle/ N ':[[FAl—stream" Ul (y1,01~72,02,7(1:=w))
(01(01), ¢2(02))
T(1=w)

Y1,01~72,02
Since ¢ neg A,

Recall that [IA F  stream' U]
r]Cl<a.J[[FA - stream® Uﬂﬂ(z::u)

o Y1,61~72,62°
N ):[[F)—A]](mN’yg,ﬂ(z::a)) ((51, (52) for any da. The
result follows by the main IH.

[l
APPENDIX C
TYPE INFERENCE

We give the proofs of soundness and completeness of the
type inference algorithm.

Before stating soundness and completeness of the type
inference algorithm, we need to prove some simple properties
about the algorithm.

Lemma 46. Assume that p1 <y, pa. If V1 pos T, then p1T <
p2T. If V1 neg T, then p2T < p1T.

Proof: By induction on the definition of positivity. O
Lemma 47. If p = (co C SV(M)), then SV(pM) = 0.

Proof: We must have p(a)) = oo for all « € SV(M). The
result follows by induction on terms. |

Lemma 48. o T < T [¢/4] if and only if v pos T.
o T[i/2) <T if and only if » neg T.

Proof: By induction on the relevant derivation. O

Lemma 49. If Ty Uc Ty ~ T',C' and p E C', then
pTh, pTo < pT'

Lemma 50. If p = C, pT1, pT5 < T, then there exists Ty U
Ty ~T',C" and p' = C' such that p'T" < T.

Lemma 51 (Soundness of type inference).
) If C,;T' = M° < T ~ C', M, then for all p = C’,
pl'= pM : pT.
2) IfC,T' + M° ~ C' M = T, then for all p = (',
pl'F pM : pT.

Proof: We proceed by simultaneous induction on the
respective derivation. We only consider the cases related to
streams.

o (a-stream) M° is stream T}. Take p such that p = Cj.
By IH, pI' = pT' : Type,. The result follows by applying
rule (stream).

« (a-cons) M° is cons(M;°, M5°). Take p such that p |=
C3Uoo C SV(My). By IH, pI' - pM; : pTy and pI' -
pMs : p(stream” Ty). By Lemma 47, SV(pM;) = 0.
The result follows from Lemma 49, two applications of
conversion, and rule (cons).

o (a-case) M° is casepo x:= M;° of cons(y1,y2) =
M>°. Take p such that p = C35 U oo C SV(Ms). By
IH pI' b pM; : p(stream”Ty). Since pa C pr, using
conversion, we have pI' = pM; : p(stream®T). By
IH—and conversion—pI'(z : p(stream®T})) F pP : u.
Again, by IH, pI'(y1 : pT1)(y2 : p(stream®T1)) F pMy :
p(P [cons(y1,y2)/z]). By Lemma 47, SV(pMsy) = (.
The result follows by applying rule (case).

o (a-cofix) M is cofix f:T* := M;°. Take p such that p =
C3. By (SRC) there exists p’ and ¢ such that p'(a) = 2 and
p'ECUACA, [p(a)/1]p" v+ p,and [p/(V¥)] =1,
and p(ag) # ¢ for all ay ¢ V*.

Since SV(T', U, M71)NV* = 0, we have pI' = p'T’, pU =
p'U and pM; = p’M;. By IH, using p/,

pl = o' (TTA.stream® U) : u
pD(f : p/(IA stream® U)) b pM; : p'(IIA stream® U7)

Since p'(V*) = 2 and shift(A,A*) = (V*,A), we
have p’A = ([i/1] p')A. From p' = A C A we have
([e/2]p')A_ < p'A. By Lemma 48, » neg A. Note
that p/(TTA.stream® U) = ([7/1] p')(TIA.stream® U) =
(0 (IIA.stream®U))[+ := 7]. By rule (cofix) using
s = pla), we have pI' b cofix f:T* := pM;
p' (TTA.stream® U) [z := s]. By Lemma 46,
p'(ITA.stream®*U)r = s] < p(IIA.stream®U).
The result follows by conversion.

O

Lemma 52 (Completeness of type inference).

D) If ' =M :pT, pl=C, and SV(I',T) CV, then there
exist C', M', p' suchthat p' = C', p =y p/, P’ M' = M,
and C, T+ |M|<T ~ C'", M’

D Ifp' M : T, plE C, and SV(T') C V, there exist
C' M, T, p such that p' = C', p'T" < T, p' =v p,
pPM =M, and C,T H M|~ C' M =T



Proof: We first prove that (2) implies (1). Let pI' - M :
pT, and take C' and V such that p |= C and SV(I',T)) C V. By
(2), there exists Cy, My, Ty, p1 such that p; = C1, p1Th < pT,
1 =v p, mM1 = M, and C,T'F |M‘ ~ Cy, My = T.
Since SV(T') C V, pT = p1T. The result follows.

We prove (2) by induction on the type derivation.

o (stream) M is stream®T3; we have the derivation
pI' =17 : Type,
pI' = stream® T3 : Type,

By (1), there exists C’, Ty, and p’ such that p' = C’,

o =v p, pT{ =T1,and C\T F |T1| < Type, ~ C', T}.

Take a fresh « such that @ ¢ V. Then C' U a C oo,

stream® 77, Type,, and [s/a] p’ satisfy the requirements.
« (cons) M is cons(M;, Ms); we have the derivation

pI'E M, :T
pI'FE My : stream®T  SV(M;) =10

pT' = cons(My, My) : stream® T

By IH, there exists Cy, M{, Ti and p; such that
pr = Ci, pTy < T, p1 =v p, mM{ = M,
and C,\T' + |My| ~ Cy,M; = T;. By IH, using
V! 2 SV(Ty), there exists Ca, M, Ty and py such that
p2 = Ca, poTo < T, po =y p1, p2 My = M, and
C,F - |M2| ~ CQ,Mé = T5. Since p2T17p2T2 <T,
the result follows from Lemma 50.
o (case) M is case;p| x := My of cons(yy,y2) = M>

pl' F My : stream® T pF,x:streamgT FP:u
pl(y1 : T)(y2 : stream® T') - My : P [cons(y1,y2)/x]
SV(Ms) =10
C < case|p| x := M of

cons(y1,y2) = Mo

) . P[M;/z]

By IH, there exists Cy, M1, T} and p; such that p; = Cy,
oy < stream® T, p1 =v p, M| = My, and C,T I
|My| ~» C1,M{ = Ty. Then whnf(Ty) = stream” T}
with § C p(r). Take a fresh «, and set p;(«) = s. The
result follows by applying the IH to the derivations of P
and M.

o (cofix) M is cofix f:|T|" := M;; we have the derivation

T = IIA.stream' U 1 neg A
1 ¢ SV(I,U, M) LT u
pL(f :T)F My : T [i/1] SV(M) =10
pI' F (cofix f:|T|" := My) : T [s/4)

By IH on the derivation of T, there exists Cr, T', Wr, pr
such that pr ': Cr, prWr < u, pr =v p, pTT/ =T,
and C,\T'F|T| ~ Cp, T = W.

Let T’ =  IlA’stream®U’ and [T]' =
IM|A|".stream®U°. Let (V*,A) = shift(A’,|A]").
Then, from prT’ = T, we have |pr(V*)] = ¢ and, in
particular, pr(a) = . R

Note that T'[i/1] = prT'[i/2] = pr(IIA.stream® U).
By IH on the derivation of M, using V/ O V U V*,
there exist C'p, Mg, pp such that pp ': Cg, PB =V’ PT»

ppMp = M, and Cp,I' - M; < A .stream® U ~
Cp, Mp. Since V* C V', we have | pp(V*)| = 1. Since ¢
does not occur in pI' = pgl’, My = pgMp, and pgU’ =
prU’ = U, then [pp(SV(Cp)) \ V*)| # 2. Since 1 neg
A, A < A. Then pgA < pgA and pp = A C A
We have then pp = Cp U A C A. By (CRO), Cf =
RecCheck(a, V*,C5 UA C A) is defined and pp
Cy. Then Cy, cofix f:|T|" := Mp,T’,[s/4] pp satisfy the
required conditions.

O



