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Review
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® Newton w/ equality constraints

® Examples:

» bundle adjustment

» MLE in exponential families
® Convergence: damped phase, quadratic phase
® Compare: Newton, FISTA, (stoch) (sub)gradient

® Variations: trust region, quasi-Newton, Gauss-
Newton, Levenberg-Marquardt
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Variations: Flsher scormg
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® Recall Newton in exponential family
H ~3
Var|z | 0ld0 = Elx | 0] — T

® Can use this formula in place of Newton, even
if not an exponential family

» descent direction, even w/ no regularization
» “Hessian” is independent of data
» often a wider radius of convergence than Newton

» can be superlinearly convergent
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¢ HW?2 due now
e HW3 out tonight (hopefully)

® Final project update

» project milestone report requirements on web site

» final poster session (3:30—6:30 12/12 NSH Atrium,
3PM setup)

» set up meetings w/ TA mentors
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Linear programs
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® n variables:x = (X1, X2, ..., Xn)"

» ranges: [liui] _ .o
( 5 — & A
® Objective: v or mv Zaxy = X

® m constraints (equality or inequality):

[_;0&'3'&-' ;loJ (J:IM)
L > ¢

® Example: .9, .3 st
X r(q <4 7 f’ZE\ 23

2reSyEE T
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Sketching an LP
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max 2x+3y s.t.
X+y=<4
2X + 5y < 12
X+ 2y =<5
X,y=0
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Did the prof get it right?

L e et e S PP m’w
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Ponhedra
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e hull({points}) or
n({halfspaces})

® Vertices, edges, faces | - e
» in general: d-faces

» n vars: d-face = set of feasible points that make ~-d

independent halfspace constrs tight

I I I \ AACAALD z/\"
» therefore, dimensionality = n- (x-4) = A et 2

» n vars, m2n halfspaces: can have ©-faces thru v -faces

n- | C&-\C‘L&w\r'l
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Matrlx notatlon
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A
A0
® For a vector of variables v and a constant
matrix A and vector b,

e

max 2Xx+3y s.t.

» Av=b [componentwise] X+y<4
L 2X + 5y <12
® Objective:c'v « + zyys c
® Eg pnar 'V Sk Pro e X,y 20
» A=/ U 1 b=/¢% Cc = (2
7§ (2 5
2 <
—( O Q
o -l )
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Fmdmg the optlmum
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max 2x+3y s.t.
X+y=<4
2X + 5y < 12
X+ 2y <5
X,y=0




Where’s my ball?
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Unhappy ball
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» max 2x + 3y subject to
» X225

» X < |
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Convention
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® min over empty set = + &
® max over empty set = —<°

® Adding an element always

4 0\ecrc-q?t— v A

) \ ¢ - A
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Linear feasibility
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® find (Xx,Yy) s.t.
» x+ty<4
» 2x + 5y =12
» X +2y <5
» X,y 20

® Any easier than LP?
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Bmary search

® find (Xx,Yy) s.t.
» x+y<4
» 2x + 5y = 12
» X +2y <5
» X,y 20

vs. max 2x+3y s.t. T
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Transforming LPs
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® Getting rid of inequalities (except variable

bounds) fy <4
X +y<

S € {O,”’O]

X+6+ Sﬁur

® Getting rid of equalities
x+2y=4 X+ <

Geoff Gordon—10-725 Optimization—rFall 2012 16



Transformmg LPs
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max X *t Yy s.t.
2x +y <3
y=0

® Getting rid of bounded vars

xe[2,5] — «xefF
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max 2x+3y s.t.

Standard form LP - x+y=<+

<
PIOORETTIRE A Do Ly Tt AT P G IEDANT S Pty 5 I A S B IR v e N il v st e 0] 2X + Sy —_— |2
Il variabl X+ 2y <5
® 2|l variables are nonnegative
8 x,y 20
® all constraints are equalities Koy et =Y

e Eg.maxc'qgst. Aq=b,q=0

_ BOOCJ)T
c—(’&

\_
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max 2x+3y s.t.

Objective in tableau | xy<*

YORED R Dt 4 by A ¥ A Tty "IN hr a2 o S R o ad 2X + Sy S |2
. x+2y<5
® Add an extra variable z %,y 20

» constrain it to = the objective

X Vv uvwz RHS
1 1 /100 o\ 4
2 5 (/0100 12
1 2 10 0 1 O 5
-2 =3 X) 0 01 0 —> woconsty o

ra/\j\_ C)S’ 7=
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Standard v. inequality forms
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3

® max 2x+3y s.t.

» x+ty=s4 2'2_
» 2x + 5y =12 15|
» Xx+2y<5 '
» X,y 20 Olj
® ors.t. '0'5." I
ol
» x+ty+u=4 if std fm has n vars, m eqns
» 2x + 5y + v =12 |« then ineq form has n—m vars
» x+2y+w=5 | and m¥(n-m)=n ineqs
b X BUNW2O0 ¢ (here m = 3,n =5)
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Faces in standard
form

¥ A ey o I S IR v

® Inequality form
» n vars, m2n halfspaces: can have O-faces thru n-faces

» d-face makes n—d inequalities tight

® Standard form

» n nonneg. vars, m<n equalities: © -faces thru («~-faces
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Why is standard form useful7
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® (Can take linear combinations of constraints

® Eg, x+2y=4 & 2x+3y=5

<,

— e Xk”&;l

® FEasy to manipulate via row operations

® FEasy to find corners by Gaussian
elimination
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WWmMSM” e RS v e PVl _tmest e s : IR
100 4 setx,y=0 w-=4 v:=12 =5
% 010 12
001 5
111 4 setv,w=0 (xy«)=07")
25010 12
120 5
1100 4 setx,u=0 4-"
25010 12 gz -%
112001 5 o
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Geoff Gordon—

What happened?

Q W :
(@)
".‘. = Mg orein; 'M"‘f" WJMQ“M
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Row operations

e L e D Lalanie © PV .
® Can replace any row with linear
combination of existing rows A b
» as long as we don’t lose independence 11100 4
250+0—12—

® Eliminate x from 2nd and 3rd rows 12001 5

O [ -\ O\ \
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Presto change-

PRI Do frt A P AT St 5= 9 0 S I e w5Vl it et e PR e o
XYy
® Which are the slacks now? -
SR 0 3
b UATS appeanay AL ocomeh 0 1

® Eliminating x from all but one
constr: - & slack

® Constraint we used to eliminate x:

i+ slacle /U\] s wo+ a sladk
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1 0 0 4
-2 1 0 4
-1 0 1 1
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The “new” LP

PRPORTTIE b B, 5t GRS e S DA Sty S P A G IR G e P it b e TR e s POy s

W MK 2 = ;a-’?“ 0’%>
: . T
objective:was z = 2x + 3y 45 y+us<4
4 Jy—-2us4
X y uvwz RHS 3.5 )’—US|
0 1 -1010 1 |
2 -3 0001 —foy
157
> -\ 2 © o Y |
0.5¢

0

-0.5
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viderernties.,

Sketchmg standard form

2Lt Dbt £ Dt e gl L R s, T T

® Drop the slacks, sketch in
inequality form

® May be several ways

o S il




What lf there aren 't slacks7

YOO 4 Dt 4, For oA

A gty " W dbmw i o S danie” PP e o e

® Use row ops to make some:
» u,v,w=20
»ut+t2v+w=3
» SuF+v—w=>5

o -sv -Uu = Y
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A =

b =

Az,

ans

A(:,

ans

Matlab vers:on

(1 2 1;
3 1 -17;
[3:51;
1:2) \ A

1.0000 0
0 1.0000

1:2) \ b

1.4000
0.8000
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-0.6000
0.8000

e i
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Matlab w:th z max 7=2x+ 3y 5t

x+ty+tu=4
VIPRETEIRL A B 4 Tt WA o G DA T WA Pty 5" IV AT R b b PPV st et e aalal PSS 2X + Sy + VvV = |2
x+2y+w=5
X, ¥, u, v, w2 0

» always pick z's column (here, col 6)

» remember z is unconstrained

Aandb result =A(,[1 4 5 6]) \ [A b]
\ o
X VYV uvw ; RHS X v u vwz RHS
1 1 1000 4 1 1 1 00O 4
2 5 0100 12 0 3 -2 100 4
1 2 0010 5 0O 1 -1 0120 1
-2 -3 0001 0 0 -1 2 001 8
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Bas:s
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o {u,v,w,z}and {x,v,w, z} are bases
» elements = basic variables (always m of them)

» easy to write values of basic variables in terms of
non-basic ones

» e.g., set x=y=0
» e.g.,set y=u=0

— b ——
X v uvwz RHS X v u vwz RHS
1 1 1000 4 1 1 1 000 4
2 5 0100 12 0 3 -2 100 4
1 2 0010 5 0O 1-1 0120 1
-2 -3 0001 0 0 -1 2 001 8
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Bas:c solutions

L Dt e i, T B et s g

0.5¢

0

-0.5

0 1 2 3 4
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Bases < corners

0L Tediadaman LTS L N A Rcas e n

YORED R Dt 4 by A S

® Std form:n vars, m equations

» fix ineq form: n—m vars, n ineqgs

® Pick a basis B for std form

» m basic vars (2 0), n—m nonbasic (set to 0)

® FEach nonbasic var yields a tight inequality
» var is either a slack or explicit in ineq fm
» explicit: one of n—m “trivial” (x20) inegs tight

» slack: one of m “real” ineqgs tight

® |neq fm: n—m vars and n—m tight ineqs — corner
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