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Some old 
friends

Gaussian process = 

Bayesian linear regression + Kernels

Henry Chai - 2/11/25 2



A new 
perspective
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Gaussian process = 

The extension of a Gaussian 

distribution to functions



 (Univariate) Gaussians:

𝑥 ∼ 𝒩 𝑥; 𝜇 = 0, 𝜎2 = 1

 Multivariate Gaussians: lllllll

𝒙 = 𝑥1, … , 𝑥𝐷
𝑇

∼ 𝒩 𝒙; 𝝁 = 𝟎𝐷 , Σ = 𝐼𝐷  

Gaussians
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Gaussians
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 (Univariate) Gaussians:

𝑥 ∼ 𝒩 𝑥; 𝜇 = 0, 𝜎2 = 1

 Multivariate Gaussians: lllllll

𝒙 = 𝑥1, … , 𝑥𝐷
𝑇

∼ 𝒩 𝒙; 𝝁 = 𝟎𝐷 , Σ = 𝐼𝐷  



𝑓: ℝ𝑝 ↦ ℝ ∼ 𝒢𝒫 𝑓; 𝜇 𝑥 = 0, 𝐾 𝑥, 𝑥′ = exp − 𝑥 − 𝑥′ 2

Gaussian 
Process (GP)

6

x

Mean ± 2 Standard Deviat ions

𝑓 ~ 𝒢𝒫 𝜇, Σ → 𝑓 𝑥  ~ 𝒩 𝜇 𝑥 , Σ 𝑥, 𝑥
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Gaussian 
Process (GP)

7

x

Samples Mean ± 2 Standard Deviat ions

𝑓: ℝ𝑝 ↦ ℝ ∼ 𝒢𝒫 𝑓; 𝜇 𝑥 = 0, 𝐾 𝑥, 𝑥′ = exp −
𝑥 − 𝑥′ 2

2
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𝑓 ~ 𝒢𝒫 𝜇, Σ → 𝑓 𝑥  ~ 𝒩 𝜇 𝑥 , Σ 𝑥, 𝑥



Gaussian 
Process (GP)

8

x

Samples Mean ± 2 Standard Deviat ions
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𝑓 ~ 𝒢𝒫 𝜇, Σ → 𝑓 𝑥  ~ 𝒩 𝜇 𝑥 , Σ 𝑥, 𝑥

𝑓: ℝ𝑝 ↦ ℝ ∼ 𝒢𝒫 𝑓; 𝜇 𝑥 = 0, 𝐾 𝑥, 𝑥′ = exp − 𝑥 − 𝑥′



GP Prior
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x

Mean ± 2 Standard Deviat ions
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𝑓: ℝ𝑝 ↦ ℝ ∼ 𝒢𝒫 𝑓; 𝜇 𝑥 = 0, 𝐾 𝑥, 𝑥′ = exp −
𝑥 − 𝑥′ 2

2



GP Posterior

10

x

D = Data Mean ± 2 Standard Deviat ions
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𝑓 | 𝒟 ∼ 𝒢𝒫 𝑓; 𝜇𝒟 , 𝐾𝒟



GP Posterior

11

x

Samples D = Data Mean ± 2 Standard Deviat ions
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𝑓 | 𝒟 ∼ 𝒢𝒫 𝑓; 𝜇𝒟 , 𝐾𝒟



GP Posterior
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x∗x

Samples D = Data Mean ± 2 Standard Deviat ions

𝑓 𝑥∗  ~ 𝒩 𝜇𝒟 𝑥∗ , 𝐾𝒟 𝑥∗, 𝑥∗

𝑓 | 𝒟 ∼ 𝒢𝒫 𝑓; 𝜇𝒟 , 𝐾𝒟
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Kernel Hyperparameters

x

Samples D = Data Mean ± 2 Standard Deviat ions

x

Samples D = Data Mean ± 2 Standard Deviat ions

13

(log) marginal likelihood:

log 𝑁 𝒚; 𝜇 𝑋 , 𝐾 𝑋, 𝑋 = −6.82

(log) marginal likelihood:

log 𝑁 𝒚; 𝜇 𝑋 , 𝐾 𝑋, 𝑋 = −8.26

𝑓 ∼ 𝒢𝒫 𝑓; 0, 12 exp −
𝑥 − 𝑥′ 2

2 12
𝑓 ∼ 𝒢𝒫 𝑓; 0, 22 exp −

𝑥 − 𝑥′ 2

2 22
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Wait, does this model always 
have zero training error rate??? 

x

Samples D = Data Mean ± 2 Standard Deviat ions

x

Samples D = Data Mean ± 2 Standard Deviat ions

14Henry Chai - 2/11/25

(log) marginal likelihood:

log 𝑁 𝒚; 𝜇 𝑋 , 𝐾 𝑋, 𝑋 = −6.82

(log) marginal likelihood:

log 𝑁 𝒚; 𝜇 𝑋 , 𝐾 𝑋, 𝑋 = −8.26

𝑓 ∼ 𝒢𝒫 𝑓; 0, 12 exp −
𝑥 − 𝑥′ 2

2 12
𝑓 ∼ 𝒢𝒫 𝑓; 0, 22 exp −

𝑥 − 𝑥′ 2

2 22



Noise

x

Samples D = Data Mean ± 2 Standard Deviat ions

x

Samples D = Data Mean ± 2 Standard Deviat ions

15

𝜎2 = 0.5
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x

Samples D = Data Mean ± 2 Standard Deviat ions
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x

observations µ(x) 95%CI

x

Samples D = Data Mean ± 2 Standard Deviat ions

𝜎2 = 0.1

(log) marginal likelihood:

log 𝑁 𝒚; 𝜇 𝑋 , 𝐾 𝑋, 𝑋 = −5.11

(log) marginal likelihood:

log 𝑁 𝒚; 𝜇 𝑋 , 𝐾 𝑋, 𝑋 = −7.84
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