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Outline

e Review: Subgradient Method

e Derive Dual Averaging

e Primal/Dual Interpretation
e Nifty Tricks!
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“Subgradient method

algorithm:
t;. a sequence of step sizes,x1 =0
for k=1,2,...

gr € Of (xr)
Th+1 = Tk — LGk
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Convergence

f convex and L-Lipschitz continuous

where

erSt = argmin f(x;) Tp =

. k
1€{1,2,....,k} Zizl t;
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Divergent step size

2||zy — H2+LQZZ LG

We must choose

k
Zti = 00, Zt? < o0
i=1 i=1

to approach the minimum. e.qg.,

flaw) - ") € 0 (<5F)
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Divergent step size

2|z — 2>+ L2300, £

We must choose /
1=1
t2 < o0

to approach the minimum. e.qg.,

flaw) - ") € 0 (<5F)
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A closer look...

. |l — ||
Trp+1 = argmin f(x) + gk - (T — ) - 2
k 2
— P i i — Ly
rgmin 3 _ 7 110 49 (o=l + 57




The punch line

k
Thir = argminZ[f(:m) g0 (z — ;)]
T =1
k
Tk = Z i
i=1

Why are new subgradients less important?
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Dual Averaging

update:

Lk4+1 —

where

/\

k
1 k]| x]|?
argml EEZ: (25) + gi - (x — ;)] o
ATEMIn Gy, - T - pr | z])?
» 2k

1k
P




Dual Averaging

update:

k
1 2

/ 2k
2
= argmin gi - T - Al

. 2% “step size” control

where

1k
A:EE—:
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Dual Averaging

update:

k
1 2

/Qk

“step size” control

LA Akl
— argmin gi. - T
gx gkv< 2k

where subgradients are equally important

1k
A:EE—:
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Dual Averaging

algorithm:
1y, a sequence of “step sizes”, g3 = 0
for k=1,2,...
—k i,
Ll —
Mk

gr+1 € Of (v1)

proof is not insightful, so let’s skip it.
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Convergence

f convex and L-Lipschitz continuous ux € O (\/E) ,
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Primal/Dual Problem

0 = min f(x)+ f*(g) + D|-gl|«

when |27 <D

1.e., we can evaluate duality gap
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Should we use 1t?

e Can evaluate a duality gap*
e Beats SG method by log factor*®
e Constants are often better*®

e “the|...] theory recommended the
worst possible choice of parameters”

e Be careful when implementing update
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Demonstration: SVM
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Convergence

— Subgradient Method
— Dual Averaging

| | | | | |
0 100 200 300 400 500 600 700 800 900 1000

Monday, December 3, 12



assifier
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Strongly Convex

if f(z) is strongly convex then

choosing u, =1+1logk gives convergence

flan) - fla") € O (25F)

(can drop log by averaging differently)
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Composite Objectives
f(z) = g(x) + h(x)

update:
1y s
T = argml . Z (2;) + 9i - (x — x;)| + h(x) 1 Mka
B . oaEdl
= argmin g - = + h(x) 1 oL

B kg
— prOXk/,uk (ﬁ)
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Bregman Divergences

update:

k
1 ,uk\If(a?)

viin = argmin > [F(w) +g - (0 =) + B

-t i=1

\
= argmin g - T al. k(a:)

where ¥(z) is a strongly convex function
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 Probability Simplex

e.g., ¥(r) =rlogr —1-x for the unit simplex

. ue |xlogax — 1 - x]
Tht1 = argmin gg, - i

subject to: » x;=1,2>0
1=1

<—k§k>
Lk4+1 X E€XP
ok




Acceleration

ZClszl:gl:O

for k=1,2,...
Y = (1 — Ok)zr + Or vy, AL+ (k+1)%/2)
) ) P = TRk 1)
Je+1 = (1 = 0k)gr + 06V f(yx)
2 2
Vk+1 = arginingk+1 * T A Mk”;” ; Or = k+ 1

Trar1 = (1 — O0)xr 4+ Orviiq

convergence: [(zx)— f(z") €O (é)
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“Stochastic Objective

min E¢ [f (z])]

I

Ue lgk] € B¢ [f(2[€)]

n

e.g., [fx)==> (0;i-z—y)

1=1

S

gr = 2(0;, - xr —y;, )0;,, 1x ~ Uniform({1,2,..., n})
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Distributed Objective

min fi(z) + fa(z) + f3(x) + fa(T)

/ server
network link ~_
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Distributed DA

e Each server keeps its own primal and
dual averages: #%, and g

e Every iteration, each server shares its
dual average with all its neighbors: A/ (i)

e All primal averages approach optimal!
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Dlstrlbuted DA

_ kgfC | Z-_
Z fl gk—l—l k‘ 1 Z |N(Z)| - 9k
) _

JEN(i

. 1
convergence: f(z;)— f(z") €O ( \/%:—k> where

ve = 1 —02(G) is the spectral gap of the network
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~ Graph Structures

-path . " >
e m-paths and cycles O(m\/E

- . . 1/4
e m by m grid: (mﬂ)

e expander graphs: O <L>
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Summary

e Y. Nesterov. Primal-dual subgradient methods for
convex problems, 2005.

e L. Xiao. Dual averaging methods for regularized
stochastic learning and online optimization, 2011.

e J.Duchi, A. Agarwal, M. Wainwright. Dual
averaging for distributed optimization: convergence
analysis and network scaling, 2010.

e P.Tseng. On accelerated proximal gradient
methods for convex-concave optimization, 2008.
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