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Outline

• Part I: Session Types (and Session-Typed Programs)


• Part II: Capturing Work: Ergometric Types


• Part III: Capturing Time: Temporal Types



Part I 
What is a session type? 

And a session-typed program?



Bit Streams

Process 
(Provider)

Channel

bits

Session Type

Process 
(Client)

bits = �{b0 : bits, b1 : bits}
<latexit sha1_base64="9DIMT8xd1Jr7ivdnvYkLI8G6ctA="></latexit><latexit sha1_base64="YTv1hqjo58aHybJp2VZUunREC+A="></latexit><latexit sha1_base64="YTv1hqjo58aHybJp2VZUunREC+A="></latexit><latexit sha1_base64="D+JLQWa/PFFjMQsS2QV8rTgzWBI="></latexit>

Internal Choice 
(provider sends)

For this talk, for simplicity 
we restrict ourselves to the 

subsingleton fragment: Processes 
provide along exactly 1 channel, 

use at most 1 channel 



Bit Streams

bits

R (“right”): send 
from provider to client

b0 b0 b0
<latexit sha1_base64="jgAJHmZJAVs1dDGtaBIZACvZoTc="></latexit><latexit sha1_base64="Xli1/b5EXlkBe62RHnS1EC72NtU="></latexit><latexit sha1_base64="Xli1/b5EXlkBe62RHnS1EC72NtU="></latexit><latexit sha1_base64="NyWGnTa25xbCW/vLHH4Gtn8LYpk="></latexit>

Asynchronous 
message flow

zeros
<latexit sha1_base64="O/MSdqMpmHRW1wHxiwArhRWqAs8="></latexit><latexit sha1_base64="6csbKYXHDtOBy8nIyGMVjOyjD4Q="></latexit><latexit sha1_base64="6csbKYXHDtOBy8nIyGMVjOyjD4Q="></latexit><latexit sha1_base64="gQ8bRW/euWQZKX4Pn8Iy+ve9i5M="></latexit>

bits = �{b0 : bits, b1 : bits}
` zeros : bits
zeros = R.b0 ; zeros

<latexit sha1_base64="O4PjRX/mA0JqV4DDNZsvzZgQDn4="></latexit><latexit sha1_base64="O4PjRX/mA0JqV4DDNZsvzZgQDn4="></latexit><latexit sha1_base64="O4PjRX/mA0JqV4DDNZsvzZgQDn4="></latexit><latexit sha1_base64="O4PjRX/mA0JqV4DDNZsvzZgQDn4="></latexit>



Bit Stream Transducer

bits

Asynchronous 
message flow

bits

bits = �{b0 : bits, b1 : bits}
bits ` neg : bits
neg = caseL ( b0 ) R.b1 ; neg

| b1 ) R.b0 ; neg )
<latexit sha1_base64="mfDPag7+9MyKco+19CX0iI/01rM="></latexit><latexit sha1_base64="mfDPag7+9MyKco+19CX0iI/01rM="></latexit><latexit sha1_base64="mfDPag7+9MyKco+19CX0iI/01rM="></latexit><latexit sha1_base64="mfDPag7+9MyKco+19CX0iI/01rM="></latexit>

neg
<latexit sha1_base64="wUiknKZWzV29I/f6PjwIjC+5KGY="></latexit><latexit sha1_base64="Ghxz0GKkAoFWPQSd6n2Lq/ppS/s="></latexit><latexit sha1_base64="Ghxz0GKkAoFWPQSd6n2Lq/ppS/s="></latexit><latexit sha1_base64="vlWctHb+pYxyjwG/0aCM1Gz250Q="></latexit>

Asynchronous 
message flow

b1 b0 b1
<latexit sha1_base64="eq5Q+J6qnTudaWUUq0M3FOruMdc="></latexit><latexit sha1_base64="JYvnVVjBIRHlJxkrxK7RXbg4b/4="></latexit><latexit sha1_base64="JYvnVVjBIRHlJxkrxK7RXbg4b/4="></latexit><latexit sha1_base64="jtvpmQkti1ZUAkpDOQdgM/t+ru8="></latexit>

b0 b1 b0
<latexit sha1_base64="Y832ov3r0kp5DuSBzbvBEEimGE0="></latexit><latexit sha1_base64="D6Rf9je0t0zuvKfEiJ1M0HAG5VU="></latexit><latexit sha1_base64="D6Rf9je0t0zuvKfEiJ1M0HAG5VU="></latexit><latexit sha1_base64="TIdTh1XA28iUXK9kutZhg/xFk7k="></latexit>

caseL: receive from “left” 
(provider)



Counter

ctr

Asynchronous 
message flow

inc inc
<latexit sha1_base64="WZTTWrpIQbkFYViN5ddKsWjrhgg="></latexit><latexit sha1_base64="qqbNF5OOVCg7JgzE1zW2ZnC4vPI="></latexit><latexit sha1_base64="qqbNF5OOVCg7JgzE1zW2ZnC4vPI="></latexit><latexit sha1_base64="op7/1hj2w1TkOoZmbRiZ4D+XvWg="></latexit>

ctr = N{inc : ctr}
<latexit sha1_base64="9tDT4Xgxl7qH5SG8K7c71YfkD7c="></latexit><latexit sha1_base64="9tDT4Xgxl7qH5SG8K7c71YfkD7c="></latexit><latexit sha1_base64="9tDT4Xgxl7qH5SG8K7c71YfkD7c="></latexit><latexit sha1_base64="9tDT4Xgxl7qH5SG8K7c71YfkD7c="></latexit>

External Choice 
(client sends)

Provider Client



Binary Counter

ctrctrctrctr
bit0

<latexit sha1_base64="78tIcBOflABCp2zTPGTzwhShpIs="></latexit><latexit sha1_base64="jBdY0cL7Ce2Pi3N4YRqCQ6LV7XY="></latexit><latexit sha1_base64="jBdY0cL7Ce2Pi3N4YRqCQ6LV7XY="></latexit><latexit sha1_base64="SBRVvW5RbyQF0ldDxwdAftrxtrM="></latexit>

bit1
<latexit sha1_base64="2aU/NkkwJlxV7S+kB3il2m9Evuc="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="uALS3toicPXLMWayf3G7r4g9sS8="></latexit>

bit1
<latexit sha1_base64="2aU/NkkwJlxV7S+kB3il2m9Evuc="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="uALS3toicPXLMWayf3G7r4g9sS8="></latexit>

empty
<latexit sha1_base64="LyZ7pnSONcDvpKapvn/yUnyjPUI="></latexit><latexit sha1_base64="UElNq3/nE7xQ7i76Vl6TOAw6lWA="></latexit><latexit sha1_base64="UElNq3/nE7xQ7i76Vl6TOAw6lWA="></latexit><latexit sha1_base64="+5TC0QkNpL9pZvCe4xN6q4Ysnus="></latexit>

Represents number 6 = (110)2

Parallel Composition 
(spawning a new process) 

(associative, but not commutative here!)

inc inc
<latexit sha1_base64="WZTTWrpIQbkFYViN5ddKsWjrhgg="></latexit><latexit sha1_base64="qqbNF5OOVCg7JgzE1zW2ZnC4vPI="></latexit><latexit sha1_base64="qqbNF5OOVCg7JgzE1zW2ZnC4vPI="></latexit><latexit sha1_base64="op7/1hj2w1TkOoZmbRiZ4D+XvWg="></latexit>

ctr = N{inc : ctr}
` empty : ctr
ctr ` bit0 : ctr
ctr ` bit1 : ctr

bit0 = caseR ( inc ) bit1 )
bit1 = caseR ( inc ) L.inc ; bit0 )
empty = caseR ( inc ) empty || bit1 )

<latexit sha1_base64="SND1JbU3X9XyQ4bDaJYLF5/oUgI="></latexit><latexit sha1_base64="SND1JbU3X9XyQ4bDaJYLF5/oUgI="></latexit><latexit sha1_base64="SND1JbU3X9XyQ4bDaJYLF5/oUgI="></latexit><latexit sha1_base64="SND1JbU3X9XyQ4bDaJYLF5/oUgI="></latexit>



Session Types So Far
A,B ::= �{` : A`}`2L (internal choice)

| N{` : A`}`2L (external choice)
| a (def)

P,Q ::= R.k ; P | caseL (` ) Q`)`2L (�)
| caseR (` ) P`)`2L | L.k ; Q (N)
| P || Q (spawn)
| f (def)

<latexit sha1_base64="FiOexHy7RH4yffy7UawZUn8zLJc="></latexit><latexit sha1_base64="FiOexHy7RH4yffy7UawZUn8zLJc="></latexit><latexit sha1_base64="FiOexHy7RH4yffy7UawZUn8zLJc="></latexit><latexit sha1_base64="FiOexHy7RH4yffy7UawZUn8zLJc="></latexit>

A ` P : B (typing judgment)
P �! Q (transition judgment)

<latexit sha1_base64="7XahD7qG6M3p2CHHnuiDHpXoRBA="></latexit><latexit sha1_base64="vaR9yeS4rV8jYYOlJFpFgYsxBb0="></latexit><latexit sha1_base64="vaR9yeS4rV8jYYOlJFpFgYsxBb0="></latexit><latexit sha1_base64="3uoUwgEM4eku21qkS/EnD4f7HnE="></latexit>



Typing and Reduction
(8` 2 L) A ` P` : B`

A ` caseR (` ) P`)`2L : N{` : B`}`2L

NR

(k 2 L) Bk ` Q : C

N{` : B`}`2L ` (L.k ; Q) : C
NL

A ` P : B B ` Q : C

A ` (P || Q) : C
cut

caseR (` ) P`) || (L.k ; Q) �! Pk || Q (NC)

(R.k ; P ) || caseL (` ) Q`) �! P || Qk (�C)
<latexit sha1_base64="1fLdnEuvVZDV/DB2dI3hs7nOeMg="></latexit><latexit sha1_base64="qLfMs6gNVGBt1YPMS2JMy8d3MM0="></latexit><latexit sha1_base64="qLfMs6gNVGBt1YPMS2JMy8d3MM0="></latexit><latexit sha1_base64="kmzbqUbYiavQzQO4F1TB1Uhs7AE="></latexit>



Identity as Forward

A ` $ : A
id

P || ($) || Q �! P || Q
<latexit sha1_base64="2UILB/0/6JQH/GGfktV50oA2v7o="></latexit><latexit sha1_base64="88DLMXtzykQG/EkJnKZM1OuOzNA="></latexit><latexit sha1_base64="88DLMXtzykQG/EkJnKZM1OuOzNA="></latexit><latexit sha1_base64="Fds2GWSqlkaZC1mkhnL6d0TXi70="></latexit>

Logically: identity 
Operationally: forwarding



Connection to Linear Logic
• Curry-Howard correspondence to (additive) linear logic, plus 

recursive types and recursive processes


• Extension to (intuitionistic) linear logic adds termination (1), 
channel receive (A —o B), channel send (A ⊗ B), replication (!A)


• Programs derived from sequent calculus proofs


• Operational semantics derived from cut reduction


• Satisfies the usual preservation and progress properties


• Synchronous and asynchronous communication interdefinable



Summary
�{` : A`}`2L send k 2 L cont as Ak

N{` : A`}`2L recv k 2 L cont as Ak

1 send end (terminate)

A ( B recv channel c : A cont as B
A⌦B send channel c : A cont as B

<latexit sha1_base64="8vR6/foI3w907xPToPXwq/W14yM="></latexit><latexit sha1_base64="Qc2AbbUfU70Uu4I0jJmtH9+kTF0="></latexit><latexit sha1_base64="Qc2AbbUfU70Uu4I0jJmtH9+kTF0="></latexit><latexit sha1_base64="/fm+mxk3c1U3sWhtLEPpIQFvDto="></latexit>

(c1 : A1) . . . (cn : An) ` P :: (c : B)
<latexit sha1_base64="PY//VHjn/l2cfFB6qplWpwViDQw="></latexit><latexit sha1_base64="YVOJllOyhgPcRwZ8lv54pwLd9Vo="></latexit><latexit sha1_base64="YVOJllOyhgPcRwZ8lv54pwLd9Vo="></latexit><latexit sha1_base64="YiaXgmogmBTPdKJBD+cybyLAyCQ="></latexit>

Generalized Typing Judgment

Channels Used Channel Provided



Part II 
Capturing Work



Ergometric Types
• Design goals


Flexible: support different cost models, e.g., messages sent or 
processes spawned


Conservative: extend rather than redefine type system or logic


Compositional: describe individual processes, not just whole programs


Precise: capture work accurately


General: allow many algorithms and programs to be analyzed


Intuitive: predictable, with good error messages


Automatic: infer bounds where possible



Amortized Analysis
• We can store tokens (permitting work) with a process


• We can transfer tokens between processes


• Cost model: every send action costs 1 token


• Classic example: binary counter


 Every bit1 process stores 1 token so it can send a carry bit


 Every increment message carries 1 token, to be stored


 When starting from zero, incrementing n times requires work 2n



ctrctrctrctr
bit0

<latexit sha1_base64="78tIcBOflABCp2zTPGTzwhShpIs="></latexit><latexit sha1_base64="jBdY0cL7Ce2Pi3N4YRqCQ6LV7XY="></latexit><latexit sha1_base64="jBdY0cL7Ce2Pi3N4YRqCQ6LV7XY="></latexit><latexit sha1_base64="SBRVvW5RbyQF0ldDxwdAftrxtrM="></latexit>

bit1
<latexit sha1_base64="2aU/NkkwJlxV7S+kB3il2m9Evuc="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="uALS3toicPXLMWayf3G7r4g9sS8="></latexit>

bit1
<latexit sha1_base64="2aU/NkkwJlxV7S+kB3il2m9Evuc="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="uALS3toicPXLMWayf3G7r4g9sS8="></latexit>

empty
<latexit sha1_base64="LyZ7pnSONcDvpKapvn/yUnyjPUI="></latexit><latexit sha1_base64="UElNq3/nE7xQ7i76Vl6TOAw6lWA="></latexit><latexit sha1_base64="UElNq3/nE7xQ7i76Vl6TOAw6lWA="></latexit><latexit sha1_base64="+5TC0QkNpL9pZvCe4xN6q4Ysnus="></latexit>

bit0
<latexit sha1_base64="78tIcBOflABCp2zTPGTzwhShpIs="></latexit><latexit sha1_base64="jBdY0cL7Ce2Pi3N4YRqCQ6LV7XY="></latexit><latexit sha1_base64="jBdY0cL7Ce2Pi3N4YRqCQ6LV7XY="></latexit><latexit sha1_base64="SBRVvW5RbyQF0ldDxwdAftrxtrM="></latexit>

ctrctrctrctr

inc
<latexit sha1_base64="cR3/WqJJ1aaesTecJFjdFtwy8ts="></latexit><latexit sha1_base64="cR3/WqJJ1aaesTecJFjdFtwy8ts="></latexit><latexit sha1_base64="cR3/WqJJ1aaesTecJFjdFtwy8ts="></latexit><latexit sha1_base64="cR3/WqJJ1aaesTecJFjdFtwy8ts="></latexit>

empty
<latexit sha1_base64="LyZ7pnSONcDvpKapvn/yUnyjPUI="></latexit><latexit sha1_base64="UElNq3/nE7xQ7i76Vl6TOAw6lWA="></latexit><latexit sha1_base64="UElNq3/nE7xQ7i76Vl6TOAw6lWA="></latexit><latexit sha1_base64="+5TC0QkNpL9pZvCe4xN6q4Ysnus="></latexit>

bit1
<latexit sha1_base64="2aU/NkkwJlxV7S+kB3il2m9Evuc="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="uALS3toicPXLMWayf3G7r4g9sS8="></latexit> bit0

<latexit sha1_base64="78tIcBOflABCp2zTPGTzwhShpIs="></latexit><latexit sha1_base64="jBdY0cL7Ce2Pi3N4YRqCQ6LV7XY="></latexit><latexit sha1_base64="jBdY0cL7Ce2Pi3N4YRqCQ6LV7XY="></latexit><latexit sha1_base64="SBRVvW5RbyQF0ldDxwdAftrxtrM="></latexit>

inc
<latexit sha1_base64="cR3/WqJJ1aaesTecJFjdFtwy8ts="></latexit><latexit sha1_base64="cR3/WqJJ1aaesTecJFjdFtwy8ts="></latexit><latexit sha1_base64="cR3/WqJJ1aaesTecJFjdFtwy8ts="></latexit><latexit sha1_base64="cR3/WqJJ1aaesTecJFjdFtwy8ts="></latexit>

ctrctrctrctr
empty

<latexit sha1_base64="LyZ7pnSONcDvpKapvn/yUnyjPUI="></latexit><latexit sha1_base64="UElNq3/nE7xQ7i76Vl6TOAw6lWA="></latexit><latexit sha1_base64="UElNq3/nE7xQ7i76Vl6TOAw6lWA="></latexit><latexit sha1_base64="+5TC0QkNpL9pZvCe4xN6q4Ysnus="></latexit>

bit1
<latexit sha1_base64="2aU/NkkwJlxV7S+kB3il2m9Evuc="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="uALS3toicPXLMWayf3G7r4g9sS8="></latexit>

bit0
<latexit sha1_base64="78tIcBOflABCp2zTPGTzwhShpIs="></latexit><latexit sha1_base64="jBdY0cL7Ce2Pi3N4YRqCQ6LV7XY="></latexit><latexit sha1_base64="jBdY0cL7Ce2Pi3N4YRqCQ6LV7XY="></latexit><latexit sha1_base64="SBRVvW5RbyQF0ldDxwdAftrxtrM="></latexit>

bit0
<latexit sha1_base64="78tIcBOflABCp2zTPGTzwhShpIs="></latexit><latexit sha1_base64="jBdY0cL7Ce2Pi3N4YRqCQ6LV7XY="></latexit><latexit sha1_base64="jBdY0cL7Ce2Pi3N4YRqCQ6LV7XY="></latexit><latexit sha1_base64="SBRVvW5RbyQF0ldDxwdAftrxtrM="></latexit>

inc
<latexit sha1_base64="cR3/WqJJ1aaesTecJFjdFtwy8ts="></latexit><latexit sha1_base64="cR3/WqJJ1aaesTecJFjdFtwy8ts="></latexit><latexit sha1_base64="cR3/WqJJ1aaesTecJFjdFtwy8ts="></latexit><latexit sha1_base64="cR3/WqJJ1aaesTecJFjdFtwy8ts="></latexit>

inc
<latexit sha1_base64="cR3/WqJJ1aaesTecJFjdFtwy8ts="></latexit><latexit sha1_base64="cR3/WqJJ1aaesTecJFjdFtwy8ts="></latexit><latexit sha1_base64="cR3/WqJJ1aaesTecJFjdFtwy8ts="></latexit><latexit sha1_base64="cR3/WqJJ1aaesTecJFjdFtwy8ts="></latexit>

ctrctrctrctr
bit1

<latexit sha1_base64="2aU/NkkwJlxV7S+kB3il2m9Evuc="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="uALS3toicPXLMWayf3G7r4g9sS8="></latexit>

bit1
<latexit sha1_base64="2aU/NkkwJlxV7S+kB3il2m9Evuc="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="uALS3toicPXLMWayf3G7r4g9sS8="></latexit>

bit1
<latexit sha1_base64="2aU/NkkwJlxV7S+kB3il2m9Evuc="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="+y1ww+9i5WpmOVeFU+IPZfjh2eQ="></latexit><latexit sha1_base64="uALS3toicPXLMWayf3G7r4g9sS8="></latexit>

empty
<latexit sha1_base64="LyZ7pnSONcDvpKapvn/yUnyjPUI="></latexit><latexit sha1_base64="UElNq3/nE7xQ7i76Vl6TOAw6lWA="></latexit><latexit sha1_base64="UElNq3/nE7xQ7i76Vl6TOAw6lWA="></latexit><latexit sha1_base64="+5TC0QkNpL9pZvCe4xN6q4Ysnus="></latexit>



Ergometric types 
in three steps



Step 1 
Generalize the Judgment



Judging Potential
A `

r
P : C

<latexit sha1_base64="2KWKr9Q8D4zL0DFTvKWOiBKg4w4="></latexit><latexit sha1_base64="kmDkg0Ej9O/QD5uy/hEDql4p2HQ="></latexit><latexit sha1_base64="kmDkg0Ej9O/QD5uy/hEDql4p2HQ="></latexit><latexit sha1_base64="RbTxJz3MK0wrpLEJVT1Y8mFksSA="></latexit>

Potential r ≥ 0

A `r P : C

A `r + 1
work ; P : C

work

A `r P : B B `s Q : C

A `r + s
(P || Q) : C

cut

A `0 $ : A

id

<latexit sha1_base64="8gRhI2ssyNIm+/JfORfFKOKwzD0="></latexit><latexit sha1_base64="Jy4QIysFJk6dRwHvIYGjXZrb3yo="></latexit><latexit sha1_base64="Jy4QIysFJk6dRwHvIYGjXZrb3yo="></latexit><latexit sha1_base64="GYC/8Ugk/Ftz7iDWWZQE48Z3bWU="></latexit>



Parametric Right/Left Rules

(8` 2 L) A `r Q` : B`

A `r caseR (` ) P`)`2L : N{` : B`}`2L

NR

(k 2 L) Bk `r Q : C

N{` : B`}`2L `r L.k ; Q : C
NL

<latexit sha1_base64="FcIPbzlpZl8zFzWA72lieVqdqVo="></latexit><latexit sha1_base64="iVt6RjH5qe6RPnIglE9y7R/1u/I="></latexit><latexit sha1_base64="iVt6RjH5qe6RPnIglE9y7R/1u/I="></latexit><latexit sha1_base64="fX43GghxNC92C/8Qxr0lc1ey4nM="></latexit>

Send, receive, spawn, forward are all free! 
For now…



Step 2 
Internalize Potential 

in Types



Transferring Potential
Transfer of potential  
manifest in the type!

A ::= . . . | /s A | .s A
<latexit sha1_base64="XAVAvLYCUa7NHZ2oyf7CLGxHELw="></latexit><latexit sha1_base64="ebGIXYkFmlUxxcxupf4DrDYDZv0="></latexit><latexit sha1_base64="ebGIXYkFmlUxxcxupf4DrDYDZv0="></latexit><latexit sha1_base64="XNBzcNHX1fc/+KmLO4Uqh1ZEqZ0="></latexit>

Symmetric transfer 
from provider to client

Transfer of potential s 
from client to provider

A `r + s
P : B

A `r (getRs ; P ) : /s B
/R

B `t Q : C

/s B `s+ t
(payLs ; Q) : C

/L

(getRs ; P )r || (payLs ; Q)s+ t

�! (P )r + s || (Q)t
<latexit sha1_base64="TDaX0aFJx7RlI+4csIk4U5ulojo="></latexit><latexit sha1_base64="PZJsztwXSIULU5Z0elz+wc4KPt0="></latexit><latexit sha1_base64="PZJsztwXSIULU5Z0elz+wc4KPt0="></latexit><latexit sha1_base64="3gfRBHpaJn4QZyDPu6qI0lMs5eY="></latexit> Potential of a 

running process



Step 3 
Define Cost Model



Send Actions Cost 1 Token

Blue work is inserted to reflect 
cost model, not by programmer

(P || Q)⇤ = (P )⇤ || (Q)⇤ cut
($)⇤ = $ id

(caseR (` ) P`)`2L)⇤ = caseR (` ) (P`)⇤)`2L (NR)
(L.k ; Q)⇤ = work ; L.k ; (Q)⇤ (NL)

(R.k ; P )⇤ = work ; R.k ; (P )⇤ (�R)
(caseL (` ) Q`)`2L)⇤ = caseL (` ) (Q`)⇤)`2L (�L)

<latexit sha1_base64="5ngGeEulK9RhZd5lGk0NzIx0dHw="></latexit><latexit sha1_base64="TkU9gWurNw+To+gD1dYJR69svsI="></latexit><latexit sha1_base64="TkU9gWurNw+To+gD1dYJR69svsI="></latexit><latexit sha1_base64="8Vy62FDCObHZ30ASXBK9WU7u7Sc="></latexit>



Binary Counter Revisited

1 2 1 0

10

0 1 10

ctr = N{inc : /1 ctr}

ctr `0 bit0 : ctr

ctr `1 bit1 : ctr

`0 empty : ctr

bit0 = caseR ( inc ) getR1 ; bit1 )

bit1 = caseR ( inc ) getR1 ; work ; L.inc ; payL1 ; bit0 )

empty = caseR ( inc ) getR1 ; empty || bit1 )
<latexit sha1_base64="7A3ipSwtFsWHUY6A54qjk3KA63c="></latexit><latexit sha1_base64="7A3ipSwtFsWHUY6A54qjk3KA63c="></latexit><latexit sha1_base64="7A3ipSwtFsWHUY6A54qjk3KA63c="></latexit><latexit sha1_base64="7A3ipSwtFsWHUY6A54qjk3KA63c="></latexit>

1



Typing Closed Programs

6 5 5

4 3 3

2 1 1

0

0 6 6

ctr `6 plus3 : ctr

plus3 = work ; R.inc ; payL ;

work ; R.inc ; payL ;

work ; R.inc ; payL ;

$

`12 six : ctr

six = empty || plus3 || plus3
<latexit sha1_base64="8r73PcyL9sq+dugPZP+WMSNmuww="></latexit><latexit sha1_base64="8r73PcyL9sq+dugPZP+WMSNmuww="></latexit><latexit sha1_base64="8r73PcyL9sq+dugPZP+WMSNmuww="></latexit><latexit sha1_base64="8r73PcyL9sq+dugPZP+WMSNmuww="></latexit>



Ergometric Types
Flexible: support different cost models, e.g., messages sent or 
processes spawned


Conservative: extend rather than redefine type system or logic


Compositional: describe individual processes, not just whole progs.


Precise: capture work accurately


General: allow many algorithms and programs to be analyzed


Intuitive: predictable, with good error messages


Automatic: infer bounds where possible



Work Reconstruction
ctr = N{inc : /1 ctr}

`0 empty : ctr

ctr `0 bit0 : ctr

ctr `1 bit1 : ctr

bit0 = caseR ( inc ) bit1 )
bit1 = caseR ( inc ) L.inc ; bit0 )
empty = caseR ( inc ) empty || bit1 )

ctr `6 plus3 : ctr
plus3 = R.inc ; R.inc ; R.inc ; $

<latexit sha1_base64="BNi6vJg/AO4BWEv8FBuGhyTIc0g="></latexit><latexit sha1_base64="BNi6vJg/AO4BWEv8FBuGhyTIc0g="></latexit><latexit sha1_base64="BNi6vJg/AO4BWEv8FBuGhyTIc0g="></latexit><latexit sha1_base64="BNi6vJg/AO4BWEv8FBuGhyTIc0g="></latexit>



Reading the Counter Value
bits = �{b0 : bits, b1 : bits, $ : 1}
ctr = N{inc : ctr, val : bits}

bit0 = caseR ( inc ) bit1
| val ) R.b0 ; L.val ; $ )

bit1 = caseR ( inc ) L.inc ; bit1
| val ) R.b1 ; L.val ; $ )

empty = caseR ( inc ) empty || bit1
| val ) R.$ ; closeR )

<latexit sha1_base64="/46H4vjLRY2iAQwHijcbH2v2pg8="></latexit><latexit sha1_base64="/46H4vjLRY2iAQwHijcbH2v2pg8="></latexit><latexit sha1_base64="/46H4vjLRY2iAQwHijcbH2v2pg8="></latexit><latexit sha1_base64="/46H4vjLRY2iAQwHijcbH2v2pg8="></latexit>

Terminating and 
 closing channel



Parametric Bounds

Every bit0 and bit1 process 
stores an additional 2 tokens

Client provides enough tokens 
at the end to read out value

bits = �{b0 : bits, b1 : bits, $ : 1}
ctr = N{inc : ctr, val : bits}

ctr = N{inc : /3 ctr, val : /2 bits}

ctr[n] = N{inc : /1 ctr[n+ 1],

val : /2dlog(n+ 1)e+ 2 bits }
<latexit sha1_base64="ZiE+tLkENeUzwBu1vIBFJbVBXnA="></latexit><latexit sha1_base64="ZiE+tLkENeUzwBu1vIBFJbVBXnA="></latexit><latexit sha1_base64="ZiE+tLkENeUzwBu1vIBFJbVBXnA="></latexit><latexit sha1_base64="ZiE+tLkENeUzwBu1vIBFJbVBXnA="></latexit>

“Internal measure” to express 
parametric bound



Other Examples
stackA = N{ ins : A ( stackA,

del : /2�{ none : 1,
some : A⌦ stackA } }

queue0A = N{ ins : /6 (A ( queue0A),

del : /2�{ none : 1,
some : A⌦ queue0A } }

queueA[n] = N{ ins : /2n (A ( queueA[n+ 1]),

del : /2�{ none : 9{n = 0}1,
some : 9{n > 0}A⌦ queueA[n� 1] } }

<latexit sha1_base64="HMWnPPWEXlxnxX8GXArQeLZtMrs="></latexit><latexit sha1_base64="HMWnPPWEXlxnxX8GXArQeLZtMrs="></latexit><latexit sha1_base64="HMWnPPWEXlxnxX8GXArQeLZtMrs="></latexit><latexit sha1_base64="HMWnPPWEXlxnxX8GXArQeLZtMrs="></latexit>

Queue as 
two stacks

Queue as 
bucket brigade



More Examples
listrA = �{ nil : 1,

cons : .r (A⌦ listrA) }

(l1 : list2A) (l2 : list0A) `
0
append :: (l : list0A)

mapperAB = N{ next : A ( (B ⌦ .2mapperAB),
done : 1 }

(l : list2A) (m : mapperAB) `
2
map :: (k : list0B)

<latexit sha1_base64="zs/IZk3TUBXA2mU7OHDg6kyxhYY="></latexit><latexit sha1_base64="zs/IZk3TUBXA2mU7OHDg6kyxhYY="></latexit><latexit sha1_base64="zs/IZk3TUBXA2mU7OHDg6kyxhYY="></latexit><latexit sha1_base64="zs/IZk3TUBXA2mU7OHDg6kyxhYY="></latexit>



Part III 
Temporal Types



Parallel Time
• Time, under the assumption of maximal parallelism


 Every action takes place as soon as dependencies allow


• Time remains abstract, as defined by a cost model


• Examples


 Latency in pipelines


 Response time in interactions


 Span in fork/join parallelism



Type System Design
• Goals same as for ergometric types!


Flexible: support different cost models


Conservative: extend rather than redefine type system or logic


Compositional: describe individual processes, not just whole programs


Precise: capture time accurately


General: allow many algorithms and programs to be analyzed


Intuitive: predictable, with good error messages


Automatic: infer bounds where possible



bitsbits

bits = �{b0 : bits, b1 : bits}
bits ` neg : bits
neg = caseL ( b0 ) R.b1 ; neg

| b1 ) R.b0 ; neg )
<latexit sha1_base64="mfDPag7+9MyKco+19CX0iI/01rM="></latexit><latexit sha1_base64="mfDPag7+9MyKco+19CX0iI/01rM="></latexit><latexit sha1_base64="mfDPag7+9MyKco+19CX0iI/01rM="></latexit><latexit sha1_base64="mfDPag7+9MyKco+19CX0iI/01rM="></latexit>

neg
<latexit sha1_base64="wUiknKZWzV29I/f6PjwIjC+5KGY="></latexit><latexit sha1_base64="Ghxz0GKkAoFWPQSd6n2Lq/ppS/s="></latexit><latexit sha1_base64="Ghxz0GKkAoFWPQSd6n2Lq/ppS/s="></latexit><latexit sha1_base64="vlWctHb+pYxyjwG/0aCM1Gz250Q="></latexit>

neg
<latexit sha1_base64="wUiknKZWzV29I/f6PjwIjC+5KGY="></latexit><latexit sha1_base64="Ghxz0GKkAoFWPQSd6n2Lq/ppS/s="></latexit><latexit sha1_base64="Ghxz0GKkAoFWPQSd6n2Lq/ppS/s="></latexit><latexit sha1_base64="vlWctHb+pYxyjwG/0aCM1Gz250Q="></latexit>

bits

b0
<latexit sha1_base64="y44123dZTXXJG4D2+3px2p36YB4="></latexit><latexit sha1_base64="jdIquJ2UfbS2b6wQnxo/mklP4+o="></latexit><latexit sha1_base64="jdIquJ2UfbS2b6wQnxo/mklP4+o="></latexit><latexit sha1_base64="jdZmw/Civz4i86bc3Zdy0Qkk+GM="></latexit>

t = 0

bitsbits
neg

<latexit sha1_base64="wUiknKZWzV29I/f6PjwIjC+5KGY="></latexit><latexit sha1_base64="Ghxz0GKkAoFWPQSd6n2Lq/ppS/s="></latexit><latexit sha1_base64="Ghxz0GKkAoFWPQSd6n2Lq/ppS/s="></latexit><latexit sha1_base64="vlWctHb+pYxyjwG/0aCM1Gz250Q="></latexit>

neg
<latexit sha1_base64="wUiknKZWzV29I/f6PjwIjC+5KGY="></latexit><latexit sha1_base64="Ghxz0GKkAoFWPQSd6n2Lq/ppS/s="></latexit><latexit sha1_base64="Ghxz0GKkAoFWPQSd6n2Lq/ppS/s="></latexit><latexit sha1_base64="vlWctHb+pYxyjwG/0aCM1Gz250Q="></latexit>

bits
t = 1

bitsbits
neg

<latexit sha1_base64="wUiknKZWzV29I/f6PjwIjC+5KGY="></latexit><latexit sha1_base64="Ghxz0GKkAoFWPQSd6n2Lq/ppS/s="></latexit><latexit sha1_base64="Ghxz0GKkAoFWPQSd6n2Lq/ppS/s="></latexit><latexit sha1_base64="vlWctHb+pYxyjwG/0aCM1Gz250Q="></latexit>

neg
<latexit sha1_base64="wUiknKZWzV29I/f6PjwIjC+5KGY="></latexit><latexit sha1_base64="Ghxz0GKkAoFWPQSd6n2Lq/ppS/s="></latexit><latexit sha1_base64="Ghxz0GKkAoFWPQSd6n2Lq/ppS/s="></latexit><latexit sha1_base64="vlWctHb+pYxyjwG/0aCM1Gz250Q="></latexit>

bits

b0
<latexit sha1_base64="y44123dZTXXJG4D2+3px2p36YB4="></latexit><latexit sha1_base64="jdIquJ2UfbS2b6wQnxo/mklP4+o="></latexit><latexit sha1_base64="jdIquJ2UfbS2b6wQnxo/mklP4+o="></latexit><latexit sha1_base64="jdZmw/Civz4i86bc3Zdy0Qkk+GM="></latexit>

t = 2

b1
<latexit sha1_base64="RHAqeoeYCwcp62JN3TU4tuXVYwg="></latexit><latexit sha1_base64="F+rokqNigt3mPXC5d6UzSFA+GIg="></latexit><latexit sha1_base64="F+rokqNigt3mPXC5d6UzSFA+GIg="></latexit><latexit sha1_base64="Dkmeh5+Ekbs9j6+fEna1HlYaMK8="></latexit>

b0
<latexit sha1_base64="y44123dZTXXJG4D2+3px2p36YB4="></latexit><latexit sha1_base64="jdIquJ2UfbS2b6wQnxo/mklP4+o="></latexit><latexit sha1_base64="jdIquJ2UfbS2b6wQnxo/mklP4+o="></latexit><latexit sha1_base64="jdZmw/Civz4i86bc3Zdy0Qkk+GM="></latexit>

b0
<latexit sha1_base64="y44123dZTXXJG4D2+3px2p36YB4="></latexit><latexit sha1_base64="jdIquJ2UfbS2b6wQnxo/mklP4+o="></latexit><latexit sha1_base64="jdIquJ2UfbS2b6wQnxo/mklP4+o="></latexit><latexit sha1_base64="jdZmw/Civz4i86bc3Zdy0Qkk+GM="></latexit>

b1
<latexit sha1_base64="RHAqeoeYCwcp62JN3TU4tuXVYwg="></latexit><latexit sha1_base64="F+rokqNigt3mPXC5d6UzSFA+GIg="></latexit><latexit sha1_base64="F+rokqNigt3mPXC5d6UzSFA+GIg="></latexit><latexit sha1_base64="Dkmeh5+Ekbs9j6+fEna1HlYaMK8="></latexit>

Providing three 
b0 messages

First doubly-negated 
message arrives at t = 2



Advancing Time
A ::= . . . | �A

A ` P : C

�A ` tick ; P : �C
�LR

<latexit sha1_base64="pUSAd+Cl0NU/Pu1D5RArR+yus1I="></latexit><latexit sha1_base64="1q0CQgongDwBnRVlqDvKZl0nzHY="></latexit><latexit sha1_base64="1q0CQgongDwBnRVlqDvKZl0nzHY="></latexit><latexit sha1_base64="uvK+G4PDHiZKa6Fp7zrYuf7QFbc="></latexit>

All other rules remain the same! 
actions are cost-free, for now… Time advances on both (all) 

channels simultaneously

(tick ; P )t �! (P )t+ 1

(R.k ; P )t || (caseL (` ) Q`)`2L)t �! (P )t || (Qk)t

(caseR (` ) P`)`2L)t || (L.k ; Q)t �! (Pk)t || (Q)t
<latexit sha1_base64="pJ/WHK8EKGxucMGWQPN/NiA8jYo="></latexit><latexit sha1_base64="BoxTqO+26jnN0LI85/RhV5ggJ7I="></latexit><latexit sha1_base64="BoxTqO+26jnN0LI85/RhV5ggJ7I="></latexit><latexit sha1_base64="cwiobO6dMPvqad/vzB+MgSwYsDs="></latexit>

Communication is 
temporally synchronized!



Sample Cost Model

Blue tick inserted to model cost, 
not by programmer

(P || Q)+ = (P )+ || (Q)+ cut
($)+ = $ id

(caseR (` ) P`)`2L)+ = caseR (` ) tick ; (P`)+)`2L (NR)
(L.k ; Q)+ = L.k ; (Q)+ (NL)

(R.k ; P )+ = R.k ; (P )+ (�R)
(caseL (` ) Q`)`2L)+ = caseL (` ) tick ; (Q`)+)`2L (�L)

<latexit sha1_base64="ZwAf9KuNJMx0ekUk9SZD3ntVxh0="></latexit><latexit sha1_base64="6WZxYPxkzkil8AutgGbIW2Fgo1U="></latexit><latexit sha1_base64="6WZxYPxkzkil8AutgGbIW2Fgo1U="></latexit><latexit sha1_base64="/28+ci5DXxA2ZgTuksIDi7htcfs="></latexit>

Each receive takes 1 tick



Timed Bit Streams
bits = �{b0 : � bits, b1 : � bits}

<latexit sha1_base64="RlIutQcPAy4/iChE0lm0u/zKcts="></latexit><latexit sha1_base64="RlIutQcPAy4/iChE0lm0u/zKcts="></latexit><latexit sha1_base64="RlIutQcPAy4/iChE0lm0u/zKcts="></latexit><latexit sha1_base64="RlIutQcPAy4/iChE0lm0u/zKcts="></latexit>

Fastest rate possible, under 
“receive takes 1 tick” model

bits ` neg : � bits
neg = caseL ( b0 ) tick ; R.b1 ; neg

| b1 ) tick ; R.b0 ; neg )

bits ` negneg : �� bits
negneg = neg || (tick ; neg)

bits ` id : bits
id = $

<latexit sha1_base64="RzsL4wztHIUt3WVNC1nu3qH97XE="></latexit><latexit sha1_base64="RzsL4wztHIUt3WVNC1nu3qH97XE="></latexit><latexit sha1_base64="RzsL4wztHIUt3WVNC1nu3qH97XE="></latexit><latexit sha1_base64="RzsL4wztHIUt3WVNC1nu3qH97XE="></latexit>

Latency of 1 tick

Latency of 2 ticks

No latency Inserted by programmer 
to express initial delay



Imprecision Required

bits

b1 b0 b1 b1 b0
<latexit sha1_base64="d2wGEZY4s/iptDsyBB4mDLNvpIg="></latexit><latexit sha1_base64="RWs3MBmgfVEDs+e3MPFMCM8WFc0="></latexit><latexit sha1_base64="RWs3MBmgfVEDs+e3MPFMCM8WFc0="></latexit><latexit sha1_base64="JbLH0v04xF9iqlyt8A5iW8Cgwug="></latexit>

b0 b0
<latexit sha1_base64="jECiBAgOTAN1uDFS/eLgIuVVaLE="></latexit><latexit sha1_base64="3875B3gAOtz3JPhcRvpMR6U/evI="></latexit><latexit sha1_base64="3875B3gAOtz3JPhcRvpMR6U/evI="></latexit><latexit sha1_base64="r83xCPC9//Kf7XvIrp2r2bsZJXc="></latexit>

bits

bits = �{b0 : � bits, b1 : � bits}

bits `? drop1s : � bits

drop1s? = caseL ( b0 ) tick ; R.b0 ; drop1s?

| b1 ) tick ; drop1s? )
<latexit sha1_base64="1k48U6DK92F2jm9dO9AcvHIO1ng="></latexit><latexit sha1_base64="1k48U6DK92F2jm9dO9AcvHIO1ng="></latexit><latexit sha1_base64="1k48U6DK92F2jm9dO9AcvHIO1ng="></latexit><latexit sha1_base64="1k48U6DK92F2jm9dO9AcvHIO1ng="></latexit>

Impossible to type in the 
system so far!

drop1s
<latexit sha1_base64="kCygESIfNPC3wQ1TDayVIG8YQXA="></latexit><latexit sha1_base64="zBnW671ChRrnTteR8OgVVo1FwFc="></latexit><latexit sha1_base64="zBnW671ChRrnTteR8OgVVo1FwFc="></latexit><latexit sha1_base64="2FHonifnnFPUaR0tUfgkbsrE4YA="></latexit>



At Some Time

Client continues 
to be ready

A ` P : C

�A ` (tick ; P ) : �C
��

A ` P : ⌃C
�A ` (tick ; P ) : ⌃C

�⌃
<latexit sha1_base64="tVX3430IfBq43/60JxvAfCrHC68="></latexit><latexit sha1_base64="jxa0hEHJT/jmIYOGruRQtMx+ETA="></latexit><latexit sha1_base64="jxa0hEHJT/jmIYOGruRQtMx+ETA="></latexit><latexit sha1_base64="ys3z40OA7BcTIeLBsR3O+SFzRHc="></latexit>

A ` P : B

A ` (now!R ; P ) : ⌃B
⌃R

B ` Q : C (C = �n ⌃C 0)

⌃B ` (when?L ; Q) : C
⌃L

(now!R ; P )t || (when?L ; Q)s �! (P )t || (Q)t (t � s)
<latexit sha1_base64="nl1ZaUg9tTv80TtnKZy0uukcdE4="></latexit><latexit sha1_base64="KVUG2n+ovPGf+shwx/teozZA5Qo="></latexit><latexit sha1_base64="KVUG2n+ovPGf+shwx/teozZA5Qo="></latexit><latexit sha1_base64="w7jmWFXUuSp+x6sfOqaVDGELndA="></latexit>

Client must also be able 
to wait indefinitely

Updated rule(s) advancing time

A ::= . . . | �A | ⌃A
<latexit sha1_base64="9vG9O4C37RLNlGJUKis1glvMWmM="></latexit><latexit sha1_base64="n5mM8aFrrjl+d5rIHIFwRiua7v4="></latexit><latexit sha1_base64="n5mM8aFrrjl+d5rIHIFwRiua7v4="></latexit><latexit sha1_base64="jAqddIPhViTbJWP+DVk2/TwKvBc="></latexit>



Irregular Rates
bits = �{b0 : � bits, b1 : � bits}
slow = �{b0 : �⌃ slow, b1 : �⌃ slow}

bits ` drop1s : �⌃ slow

drop1s = caseL ( b0 ) tick ; now!R ; R.b0 ; drop1s
| b1 ) tick ; drop1s || idle )

�⌃ slow ` idle : ⌃ slow

idle = tick ; $
<latexit sha1_base64="gUch83ql14wMA6ap6YjXYwhFhqw="></latexit><latexit sha1_base64="gUch83ql14wMA6ap6YjXYwhFhqw="></latexit><latexit sha1_base64="gUch83ql14wMA6ap6YjXYwhFhqw="></latexit><latexit sha1_base64="gUch83ql14wMA6ap6YjXYwhFhqw="></latexit> bits ` ⌃ slow

<latexit sha1_base64="OwEloFkD4c5oqKmb90ZCdP2Ll8E="></latexit><latexit sha1_base64="5rGWpbSsWpuoEKenNHsIZ5cLiPI="></latexit><latexit sha1_base64="5rGWpbSsWpuoEKenNHsIZ5cLiPI="></latexit><latexit sha1_base64="+r3SiNeINKOegmwcmtRa2lHi/qY="></latexit>

�⌃ slow
<latexit sha1_base64="OQashyJ434MlJ2Jz+AVCTkUJanQ="></latexit><latexit sha1_base64="9rRI/ILzDGaH3KxSBM+cQKYq0mY="></latexit><latexit sha1_base64="9rRI/ILzDGaH3KxSBM+cQKYq0mY="></latexit><latexit sha1_base64="teEPfYgJ1i1vZ+ttibfIal8AFik="></latexit>

Time reconstruction can infer 
the idle process by subtyping



At All Times
A ::= . . . | �A | ⌃A | ⇤A

<latexit sha1_base64="x9PDM6mecd4YiZC/pYmhsJ577Oc="></latexit><latexit sha1_base64="nWm3tW6+0ZJGrJ+WrhWeUBMBdd0="></latexit><latexit sha1_base64="nWm3tW6+0ZJGrJ+WrhWeUBMBdd0="></latexit><latexit sha1_base64="vHAjiclcHpk8J1M78RVCM0Hnzjs="></latexit>

“Always A” or “Box A” 
Rules are symmetric to ♢A



Response Times
A ::= . . . | �A | ⌃A | ⇤A

<latexit sha1_base64="x9PDM6mecd4YiZC/pYmhsJ577Oc="></latexit><latexit sha1_base64="nWm3tW6+0ZJGrJ+WrhWeUBMBdd0="></latexit><latexit sha1_base64="nWm3tW6+0ZJGrJ+WrhWeUBMBdd0="></latexit><latexit sha1_base64="vHAjiclcHpk8J1M78RVCM0Hnzjs="></latexit>

bits = �{b0 : � bits, b1 : � bits, $ : �1}
ctr = N{inc : �⇤ ctr, val : � bits}

` empty : ⇤ ctr
�⇤ ctr ` bit0 : ⇤ ctr
⇤ ctr ` bit1 : ⇤ ctr
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Response time of 1 tick 
in each case

Increment or read out 
value at any time 
(client’s choice)



Temporal Types
Flexible: support different cost models


Conservative: extend rather than redefine type system or logic


Compositional: describe individual processes, not just whole 
programs


Precise: capture time accurately


General: allow many algorithms and programs to be analyzed


Intuitive: predictable, with good error messages


Automatic: infer bounds where possible



More Examples

queueA = N{ ins : � (⇤A ( �3 ⇤ queueA),
del : ��{ none : �1,

some : � (⇤A⌦ �⇤ queueA) } }

listrA[n] = �{ nil : 9{n = 0}�1,
cons : 9{n > 0}� (⇤A⌦ ��r+2 listA[n� 1]) }

(l1 : listrA[n]) (l2 : �(r+4)n+2 listrA[k]) ` append :: (l : �� listrA[n+ k])

streamr
A = ⇤A⌦ ��r streamr

A

(l1 : stream3
A) (l2 : �2 stream3

A) ` alternate :: (l : � stream1
A)

(l1 : stream2r+3
A ) (l2 : �r+2 stream2r+3

A ) ` alternate :: (l : � streamr+1
A )

<latexit sha1_base64="gL/ElqbXZJc69KAnk1kqT8N8iAM="></latexit><latexit sha1_base64="gL/ElqbXZJc69KAnk1kqT8N8iAM="></latexit><latexit sha1_base64="gL/ElqbXZJc69KAnk1kqT8N8iAM="></latexit><latexit sha1_base64="gL/ElqbXZJc69KAnk1kqT8N8iAM="></latexit>

In a cost model where both 
send and receive take 1 tick

Queue as 
bucket brigade



Theory

• Logically, a form of “linear-time linear logic”


• Preservation and progress follow (some complexities)


• Communication can be temporally synchronized 
(depending on the cost model and implementation)


• Compatible with ergometric types


• Subtyping and time reconstruction



Summary
�{` : A`}`2L send k 2 L cont as Ak

N{` : A`}`2L recv k 2 L cont as Ak

1 send end (terminate)

.r A send potential r cont as A
/r A recv potential r cont as A

�A delay for 1 tick cont as A
⌃A send now at some time cont as A
⇤A recv now at some time cont as A

A ( B recv channel c : A cont as B
A⌦B send channel c : A cont as B
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Take-Aways
• Session types prescribe bidirectional communication 

protocols along channels with two endpoints (provider 
and client) ↔ (intuitionistic) linear logic


• There are elegant and expressive conservative extensions 
to capture work (e.g., total messages sent) and parallel 
time ↔ temporal linear logic


• Work and time reconstruction for modularity and brevity


• Ongoing: implementation, parametric resource inference
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