
10-301/601: Introduction 
to Machine Learning
Lecture 11 – 
Regularization
Henry Chai

6/7/23



Front Matter

� Announcements:

� PA3 released 6/8 (tomorrow), due 6/15 at 11:59 PM

� Midterm on 6/23, two weeks from Friday

� Practice problems for the Midterm will be 

posted to the course website on Friday, 
under Recitations

� Recommended Readings:

� Murphy, Chapter 7.5
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https://www.cs.cmu.edu/~hchai2/courses/10601/
https://ebookcentral.proquest.com/lib/cm/reader.action?docID=3339490&ppg=256


Linear 
Models
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Linear 
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Linear 
Models?
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Linear 
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Linear 
Models?
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Nonlinear 
Models
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Feature 
Transforms

� Given 𝐷-dimensional inputs 𝒙 = 𝑥!, … , 𝑥" , first 
compute some transformation of our input, e.g.,

𝜙 𝑥!, 𝑥# = 𝑧! = 𝑥! − 0.5 #, 𝑧# = 𝑥# − 0.5 #  
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Nonlinear 
Models
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Nonlinear 
Models
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Nonlinear 
Models
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Nonlinear 
Models
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General
𝑄!"-order 
Transforms 

� 𝜙!,! 𝑥#, 𝑥! = 𝑥#, 𝑥!, 𝑥#!, 𝑥#𝑥!, 𝑥!!

� 𝜙!,$ 𝑥#, 𝑥! = 𝑥#, 𝑥!, 𝑥#!, 𝑥#𝑥!, 𝑥!!, 𝑥#$, 𝑥#!𝑥!, 𝑥#𝑥!!, 𝑥!$

� 𝜙!,% 𝑥#, 𝑥! =
[𝑥#, 𝑥!, 𝑥#!, 𝑥#𝑥!, 𝑥!!, 𝑥#$, 𝑥#!𝑥!, 𝑥#𝑥!!, 𝑥!$, 𝑥#%, 𝑥#$𝑥!, 𝑥#!𝑥!!, 𝑥#𝑥!$, 𝑥!%]	

� 𝜙!,& maps a 2-dimensional input to a  & &'$
!

	-dimensional output 

� Scales even worse for higher-dimensional inputs…

Henry Chai - 6/7/23 15



Linear 
Models

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

-

-

-

-

-

-- -

--

-

-

Henry Chai - 6/7/23 16



Nonlinear 
Models?
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Feature 
Transforms: 
Tradeoffs

Low-Dimensional 
Input Space

High-Dimensional 
Input Space

Training Error High Low
Generalization Good Bad 

Henry Chai - 6/7/23 18



Feature 
Transforms: 
Experiment

� 𝑥 ∈ ℝ, 𝑦 ∈ ℝ and 𝑁 = 20

� Targets are generated by a 10$%-order polynomial in 𝑥 

with additive Gaussian noise:

       

  where 𝜖	~	𝑁 0, 𝜎#

�ℋ# = 2&'-order polynomials 

� 𝜙!,# 𝑥 = 𝑥, 𝑥#

�ℋ!) = 10$%-order polynomials

� 𝜙!,!) 𝑥 = 𝑥, 𝑥#, 𝑥*, 𝑥+, 𝑥,, 𝑥-, 𝑥., 𝑥/, 𝑥0, 𝑥!)

𝑦 = 8
12)

!)

𝑎1𝑥1 + 𝜖
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Noisy Targets
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• 10-dimensional target 
function with additive 
Gaussian noise

• ℋ# = 2&'-order polynomial

• ℋ!) = 10$%-order 

polynomial
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• 10-dimensional target 
function with additive 
Gaussian noise

• ℋ# = 2&'-order polynomial

• ℋ!) = 10$%-order 

polynomial
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Noisy Targets
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• 10-dimensional target 
function with additive 
Gaussian noise

• ℋ# = 2&'-order polynomial

• ℋ!) = 10$%-order 

polynomial
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Noisy Targets
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• 10-dimensional target 
function with additive 
Gaussian noise

• ℋ# = 2&'-order polynomial

• ℋ!) = 10$%-order 

polynomial
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Noisy Targets

ℋ# ℋ!)

Training 
Error

0.016 0.011
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Error

0.009 3797
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Feature 
Transforms: 
Experiment

� 𝑥 ∈ ℝ, 𝑦 ∈ ℝ and 𝑁 = 100

� Targets are generated by a 10$%-order polynomial in 𝑥 

with additive Gaussian noise:

       

  where 𝜖	~	𝑁 0, 𝜎#

�ℋ# = 2&'-order polynomials 

� 𝜙!,# 𝑥 = 𝑥, 𝑥#

�ℋ!) = 10$%-order polynomials

� 𝜙!,!) 𝑥 = 𝑥, 𝑥#, 𝑥*, 𝑥+, 𝑥,, 𝑥-, 𝑥., 𝑥/, 𝑥0, 𝑥!)

𝑦 = 8
12)

!)

𝑎1𝑥1 + 𝜖
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Noisy Targets
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ℋ# ℋ!)

Training 
Error

0.018 0.010

True 
Error

0.009 0.003
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Regularization

Henry Chai - 6/7/23

� Constrain models to prevent them from overfitting

� Learning algorithms are optimization problems and 
regularization imposes constraints on the optimization
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Hard 
Constraints

�ℋ!) = 10$%-order polynomials

� 𝜙!,!) 𝑥 = 𝑥, 𝑥#, 𝑥*, 𝑥+, 𝑥,, 𝑥-, 𝑥., 𝑥/, 𝑥0, 𝑥!)

� Given Χ =

1 𝜙!,!) 𝑥 !

1 𝜙!,!) 𝑥 #

⋮ ⋮
1 𝜙!,!) 𝑥 3

 and 𝒚 =

𝑦 !

𝑦 #

⋮
𝑦 3

	find                 

𝝎 = 𝜔), 𝜔!, 𝜔#, 𝜔*, 𝜔+, 𝜔,, 𝜔-, 𝜔., 𝜔/, 𝜔0, 𝜔!)  
that minimizes

� Subject to
𝜔* = 𝜔+ = 𝜔, = 𝜔- = 𝜔. = 𝜔/ = 𝜔0 = 𝜔!) = 0

Henry Chai - 6/7/23

Χ𝝎 − 𝒚 4 Χ𝝎 − 𝒚
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Hard 
Constraints

�ℋ!) = 10$%-order polynomials

� 𝜙!,!) 𝑥 = 𝑥, 𝑥#, 𝑥*, 𝑥+, 𝑥,, 𝑥-, 𝑥., 𝑥/, 𝑥0, 𝑥!)

� Given Χ =

1 𝜙!,!) 𝑥 !

1 𝜙!,!) 𝑥 #

⋮ ⋮
1 𝜙!,!) 𝑥 3

 and 𝒚 =

𝑦 !

𝑦 #

⋮
𝑦 3

	find                 

𝝎 = 𝜔), 𝜔!, 𝜔#, 𝜔*, 𝜔+, 𝜔,, 𝜔-, 𝜔., 𝜔/, 𝜔0, 𝜔!)  
that minimizes

� Subject to
𝜔* = 𝜔+ = 𝜔, = 𝜔- = 𝜔. = 𝜔/ = 𝜔0 = 𝜔!) = 0

Henry Chai - 6/7/23

8
52!

3

8
12)

!)

𝑥1
5 𝜔1 − 𝑦 5

#
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�ℋ!) = 10$%-order polynomials

� 𝜙!,!) 𝑥 = 𝑥, 𝑥#, 𝑥*, 𝑥+, 𝑥,, 𝑥-, 𝑥., 𝑥/, 𝑥0, 𝑥!)

� Given Χ =

1 𝜙!,!) 𝑥 !

1 𝜙!,!) 𝑥 #

⋮ ⋮
1 𝜙!,!) 𝑥 3

 and 𝒚 =

𝑦 !

𝑦 #

⋮
𝑦 3

	find                 

𝝎 = 𝜔), 𝜔!, 𝜔#, 𝜔*, 𝜔+, 𝜔,, 𝜔-, 𝜔., 𝜔/, 𝜔0, 𝜔!)  
that minimizes

� Subject to nothing!

Hard 
Constraints

Henry Chai - 6/7/23
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Hard 
Constraints

Henry Chai - 6/7/23

Χ𝝎 − 𝒚 4 Χ𝝎 − 𝒚

�ℋ# = 2&'-order polynomials

� 𝜙!,# 𝑥 = 𝑥, 𝑥#	

� Given Χ =

1 𝜙!,# 𝑥 !

1 𝜙!,# 𝑥 #

⋮ ⋮
1 𝜙!,# 𝑥 3

 and 𝒚 =

𝑦 !

𝑦 #

⋮
𝑦 3

 find                 

𝝎 = 𝜔), 𝜔!, 𝜔#  
that minimizes

� Subject to nothing!
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� More generally, 𝜙 can be any nonlinear transformation, 

e.g., exp, log, sin, sqrt, etc... 

� Given Χ =
1 𝜙! 𝒙 ! ⋯ 𝜙6 𝒙 !

⋮ ⋮ ⋱ ⋮
1 𝜙! 𝒙 3 ⋯ 𝜙6 𝒙 3

 and 𝒚 =

𝑦 !

𝑦 #

⋮
𝑦 3

, 

find 𝝎 that minimizes

� Subject to:

Soft 
Constraints

𝝎 #
# = 𝝎4𝝎 = 8

12)

"

𝜔1# ≤ 𝐶

Henry Chai - 6/7/23

Χ𝝎 − 𝒚 4 Χ𝝎 − 𝒚
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𝝎4𝝎 = 𝐶

0,0

subject	to	𝝎4𝝎 ≤ 𝐶

minimize	ℓ𝒟 𝝎 = Χ𝝎 − 𝒚 4 Χ𝝎 − 𝒚

Q𝝎

ℓ𝒟 𝝎

Soft 
Constraints
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0,0

Henry Chai - 6/7/23

Soft 
Constraints

subject	to	𝝎4𝝎 ≤ 𝐶

minimize	ℓ𝒟 𝝎 = Χ𝝎 − 𝒚 4 Χ𝝎 − 𝒚

𝝎4𝝎 = 𝐶

Q𝝎

ℓ𝒟 𝝎
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0,0

Q𝝎89:∇𝝎ℓ𝒟 Q𝝎89:

Henry Chai - 6/7/23

Soft 
Constraints

subject	to	𝝎4𝝎 ≤ 𝐶

minimize	ℓ𝒟 𝝎 = Χ𝝎 − 𝒚 4 Χ𝝎 − 𝒚

𝝎4𝝎 = 𝐶

Q𝝎

ℓ𝒟 𝝎
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minimize	ℓ𝒟9<= 𝝎 = ℓ𝒟 𝝎 + 𝜆>𝝎4𝝎

⇕

Henry Chai - 6/7/23

Soft 
Constraints: 
Solving for #𝝎#$%

subject	to	𝝎4𝝎 ≤ 𝐶

minimize	ℓ𝒟 𝝎 = Χ𝝎 − 𝒚 4 Χ𝝎 − 𝒚

39



∇𝝎ℓ𝒟9<= 𝝎 = 2 Χ4Χ𝝎 − Χ4𝒚 + 𝜆>𝝎

2 Χ4ΧQ𝝎89: − Χ4𝒚 + 𝜆> Q𝝎89: = 0

Χ4Χ + 𝜆>𝐼"?! Q𝝎89: = Χ4𝒚

Q𝝎89: = Χ4Χ + 𝜆>𝐼"?! @!Χ4𝒚

Henry Chai - 6/7/23

Ridge 
Regression

Adding this positive (𝜆> ≥ 0) diagonal 

matrix can help if Χ4Χ	is not invertible!

minimize	ℓ𝒟9<= 𝝎 = ℓ𝒟 𝝎 + 𝜆>𝝎4𝝎
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Target Function
10th-Order Hypothesis
Noisy Samples

Ridge Regression  
� 10-dimensional target function with 

additive Gaussian noise

�ℋ!) = 10$%-order polynomial
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𝝀𝑪 = 𝟎 𝝀𝑪 = 𝟏𝟎@𝟔 𝝀𝑪 = 𝟏𝟎@𝟑 𝝀𝑪 = 𝟏
True 
Error

0.059 0.006 0.008 0.011

Overfit Nice! Wait… Underfit

Ridge Regression  
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Setting 𝜆
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Overfitting

Henry Chai - 6/7/23

Setting 𝜆
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Setting 𝜆

45



0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0.011

0.012

0.013

0.014

0.015

0.016

0.017

0.018

0.019

�

A
ve
ra
ge

T
ru
e
E
rr
or

ov
er

10
00

T
ri
al
s

Henry Chai - 6/7/23

Setting 𝜆
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Other 
Regularizers

Henry Chai - 6/7/23

ℓ𝒟 𝝎 + 𝜆𝑟 𝝎

Ridge or 𝐿2 𝑟 𝝎 = 𝝎 #
# = 8

12)

"

𝜔1#
Encourages 
small 
weights

Lasso or 𝐿1 𝑟 𝝎 = 𝝎 ! = 8
12)

"

𝜔1
Encourages 
sparsity

𝐿0 𝑟 𝝎 = 𝝎 ) = 8
12)

"

𝟙 𝜔1 ≠ 0
Encourages 
sparsity 
(intractable) 
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Other Regularizers  

Henry Chai - 6/7/23

0,0

Ridge or 𝐿2 Lasso or 𝐿1 𝐿0

Q𝝎

ℓ𝒟 𝝎

0,0

Q𝝎

ℓ𝒟 𝝎

0,0

Q𝝎

ℓ𝒟 𝝎
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M(C)LE for 
Linear 
Regression 
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Q𝝎 = argmax
𝝎

	 log 𝑃 𝒚 𝑋,𝝎

= argmax
𝝎

	 log exp −
1
2𝜎# 𝑋𝝎 − 𝒚 4 𝑋𝝎 − 𝒚

= argmin
𝝎

𝑋𝝎 − 𝒚 4 𝑋𝝎 − 𝒚 = 𝑋4𝑋 @!𝑋4𝒚

� If we assume a linear model with additive Gaussian noise 

𝑦 = 𝝎4𝒙 + 𝜖 where 𝜖	~	𝑁 0, 𝜎# → 𝑦 ∼ 𝑁 𝝎4𝒙, 𝜎#

� Then given 𝛸 =
1 𝒙 !

1 𝒙 #

⋮ ⋮
1 𝒙 3

 and 𝒚 =

𝑦 !

𝑦 #

⋮
𝑦 3

	the MLE of 𝝎 is
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MAP for 
Linear 
Regression 
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� If we assume a linear model with additive Gaussian noise 

𝑦 = 𝝎4𝒙 + 𝜖 where 𝜖	~	𝑁 0, 𝜎# → 𝑦 ∼ 𝑁 𝝎4𝒙, 𝜎#

and independent Gaussian priors on all the weights…

𝜔1	~	𝑁 0,
𝜎#

𝜆
→ 𝑝 𝝎 ∝ exp −

1
2𝜎#

𝜆𝝎4𝝎

� … then, the MAP of 𝝎 is the ridge regression solution!

Q𝝎89: = argmin
𝝎

𝑋𝝎 − 𝒚 4 𝑋𝝎 − 𝒚 + 𝜆𝝎4𝝎

Q𝝎89: = 𝑋𝑻𝑋 + 𝜆𝐼"?!
@!𝑋4𝒚
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MAP for 
Linear 
Regression 
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� If we assume a linear model with additive Gaussian noise 

𝑦 = 𝝎4𝒙 + 𝜖 where 𝜖	~	𝑁 0, 𝜎# → 𝑦 ∼ 𝑁 𝝎4𝒙, 𝜎#

and independent Laplace priors on all the weights…

𝜔1	~	Laplace 0,
2𝜎#

𝜆
→ 𝑝 𝝎 ∝ exp −

1
2𝜎#

𝜆 𝝎 !

� … then, the MAP of 𝝎 is the Lasso regression solution!

Q𝝎89: = argmin
𝝎

𝑋𝝎 − 𝒚 4 𝑋𝝎 − 𝒚 + 𝜆 𝝎 !

� No closed form solu]on but can solve via (sub−)gradient 

descent
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Key Takeaways
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� Polynomial/non-linear feature transformations allow for 

learning non-linear functions/decision boundaries

� Can lead to overfitting…

� Address with regularization!

� Analogous to constrained optimization, solve via 
method of Lagrange multipliers

� Regularization level is a hyperparameter

� Can be interpreted as MAP for linear regression
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� More generally, 𝜙 can be any nonlinear transformation, 

e.g., exp, log, sin, sqrt, etc... 

� Given Χ =
1 𝜙! 𝒙 ! ⋯ 𝜙6 𝒙 !

⋮ ⋮ ⋱ ⋮
1 𝜙! 𝒙 3 ⋯ 𝜙6 𝒙 3

 and 𝒚 =

𝑦 !

𝑦 #

⋮
𝑦 3

, 

find 𝝎 that minimizes

� Subject to:

Where do 
features come 
from?

𝝎 #
# = 𝝎4𝝎 = 8

12)

"

𝜔1# ≤ 𝐶

Henry Chai - 6/7/23

Χ𝝎 − 𝒚 4 Χ𝝎 − 𝒚
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Where do 
features for text 
data come from?

Fe
at
ur
e
En

gi
ne

er
in
g

Feature Learning

hand-crafted
features

Sun et al., 2011

Zhou et al.,
2005

First word before M1
Second word before M1
Bag-of-words in M1
Head word of M1
Other word in between
First word after M2
Second word after M2
Bag-of-words in M2
Head word of M2
Bigrams in between
Words on dependency path
Country name list
Personal relative triggers
Personal title list
WordNet Tags
Heads of chunks in between
Path of phrase labels
Combination of entity types

Henry Chai - 6/7/23 54



CBOW model in Mikolov et al. (2013)
Fe

at
ur
e
En

gi
ne

er
in
g

Feature Learning

hand-crafted
features

Sun et al., 2011

Zhou et al.,
2005 word

embeddings
Mikolov et al.,

2013

input
(context words)

embedding missing word

Look-up table Classifier

0.13 .26 … -.52

0.11 .23 … -.45

dog:

cat:similar words,
similar embeddings

unsupervised
learning

Henry Chai - 6/7/23

Where do 
features for text 
data come from?
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Fe
at
ur
e
En

gi
ne

er
in
g

Feature Learning

hand-crafted
features

Sun et al., 2011

Zhou et al.,
2005 word

embeddings
Mikolov et al.,

2013

string
embeddings

Collobert & Weston, 
2008

Socher, 2011

Convolutional Neural Networks 
(Collobert and Weston 2008)

The [movie] showed [wars]

pooling

CNN

Recursive Auto Encoder 
(Socher 2011)

The [movie] showed [wars]

RAE

Henry Chai - 6/7/23

Where do 
features for text 
data come from?
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Fe
at
ur
e
En

gi
ne

er
in
g

Feature Learning

hand-crafted
features

Sun et al., 2011

Zhou et al.,
2005 word

embeddings
Mikolov et al.,

2013

tree
embeddings

Socher et al.,
2013

Hermann & Blunsom, 
2013

string
embeddings

Collobert & Weston, 
2008

Socher, 2011

The [movie] showed [wars]

WNP,VP

WDT,NN WV,NN

S

NP VP

Henry Chai - 6/7/23

Where do 
features for text 
data come from?
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word
embeddings

tree
embeddings

word embedding 
featureshand-crafted

features
???

string
embeddings

Fe
at
ur
e
En

gi
ne

er
in
g

Feature Learning

Sun et al., 2011

Zhou et al.,
2005

Mikolov et al.,
2013

Collobert & Weston, 
2008

Socher, 2011

Socher et al.,
2013

Turian et al. 
2010

Koo et al. 
2008

Hermann et al.
2014

Hermann & Blunsom, 
2013
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Where do 
features for text 
data come from?
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