
Point-based value iteration: An anytime algorithm for POMDPs

Joelle Pineau, Geoff Gordon and Sebastian Thrun
Carnegie Mellon University

RoboticsInstitute
5000ForbesAvenue
Pittsburgh,PA 15213�

jpineau,ggordon,thrun� @cs.cmu.edu

Abstract

This paperintroducesthe Point-BasedValue Iteration
(PBVI) algorithmfor POMDPplanning.PBVI approx-
imatesan exact value iteration solution by selectinga
smallsetof representativebeliefpointsandthentracking
thevalueandits derivative for thosepointsonly. By us-
ing stochastictrajectoriesto choosebeliefpoints,andby
maintainingonly onevaluehyper-planeperpoint,PBVI
successfullysolveslargeproblems:wepresentresultson
a roboticlasertagproblemaswell asthreetestdomains
from theliterature.

1 Introduction
The value iteration algorithm for planning in partially ob-
servable Markov decisionprocesses(POMDPs)was intro-
ducedin the 1970s[Sondik, 1971]. Since its introduction
numerousauthorshave refined it [Cassandraet al., 1997;
Kaelblingetal., 1998;ZhangandZhang,2001] sothatit can
solve harderproblems.But, asthesituationcurrentlystands,
POMDPvalueiterationalgorithmsarewidely believednot to
beableto scaleto real-world-sizedproblems.

Thereare two distinct but interdependentreasonsfor the
limited scalabilityof POMDPvalueiterationalgorithms.The
morewidely-known reasonis the so-calledcurseof dimen-
sionality [Kaelblinget al., 1998]: in a problemwith � phys-
ical states,POMDPplannersmustreasonaboutbelief states
in an �������
	 -dimensionalcontinuousspace.So, naive ap-
proacheslikediscretizingthebeliefspacescaleexponentially
with thenumberof states.

The less-well-known reasonfor poor scalingbehavior is
what we will call the curseof history: POMDP value iter-
ation is in many ways like breadth-firstsearchin the space
of belief states. Starting from the empty history, it grows
a setof histories(eachcorrespondingto a reachablebelief)
by simulatingthePOMDP. So,thenumberof distinctaction-
observationhistoriesconsideredgrowsexponentiallywith the
planninghorizon. Variousclever pruningstrategies[Littman
et al., 1995;Cassandraet al., 1997] have beenproposedto
whittle down the setof historiesconsidered,but thepruning
stepsare usually expensive and seemto make a difference
only in theconstantfactorsratherthantheorderof growth.

Thetwo curses,historyanddimensionality, arerelated:the
higherthedimensionof a belief space,themoreroomit has

for distincthistories.But, they canact independently:plan-
ning complexity can grow exponentiallywith horizon even
in problemswith only a few states,and problemswith a
large numberof physicalstatesmay still only have a small
numberof relevant histories. In most domains,the curse
of history affectsPOMDPvalueiteration far morestrongly
than the curse of dimensionality [Kaelbling et al., 1998;
ZhouandHansen,2001]. That is, thenumberof distincthis-
torieswhich thealgorithmmaintainsis a far betterpredictor
of runningtime thanis thenumberof states.Themainclaim
of thispaperis that,if wecanavoid thecurseof history, there
aremany real-world POMDPswherethecurseof dimension-
ality is not aproblem.

Building on this insight,we presentPoint-BasedValue It-
eration (PBVI), a new approximatePOMDP planning al-
gorithm. PBVI selectsa small set of representative belief
pointsand iteratively appliesvalueupdatesto thosepoints.
The point-basedupdateis significantly more efficient than
an exact update(quadraticvs. exponential),and becauseit
updatesboth value andvaluegradient,it generalizesbetter
to unexploredbeliefs than interpolation-typegrid-basedap-
proximationswhich only updatethe value [Lovejoy, 1991;
Brafman,1997;Hauskrecht,2000;Zhou andHansen,2001;
Bonet,2002]). In addition,exploiting aninsight from policy
searchmethodsandMDP exploration[Ng andJordan,2000;
Thrun,1992], PBVI usesexplorativestochastictrajectoriesto
selectbeliefpoints,thusreducingthenumberof beliefpoints
necessaryto find a good solution comparedto earlier ap-
proaches.Finally, the theoreticalanalysisof PBVI included
in thispapershowsthatit is guaranteedto haveboundederror.

This paperpresentsempirical resultsdemonstratingthe
successfulperformanceof the algorithm on a large (870
states)robot domain called Tag, inspired by the gameof
lasertag.Thisis anorderof magnitudelargerthanotherprob-
lemscommonlyusedto testscalablePOMDPalgorithms.In
addition,we includeresultsfor threewell-known POMDPs,
wherePBVI is able to match (in control quality, but with
fewerbeliefpoints)theperformanceof earlieralgorithms.

2 An overview of POMDPs
The POMDP framework is a generalizedmodel for plan-
ningunderuncertainty[Kaelblingetal., 1998;Sondik,1971].
A POMDP canbe representedusing the following n-tuple:�
�����������������������������! #"

, where
�

is a (finite) setof discrete



states,
�

is a set of discreteactions,and
�

is a setof dis-
crete$ observationsproviding incompleteand/ornoisystatein-
formation. The POMDPmodel is parameterizedby:

� � �&%
	 ,
the initial belief distribution;
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	 , the distribution describingthe probability
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) whentakingaction

'
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tribution describingtheprobabilityof observing> from state% after taking action
'
;
� �G% ��' 	 , the reward signal received

whenexecutingaction
'

in state% ; and
 

, thediscountfactor.
A key assumptionof POMDPsis thatthestateis only par-

tially observable.Thereforewerely ontheconceptof abelief
state,denoted

�
, to representa probability distribution over

states.Thebelief is asufficient statisticfor a givenhistory:H�I8J KMLONQP?RSIUTVH�W
XZYQW5XZ[]\SX�^.^.^.X![
IG_`\SXZYQIG_(\�XZ[
I&a
(1)

andis updatedat eachtime-stepto incorporatethelatestac-
tion, observationpair:H I P?R�bca#J KedQfOPg[]X�RSb�XZY�a3hi�jlkUmnP?R
XZYAX!R�bga&H IG_(\ P?RVa

(2)

whereo is thenormalizingconstant.
Thegoalof POMDPplanningis to find a sequenceof ac-

tions
�
' � �Ep5pEp5��' 4 " maximizingthe expectedsumof rewardsqsrut 4  4 � �&%E4 ��' 4!	Zv . Given that the stateis not necessarily

fully observable,thegoalis to maximizeexpectedrewardfor
eachbelief. Thevaluefunctioncanbeformulatedas:w PgHSaxKey�zE{| j
}�~Z� PgHEX�Y�a`�9� h�G� jl� mnPgH5X&YAXZH�bca w PgH�b*a?� (3)

Whenoptimizedexactly, thisvaluefunctionis alwayspiece-
wise linear and convex in the belief [Sondik, 1971] (see
Fig. 1, left side). After � consecutive iterations,thesolution
consistsof a setof � -vectors: �`�B- � � �Q� � 7 �5p�pcpc� �#� " . Each� -vectorrepresentsan ; � ; -dimensionalhyper-plane,andde-
fines the value function over a boundedregion of the be-
lief: � � � � 	�-C�,�l���A���5� t�� ��� ���G%
	 � �&%
	 . In addition,each� -vectoris associatedwith anaction,definingthebestimme-
diatepolicy assumingoptimalbehavior for thefollowing ������
	 steps(asdefinedrespectively by thesets

� � �3� 7 �Epcp�pc� � � " ).
The � -th horizonvaluefunctioncanbebuilt from thepre-

vious solution � �3� 7 usingthe Backup operator, � . We use
notation ��-��B��) to denoteanexactvaluebackup:w PgHSa�K y�zE{| j
} ~ h i�j
k � P?R
XZY�a&H
P?RVaZ� (4)� h  j
¡ y�zE{¢ � jl£ � h i�jlk hi � j
k m¤P?R
XZYAXZRSb*a�fOPg[QX!RSb�XZY�a&¥¦bGP?RSbca&H
P?RVa?�
A numberof algorithmshave beenproposedto implement

thisbackupby directlymanipulating� -vectors,usingacom-
bination of set projection and pruning operations[Sondik,
1971; Cassandraet al., 1997; Zhang and Zhang, 2001].
We now describethe moststraight-forwardversionof exact
POMDPvalueiteration.

To implementtheexactupdate��-��B� ) , wefirst generate
intermediatesets§#¨
© ª and §8¨
© « �Z¬¦'s­®���Z¬ > ­¯� (Step1):° |5± ²´³ ¥ |5± ² P?REaxK � P?R
X�Y�a

(5)° |
±   ³ ¥ |5±  µ P?RVa¶K<� hi � jlk m¤P?R
X&Y·X!RSbca�fOPg[]X�R�b?X!Y�a&¥¦bµ P?R�b*a�XG¸A¥¦bµº¹ w b

Next we create§ ¨ (
¬¦'»­¼�

), the cross-sumover observa-
tions,which includesone � ¨
© « from each§ ¨
© « (Step2):° | K ° |
± ²x½ ° |
±  �¾¶½ ° |
±  �¿#½ ^�^�^

(6)

Finally we take theunionof §8¨ sets(Step3):w K À | j
} ° | (7)

In practice,many of the vectorsin the final set � may be
completelydominatedby anothervector( �8Á¦Â ��Ã �xÄOÂ �l�Z¬º� ),
or by a combinationof othervectors. Thosevectorscanbe
prunedaway without affecting the solution. Finding dom-
inatedvectorscanbe expensive (checkingwhethera single
vectoris dominatedrequiressolvinga linearprogram),but is
usuallyworthwhileto avoid anexplosionof thesolutionsize.

To betterunderstandthecomplexity of theexactupdate,let; ��)�; bethenumberof � -vectorsin theprevioussolutionset.
Step1 creates; � ;5; � ;5; �Å)&; projectionsandStep2 generates; � ;E; ��)�;�Æ ÇÈÆ cross-sums.So, in the worst case,the new solu-
tion ; ��; hassize ; � ;5; ��)Z;ÉÆ ÇÊÆ (time ; � ; Ë�; � ;5; ��)&;�Æ ÇÈÆ ). Giventhat
this exponentialgrowth occursfor every iteration,theimpor-
tanceof pruningaway unnecessaryvectorsis clear. It also
highlightstheimpetusfor approximatesolutions.

3 Point-based value iteration
It is awell understoodfactthatmostPOMDPproblems,even
given arbitraryactionandobservation sequencesof infinite
length,areunlikely to reachmostof the points in the belief
simplex. Thus it seemsunnecessaryto plan equally for all
beliefs,asexactalgorithmsdo,andpreferableto concentrate
planningon mostprobablebeliefs.

Thepoint-basedvalueiteration (PBVI) algorithmsolvesa
POMDPfor a finite setof belief points ÌÍ- �
������� 7 �5p�pcpc���VÎl" .
It initializesa separate� -vectorfor eachselectedpoint, and
repeatedlyupdates(via valuebackups)the valueof that � -
vector. As shown in Figure1, by maintaininga full � -vector
for eachbelief point, PBVI preservesthe piece-wiselinear-
ity andconvexity of the valuefunction, anddefinesa value
function over the entire belief simplex. This is in contrast
to grid-basedapproaches[Lovejoy, 1991; Brafman, 1997;
Hauskrecht,2000; Zhou and Hansen,2001; Bonet, 2002],
which updateonly thevalueat eachbelief grid point.

α 0

b2 b1 b0 b3b2 b1 b0 b3

V={ ,α 1 ,α 2}

Figure 1: POMDPvaluefunctionrepresentationusingPBVI (onthe
left) anda grid (on theright).

The completePBVI algorithmis designedasan anytime
algorithm, interleaving stepsof value iteration andstepsof
beliefsetexpansion.It startswith aninitial setof beliefpoints
for which it appliesafirst seriesof backupoperations.It then
growsthesetof beliefpoints,andfindsanew solutionfor the
expandedset. By interleaving valuebackupiterationswith



expansionsof thebeliefset,PBVI offersarangeof solutions,
graduallyÏ tradingoff computationtime andsolutionquality.
Wenow describehow wecanefficiently performpoint-based
valuebackupsandhow weselectbelief points.

3.1 Point-based value backup
To plan for a finite set of belief points Ì , we modify the
backupoperator(Eqn4) suchthatonly one � -vectorperbe-
lief point is maintained.For a point-basedupdate��-ÑÐ�B� ) ,
we startby creatingprojections(exactly as in Eqn 5)

¬¦'»­���!¬ > ­9� (Step1):° |5± ² ³ ¥ |5± ² P?REaxK � P?R
X�Y�a
(8)° |
±   ³ ¥ |5±  µ P?RVa¶K<� hi � jlk m¤P?R
X&Y·X!RSbca�fOPg[]X�R�b?X!Y�a&¥¦bµ P?R�b*a�XG¸A¥¦bµº¹ w b

Next, thecross-sumoperation(Eqn6) is muchsimplifiedby
thefact thatwe arenow operatingover a finite setof points.
We construct

¬º�n­ Ì �Z¬º',­9� (Step2):° | � K ° |
± ² � h  j
¡OzEÒ!Ó5y�zE{¢ j
Ô
Õ�Ö × Pg¥,ØSHSa (9)

Finally, wefind thebestactionfor eachbeliefpoint (Step3):w ³ zVÒ!Ó
y�zV{Ô ÕÙ ± ÚV| j
} P ° | � Ø�H�a�XÛ¸AH ¹,Ü (10)

Whenperformingpoint-basedupdates,thebackupcreates; � ;E; � ;E; �Å)&; projectionsasin exactVI. However thefinal so-
lution � is limited to containingonly ; ÌÝ; components(in
time ; � ;E; � ;5; ��)&;5; � ;5; Ì®; ). Thusa full point-basedvalueup-
datetakesonly polynomialtime, andevenmorecrucial, the
sizeof the solutionset � remainsconstant.As a result,the
pruningof � vectors(andsolvingof linearprograms),socru-
cial in exact POMDPalgorithms,is now unnecessary. The
only pruningstepis to refrain from addingto � any vector
alreadyincluded,whichariseswhentwo nearbybeliefpoints
supportthesamevector(e.g.

� 7 ��� Ë in Fig. 1).
In problemswith afinite horizon Þ , werun Þ valuebackups

beforeexpandingthesetof belief points. In infinite-horizon
problems,weselectthehorizonsothat � � � ¨Vß � � � Á �·	  xàáÃâ .
3.2 Belief point set expansion

As explainedabove, PBVI focusesits planningon relevant
beliefs. More specifically, our error boundbelow suggests
thatPBVI performsbestwhenitsbeliefsetis uniformlydense
in thesetof reachablebeliefs. So,we initialize the set Ì to
containtheinitial belief

�S�
andexpand Ì by greedilychoos-

ing new reachablebeliefsthatimprovetheworst-casedensity
asrapidlyaspossible.

For a given
�n­ Ì , PBVI stochasticallysimulatesa single-

stepforwardtrajectoryusingeachactionto producenew be-
liefs

�
� ¨Vã ��� ¨ ¾ �Epcp�p�" .1 It thenmeasuresthe ä�7 distancefrom
� ¨Så

to Ì , andthrows away
� ¨ å if

� ¨ å ­ Ì . Finally, it keepsonly

1To simulateanaction
Y
, first samplea state

R
from thedistribu-

tion
H
. Thensamplean observation accordingto

fOP?R
XZYAXZ[
a
for the

given
R

and
Y
. Finally compute

H | usinga Bayesianupdate(Eqn2).

the new belief
� ¨ å which is farthestaway from any point al-

readyin Ì .2 PBVI triesto generateonenew belief from each
previous belief; so, Ì at most doublesin size on eachex-
pansion.3 Sinceexpansionphasesareinterleavedwith value
iteration,PBVI offersananytimesolution.

3.3 Convergence and error bounds
For any belief set Ì andhorizon � , PBVI producesan esti-
mate ��æ� . Theerrorbetween��æ� andthetruevaluefunction� ª� is bounded.Thebounddependson how denselyÌ sam-
ples the belief simplex ç ; with densersampling, �èæ� con-
vergesto � ª� , the true value function.4 As �0é ê , ��æ�
doesnotnecessarilyconverge;but,ourerrorboundstill holds.
Cutting off the PBVI iterationat any sufficiently large hori-
zon, we know that the differencebetween� æ� and the op-
timal infinite-horizon � ª is not too large. (The overall er-
ror is boundedby ëV�èæ� �ì� ª� ëEíïî�ëV� ª� �D� ª ëVí . Thefirst
termis boundedbyourtheorembelow; thesecondis bounded
by
 � ëV� ª� �ð� ª ë .) Theremainderof this sectionstatesand

provesourerrorbound.
Definethedensity â æ of a setof belief points Ì to be the

maximumdistancefrom any legal belief to Ì . More pre-
cisely, â æ -��á�]�Añ � �Qòs�áócô(ñ�� æ ë � � � )�ëE7 . Then,wecanprove:

Lemma 1 Theerror introducedbyPBVI’spruningstepis at
most o]õEö�÷5øEùÊ-=ú�ûºü�ýGþ � ûºü�ÿ � �����7 ��� .

Proof: Let
� ) ­ ç bethepoint wherePBVI makesits worst

pruning error, and
�e­ Ì be the closest(1-norm) sampled

belief to
� ) . Let � bethevectorwhich is maximalat

�
, and �8)

bemaximalat
� ) . By erroneouslypruning �#) , PBVI makesan

errorof at most �8)`Â � )����FÂ � ) . On theotherhand,since � is
maximalat

�
, then �8)�Â ��� �BÂ � . So,d
	���
������ ¥ b ØSH b�� ¥,Ø�H bK ¥ b ØSH b � ¥,Ø�H b �MPg¥ b Ø�H � ¥ b Ø�H�a

addzero� ¥ b ØSH b � ¥,Ø�H b �F¥,Ø�H � ¥ b Ø�H ¥
opt. at

HK Pg¥ b � ¥ºaºØ
PgH b � HSa
collectterms� ��¥ b � ¥�������H b � H
� \
Hölder� ��¥ b � ¥������ �
def’n of

�
�

� � ü�ýGþ _ � ü�ÿ �\Z_�� �
�

seetext

The last inequalityholdsbecauseeach � -vector represents
therewardachievablestartingfrom somestateandfollowing
somesequenceof actionsandobservations.

Theorem 1 For anybeliefset Ì andanyhorizon � , theerror
of thePBVIalgorithm oQ�s- ëV�èæ� �M� ª� ëEí is boundedbyo � � � � � ¨Sß � � � Á ��	 â æ�!� �  	 Ë

2Theactualchoiceof normdoesn’t appearto matterin practice;
someof our experimentsbelow usedEuclideandistance(insteadof� \

) andtheresultsappearidentical.
3We experimentedwith otherstrategiessuchasaddinga fixed

numberof new beliefs,but sincevalueiteration is muchmoreex-
pensive thanbeliefcomputationtheabovealgorithmworkedbest.If
desired,we canimposea maximumsizeon Ü basedon time con-
straintsor performancerequirements.

4If notall beliefsarereachable,wedon’t needto sampleall of  
densely, but replace by thesetof reachablebeliefs ! below. The
errorboundsandconvergenceresultsholdon ! .
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4 Experimental results
Thedomainof Tag is basedon thepopulargameof lasertag.
Thegoal is to searchfor andtaga moving opponent[Rosen-
crantz et al., 2003]. Figure 2a shows the live robot as it
movesin to capturean opponent.In our POMDPformula-
tion, theopponentmovesstochasticallyaccordingto a fixed
policy. Thespatialconfigurationof thedomainusedfor plan-
ning is illustratedin Figure2b. This domainis an orderof
magnitudelarger(870states)thanmostotherPOMDPprob-
lemsconsideredthusfar in the literature[Cassandra,1999],
andis proposedasanew challengefor fast,scalable,POMDP
algorithms.A singleiterationof optimalvalueiterationon a
problemof thissizecouldproduceover �#1QË � � -vectorsbefore
pruning.
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Figure 2: Tagdomain(870states,5 actions,30observations)

The state space is describedby the cross-productof
two features, Robot - � % �Q�Ep5pEpV� % Ë32 " and Opponent -� % � �EpEp5pV� % Ë�2 � %E4 ¨54�47698 " . Both agentsstart in independently-
selectedrandom positions, and the game finishes when
Opponent- % 4 ¨�4�47698 . Therobotcanselectfrom five actions:�
North,South,East,West,Tag

"
. A rewardof �è� is imposed

for eachmotion action; the Tag action resultsin a îÅ�:1 re-
ward if Robot - Opponent, or �è�:1 otherwise.Throughout
thegame,theRobot’spositionis fully observable,andtheef-
fectof aMoveactionhasthepredictabledeterministiceffect,
e.g.: LONQP � [EH�[7;xKMR
\?W�T � [EH�[7;¶KMRSW5X9<�[EN=;?>Aa¶KA@
Thepositionof theopponentis completelyunobservableun-
lessboth agentsare in the samecell. At eachstep,the op-
ponent(with omniscientknowledge)movesaway from the
robotwith /21è-B1 p C andstaysin placewith /212-B1 pED , e.g.:LONQPGFIH
H3[=J�K5J*;¶KMR
\ML�T:FIH
H�[:JNK5J*;8KðR
\�O�P � [EH�[7;xKMRSWVaxKRQQ^ SLONQPGFIH
H3[=J�K5J*;¶KMR7T W T:FIH
H�[:JNK5J*;8KðR \�O P � [EH�[7;xKMR W axKRQQ^ SLONQPGFIH
H3[=J�K5J*;¶KMR \�O T:FIH
H�[:JNK5J*;8KðR \�O P � [EH�[7;xKMR W axKRQQ^ U

Figure3 shows the performanceof PBVI on the Tag do-
main. Resultsare averagedover 10 runs of the algorithm,
times100different(randomlychosen)startpositionsfor each
run. It shows the gradualimprovementin performanceas
samplesareadded(eachshown datapoint representsa new
expansionof thebeliefsetwith valuebackups).In additionto
PBVI, we alsoapplytheQMDP approximationasa baseline
comparison[Littman et al., 1995]. The QMDP approxima-
tion is calculatedby solvingaPOMDPasthoughit werefully
observable: V,�G% ��' 	�- � �G% ��' 	�î  t � � ��� � �G% ��'(� %
)c	��s�&%
)*	 ,
and linearizingacrossV -valuesto obtain the valueat a be-
lief: ��� � 	�-XW '�Y ¨ �[Z t � ��� � �G%
	\Vs�G% ��' 	 . This approxima-
tion is quick to compute,andis remarkablyeffective in some
domains.In theTagdomain,however, it lacksthe represen-
tationalpower to computea goodpolicy.

5 Additional experiments
5.1 Comparison on well-known problems
To further analyzethe performanceof PBVI, we appliedit
to threewell-known problemsfrom the POMDP literature.
WeselectedMaze33,HallwayandHallway2becausethey are
commonlyusedto testscalablePOMDPalgorithms[Littman
et al., 1995;Brafman,1997;Poon,2001]. Figure3 presents
resultsfor eachdomain.Replicatingearlierexperiments,re-
sultsfor Maze33areaveragedover151runs(resetaftergoal,
terminateafter500steps);resultsfor Hallway andHallway2
areaveragedover251runs(terminateatgoal,max251steps).
In all cases,PBVI is able to find a good policy. Table 1
comparesPBVI’s performancewith previouslypublishedre-
sults,comparinggoalcompletionrates,sumof rewards,pol-
icy computationtime, andnumberof requiredbelief points.
In all domains,PBVI achievescompetitive performance,but
with fewersamples.

5.2 Validation of the belief set expansion
To further investigatethe validity of our approachfor gen-
erating new belief states(Section 3.2), we comparedour
approachwith three other techniqueswhich might appear
promising. In all cases,we assumethat the initial belief

� �
(givenaspartof themodel)is thesolepoint in theinitial set,
andconsiderfour expansionmethods:

1. Random(RA)
2. StochasticSimulationwith RandomAction (SSRA)
3. StochasticSimulationwith GreedyAction (SSGA)
4. StochasticSimulationwith ExplorativeAction (SSEA)

The RA methodconsistsof samplinga belief point from a
uniform distribution over theentirebelief simplex. SSEA is
the standardPBVI expansionheuristic(Section3.2). SSRA
similarly usessingle-stepforwardsimulation,but ratherthan
try all actions,it randomlyselectsoneandautomaticallyac-
ceptstheposteriorbelief unlessit wasalreadyin Ì . Finally,
SSGA usesthemostrecentvaluefunctionsolutionto pick the
greedyactionat thegivenbelief

�
, andperformsasingle-step

simulationto geta new belief
� )`é Ì .

We revisited the Hallway, Hallway2, and Tag problems
from sections4 and5.1 to comparetheperformanceof these
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Figure 3: PBVI performancefor four problems:Tag(left),Maze33(center-left), Hallway(center-right) andHallway2(right)

Method Goal% Reward Time(s)
T Ü T

Maze33 / Tiger-Grid
QMDP[*] n.a. 0.198 0.19 n.a.
Grid [Brafman,1997] n.a. 0.94 n.v. 174
PBUA [Poon,2001] n.a. 2.30 12116 660
PBVI[*] n.a. 2.25 3448 470
Hallway
QMDP[*] 47 0.261 0.51 n.a.
QMDP [Littmanet al., 1995] 47.4 n.v. n.v. n.a.
PBUA [Poon,2001] 100 0.53 450 300
PBVI[*] 96 0.53 288 86
Hallway2
QMDP[*] 22 0.109 1.44 n.a.
QMDP [Littmanet al., 1995] 25.9 n.v. n.v. n.a.
Grid [Brafman,1997] 98 n.v. n.v. 337
PBUA [Poon,2001] 100 0.35 27898 1840
PBVI[*] 98 0.34 360 95
Tag
QMDP[*] 17 -16.769 13.55 n.a.
PBVI[*] 59 -9.180 180880 1334
n.a.=notapplicable n.v.=notavailable

Table 1: Resultsfor POMDPdomains.Thosemarked[*] werecom-
putedby us; other resultswere likely computedon differentplat-
forms,andthereforetime comparisonsmaybeapproximateat best.
All resultsassumeastandard(not lookahead) controller.

four heuristics.For eachproblemwe applyPBVI usingeach
of thebelief-pointselectionheuristics,andincludetheQMDP
approximationasa baselinecomparison.Figure4 shows the
computationtimeversustherewardperformancefor eachdo-
main.

Thekey resultfrom Figure4 is therightmostpanel,which
showsperformanceon thelargest,mostcomplicateddomain.
In this domain our SSEA rule clearly performsbest. In
smallerdomains(left two panels)thechoiceof heuristicmat-
tersless:all heuristicsexceptrandomexploration(RA) per-
form equivalentlywell.

6 Related work
Significantwork hasbeendonein recentyearsto improve
the tractability of POMDPsolutions. A numberof increas-
ingly efficient exact value iteration algorithms have been
proposed[Cassandraet al., 1997; Kaelbling et al., 1998;
ZhangandZhang,2001]. They aresuccessfulin finding op-
timal solutions,however aregenerallylimited to very small
problems(a dozenstates)sincethey plan optimally for all
beliefs. PBVI avoids theexponentialgrowth in plansizeby

restrictingvalueupdatesto afinite setof (reachable)beliefs.

Thereare several approximatevalue iteration algorithms
whicharerelatedto PBVI. For example,therearemany grid-
basedmethodswhich iteratively updatethevaluesof discrete
belief points. Thesemethodsdiffer in how they partition the
belief spaceinto a grid [Brafman,1997;Zhou andHansen,
2001].

More similar to PBVI arethoseapproacheswhich update
boththevalueandgradientateachgrid point [Lovejoy, 1991;
Hauskrecht,2000;Poon,2001]. While theactualpoint-based
updateis essentiallythesamebetweenall of these,theover-
all algorithmsdiffer in a few important aspects. Whereas
Poononly acceptsupdatesthat increasethe valueat a grid
point (requiringspecialinitialization of the valuefunction),
andHauskrechtalwayskeepsearlier � -vectors(causingthe
setto grow tooquickly), PBVI requiresnosuchassumptions.
A moreimportantbenefitof PBVI is the theoreticalguaran-
teesit provides: our guaranteesaremorewidely applicable
andprovidestrongererrorboundsthanthosefor otherpoint-
basedupdates.

In addition, PBVI is significantly smarterthan previous
algorithmsabouthow it selectsbelief points. PBVI selects
only reachablebeliefs;otheralgorithmsuserandombeliefs,
or (likePoon’sandLovejoy’s)requiretheinclusionof a large
numberof fixed beliefssuchasthe cornersof the probabil-
ity simplex. Moreover, PBVI selectsbelief pointswhich im-
prove its errorboundsasquickly aspossible.In practice,our
experimentson thelargedomainof lasertagdemonstratethat
PBVI’s belief-selectionrule handily outperformsseveral al-
ternatemethods. (Both Hauskrechtand Poondid consider
usingstochasticsimulationto generatenew points,but nei-
ther found simulationto be superiorto randompoint place-
ments.We attributethis resultto thesmallersizeof their test
domains.WebelievethatasmorePOMDPresearchmovesto
larger planningdomains,newer andsmarterbelief selection
ruleswill becomemoreandmoreimportant.)

Gradient-basedpolicy searchmethodshavealsobeenused
to optimize POMDP solutions[Baxter and Bartlett, 2000;
Kearnset al., 1999;Ng andJordan,2000], successfullysolv-
ing multi-dimensional,continuous-stateproblems. In our
view, oneof the strengthsof thesemethodslies in the fact
that they restrict optimizationto reachablebeliefs (as does
PBVI). Unfortunately, policy searchtechniquescanbeham-
peredby low-gradientplateausandpoor local minima, and
typically requiretheselectionof a restrictedpolicy class.
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Figure 4: Belief expansionresultsfor threeproblems:Hallway(left),Hallway2(center)andTag(right)

7 Conclusion
This paperpresentsPBVI, a scalableanytime algorithmfor
approximatelysolving POMDPs. We applied PBVI to a
robotic versionof lasertag,whereit successfullydeveloped
a policy for capturinga moving opponent. Other POMDP
solvershadtroublecomputingusefulpoliciesfor thisdomain.
PBVI also comparedfavorably with other solvers on three
well-known smallertestproblems.We attributePBVI’s suc-
cessto two features,both of which directly target the curse
of history. First, by usinga trajectory-basedapproachto se-
lect belief points, PBVI focusesplanningon reachablebe-
liefs. Second,becauseit usesa fixed setof belief points, it
canperformfastvaluebackups.

In experiments,PBVI beatsback the curseof history far
enoughthat we can solve POMDPsan order of magnitude
larger thanmostpreviousalgorithms.With this success,we
cannow identify thenext hurdlefor POMDPresearch:con-
trary to our expectation,it turnsout to be the old-fashioned
MDP problemof having too many distinct physicalstates.
This problemhits us in the costof updatingthe point-based
value function vectors. (This cost is quadraticin the num-
ber of physicalstates.)While this problemis not necessar-
ily easyto overcome,webelieve thatsparsematrixcomputa-
tions, togetherwith otherapproachesfrom theexisting liter-
ature[PoupartandBoutilier, 2003;Roy andGordon,2003],
will allow usto to scalePBVI to problemswhich areat least
anotherorder of magnitudelarger. So, PBVI representsa
considerablesteptowardsmakingPOMDPsusablefor real-
world problems.
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