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* Announcements:

* HW2 released on 5/16, due 5/20 (tomorrow!) at
Front Matter 11:59 PM

- HW3 to be released on 5/20 (tomorrow!), due 5/23
at 11:59 PM
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* Previously:

* (Unknown) Target function, c*: X =» Y
* Classifier, h : X = Y
Probabilistic * Goal: find a classifier, h, that best approximates c*

Learning - Now:
* (Unknown) Target distribution, y ~ p*(Y|x)
* Distribution, p(Y|x)

* Goal: find a distribution, p, that best approximates p*
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Likelihood
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* Given N independent, identically distribution (iid)

samples D = {x(l), . x(N)} of a random variable X

* If X is discrete with probability mass function (pmf)
p(X|0), then the likelihood of D is

N
1©®) = | [p(x™16)

* If X is continuous with probability density function (pdf)
f(X]0), then the likelihood of D is

N
L(6) = H'(x(n)|g)
n=1



Log-Likelihood
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* Given N independent, identically distribution (iid)

samples D = {x(l), . x(N)} of a random variable X

* If X is discrete with probability mass function (pmf)
p(X|0), then the log-likelihood of D is

N N
£(0) = logl_[p(x(")|9) = z logp(x(")|9)
n=1 n=1

* If X is continuous with probability density function (pdf)
f(X]0), then the log-likelihood of D is

N N
2©) =log| [ f(x™16) = ) logf(x™]6)
n=1 n=1



Maximum
Likelihood

Estimation
(MLE)
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* Insight: every valid probability distribution has a finite

amount of probability mass as it must sum/integrate to 1

* |dea: set the parameter(s) so that the likelihood of the

samples is maximized

* Intuition: assign as much of the (finite) probability mass

to the observed data at the expense of unobserved data

1.50 | —A=05
‘ Example: the 1.25 —-A=1
A=15
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L . §0.75-
distribution -
0.25-\
0.00 . . . .
0 1 2 3 4 5)

T

Source: https://en.wikipedia.org/wiki/Exponential_distributiontt/media/File:Exponential probability density.svg



https://en.wikipedia.org/wiki/Exponential_distribution

* Insight: every valid probability distribution has a finite

amount of probability mass as it must sum/integrate to 1

* |dea: set the parameter(s) so that the likelihood of the

samples is maximized

Maximum
Likelihood * Intuition: assign as much of the (finite) probability mass
I e I O_O to the observed data at the expense of unobserved data
Estimation D
(IV”.E) - Example: the 125} _i:ﬁ _
exponential o -
distribution =P {X(l) = 0.5,
0.50 x(z) _ 1}
0.25
0.00 | :
4 5

Henry Chai-5/19/25 Source: https://en.wikipedia.org/wiki/Exponential_distributiontt/media/File:Exponential probability density.svg
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Maximum
Likelihood

Estimation
(MLE)
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* Insight: every valid probability distribution has a finite

amount of probability mass as it must sum/integrate to 1

* |dea: set the parameter(s) so that the likelihood of the

samples is maximized

* Intuition: assign as much of the (finite) probability mass

to the observed data at the expense of unobserved data

1.50 | —A=05 |
¢ Example: the 125 F - =1
A=1.5
exponential 100 '
. Somt - (1) _
distribution ~ 075\ {x = 2,
0.50\ . x(z) _ 3}
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0.00 ¢ ¥ :
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Source: https://en.wikipedia.org/wiki/Exponential_distributiontt/media/File:Exponential probability density.svg
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General
Recipe

for
Machine
Learning
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* Define a model and model parameters

- Write down an objective function

* Optimize the objective w.r.t. the model parameters
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* Write down an obJectlve function

* Define a model and model parameters
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* Optimize the obJectlve w.r.t. the model parameters
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Exponential

Distribution
MLE
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* The pdf of the exponential distribution is

f(x|2) = 2e™H
- Given N iid samples {xW, .., xM} the likelihood is
()
LC'}\ ‘—T e~ A
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* The pdf of the exponential distribution is
f(x]2) = Ae™>

- Given N iid samples {xV, ..., x(M}, the log-likelihood is

Exponential L) = § h’@ﬂ

Distribution - e
MLE - 2. ],937\ N C )

Henry Chai - 5/19/25 = z) N — N/ zx[ﬂ')
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Bernoulli

Distribution
MLE
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* A Bernoulli random variable takes value 1 with
probability ¢ and value O with probability 1 — ¢

* The pmf of the Bernoulli distribution is

p(x|p) = ¢*(1— )™

14



* A Bernoulli random variable takes value 1 (or heads) with
probability ¢ and value O (or tails) with probability 1 — ¢

* The pmf of the Bernoulli distribution is

p(x|p) = d*(1 — )™
» Given N iid sam%es {x(W, .. x(N)} the log-likelihood is

Coin x () |~ xt
S 0UP) = D Loy (BT )

MILE l} }(Uﬁ \,039‘5 T C\’X(ﬁ)> C\ Q‘)
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* A Bernoulli random variable takes value 1 (or heads) with
probability ¢ and value O (or tails) with probability 1 — ¢

* The pmf of the Bernoulli distribution is

p(x|p) = p*(1 — ) ™*
* The partial derivative of the log-likelihood is
Coin 1B) = N\og p + N log (1~¢)
Flipping S0
MLE ~— 2 N, No (1)

A A R
DNI(-8)=No f DN, = 6( w\*%)



m

Lecture 8 + 9 Polls

0 surveys completed

0 surveys underway

Start the presentation to see live content. For screen share software, share the entire screen. Get help at pollev.com/app



m

Given the result of your 5 coin flips, what is the MLE of ¢ for your coin?

0/5

1/5

2/5

3/5

4/5

5/5

Start the presentation to see live content. For screen share software, share the entire screen. Get help at pollev.com/app
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* Insight: sometimes we have prior information we want
to incorporate into parameter estimation

- ldea: use Bayes rule to reason about the posterior
distribution over the parameters

Maximum a S MLE Cuds @2 arymex P(’D\G)

Posteriori A S

(MAP) - MAP L O = aﬁemii?(:e [D)

Estimation posterior © | qremen F(D\e) ?(e)
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* Define a model and model parameters

- Sﬁﬁ‘i% C. {r.f___gﬁw: :;,-[‘ur-\ u—/ [Za) Osr'mof"
T A e

- Write down an objective function

N
ﬁM? @9> - 25 \03 ?(ch\ 19)

nc

* Optimize the objective w.r.t. the model parameters

Solve  ia c,\en%e.éh Qrm Uy
Cﬁ‘sﬁ r_c...\ G:»m r\A' (V\QP"L OA
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* A Bernoulli random variable takes value 1 (or heads) with

probability ¢ and value O (or tails) with probability 1 — ¢

* The pmf of the Bernoulli distribution is

Coin p(x|p) = ¢*(1 —p)' >
F|ipping - Assume a Beta prior over the parameter ¢, which has pdf
MAP . _
R G
f@lap) = —F—

where B(a, B) = fol d* (1 — ¢p)P~1d¢ is a normalizing

constant to ensure the distribution integrates to 1
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Beta

Distribution

Henry Chai - 5/19/25

fgla, B)

12

14

0.8 -

04 A

02 -

00

Beta Distribution w/ a=1 and =1

L]

02 04 0e 0oa

140

23



Beta

Distribution
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Beta

Distribution
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Beta

Distribution
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Beta

Distribution
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- Given N iid samples {x(1), ..., x(™)}, the log-posterior is

%Q?): —%’\of) F(X(n\\fﬁ’) + \04) ?Lé)
\eﬁ) N=\

\V D,
\ojk? L \

™

SO N bng b+ N Loy (1)

Flipping ; -)

= / Cj (£GP )
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MAP
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» Given N iid samples {x(l), ,x(N)}, the partial derivative of
the log-posterior is

o, (B =[N a ) Lops (Norp )

\Dn)(\—;ﬁ)
Coin — by Bl B)
Flipping OLpe _ N (+al-) No B~
MAP 0% b ‘ ,,_}25 |
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Coin

Flipping
MAP:
Example
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* Suppose D consists of ten 1’s or heads (N; = 10) and
two 0’s or tails (N; = 2):

10 10
10+2 12

¢MLE —

* Using a Beta prior witha = 2 and f = 5, then
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Coin

Flipping
MAP:
Example
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* Suppose D consists of ten 1’s or heads (N; = 10) and

two 0’s or tails (N; = 2):

10 10 &
10+2 12

¢MLE —

* Using a Beta prior with @ = 101 and f = 101, then

¢ \.LOJ_ _ HO (;'{,OS-
MAY “| Lo+ |02 T 212
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* Suppose D consists of ten 1’s or heads (N; = 10) and
two 0’s or tails (N; = 2):

Coin 10 10

Flipping PMiE = 1032 " 12

AV VAN 2 * Using a Beta priorwitha = 1and f = 1, then
—_— _———

Example
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* Probabilistic learning tries to learn a probability

distribution as opposed to a classifier

- Two ways of estimating the parameters of a probability

distribution given samples of a random variable:
- Maximum likelihood estimation — maximize the
(log-)likelihood of the observations
- Maximum a posteriori estimation — maximize the
(log-)posterior of the parameters conditioned on the
observations

- Requires a prior distribution, drawn from

background knowledge or domain expertise
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