10-301/601: Introduction
to Machine Learning
Lecture 11 —
Regularization
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* Announcements:
* PA3 released 6/8 (tomorrow), due 6/15 at 11:59 PM
- Midterm on 6/23, two weeks from Friday

* Practice problems for the Midterm will be

Front Matter

posted to the course website on Friday,

under Recitations

- Recommended Readings:

* Murphy, Chapter 7.5

Henry Chai-6/7/23


https://www.cs.cmu.edu/~hchai2/courses/10601/
https://ebookcentral.proquest.com/lib/cm/reader.action?docID=3339490&ppg=256
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Linear

Models?
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Nonlinear

Models
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Feature

Transforms
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* Given D-dimensional inputs x = [xq, ..., xp], first
compute some transformation of our input, e.g.,

d([x1, x2]) = [z1 = (21 — 0-5)2;22 = (xp — 0-5)2]

10



Nonlinear
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Henry Chai-6/7/23

0.9

0.8

0.7

0.6

0.5 1

0.4

0.3

0.2

0.1

11



Nonlinear

Models
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Nonlinear

Models
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General
Ot -order

Transforms
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\/

‘ ¢2 2 ([x1,x2]) = [x1;x2,x1;x1x2;x2]
: ¢2,3([x1;x2]) — [xll X2, x12;xlxzyxzz;xf»xfxz;x1x22;x§]
: (152,4([351;352]) =

2 2 .3 .2 2 .3 .4 .3 2.2 3 4
[X1, X2, XT, X1 X2, X5, X1, X1 X0, X1X5, X5, X1, X1 X2, X1 X5, X1X5, X5 |

Q(Q 3) -dimensional output

" o)

* Scales even worse for higher-dimensional inputs...

¢9/Q G/ D(QD> %ng(mcw/\

* ¢, o maps a 2-dimensional input to a

15
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Models
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Nonlinear

Models?
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Feature

Transforms:
Tradeoffs
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Low-Dimensional

High-Dimensional

Input Space Input Space
Training Error High Low
Generalization Good Bad
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Feature

Transforms:
Experiment
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* Targets are generated by a 1

‘x€€ER,yeRand N = 20

0t™-order polynomial in x

with additive Gaussian noise:

10
y — z adxd + EWhere € ~ N(0) 0-2)
d=0

* H, = 2" order polynomials

’ ¢1,2(x) = [X»xz]

* H1o = 10%M-order polynomials

 P110(x) = [x,x2, x3, x4, x5, x6, x7, x8, x°, x1°]

19



Noisy Targets

* 10-dimensional target
function with additive

Gaussian noise
e I, = 2" order polynomial

e Hyo = 10%M-order

polynomial

Henry Chai-6/7/23

0.1

Target Function
o Noisy Samples

T T T
0.7 0.8 0.9

20



[ A When survey is active, respond at pollev.com/301601polls

Lecture 11 Polls

0 done

£ 0 underwav
Start the presentation to see live content. For screen share software, share the entire screen. Get help at pollev.com/app




l @& When poll is active, respond at pollev.com/301601polls

Which model do you think will have a lower true errorin
this setting ([loading eqn.])?

Ho
Hio

Start the presentation to see live content. For screen share software, share the entire screen. Get help at pollev.com/app



Noisy Targets

* 10-dimensional target
function with additive

Gaussian noise
e I, = 2" order polynomial

e Hyo = 10%M-order

polynomial

Henry Chai-6/7/23

0.9

0.8 5

0.7 7

0.6

0.5

0.4

0.3

0.2

0.1

-
-
-
-
-

--- 2"nd_Qrder Hypothesis
o Noisy Samples

0.1

0.2

0.3

0.4

0.5

T T T T
0.6 0.7 0.8 0.9

23



Noisy Targets

* 10-dimensional target
function with additive

Gaussian noise
e I, = 2" order polynomial

e Hyo = 10%M-order

polynomial
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Feature

Transforms:
Experiment
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‘x€R,yeRadd N =100

* Targets are generated by a 10™-order polynomial in x

with additive Gaussian noise:

10
y — z adxd + EWhere € ~ N(0) 0-2)
d=0

* H, = 2" order polynomials

’ ¢1,2(x) = [X»xz]

* H1o = 10%M-order polynomials

 P110(x) = [x,x2, x3, x4, x5, x6, x7, x8, x°, x1°]

27



[ & When poll is active, respond at pollev.com/301601polls

Which model do you think will have a lower true errorin

this setting (V. = 100)?

Hio

Start the presentation to see live content. For screen share software, share the entire screen. Get help at pollev.com/app
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Regularization
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* Constrain models to prevent them from overfitting

* Learning algorithms are optimization problems and

regularization imposes constraints on the optimization

30



Hard

Constraints
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* H1o = 10%M-order polynomials

p110(x) = [, 2%, x3, x*, %2, 20, x7, %8, x°, x19]
1 4)1,10(95(1))_ 'y(l)'
(2) 2
- Given X = 1 ¢1'10.(x ) andy = y(. ) find
1 ¢1,10(X(N))_ —y(N)—

W = [wg, w1, Wy, W3, Wy, Ws, We, W7, Wg, Wy, Wyg]
that minimizes

Xw —y) Xw —y)

* Subject to

W3 = W4 = W5 = Wg = W7 = Wg = W9 = W19 =0
31



Hard

Constraints
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* H1o = 10%M-order polynomials

p110(x) = [, 2%, x3, x*, %2, 20, x7, %8, x°, x19]
1 4)1,10(95(1))_ 'y(l)'
(2) 2
- Given X = 1 ¢1'10.(x ) andy = y(. ) find
1 ¢1,10(X(N))_ —y(N)—

W = [wg, w1, Wy, W3, Wy, Ws, We, W7, Wg, Wy, Wyg]
that minimizes

N 10
z (Z xc(in)wd> —y
n=1

d=0 [
* Subject to

W3 = W4 = W5 = Wg = W7 = Wg = W9 = W19 =0

C

_J

.4
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Hard

Constraints
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* H1o = 10%™-order polynomials

"~ p110(x) = [, 2%, x3, x*, x>, 20, x7, x8, x°, x17]

1 ¢ 10(95(1))_ 'y(l)'
* Given X = 1 ¢110(x(2)) andy = y(OZ) find
1 <l>110(x( ). y ™.

w = Wy, W1, Wy, W3, Wy, W5, W, W7, Wg, W9, W1]
that minimizes

* Subject to nothing!

33



Hard

Constraints
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* H, = 2" order polynomials

" P12(x) = [x, x2 ]

1 ¢1,2 (x(l))— _y(l)_
- Given X = 1 ¢1'2(.x(2)) andy = y(.Z) find
1 1, (x(N))_ () |

w = [wO' wlr wZ]
that minimizes

Xw —y) Xw —y)

* Subject to nothing!

34



Soft

Constraints
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;

* Given X =

More generally, ¢ can be any nonlinear transformation,

e.g., exp, log, sin, sqrt, etc...
1 ¢1(x(1)) ¢m(x(1))'
1 ¢1(,.C(N)) ¢m(3.r(N))_

find w that minimizes

Kw —y)' Xow —y)

* Subject to:

D
lwl? = o w = z w3 < C
ad=0

o~

and y =

- —

_y(l) -
y(2)

Ly (N)_



Soft

Constraints
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minimize p(w) = (Xw — y)T(Xw —-y)

subjectto w’w < C

36



Soft

Constraints
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minimize p(w) = (Xw — y)T(Xw —-y)

subjectto w’w < C
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Soft

Constraints
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minimize p(w) = (Xw — y)T(Xw —-y)

\-

subjectto w’w < C

Vw ﬂD(Q’MAPB oL — ) MAR

Vo (Fape) 4 QA ¢ wMAP ®

V (QP(NMAO fc s GMAV -

38



Soft

Constraints:
Solving for @y, 4p
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minimize p(w) = (Xw — y)T(Xw —-y)

subjectto w’w < C

II — ‘Hz,(/u Oaduz/vq

minimize 2V (w) = £p(w) + Acw” w

Lm #«SM

O(f{*tmc»\ &Dl cor

39



. CXU —7’~>T(><u "73
minimize 2% (w) = £p(w) + Acw T w
V(06 = 2K TR0 - X'y 428
QC}(TX%W - Ky A A MAW’> = O

Ridge

Regression XTHX e * A "JMAP =1 X/
(X\ X t >\C">6‘JMAP - X/
T
BMA‘P = (XTX +)~c1> s /

W_J
OLAA ¢ ﬂﬂ) LLLK be\ L‘(P&%\/Vvﬁ :
nry Chai - 6/7/23 F\Eﬂ"\ ( '\ 2 O) Con




—— Target Function
— 10"-Order Hypothesis
o Noisy Samples

Ridge Regression

Henry Chai-6/7/23

* 10-dimensional target function with

additive Gaussian noise

* H1o = 10%™-order polynomial

41
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Setting A
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Average True Error over 1000 Trials

0.019

0.018

0.017

0.016

0.015

0.014

0.013

0.012

0.011
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Setting A

Henry Chai-6/7/23

Average True Error over 1000 Trials

0.019

0.018

0.017

0.016 —

0.015

0.014

0.013

0.012

Overfitting

0.011
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Setting A
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Average True Error over 1000 Trials

0.019

0.018

0.017

0.016

0.015

0.014

0.013

0.012

0.011

Underfitting
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Setting A
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Average True Error over 1000 Trials

0.019

0.018

0.017

0.016

0.015

0.014

0.013

0.012

0.011
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'BD (w) + /17"((1))

D Encourages
Ridge or L2 r(w) = ||lw||5 = z w3 small
d=0 weights
Other |
Regularizers 3 Encoura
3 3 ges
Lasso oiLl r(w) = ||wl||l; = dz:lwdl sparsity
=0 —

Encourages

D
LO r(w) = ||lw]|, = Z 1(wg # 0)  sparsity
d=0 (intractable)

Henry Chai-6/7/23



tp(w)

Ridge or L2

Other Regularizers
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Lasso or L1

LO

48



* Then given X = andy =

M(C)LE for

: 1 M.
Linear *

, ® = argmax log P(y|X, w)
Regression w

w

_y(l) -
y(2)

Ly (N)_

* If we assume a linear model with additive Gaussian noise

y = w!'x+ ewheree ~N(0,06%) >y ~ Nw'x,0?)

the MLE of w is

1
= argmax log exp (— 702 Ko —y)'"Xw - )’))

\ ——

Henry Chai-6/7/23

-

= argmin Xw — y)' Xw —y) = XTX)"1xTy
w

49



* If we assume a linear model with additive Gaussian noise
y = w!'x+ ewheree ~N(0,06%) >y ~ Nw'x,0?)

and independent Gaussian priors on all the weights...

2 1
MAP for wg ~ N (0, %) - p(w) < exp (—272 (AwTw))

Linear
Regression

* ... then, the MAP of w is the ridge regression solution!

Dpap = argmin Xw — ) Xw —y) + lo' w
w

= (XTX + Apy1)” XTy

C _
U

Henry Chai-6/7/23
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* If we assume a linear model with additive Gaussian noise
y = w!'x+ ewheree ~N(0,06%) >y ~ N(w'x,5?)

and independent Laplace priors on all the weights...

202

1
MAP for wg ~ Laplace (0, T) p(w) o exp (— ﬁ(ﬂllwlll)>

Linear
Regression

* ... then, the MAP of w is the Lasso regression solution!

@yap = argmin Xw — y)' Xow —y) + Aw|l;
w

* No closed form solution but can solve via (sub-)gradient

descent

Henry Chai-6/7/23
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* Polynomial/non-linear feature transformations allow for
learning non-linear functions/decision boundaries

* Can lead to overfitting...

- Address with regularization!

\CAELCEENR

- Analogous to constrained optimization, solve via

method of Lagrange multipliers

* Regularization level is a hyperparameter

* Can be interpreted as MAP for linear regression

Henry Chai-6/7/23 52



Where do

features come
from?
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* Given X =

e.g., exp, log, sin, sqrt, etc...
1 ¢1(x(1)) ¢m(x(1))'
1 ¢1(,.C(N)) ¢m(3.r(N))_

find w that minimizes

Kw —y)' Xow —y)

* Subject to:

D
lwl? = o w = z w3 < C
ad=0

and y =

* More generally, ¢ can be any nonlinear transformation,

_y(l) -
y(2)

Ly (N)_



First word before M1
hand-crafted Second word before M1
@) Bag-of-words in M1
c features Head word of M1
. q:) O / Other word in between
W h d O Sun etal,, 2011 First word after M2
e re O - Second word after M2
: a O Bag-of-words in M2
features for text = Head word of M2
Ll 8 Bigrams in between
()] Words on dependency path
data come from? s i
+— Personal relative triggers
© O Personal title list
LCII_J Zhou et al., WordNet Tags
2005 Heads of chunks in between
Path of phrase labels
O Combination of entity types

Feature Learning
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Look-up table Classifier
handocrafted (Contl:xﬁl:\:cords) | embedding missing word
g features
= unsupervised
Where do § Surgal., 2011 leaming
featu res for text ? © similar words, cat: e --45
LL similar embeddings
data come from? J= o dog 013 [26 [.. |-52
o O CBOW model in Mikolov et al. (2013)
LCII_J Zhou et al.,
2005 word /
embeddings
O O Mikolov et al.,
2013

Feature Learning
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Where do

features for text
data come from?
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Feature Engineering

pooling —

- \\/

| ] [ ] [ ] [ |
Tt ¢ T 1
The [movie] showed [wars]

Convolutional Neural Networks

/;;
4 \\

’ ~
, ~
’ N
. N
, N
II\ II\ /I\
/ AY / \ ’ \

’ AY /7 \ / AY
4 \ 4 \ /7 \
/7 N7 A4 AY
L AV2 X LN
| ] | ] | ] | ]

The [movie] showed [wars]

Recursive Auto Encoder

(Collobert and Weston 2008) (Socher 2011)
CNN RAE
A4
Zhou et al., \ Cering
2095 word :
embeddings embeddings

____________ >

O O Mikolov et al.,

2013

Socher, 2011

O Collobert & Weston,

2008

Feature Learning
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Where do

features for text
data come from?
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Feature Engineering

h

g

WNPVP
5 NP:I: VP I;l
WDTNN SN WVNN SN

ﬂﬂﬂﬂ

The [movie] showed [wars]

tree

N '®) embeddings

Socheretal.,

O 2013

4 Hermann & Blunsom,
/ 2013

2005 word
'®) embeddings
O Mikolov etal., ~
2013

string

embeddings
Socher, 2011

O Collobert & Weston,

2008

Feature Learning
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Where do

features for text
data come from?
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Feature Engineering

word embedding

hand-crafted features 297
e o ©°
features i O
______ > Turian et al. O >
O O 2019 Hermann et al. A
Sunetal., 20112 Koo etal. ‘
2014 :
O 2008 ':
A ' tree

O embeddings

Socheretal.,
O

4 Hermann & Blunsom,

O i 2013

Zhou et al., string
2005
word embeddings
O embeddlngs R Socher, 2011

O Mikolov et al., O Collobert & Weston,
2013 2008

Feature Learning
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