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Efficiency

 Depending on the transformation 𝜙 and the 

dimensionality of the original input space 𝒳, computing 

𝜙 𝒙 can be prohibitively computationally expensive

 Computing 𝜙2 𝒙 = 𝑥1, 𝑥2, … , 𝑥𝑑 , 𝑥1
2, 𝑥1𝑥2, … , 𝑥𝑑

2

requires 𝑑 + 𝑑
2

+ 𝑑 =
𝑑2+3𝑑

2
= 𝑂 𝑑2 time

 Computing 𝜙10 𝒙 requires 𝑂 𝑑10 time

 Tradeoff:

 High-dimensional transformations can result in good 

hypotheses (as long as they don’t overfit)

 High-dimensional transformations are expensive
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The Kernel 
Trick
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 Approach: instead of computing 𝜙 𝒙 , find some function          

𝑘𝜙 s.t. 𝑘𝜙 𝒙, 𝒙′ = 𝜙 𝒙 𝑇𝜙 𝒙′  ∀ 𝒙, 𝒙′ ∈ 𝒳

 𝑘𝜙 𝒙, 𝒙′  should be cheaper to compute than 𝜙 𝒙

 Example: ෨𝜙2 𝒙 = 𝑥1, … , 𝑥𝑑 , 𝑥1
2, 2𝑥1𝑥2, … , 2𝑥𝑑−1𝑥𝑑 , 𝑥𝑑
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= 𝒙𝑇𝒙′ + 𝒙𝑇𝒙′ 2

 𝑘෩𝜙2
𝒙, 𝒙′ = 𝒙𝑇𝒙′ + 𝒙𝑇𝒙′ 2

 Computing ෨𝜙2 𝒙 𝑇 ෨𝜙2 𝒙′  requires 𝑂 𝑑2  time whereas 

computing 𝑘෩𝜙2
𝒙, 𝒙′  only takes 𝑂 𝑑 !



Squared 
Exponential 
Kernel
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Bayesian linear regression using the squared exponential 

kernel 𝐾 𝒙1, 𝒙2 = 𝜆2 exp −
𝒙1−𝒙2 2

2

2ℓ2  with 𝜆 = ℓ = 1. 

The true function is 𝑓 𝑥 = sin 𝑥 with additive, zero-mean 

Gaussian noise where the noise variance is 𝜎2 = 0.12 
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