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Abstract
Adjoint logic is a generalization of Benton’s linear/non-linear logic

supporting arbitrary preorders of modes with varying substructural

properties. The semi-axiomatic sequent calculus (Sax) is a deductive

system in which all noninvertible rules of the sequent calculus

are replaced by axioms. In this paper we explore the relationship

between adjoint logic in its natural deduction and semi-axiomatic

formulations from two related perspectives: proof theory and the

compilation of functional programs.

On the side of proof theory, we exhibit a translation that pre-

serves truth and the subformula property and thereby the meaning

of propositions in the verificationist sense. On the side of func-

tional programming, we extend the language with recursion and

provide a related translation to Sax, viewed as an intermediate lan-

guage in a compiler making the heap explicit. Using a step-indexed

cross-language logical relation we prove that compilation preserves

observational equality.

CCS Concepts
• Theory of computation→ Linear logic; Proof theory; • Soft-
ware and its engineering→ Compilers.

Keywords
Adjoint Logic, Substructural Type Systems, Sequent Calculus, Bidi-

rectional Typing, Compilation

1 Introduction
The deep connections between proof systems and notions of com-

putation have been an extraordinarily rich source of discovery in

philosophy, mathematics, and computer science. Curry [8] estab-

lished a relationship between proofs from axioms and combinatory

reduction, while Howard [23] showed how intuitionistic natural

deductions corresponds to the 𝜆-calculus. There are several degrees

of freedom in such correspondences: the logic (for example, in-

tuitionistic, classical [34], linear [3, 5, 20], lax [4], modal [11], or

temporal [10]), the proof system (for example, natural deduction,

axiomatic systems, or sequent calculi), and the reduction strategy

(for example, [14]).

On the side of proof theory, a crucial notion is that of a normal

or cut-free proof [19] which possesses the subformula property.

Such a proof counts as a verification [17, 30], in which the meaning

of a proposition depends only on the meaning of its parts. On the

side of computation we have the related notion of a value, which
derives from a notion of observation: the subformula property is only

required for positive propositions (= types) whose proofs (= values)

can be directly observed. We can interact with proofs of negative

propositions (for example, apply functions), but not observe their

structure directly [27].

Logical translations, whether between different logics or between

different proof systems for the same logic, can be analyzed from

the perspective of compilation [15, 16]. In particular, we are inter-

ested not only in preserving provability, but also in establishing a

correspondence between differing notions of verification. Compu-

tationally, observable values should correspond exactly, while the

underlying computational mechanism is subject to change while

preserving observational behavior.

In this paper we study logical and computational translations

between different formulations of adjoint logic [38, 39], which is

a uniform presentation of various substructural and modal logics

integrating Benton’s [3] LNL and Nigam and Miller’s subexponen-
tials [33]. On one end of our translation we have adjoint natural
deduction [24], and on the other the adjoint semi-axiomatic sequent
calculus [13]. Logically, our translation preserves truth, verifica-

tions, and substructural properties.

Beyond pure logic, we enrich our language with recursion at

the level of types and programs, and prove that observable com-

putational behavior is preserved using a cross-language logical

relation [2, 35, 42].

The computational interpretation of the semi-axiomatic sequent

calculus makes the heap and data layout explicit [12], but not con-
tinuations in the manner of the sequent calculus [14]. This allows

for a straightforward map from our intermediate language to C. We

have implemented a compiler from an adjoint functional language

to C based on the translations presented in this paper. Because

compilation preserves substructural properties, this compiler can

take advantage of optimizations such as update-in-place [28, 29],

although a detailed description and analysis is beyond the scope of

this paper which lays the theoretical foundations.

In summary, the main contributions of this paper are:

• a presentation of the adjoint semi-axiomatic sequent calcu-

lus (Sax) based on verifications and bidirectional typing,

• a translation from adjoint natural deduction to Sax that

preserves verifications and substructural properties,

• an extension of adjoint Sax with recursive types and pro-

grams, including a sequential computational interpretation,

and

• an extended translation including a correctness proof using

a step-indexed cross-language logical relation.

2 Natural Deduction for Adjoint Logic
Our starting point is a system of natural deduction for adjoint

logic [39], whichwe recall from [24]. It generalizes Benton’s LNL [3],

1
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which combines linear and nonlinear intuitionistic logics through

a pair of adjoint operators F and G. Alternatively, it can be seen

as applying Benton’s decomposition of !𝐴 as FG𝐴 to subexponen-

tials [25, 33]. In adjoint logic we have a preorder of modes𝑚 ≥ 𝑘 ,

where each mode𝑚 allows a set of structural rules 𝜎 (𝑚) among

weakening (W) and contraction (C), where mobility is always as-

sumed. The preorder must be monotonic in the sense that𝑚 ≥ 𝑘

implies 𝜎 (𝑚) ⊇ 𝜎 (𝑘).
Each proposition 𝐴𝑚 has an intrinsic mode𝑚. For the purpose

of this paper, we define:

Positives 𝐴𝑚 ::= 𝐴𝑚 ⊗ 𝐵𝑚 | 1𝑚 | 𝐴𝑚 ⊕ 𝐵𝑚 | ↓𝑘𝑚𝐴𝑘

Negatives | 𝐴𝑚 ⊸ 𝐵𝑚 | 𝐴𝑚 N 𝐵𝑚 | ↑𝑚ℓ 𝐴ℓ

We omit the empty additives 0𝑚 and ⊤𝑚 for the sake of brevity;

see [24] for a full presentation. The shifts have to satisfy the pre-

supposition 𝑘 ≥ 𝑚 for ↓𝑘𝑚𝐴𝑘 and𝑚 ≥ ℓ for ↑𝑚ℓ 𝐴ℓ .

We can recover a minor variant of LNL with two modes, U > L
where 𝜎 (U) = {W,C} and 𝜎 (L) = { }. Then F𝑋 = ↓UL𝑋U and

G𝐴 = ↑UL𝐴L. We can recover linear logic using !𝐴 = ↓UL↑UL𝐴L and

restricting 𝐴U to only contain ↑UL𝐴L.

A remarkable property of adjoint logic is that the rules are para-

metric in the modes, the difference manifest only the operations

on contexts. Because we are interested in preserving verifications,

we present a system making these explicit. In natural deduction,

this means that introduction rules are applied upwards and elimina-

tion rules are applied downward during proof construction. With

explicit proof terms, this restriction is reflected as bidirectional
type-checking [18, 24] and intercalation for proof search [43]. The

remaining nondeterminism in bidirectional type-checking is related

to substructural types. For example, how do we split up the context

for multiplicative connectives? Atkey [1] proposed an elegant solu-

tion for type-checking: We use a judgment such as Γ ⊢ 𝑒 : 𝐴 ⊣ Δ
where Γ declares the types of all variables that are lexically in scope,
while Δ ⊆ Γ records ony the variables that are actually used in 𝑒 .

These considerations lead to the following two judgments:

(1) Γ ⊢ 𝑒 ⇐= 𝐴𝑚 ⊣ Δ (𝑒 checks against 𝐴𝑚 under Γ using Δ)
(2) Γ ⊢ 𝑠 =⇒ 𝐵𝑚 ⊣ Δ (𝑠 synthesizes 𝐵𝑚 under Γ using Δ)

Algorithmically, Γ, 𝑒 , 𝑠 , and𝐴 are given, while 𝐵 and Δ are computed

(if they exist). The rules are show in Figure 2. They use the following

context operations on the output contextsΔ shown in Figure 1. Each

definition is taken modulo exchange, and the operation is undefined

if none of the cases apply. When that’s the case, the rule using the

operation is not applicable.

There are several important invariants that the typing rules

enforce. First, Γ ⊇ Δ, that is, the used variables are a subset of

those in lexical scope. Also, we have Δ ≥ 𝑚, that is, 𝑘 ≥ 𝑚 for

every 𝑦 : 𝐴𝑘 ∈ Δ. This property, known as independence, is crucial,
because it ensures that, for example a linear hypothesis is not used

in the proof of an unrestricted conclusion. This restriction does not

apply to the lexical context Γ.
Consider the rule for upshift introduction.

Γ ⊢ 𝑒 ⇐= 𝐴ℓ ⊣ Δ (Δ ≥ 𝑚)

Γ ⊢ susp 𝑒 ⇐= ↑𝑚ℓ 𝐴ℓ ⊣ Δ
↑𝐼

The expression susp 𝑒 is at mode𝑚, even though 𝑒 itself is at mode

ℓ ≤ 𝑚 by presupposition on the upshift. The expression susp 𝑒 uses

Context merge.

(Δ1, 𝑥 :𝐴𝑚) ; (Δ2, 𝑥 :𝐴𝑚) = (Δ1 ; Δ2), 𝑥 :𝐴𝑚 for C ∈ 𝜎 (𝑚)
(Δ1, 𝑥 :𝐴𝑚) ; Δ2 = (Δ1 ; Δ2), 𝑥 :𝐴𝑚 for 𝑥 ∉ Δ2

Δ1 ; (Δ2, 𝑥 :𝐴) = (Δ1 ; Δ2), 𝑥 :𝐴𝑚 for 𝑥 ∉ Δ1

(·) ; (·) = (·)
Context join.

(Δ1, 𝑥 :𝐴𝑚) ⊔ (Δ2, 𝑥 :𝐴𝑚) = (Δ1 ⊔ Δ2), 𝑥 :𝐴𝑚
(Δ1, 𝑥 :𝐴𝑚) ⊔ Δ2 = (Δ1 ⊔ Δ2), 𝑥 :𝐴𝑚 for 𝑥∉Δ2,W∈𝜎 (𝑚)

Δ1 ⊔ (Δ2, 𝑥 :𝐴𝑚) = (Δ1 ⊔ Δ2), 𝑥 :𝐴𝑚 for 𝑥∉Δ1,W∈𝜎 (𝑚)
(·) ⊔ (·) = (·)

Context difference.
(Δ, 𝑥 :𝐴𝑚) \ (𝑥 :𝐴𝑚) = Δ
(Δ, 𝑦:𝐵𝑘 ) \ (𝑥 :𝐴𝑚) = (Δ \ (𝑥 :𝐴𝑚)), 𝑦:𝐵𝑘 for 𝑥 ≠ 𝑦

(·) \ (𝑥 :𝐴𝑚) = (·) for W ∈ 𝜎 (𝑚)

Figure 1: Context operations; undefinedwhen no case applies

the same variables Δ as 𝑒 , which are known to be above ℓ but not

necessarily above𝑚. So we need to check this condition with an

additional premise to ensure independence in the conclusion. The

elimination rule

Γ ⊢ 𝑠 =⇒ ↑𝑚ℓ 𝐴ℓ ⊣ Δ

Γ ⊢ 𝑠 .force =⇒ 𝐴ℓ ⊣ Δ
↑𝐸

does not require any additional premises because Δ ≥ 𝑚 by in-

dependence on the premise and𝑚 ≥ ℓ by the presupposition on

shifts.

A verification of 𝐴𝑚 is a term 𝑒 such that · ⊢ 𝑒 ⇐= 𝐴𝑚 ⊢ · where
𝑒 does not contain any annotations (𝑒 : 𝐴𝑚). Equivalently, we can
say that is does not use the rule ⇐/⇒. Any verification satisfies

the subformula property in the sense that any proposition 𝐵𝑘 in

the derivation of 𝑒 is syntactically a part of 𝐴𝑚 . Proof-theoretically,

we can understand the meaning of a proposition as being given

by its verifications [17, 30]. Every proposition 𝐴𝑚 that has a proof

also has a verification. This is proved by Jang et al. [24, Theorem

14] via verification-preserving translations to and from the sequent

calculus. A verification for the sequent calculus is just a cut-free

proof, so the core of the theorem is really cut elimination for the

adjoint sequent calculus [38].

When we establish a connection between natural deduction and

the semi-axiomatic sequent calculus we similarly want to preserve

verifications so that the translations are meaning-preserving and

not just truth-preserving.

Example 2.1. Assume we have two modes, S > L with 𝜎 (S) =
{C} (contraction only = strict) and 𝜎 (L) = { } (linear). Then

↑SL (𝐴L N 𝐵L) ⊸ ↑SL𝐴L ⊗ ↑SL𝐵L

represents a version of one direction of the classic !(𝐴N𝐵) ≡ !𝐴⊗!𝐵.
The expression

𝜆𝑥. ⟨susp (𝑥 .force.𝜋1), susp (𝑥 .force.𝜋2)⟩

checks against this type because 𝑥 : ↑SL (𝐴L N 𝐵L) is subject to

contraction. The critical rule in its typing derivation is at (writing

2
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𝑥 :𝐴𝑚 ∈ Γ

Γ ⊢ 𝑥 =⇒ (𝑥 :𝐴𝑚)
hyp

Γ ⊢ 𝑠 =⇒ 𝐵𝑚 ⊣ Δ 𝐵𝑚 = 𝐴𝑚

Γ ⊢ 𝑠 ⇐= 𝐴𝑚 ⊣ Δ
⇒/⇐

Γ ⊢ 𝑒 ⇐= 𝐴𝑚 ⊣ Δ

Γ ⊢ (𝑒 : 𝐴𝑚) =⇒ 𝐴𝑚 ⊣ Δ
⇐/⇒

Γ ⊢ 𝑒1 ⇐= 𝐴𝑚 ⊣ Δ1 Γ ⊢ 𝑒2 ⇐= 𝐵𝑚 ⊣ Δ2

Γ ⊢ ⟨𝑒1, 𝑒2⟩ ⇐= 𝐴𝑚 ⊗ 𝐵𝑚 ⊣ Δ1 ; Δ2

⊗𝐼
Γ ⊢ 𝑠 =⇒ 𝐴𝑚 ⊗ 𝐵𝑚 ⊣ Δ1 (𝑚 ≥ 𝑟 ) Γ, 𝑥 :𝐴𝑚, 𝑦:𝐵𝑚 ⊢ 𝑒 ⇐= 𝐶𝑟 ⊣ Δ2

Γ ⊢ match 𝑠 (⟨𝑥,𝑦⟩ ⇒ 𝑒) ⇐= 𝐶𝑟 ⊣ Δ1 ; (Δ2 \ 𝑥 :𝐴𝑚 \ 𝑦:𝐵𝑚)
⊗𝐸

Γ ⊢ ⟨ ⟩ ⇐= 1 ⊣ (·)
1𝐼

Γ ⊢ 𝑠 =⇒ 1𝑚 ⊣ Δ (𝑚 ≥ 𝑟 ) Γ ⊢ 𝑒 ⇐= 𝐶𝑟 ⊣ Δ′

Γ ⊢ match 𝑠 (⟨ ⟩ ⇒ 𝑒) ⇐= 𝐶𝑟 ⊣ Δ ; Δ′ 1𝐸

Γ ⊢ 𝑒 ⇐= 𝐴 ⊣ Δ

Γ ⊢ 𝜄1 (𝑒) ⇐= 𝐴 ⊕ 𝐵 ⊣ Δ
⊕𝐼1

Γ ⊢ 𝑒 ⇐= 𝐵 ⊣ Δ

Γ ⊢ 𝜄2 (𝑒) ⇐= 𝐴 ⊕ 𝐵 ⊣ Δ
⊕𝐼2

Γ ⊢ 𝑠 =⇒ 𝐴𝑚 ⊕ 𝐵𝑚 ⊣ Δ (𝑚 ≥ 𝑟 ) Γ, 𝑥 :𝐴𝑚 ⊢ 𝑒1 ⇐= 𝐶𝑟 ⊣ Δ1 Γ, 𝑦:𝐵𝑚 ⊢ 𝑒2 ⇐= 𝐶𝑟 ⊣ Δ2

Γ ⊢ match 𝑠 (𝜄1 (𝑥) ⇒ 𝑒1 | 𝜄2 (𝑦) ⇒ 𝑒2) ⇐= 𝐶𝑟 ⊣ Δ ; ((Δ1 \ 𝑥 :𝐴𝑚) ⊔ (Δ2 \ 𝑦:𝐵𝑚))
⊕𝐸

Γ, 𝑥 :𝐴𝑚 ⊢ 𝑒 ⇐= 𝐵𝑚 ⊣ Δ

Γ ⊢ 𝜆𝑥. 𝑒 ⇐= 𝐴𝑚 ⊸ 𝐵𝑚 ⊣ Δ \ (𝑥 :𝐴𝑚)
⊸𝐼

Γ ⊢ 𝑠 =⇒ 𝐴𝑚 ⊸ 𝐵𝑚 ⊣ Δ1 Γ ⊢ 𝑒 ⇐= 𝐴𝑚 ⊣ Δ2

Γ ⊢ 𝑠 𝑒 =⇒ 𝐵𝑚 ⊣ Δ1 ; Δ2

⊸𝐸

Γ ⊢ 𝑒1 ⇐= 𝐴𝑚 ⊣ Δ1 Γ ⊢ 𝑒2 ⇐= 𝐵𝑚 ⊣ Δ2

Γ ⊢ (𝜋1 ⇒ 𝑒1 | 𝜋2 ⇒ 𝑒2) ⇐= 𝐴𝑚 N 𝐵𝑚 ⊣ Δ1 ⊔ Δ2

N𝐼

Γ ⊢ 𝑠 =⇒ 𝐴𝑚 N 𝐵𝑚 ⊣ Δ

Γ ⊢ 𝑠 .𝜋1 =⇒ 𝐴𝑚 ⊣ Δ
N𝐸1

Γ ⊢ 𝑠 : 𝐴𝑚 N 𝐵𝑚 ⊣ Δ

Γ ⊢ 𝑠 .𝜋2 : 𝐵𝑚 ⊣ Δ
N𝐸2

Γ ⊢ 𝑒 ⇐= 𝐴𝑘 ⊣ Δ

Γ ⊢ down 𝑒 ⇐= ↓𝑘𝑚𝐴𝑘 ⊣ Δ
↓𝐼

Γ ⊢ 𝑠 =⇒ ↓𝑘𝑚𝐴𝑘 ⊣ Δ (𝑚 ≥ 𝑟 ) Γ, 𝑥 :𝐴𝑘 ⊢ 𝑒 ⇐= 𝐶𝑟 ⊣ Δ′

Γ ⊢ match 𝑠 (down𝑥 ⇒ 𝑒) ⇐= 𝐶𝑟 ⊣ Δ ; (Δ′ \ 𝑥 :𝐴𝑘 )
↓𝐸

Γ ⊢ 𝑒 ⇐= 𝐴ℓ ⊣ Δ (Δ ≥ 𝑚)

Γ ⊢ susp 𝑒 ⇐= ↑𝑚ℓ 𝐴ℓ ⊣ Δ
↑𝐼

Γ ⊢ 𝑠 =⇒ ↑𝑚ℓ 𝐴ℓ ⊣ Δ

Γ ⊢ 𝑠 .force =⇒ 𝐴ℓ ⊣ Δ
↑𝐸

Figure 2: Bidirectional Natural Deduction

𝑇S for ↑SL (𝐴L N 𝐵L))

𝑥 : 𝑇S ⊢ susp (𝑥 .force.𝜋1) ⇐= ↑SL𝐴L ⊣ 𝑥 : 𝑇S

𝑥 : 𝑇S ⊢ susp (𝑥 .force.𝜋2) ⇐= ↑SL𝐵L ⊣ 𝑥 : 𝑇S

𝑥 : 𝑇S ⊢ ⟨susp (. . .), susp (. . .)⟩ ⇐= ↑SL𝐴L ⊗ ↑SL𝐵L ⊣ (𝑥 : 𝑇S) ; (𝑥 : 𝑇S)
⊗𝐼

where the merge is defined because C ∈ 𝜎 (S), that is, S allows

contraction.

Example 2.2. Assume we have two modes, A > L with 𝜎 (A) =
{W} (weakening only = affine) and 𝜎 (L) = { } (linear). Then

↑AL𝐴L ⊗ ↑AL𝐵L ⊸ ↑AL (𝐴L N 𝐵L)

represents a version of the other direction of Example 2.1. The

expression

𝜆𝑝.match 𝑝 (⟨𝑥,𝑦⟩ ⇒ susp (𝜋1 ⇒ 𝑥 .force | 𝜋2 ⇒ 𝑦.force))

checks against this type because 𝑥 : ↑AL𝐴L and 𝑦 : ↑AL𝐵L are subject

to weakening. To see this, remember that in a linear additive pair
both components must use exactly the same set of variables. If

permissible, we can apply weakening to make them the same. The

critical rule in the typing derivation is

𝑝:−, 𝑥 :−, 𝑦:− ⊢ 𝑥 .force ⇐= 𝐴L ⊣ 𝑥 : ↑AL𝐴L

𝑝:−, 𝑥 :−, 𝑦:− ⊢ 𝑦.force ⇐= 𝐵L ⊣ 𝑦 : ↑AL𝐵L

𝑝:−, 𝑥 :−, 𝑦:− ⊢ (𝜋1 ⇒ 𝑥 .force | 𝜋2 ⇒ 𝑦.force) ⇐= 𝐴L N 𝐵L

⊣ (𝑥 : ↑AL𝐴L) ⊔ (𝑦 : ↑AL𝐵L)

N𝐼

where

(𝑥 : ↑AL𝐴L) ⊔ (𝑦 : ↑AL𝐵L) = (𝑥 : ↑AL𝐴L, 𝑦 : ↑AL𝐵L)
is defined because mode A admits weakening.

Putting these two examples together yields the equivalence

↑UL𝐴L ⊗ ↑UL𝐵L ≡ ↑UL (𝐴L N 𝐵L)
for the mode U with U > L and 𝜎 (U) = {W,C}.

3 The Semi-Axiomatic Sequent Calculus
The primary motivation for the semi-axiomatic sequent calculus

(Sax) [13] was to provide types for asynchronously passed messages

or, equivalently, the types of memory cells holding small values

in a language with shared memory concurrency [37, 38, 40]. For

the purpose of this paper, we impose a sequential scheduler on the

3
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dynamics and just talk about executing a program with an explicit

heap consisting of memory cells. In general, a sequent

Γ ⊢ 𝑃 :: (𝑑 : 𝐷)
is interpreted as “execute 𝑃 , reading from addresses in Γ and writing
to 𝑑”. The program 𝑃 terminates when it has written to destination

𝑑 . In the linear case, 𝑃 must read from all addresses in Γ, in the

nonlinear case it just may read from the addresses in Γ. In the

absence of recursion (as is the case in the purely logical Sax we

consider in this section) it will definitely write to 𝑑 . However, we

view this only as an intuition for this section—the dynamics is not

needed until section 4.

For now staying linear, the axiom

𝑥 : 𝐴,𝑦 : 𝐵 ⊢ write 𝑧 ⟨𝑥,𝑦⟩ :: (𝑧 : 𝐴 ⊗ 𝐵)
⊗𝑋

is interpreted as: “we write the pair of addresses ⟨𝑥,𝑦⟩ to address 𝑧”.
Conversely, the rule

Γ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑃 :: (𝑑 : 𝐷)

Γ, 𝑧 : 𝐴 ⊗ 𝐵 ⊢ read 𝑧 (⟨𝑥,𝑦⟩ ⇒ 𝑃) :: (𝑑 : 𝐷)
⊗𝐿

is interpreted as: “we bind the two addresses stored at address 𝑧 to 𝑥
and 𝑦, respectively, and then execute 𝑃”.

Applying the interpretation to all rules, we obtain a form of the

sequent calculus where non-invertible rules (⊗𝑅, 1𝑅, ⊕𝑅,⊸𝐿,N𝐿𝑖 )

are turned into axioms, while invertible rules (⊗𝐿, 1𝐿, ⊕𝐿𝑖 ,⊸𝑅,N𝑅)

remain as in the ordinary sequent calculus. Two additional impor-

tant rules. Cut

Γ1 ⊢ 𝑃 :: (𝑥 : 𝐴) Γ2, 𝑥 :𝐴 ⊢ 𝑄 : (𝑑 : 𝐷)

Γ1 ; Γ2 ⊢ cut (𝑥 : 𝐴) 𝑃 𝑄 :: (𝑑 : 𝐷)
cut

will allocate a cell 𝑥 and then execute 𝑃 which will write to 𝑥 . After

that, 𝑄 executes and reads from 𝑥 . And

𝑦:𝐴 ⊢ id 𝑥 𝑦 :: (𝑥 : 𝐴)
id

will read the contents of 𝑦 and write it to 𝑥 . In the linear case, cell 𝑦

is deallocated, in the nonlinear case the value stored at 𝑦 is copied.

The complete set of rules for Sax can be found in Figure 3. The

syntax for Sax programs and storable values are summarized in

Figure 8.

3.1 Verifications in Sax
Verifications in natural deduction are captured by the bidirectional

rules, in sequent calculus by cut-free proofs. What about Sax? The

axiom for 𝐴 ⊗ 𝐵

𝑥 : 𝐴,𝑦 : 𝐵 ⊢ write 𝑧 ⟨𝑥,𝑦⟩ :: (𝑧 : 𝐴 ⊗ 𝐵)
⊗𝑋

has a rather unusual subformula property: the information flows

from 𝐴 ⊗ 𝐵 on the right to 𝐴 and 𝐵 on the left. It is 𝐴 ⊗ 𝐵 that

is decomposed, so we expect this to be given and extract the sub-

formulas 𝐴 and 𝐵. Reusing the arrows from bidirectional natural

deduction, we write this as

𝑥⇐𝐴,𝑦⇐𝐵 ⊢ write 𝑧 ⟨𝑥,𝑦⟩ :: (𝑧⇐𝐴 ⊗ 𝐵)
⊗𝑋

Earlier, we read this as “we write the pair of addresses ⟨𝑥,𝑦⟩ to ad-

dress 𝑧”. We now add in “knowing the type of 𝑧 we obtain the types

of 𝑥 and 𝑦”. When we come to this judgment while constructing a

bidirectional derivation in Sax, 𝑧⇐𝐴 ⊗ 𝐵 indicates that we know

the type of 𝑧. But unlike bidirectional natural deduction, we do not
know the types of 𝑥 and 𝑦. Instead we compute them in this rule.

Conversely, the left rule is annotated as

Γ, 𝑥⇒𝐴,𝑦⇒𝐵 ⊢ 𝑃 :: (𝑑⇐𝐷)

Γ, 𝑧⇒𝐴 ⊗ 𝐵 ⊢ read 𝑧 (⟨𝑥,𝑦⟩ ⇒ 𝑃) :: (𝑑⇐𝐷)
⊗𝐿

To apply this rule while constructing a typing derivation, we must

already know the type𝐴⊗𝐵 in the conclusion (just as we know the

types of all hypotheses in natural deduction). Similarly, we must

know the type 𝐷 (just as we know the type of 𝐷 when checking

𝑒 ⇐= 𝐷 in natural deduction). This knowledge gives us 𝐴, 𝐵, and

𝐷 so the premise is well formed.

This point of view requires that, in Sax, both antecendents and

succedents can be of the form 𝑥⇒𝐴 and 𝑥⇐𝐴. In natural deduction,

all hypotheses are 𝑥⇒𝐴 while the conclusion can be 𝑒 ⇐= 𝐴 or

𝑠 =⇒ 𝐴. In the ordinary sequent calculus, all antecedents have the

form 𝑥⇒𝐴 while all succedents are𝑀 ⇐= 𝐴 for proof terms𝑀 .

For nonlinear Sax, this analysis was first proposed by Somayya-

jula et al. [45, 46]. In the linear setting, we further have

𝐵 = 𝐴

𝑦⇒𝐵 ⊢ id𝑥 𝑦 :: (𝑥⇐𝐴)
id

Δ1 ⊢ 𝑃 :: (𝑥⇐𝐴) Δ2, 𝑥⇒𝐴 ⊢ 𝑄 :: (𝑑⇐𝐷)

Δ1 ; Δ2 ⊢ cut (𝑥 : 𝐴) 𝑃 𝑄 :: (𝑑⇐𝐷)
cut

For the identity, we know both𝐵 and𝐴, so we have to compare them.

If our system had subtyping, we could check 𝐵 ≤ 𝐴 at this point.

As usual, the cut rule does not satisfy the subformula property.

However, for verifications we need to allow certain cuts which we

call snips that do maintain the subformula property [13]. Otherwise,

not every proof would have a verification. Taking the bidirectional

point of view, there are two such snips. One is needed for posi-

tive propositions (snip/⇐) and the other for negative propositions

(snip/⇒).

Δ1 ⊢ 𝑃 :: (𝑥⇐𝐴) Δ2, 𝑥⇐𝐴 ⊢ 𝑄 :: (𝑑⇐𝐷)

Δ1 ; Δ2 ⊢ snip⇐ 𝑥 𝑃 𝑄 :: (𝑑⇐𝐷)
snip/⇐

Δ1 ⊢ 𝑃 :: (𝑥⇒𝐴) Δ2, 𝑥⇒𝐴 ⊢ 𝑄 :: (𝑑⇐𝐷)

Δ1 ; Δ2 ⊢ snip⇒ 𝑥 𝑃 𝑄 :: (𝑑⇐𝐷)
snip/⇒

It remains to resolve the nondeterminism due to the splitting of

contexts, and generalize to adjoint logic. The set of rules can be

found in Figure 3. We generalize the context merge, join, and dif-

ference operations from 𝑥 : 𝐴𝑚 to allow both 𝑥⇒𝐴𝑚 and 𝑥⇐𝐴𝑚 ,

where corresponding directions have to agree.

Theorem 3.1 (Sax Verifications). If · ⊢ 𝑃 :: (𝑥⇐𝐴𝑚) ⊣ ·
without the use of cut, then every proposition in the derivation of 𝑃 is
a subformula of 𝐴𝑚 .

Proof. We generalize to allow Γ and Γ ⊇ Δ and then prove the

result by rule induction over the given derivation. Note that even

though cuts are prohibited in verifications, snips are permitted. □

4
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𝑦⇒𝐵 ∈ Γ 𝐵 = 𝐴

Γ ⊢ id𝑥 𝑦 :: (𝑥⇐𝐴) ⊣ 𝑦⇒𝐵
id

Γ ⊢ 𝑃 :: (𝑥⇐𝐴) ⊣ Δ1 Γ, 𝑥⇒𝐴 ⊢ 𝑄 :: (𝑑⇐𝐷) ⊣ Δ2

Γ ⊢ cut (𝑥 : 𝐴) 𝑃 𝑄 :: (𝑑⇐𝐷) ⊣ Δ1 ; (Δ2 \ 𝑥⇒𝐴)
cut

Γ ⊢ 𝑃 :: (𝑥⇐𝐴) ⊣ Δ1 Γ, 𝑥⇐𝐴 ⊢ 𝑄 :: (𝑑⇐𝐷) ⊣ Δ2

Γ ⊢ snip⇐ 𝑥 𝑃 𝑄 :: (𝑑⇐𝐷) ⊣ Δ1 ; (Δ2 \ 𝑥⇐𝐴)
snip/⇐

Γ ⊢ 𝑃 :: (𝑥⇒𝐴) ⊣ Δ1 Γ, 𝑥⇒𝐴 ⊢ 𝑄 :: (𝑑⇐𝐷) ⊣ Δ2

Γ ⊢ snip⇒ 𝑥 𝑃 𝑄 :: (𝑑⇐𝐷) ⊣ Δ1 ; (Δ2 \ 𝑥⇒𝐴)
snip/⇒

𝑥⇐𝐴𝑚, 𝑦⇐𝐵𝑚 ∈ Γ

Γ ⊢ write 𝑧 ⟨𝑥,𝑦⟩ :: (𝑧⇐𝐴𝑚 ⊗ 𝐵𝑚) ⊣ (𝑥⇐𝐴𝑚) ; (𝑦⇐𝐵𝑚)
⊗𝑋

𝑧⇒𝐴𝑚 ⊗ 𝐵𝑚 ∈ Γ (𝑚 ≥ 𝑟 ) Γ, 𝑥⇒𝐴𝑚, 𝑦⇒𝐵𝑚 ⊢ 𝑃 :: (𝑑 ⇐= 𝐷𝑟 ) ⊣ Δ

Γ ⊢ read 𝑧 (⟨𝑥,𝑦⟩ ⇒ 𝑃) :: (𝑑 ⇐= 𝐷𝑟 ) ⊣ (Δ \ (𝑥⇒𝐴𝑚) \ (𝑦⇒𝐵𝑚)) ; (𝑧⇒𝐴𝑚 ⊗ 𝐵𝑚)
⊗𝐿

Γ ⊢ write 𝑧 ⟨ ⟩ :: (𝑧⇐1) ⊣ (·)
1𝑋

𝑧⇒1𝑚 ∈ Γ (𝑚 ≥ 𝑟 ) Γ ⊢ 𝑃 :: (𝑑 ⇐= 𝐷𝑟 ) ⊣ Δ

Γ ⊢ read 𝑧 (⟨ ⟩ ⇒ 𝑃) :: (𝑑 ⇐= 𝐷𝑟 ) ⊣ Δ ; (𝑧⇒1𝑚)
1𝐿

𝑥⇒𝐴𝑚 ∈ Γ

Γ ⊢ write 𝑧 𝜋1 (𝑥) :: (𝑧 : 𝐴𝑚 ⊕ 𝐵𝑚) ⊣ (𝑥⇒𝐴𝑚)
⊕𝑋1

𝑦⇒𝐵𝑚 ∈ Γ

Γ ⊢ write 𝑧 𝜋2 (𝑦) :: (𝑧 : 𝐴𝑚 ⊕ 𝐵𝑚) ⊣ (𝑦⇒𝐵𝑚)
⊕𝑋2

𝑧 : 𝐴𝑚 ⊕ 𝐵𝑚 ∈ Γ (𝑚 ≥ 𝑟 ) Γ, 𝑥⇒𝐴𝑚 ⊢ 𝑃 :: (𝑑 ⇐= 𝐷𝑟 ) ⊣ Δ1 Γ, 𝑦⇒𝐵𝑚 ⊢ 𝑄 :: (𝑑 ⇐= 𝐷𝑟 ) ⊣ Δ2

Γ ⊢ read 𝑧 (𝜋1 (𝑥) ⇒ 𝑃 | 𝜋2 (𝑦) ⇒ 𝑄) :: (𝑑 ⇐= 𝐷𝑟 ) ⊣ (Δ1 \ (𝑥⇒𝐴𝑚)) ⊔ (Δ2 \ (𝑦⇒𝐵𝑚))
⊕𝐿

𝑧⇒𝐴𝑚 ⊸ 𝐵𝑚, 𝑥⇐𝐴𝑚 ∈ Γ

Γ ⊢ read 𝑧 ⟨𝑥,𝑦⟩ :: (𝑦⇒𝐵𝑚) ⊣ (𝑧⇒𝐴𝑚 ⊸ 𝐵𝑚) ; (𝑥⇐𝐴𝑚)
⊸𝑋

Γ, 𝑥⇒𝐴𝑚 ⊢ 𝑃 :: (𝑦⇐𝐵𝑚) ⊣ Δ

Γ ⊢ write 𝑧 (⟨𝑥,𝑦⟩ ⇒ 𝑃) :: (𝑧⇐𝐴𝑚 ⊸ 𝐵𝑚) ⊣ Δ \ (𝑥⇒𝐴𝑚)
⊸𝑅

𝑧⇒𝐴𝑚 N 𝐵𝑚 ∈ Γ

Γ ⊢ read 𝑧 𝜋1 (𝑥) :: (𝑥⇒𝐴) ⊣ (𝑧⇒𝐴𝑚 N 𝐵𝑚)
N𝑋1

𝑧⇒𝐴𝑚 N 𝐵𝑚 ∈ Γ

Γ ⊢ read 𝑧 𝜋2 (𝑦) :: (𝑦⇒𝐵) ⊣ (𝑧⇒𝐴𝑚 N 𝐵𝑚)
N𝑋2

Γ ⊢ 𝑃 :: (𝑥 ⇐= 𝐴𝑚) ⊣ Δ1 Γ ⊢ 𝑄 :: (𝑦 ⇐= 𝐵𝑚) ⊣ Δ2

Γ ⊢ write 𝑧 (𝜋1 (𝑥) ⇒ 𝑃 | 𝜋2 (𝑦) ⇒ 𝑄) :: (𝑧 ⇐= 𝐴𝑚 N 𝐵𝑚) ⊣ Δ1 ⊔ Δ2

N𝑅

𝑥⇐𝐴𝑘 ∈ Γ

Γ ⊢ write 𝑧 ⟨𝑥⟩ :: (𝑧⇐↓𝑘𝑚𝐴𝑘 ) ⊣ (𝑥⇐𝐴𝑘 )
↓𝑋

𝑧⇒↓𝑘𝑚𝐴𝑘 ∈ Γ (𝑚 ≥ 𝑟 ) Γ, 𝑥⇒𝐴𝑘 ⊢ 𝑃 :: (𝑑 ⇐= 𝐷𝑟 ) ⊢ Δ

Γ ⊢ read 𝑧 (⟨𝑥⟩ ⇒ 𝑃) :: (𝑑 ⇐= 𝐷𝑟 ) ⊣ (Δ \ 𝑥⇒𝐴𝑘 ) ; (𝑧⇒↓𝑘𝑚𝐴𝑘 )
↓𝐿

𝑧⇒↑𝑚ℓ 𝐴ℓ ∈ Γ

Γ ⊢ read 𝑧 ⟨𝑥⟩ :: (𝑥⇐𝐴ℓ ) ⊣ (𝑧⇒↑𝑚ℓ 𝐴ℓ )
↑𝑋

Γ ⊢ 𝑃 :: (𝑥⇐𝐴ℓ ) ⊣ Δ (Δ ≥ 𝑚)

Γ ⊢ write 𝑧 (⟨𝑥⟩ ⇒ 𝑃) :: (𝑧⇐↑𝑚ℓ 𝐴ℓ ) ⊣ Δ
↑𝑅

Figure 3: Bidirectional Sax

3.2 Translating from Natural Deduction to Sax
The first translation that might come to mind does not preserve

verifications. We write the translation as

J𝑒K𝑑 = 𝑃

where 𝑑 is the destination for the translation of 𝑃 to write to. The

translation should satisfy (at the outermost level) that if · ⊢ 𝑒 ⇐=

𝐴 ⊣ · then · ⊢ J𝑒K𝑑 :: (𝑑⇐𝐴𝑚) ⊣ ·.
We show eager pairs as an example, and we use the operational

intuition of Sax to motivate it. Consider the translation of the pair

J⟨𝑒1, 𝑒2⟩K𝑑 . We would like to achieve the following operational

behavior:

(1) Allocate a new cell 𝑥

(2) Execute the translation of 𝑒1 so it writes to 𝑥 , that is, J𝑒1K𝑥

(3) Allocate another new cell 𝑦

(4) Execute the translation of 𝑒2 so it write to 𝑦, that is, J𝑒2K𝑦
(5) Write the pair ⟨𝑥,𝑦⟩ to destination 𝑑

Writing this out in Sax terms:

J⟨𝑒1, 𝑒2⟩K𝑑 = cut (𝑥 : 𝐴) (allocate 𝑥 )

J𝑒1K𝑥 (execute J𝑒1K𝑥 , writing to 𝑥 )
cut (𝑦 : 𝐵) (allocate 𝑦)

J𝑒2K𝑦 (execute J𝑒2K𝑦, writing to 𝑦)
write 𝑑 ⟨𝑥,𝑦⟩ (write ⟨𝑥,𝑦⟩ to 𝑑)

The problem is that this generates cuts even if ⟨𝑒1, 𝑒2⟩ is a verifica-
tion! Fortunately, the translations of 𝑒1 and 𝑒2 are at subformulas

of 𝐴𝑚 ⊗ 𝐵𝑚 , so we can use snips instead of cuts.

J⟨𝑒1, 𝑒2⟩K𝑑 = snip⇐ 𝑥 (J𝑒1K𝑥) (snip⇐ 𝑦 (J𝑒2K𝑦) (write 𝑑 ⟨𝑥,𝑦⟩))
5
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The operational behavior remains the same for Sax, but a more

advanced dynamics interprets snips as address calculations in-

stead [12]. In brief, the idea is that if we know the address of the

pair of type 𝐴 ⊗ 𝐵 we can calculate the addresses of the values of

types 𝐴 and 𝐵, respectively.

We write out the derivation that this is type-correct in Figure 4.

This example shows the general blueprint of the inductive proof of

correctness for our translation. At this point it is also possible to

conjecture that the context Γ (and consequently also Δ) from the

derivation of Γ ⊢ 𝑒 ⇐⇒ 𝐴 ⊣ Δ can entirely remain synthesizing

(𝑥⇒𝐴𝑚) and that antecedents 𝑥⇐𝐴𝑚 only appear in isolated parts

of the result. The main complexity then arises not from translating

𝑒 ⇐= 𝐴 but from translating 𝑠 =⇒ 𝐴. The cut in the translation of

a match expression would not be a snip.

Jmatch 𝑠 (⟨𝑥,𝑦⟩ ⇒ 𝑒)K𝑑 =

cut (𝑧 : 𝐴𝑚 ⊗ 𝐵𝑚) (J𝑠K𝑧) (read 𝑧 (⟨𝑥,𝑦⟩ ⇒ J𝑒K𝑑))
The intuitive reading is similar to the previous example. First, we

allocate a new cell 𝑧, then we execute the translation of 𝑠 with

destination 𝑧, and then we read the cell 𝑧 and bind the components

of the pair to variables 𝑥 and 𝑦, followed by the execution of 𝑒 with

destination 𝑑 .

How can we eliminate this cut? We recall that 𝑠 =⇒ 𝐴 actually

synthesizes the type 𝐴 (if it exists). This suggests a translation such

that 𝑠 correspondingly synthesizes the destination of 𝑠 , rather than

expecting it to be given as input. This clearly works for variables,

because a variable already denotes a destination. But what do we do

with the destination that is synthesized by 𝑠? Here we take a page

from the one-pass translation into continuation-passing style [9]

and pass a (meta-level) continuation into the translation for 𝑠 . This

is then applied to the destination computed by 𝑠 . In the end, we

arrive at

(1) J𝑒K𝑑 = 𝑃 (so J−K : chk→ var→ sax)
(2) [𝑠]𝜅 = 𝑃 (so [−] : syn→ (var→ sax) → sax)

where chk is the type of checkable expressions, syn is the type of

synthesizing expressions, var is the type of variables, and sax is
the type of Sax programs. Returning to the earlier case of match-

ing against pairs, we specify a continuation using a meta-level

abstraction 𝜆𝑡 that accepts the address 𝑡 at which the value of 𝑠 is

stored.

Jmatch 𝑠 (⟨𝑥,𝑦⟩ ⇒ 𝑒)K𝑑 =

[𝑠] (𝜆𝑡 . read 𝑡 (⟨𝑥,𝑦⟩ ⇒ J𝑒K𝑑))
We consider functions as a second example. The translation of

functions 𝜆𝑥. 𝑒 accept not only the argument 𝑥 but also a destination

𝑦 to write the result of function to. This destination passing [47] is

analogous to functions in continuation-passing style accepting a

continuation argument𝑘 . Furthermore, 𝜆𝑥 . 𝑒 is value, so it is written

directly to memory.

J𝜆𝑥 . 𝑒K𝑑 = write 𝑑 (⟨𝑥,𝑦⟩ ⇒ J𝑒K𝑦)
Function application is a bit more complex.

[𝑠 𝑒]𝜅 = [𝑠] (𝜆𝑡 . snip⇐ 𝑥 (J𝑒K𝑥) (snip⇒ 𝑦 (read 𝑡 ⟨𝑥,𝑦⟩) 𝜅 (𝑦)))
We can read it as follows:

(1) The execution of [𝑠] will write to some destination which

will be bound to 𝑡

(2) We allocate a new 𝑥 and execute J𝑒K𝑥 to write to 𝑥

(3) We allocate a new 𝑦 for the result of the application 𝑠 𝑒

(4) We read the function from 𝑡 and pass it 𝑥 and destination 𝑦

(5) Then we pass 𝑦 to the original continuation 𝜅 , because that

is where the result of the application will have been written

We show two more cases: the translation of variables, and the

translation at the transition from synthesis to checking. Variables

are bound to addresses, so to translate a variable we just pass it to

the meta-level continuation 𝜅 . When synthesis turns into checking

we need to move the value of 𝑠 from 𝑡 to the destination 𝑒 .

[𝑥]𝜅 = 𝜅 (𝑥)
J𝑠K𝑑 = [𝑠] (𝜆𝑡 . id 𝑑 𝑡)

The full translation can be found in Figure 5. Even though Sax

sequents have a single succedent, the fact that the succedent is

annotated with a destination allows the unification of positive and

corresponding negative constructs. This means, for example, that

injections 𝜄𝑖 (𝑥) and projections 𝜋𝑖 (𝑥) are unified (and we use the

𝜋𝑖 syntax). Similarly, eager pairs and functions both use ⟨𝑥,𝑦⟩, and
the downshift and upshift both use ⟨𝑥⟩.

This translation preserves truth. In the statement of the theorem

we view all hypotheses 𝑥 :𝐴𝑚 in Γ and Δ as 𝑥⇒𝐴𝑚 .

Example 3.2. (continuing Example 2.1) We show the result of

compiling the inhabitant of

↑SL (𝐴L N 𝐵L) ⊸ ↑SL𝐴L ⊗ ↑SL𝐵L

with some notes regarding its intuitive interpretation.

J𝜆𝑥 . ⟨susp (𝑥 .force.𝜋1), susp (𝑥 .force.𝜋2)⟩K𝑑 =

write 𝑑 (⟨𝑥,𝑦⟩ ⇒ (write the function with add’l dest. 𝑦)

snip⇐ 𝑥1 (allocate 𝑥1 for first suspension)

write 𝑥1 (⟨𝑧1⟩ ⇒ (write first suspension)

(J𝑥 .force.𝜋1K𝑧1)) (body of first suspension)

snip⇐ 𝑥2 (allocate 𝑥2 for second suspection)

write 𝑥2 (⟨𝑧2⟩ ⇒ (write second suspension)

(J𝑥 .force.𝜋2K𝑧2)) (body of second suspension)

write 𝑦 ⟨𝑥1, 𝑥2⟩) (write the pair to function dest.)

The body of the two suspensions is computed as follows:

J𝑥 .force.𝜋𝑖K𝑧𝑖 =
snip⇒ 𝑦1 (allocate 𝑦1 for result of forcing susp.)

read 𝑥 ⟨𝑦1⟩ (force suspension, with dest. 𝑦1)

snip⇒ 𝑦2 (allocate 𝑦2 for result of proj. from lazy pair)

read 𝑦1 𝜋𝑖 (𝑦2) (extract component, with dest 𝑦2)

id 𝑧𝑖 𝑦2 (move 𝑦2 to destination 𝑧𝑖 )

Example 3.3. (continuing Example 2.2) We show the result of

compiling the inhabitant of

↑AL𝐴L ⊗ ↑AL𝐵L ⊸ ↑AL (𝐴L N 𝐵L)
J𝜆𝑝.match 𝑝 (⟨𝑥,𝑦⟩ ⇒ susp (𝜋1 ⇒ 𝑥 .force | 𝜋2 ⇒ 𝑦.force))K𝑑 =

write 𝑑 (⟨𝑝, 𝑧1⟩ ⇒ (write the function with add’l dest. 𝑧1)

read 𝑝 (⟨𝑥,𝑦⟩ ⇒ (read 𝑥 and 𝑦 from 𝑝)

write 𝑧1 (⟨𝑧2⟩ ⇒ (write suspension to 𝑧1)

write 𝑧2 ( 𝜋1 (𝑧3) ⇒ J𝑥 .forceK𝑧3 (write lazy pair to 𝑧2)

| 𝜋2 (𝑧3) ⇒ J𝑦.forceK𝑧3 ))))
where

J𝑥 .forceK𝑧3 =
snip⇒ 𝑧4 (allocate 𝑧4 for result of force)

read 𝑥 ⟨𝑧4⟩ (force 𝑥 , will write result to 𝑧4)
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Γ ⊢ J𝑒1K𝑥 :: (𝑥⇐𝐴𝑚) ⊣ Δ1

Γ ⊢ J𝑒2K𝑦 :: (𝑦⇐𝐵𝑚) ⊣ Δ2 Γ, 𝑥⇐𝐴𝑚, 𝑦⇐𝐵𝑚 ⊢ write 𝑑 ⟨𝑥,𝑦⟩ :: (𝑑 : 𝐴𝑚 ⊗ 𝐵𝑚) ⊣ (𝑥⇐𝐴𝑚 ; 𝑦⇐𝐵𝑚)
⊗𝑋

Γ, 𝑥⇐𝐴𝑚 ⊢ snip⇐ 𝑦 (J𝑒2K𝑦) :: (𝑑 : 𝐴𝑚 ⊗ 𝐵𝑚) ⊣ Δ2 ; 𝑥⇐𝐴𝑚

snip/⇐

Γ ⊢ snip⇐ 𝑥 (J𝑒1K𝑥) (snip⇐ 𝑦 (J𝑒2K𝑦) (write 𝑑 ⟨𝑥,𝑦⟩)) :: (𝑑 : 𝐴𝑚 ⊗ 𝐵𝑚) ⊣ Δ1 ; Δ2

snip/⇐

Figure 4: Verification of J⟨𝑒1, 𝑒2⟩K𝑑 in Sax

[𝑥]𝜅 = 𝜅 (𝑥)
[(𝑒 : 𝐴𝑚)]𝜅 = cut (𝑥 : 𝐴) (J𝑒K𝑥) 𝜅 (𝑥)
J𝑠K𝑑 = [𝑠] (𝜆𝑡 . id 𝑑 𝑡)
J⟨𝑒1, 𝑒2⟩K𝑑 = snip⇐ 𝑥 (J𝑒1K𝑥) (snip⇐ 𝑦 (J𝑒2K𝑦)) write 𝑑 ⟨𝑥,𝑦⟩
Jmatch 𝑠 (⟨𝑥,𝑦⟩ ⇒ 𝑒)K𝑑 = [𝑠] (𝜆𝑡 . read 𝑡 (⟨𝑥,𝑦⟩ ⇒ J𝑒K𝑑))
J⟨ ⟩K𝑑 = write 𝑑 ⟨ ⟩
Jmatch 𝑠 (⟨ ⟩ ⇒ 𝑒)K𝑑 = [𝑠] (𝜆𝑡 . read 𝑡 (⟨ ⟩ ⇒ J𝑒K𝑑))
J𝜄1 (𝑒)K𝑑 = snip⇐ 𝑥 (J𝑒K𝑥) (write 𝑑 𝜋1 (𝑥))
J𝜄2 (𝑒)K𝑑 = snip⇐ 𝑦 (J𝑒K𝑦) (write 𝑑 𝜋2 (𝑦))
Jmatch 𝑠 (𝜄1 (𝑥) ⇒ 𝑒1 | 𝜄2 (𝑦) ⇒ 𝑒2)K𝑑 = [𝑠] (𝜆𝑡 . read 𝑡 (𝜋1 (𝑥) ⇒ J𝑒1K𝑥 | 𝜋2 (𝑦) ⇒ J𝑒2K𝑦))
Jdown(𝑒)K𝑑 = snip⇐ 𝑥 (J𝑒K𝑥) (write 𝑑 ⟨𝑥⟩)
Jmatch 𝑠 (down(𝑥) ⇒ 𝑒)K𝑑 = [𝑠] (𝜆𝑡 . read 𝑡 (⟨𝑥⟩ ⇒ J𝑒K𝑑))
J𝜆𝑥. 𝑒K𝑑 = write 𝑑 (⟨𝑥,𝑦⟩ ⇒ J𝑒K𝑦)
[𝑠 𝑒]𝜅 = [𝑠] (𝜆𝑡 . snip⇐ 𝑥 (J𝑒K𝑥) (snip⇒ 𝑑 (read 𝑡 ⟨𝑥, 𝑑⟩) 𝜅 (𝑑)))
J(𝜋1 ⇒ 𝑒1 | 𝜋2 ⇒ 𝑒2)K𝑑 = write 𝑑 (𝜋1 (𝑥) ⇒ J𝑒1K𝑥 | 𝜋2 (𝑦) ⇒ J𝑒2K𝑦)
[𝑠 .𝜋1]𝜅 = [𝑠] (𝜆𝑡 . snip⇒ 𝑑 (read 𝑡 𝜋1 (𝑑)) 𝜅 (𝑑))
[𝑠 .𝜋2]𝜅 = [𝑠] (𝜆𝑡 . snip⇒ 𝑑 (read 𝑡 𝜋2 (𝑑)) 𝜅 (𝑑))
Jsusp 𝑒K𝑑 = write 𝑑 (⟨𝑥⟩ ⇒ J𝑒K𝑥)
[𝑠 .force]𝜅 = [𝑠] (𝜆𝑡 . snip⇒ 𝑑 (read 𝑡 ⟨𝑑⟩) 𝜅 (𝑑)

Figure 5: Translation from Natural Deduction to Sax

id 𝑧3 𝑧4 (move 𝑧4 to 𝑧3)

J𝑦.forceK𝑧3 =
snip⇒ 𝑧4

read 𝑦 ⟨𝑧4⟩
id 𝑧3 𝑧4

Theorem 3.4 (Natural Deduction to Sax).

(1) If Γ ⊢ 𝑒 ⇐= 𝐴𝑚 ⊣ Δ then Γ ⊢ J𝑒K𝑑 :: (𝑑⇐𝐴𝑚) ⊣ Δ
(2) If Γ ⊢ 𝑠 =⇒ 𝐴𝑚 ⊣ Δ1

and Γ, 𝑥⇒𝐴𝑚 ⊢ 𝜅 (𝑥) :: (𝑑⇐𝐷𝑟 ) ⊣ Δ2 for𝑚 ≥ 𝑟

then Γ ⊢ [𝑠]𝜅 :: (𝑑⇐𝐷𝑟 ) ⊣ Δ1 ; (Δ2 \ 𝑥⇒𝐴𝑚)

Proof. By mutual rule induction on the given natural deduction.

□

Theorem 3.5 (Preservation of Verifications).

If Γ ⊢ 𝑒 ⇐= 𝐴𝑚 ⊣ Δ without the use of ⇐/⇒, then Γ ⊢ J𝑒K𝑑 ::

(𝑑⇐𝐴𝑚) ⊣ Δ without the use of cut.

Proof. We generalize the statement straightforwardly to en-

compass synthesis, and then observe that cut arises only from

translating ⇐/⇒. □

To complete the roundtrip we just have to show that every propo-

sition with a derivation in Sax has a derivation in natural deduction.

Since we don’t care whether verifications are preserved in this

direction, we just show that every rule of Sax (without the proof

term) is a derived rule in natural deduction, turning all arrows to

their default direction.

Theorem 3.6 (Sax to Natural Deduction).

If Γ ⊢ 𝑃 :: (𝑑⇐𝐷𝑟 ) ⊣ Δ then Γ⇒ ⊢ 𝑒 ⇐= 𝐷𝑟 ⊣ Δ⇒ for some 𝑒

Proof. Every rule in Sax can be easily derived in natural de-

duction. Since we can go back and forth between checking and

synthesis using the⇒/⇐ and⇐/⇒ rules, we can obtain the de-

sired default directions. □

We can also show that verifications are complete for proofs

in multiple ways, one directly by cut elimination patterned af-

ter [13, 38]. In this paper, we prove it via a verification-preserving

translation from natural deduction to Sax (see Theorem 3.4 and

Theorem 3.5).

Corollary 3.7 (Verifications are Complete for Sax). For
every derivation of Γ ⊢ 𝑃 :: (𝑑⇐𝐷𝑟 ) ⊣ Δ there exists a cut-free
derivation of Γ ⊢ 𝑄 :: (𝑑⇐𝐷𝑟 ) ⊣ Δ.
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Proof. Given a derivation of Γ ⊢ 𝑃 :: (𝑑⇐𝐷𝑟 ) ⊣ Δ, we translate
it to a natural deduction (Theorem 3.6), apply the completeness for

verifications in natural deduction [24, Theorem 14], and then use the

verification-preserving translation back to Sax (Theorem 3.5). □

4 Dynamics
In this section we move on to the interpretation of propositions as

types, natural deduction expressions 𝑒 and 𝑠 as functional programs,

and Sax programs 𝑃 as programs with an explicit heap. In line with

the proof-theoretic interpretation, the types for both languages are

exactly the same, and types are preserved by compilation.

In the first part of this paper, we ensured that the meaning of

propositions, as given by their verifications, were preserved. In the

setting of programming languages, we aim for the weaker notion of

observational equivalence. But what is observational equivalence?
Let’s start with what we cannot directly observe, namely functions.

We can interact with them by applying them to arguments and

obtaining results, but we cannot see the definition of the function

itself when executing programs. Being able to do so would require

an intensional function space which we do not consider here, even

if it was certainly a cornerstone of the original pure 𝜆-calculus [7].

Lazy pairs are similar in that we can project out components, but

we cannot see their internal structure. In other words, values of neg-

ative type can only be observed indirectly, through their behavior,

while values of positive types can be observed directly. In call-by-

push-value [26, 27] this is expressed as “values are and computations
do”. This allows us to expand the space of computations say, by

recursion and even effects, without destroying the fundamentally

observable types. In this paper we do not go quite as far: for our

purposes it is not necessary to express the distinction between

values and computations at the level of types.

4.1 Adding Recursive Types
We add 𝜇𝛼. 𝐴𝑚 as a further positive type of mode𝑚. We make it

positive so we can directly observe values of recursive types such as

natural numbers, lists, trees, etc. We could require 𝛼 to occur only

positively in 𝐴𝑚 , but that would be unnecessarily restrictive, so we

allow general recursion including the universal type 𝜇𝛼. 𝛼→𝛼 that

can model the untyped 𝜆-calculus. In the rules, we write 𝜇𝐹𝑚 where

𝐹𝑚 is an abstraction over a type variable, 𝛼.𝐴𝑚 . Then unfolding

the recursive type goes from 𝜇𝐹𝑚 to 𝐹𝑚 (𝜇𝐹𝑚), where the latter

denotes a substitution [𝜇𝛼. 𝐴𝑚/𝛼]𝐴𝑚 .

Γ ⊢ 𝑒 ⇐= 𝐹𝑚 (𝜇𝐹𝑚) ⊣ Δ

Γ ⊢ fold(𝑒) ⇐= 𝜇𝐹𝑚 ⊣ Δ
𝜇𝐼

Γ ⊢ 𝑠 =⇒ 𝜇𝐹𝑚 ⊣ Δ1 (𝑚 ≥ 𝑟 ) Γ, 𝑥 :𝐹𝑚 (𝜇𝐹𝑚) ⊢ 𝑒 ⇐= 𝐶𝑟 ⊣ Δ2

Γ ⊢ match 𝑠 (fold(𝑥) ⇒ 𝑒) ⇐= 𝐶𝑟 ⊣ Δ1 ; (Δ2 \ 𝑥 :𝐹𝑚 (𝜇𝐹𝑚))
𝜇𝐸

Correspondingly, we add to Sax:

𝑥 : 𝐹𝑚 (𝜇𝐹𝑚) ∈ Γ

Γ ⊢ write 𝑧 fold(𝑥) :: (𝑧⇐𝜇𝐹𝑚)) ⊣ (𝑥⇐𝐹𝑚 (𝜇𝐹𝑚))
𝜇𝑋

𝑧⇒𝜇𝐹𝑚 ∈ Γ (𝑚 ≥ 𝑟 ) Γ, 𝑥⇒𝐹𝑚 (𝜇𝐹𝑚) ⊢ 𝑃 :: (𝑑⇐𝐷𝑟 ) ⊣ Δ

Γ ⊢ read 𝑧 (fold(𝑥) ⇒ 𝑃)::(𝑑⇐𝐷𝑟 ) ⊣ (Δ \ 𝑥⇒𝐹 (𝜇𝐹𝑚)) ; 𝑧⇒𝜇𝐹𝑚
𝜇𝐿

The translation is extended by:

Jfold(𝑒)K𝑑 = snip⇐ 𝑥 (J𝑒K𝑥) (write 𝑑 (fold(𝑥)))
Jmatch 𝑠 (fold(𝑥) ⇒ 𝑒)K𝑑 = [𝑠] (𝜆𝑡 . read 𝑡 (fold(𝑥) ⇒ J𝑒K𝑑))

4.2 Rules of Computation
The rules of computation for our adjoint natural deduction source

language are an entirely standard small-step call-by-value seman-

tics 𝑒 ↦→ 𝑒′ (see, for example, [22]). Unlike the operational semantics

in [24], this form of dynamics relegates some properties of computa-

tion under substructural types entirely to properties of substitution.

However, we take here an observational attitude to computation,

and such details are observationally irrelevant (even if highly rel-

evant to efficiency in an implementation). Because the rules are

standard, we relegate them to Figure 7, including only the rules

for shifts. They include a judgment 𝑒 value on closed expressions.

Because we often need to refer to values, we use 𝑣 for expressions

that satisfy the value judgment.

The rules of computation for Sax [37, 38] implement the intu-

itions already used to motivate the translation from natural deduc-

tion. We represent the state of computation as a configuration C
containing cells and processes. Runtime addresses are denotes by

𝑎, 𝑏, and 𝑐 , and storable values by 𝑆 .

C ::= (·) | C1, C2 | !cell 𝑐 𝑆 | proc 𝑃

𝑆 ::= ⟨𝑎, 𝑏⟩ | (⟨𝑥,𝑦⟩ ⇒ 𝑃) (𝐴𝑚 ⊗ 𝐵𝑚, 𝐴𝑚 ⊸ 𝐵𝑚)
| ⟨ ⟩ | (⟨ ⟩ ⇒ 𝑃) (1)
| 𝜋1 (𝑎) | 𝜋2 (𝑏) | (𝜋1 (𝑥) ⇒ 𝑃 | 𝜋2 (𝑦) ⇒ 𝑄) (𝐴𝑚 ⊕ 𝐵𝑚, 𝐴 N 𝐵)
| ⟨𝑎⟩ | (⟨𝑥⟩ ⇒ 𝑃) (↓𝑘𝑚𝐴𝑘 , ↑𝑚ℓ 𝐴ℓ )
| fold(𝑎) | (fold(𝑥) ⇒ 𝑃) (𝜇𝐹𝑚)

In term ofmultiset rewriting [6], cells are persistent, while processes

are ephemeral. That is, when matching against a process on the

left-hand side of a transition rules it will be removed from the

configuration, while cells remain. The rules are as follows:

!cell𝑎 𝑆, proc (id 𝑏 𝑎) ↦→ !cell 𝑏 𝑆

proc (cut 𝑥 𝑃 𝑄) ↦→ proc [𝑎/𝑥]𝑃, proc [𝑎/𝑥]𝑄 (𝑎 fresh)
proc (write 𝑎 𝑆) ↦→ !cell𝑎 𝑆
!cell 𝑎 𝑆, proc (read 𝑎 𝑆′) ↦→ proc (𝑆 ⊲⊳ 𝑆 ′)

Passing one storable to another 𝑆 ⊲⊳ 𝑆 ′ is defined as the symmetric

extension of the following straightforward relation.

⟨𝑎, 𝑏⟩ ▷ (⟨𝑥,𝑦⟩ ⇒ 𝑃) = [𝑎/𝑥, 𝑏/𝑦]𝑃
⟨ ⟩ ▷ (⟨ ⟩ ⇒ 𝑃) = 𝑃

𝜋𝑖 (𝑎) ▷ (𝜋1 (𝑥1) ⇒ 𝑃1 | 𝜋2 (𝑥2) ⇒ 𝑃2) = [𝑎/𝑥𝑖 ]𝑃𝑖
⟨𝑎⟩ ▷ (⟨𝑥⟩ ⇒ 𝑃 = [𝑎/𝑥]𝑃
fold(𝑎) ▷ (fold(𝑥) ⇒ 𝑃) = [𝑎/𝑥]𝑃

Computation terminates in final configurations F , which are con-

figurations containing only cells and no processes. In the presence

of recursion, computation may not terminate.

Unlike the semantics in [37, 38], we do not deallocate cells whose

modes do not allow contraction. This makes the fewest possible

assumptions on configurations and supports some optimizations

discussed at the end of this section.

The formalism of multiset rewriting as a computational inter-

pretation of linear logic, usually does not impose an order on the

8
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elements of a configuration. Here, too, we do not impose any or-

der on the cells that constitute the heap. They are linked through

the addresses contained in them. However, the dynamics of nat-

ural deduction in this particular formulation is deterministic in a

left-to-right call-by-value fashion. We model this in the rewriting

formalism by keeping processes proc 𝑃 in order and only apply

a transition rule to the leftmost one. This represents a particular

schedule for the parallel semantics of futures previously consid-

ered for Sax [40]. This means, in a program cut 𝑥 𝑃 𝑄 we first

execute [𝑎/𝑥]𝑃 (writing to 𝑎) and then [𝑎/𝑥]𝑄 (possibly reading

from 𝑎). The address 𝑎 must be fresh with respect to the current

configuration. This could be expressed directly, for example, using

ordered rewriting [36] or the K semantic framework [41]. In the

parallel semantics of futures [40] [𝑎/𝑥]𝑃 and [𝑎/𝑥]𝑄 execute in

parallel with [𝑎/𝑥]𝑄 blocking when trying to read from 𝑎 before it

is written by [𝑎/𝑥]𝑃 . In a call-by-need semantics we would execute

[𝑎/𝑥]𝑄 and then switch to [𝑎/𝑥]𝑃 when trying to read from 𝑎.

4.3 A Step-Indexed Cross-Language Logical
Relation

In order to prove the correctness of the translation, we use two mu-

tually recursive step-indexed logical relations: one relating values

to final configuration, and other one relating arbitrary expressions

to arbitrary configurations. Since we only evaluate closed expres-

sions, both values and expressions are closed. When we prove the

fundamental theorem of logical relations we account for this via a

closing substitution. Also, bidirectional type-checking is no longer

relevant here, so for the sake of brevity we unify the syntax, writing

𝑒 uniformly. In the typing judgment, we replace both 𝑒⇐𝐴𝑚 and

𝑠⇒𝐴𝑚 with 𝑒 : 𝐴𝑚 and delete applications of the⇐/⇒. Further-

more, we replace all snips with ordinary cuts, abandon the [𝑥]𝜅
translation, and define directly:

J𝑥K𝑑 = id 𝑑 𝑥

J𝑒1 𝑒2K𝑑 = cut 𝑥1 (J𝑒1K𝑥1) (cut 𝑥2 (J𝑒2K𝑥2) (read 𝑥1 ⟨𝑥2, 𝑑⟩))
J𝑒.𝜋1K𝑑 = cut 𝑥 (J𝑒K𝑥) (read 𝑥 𝜋1 (𝑑))
J𝑒.𝜋2K𝑑 = cut 𝑦 (J𝑒K𝑦) (read 𝑦 𝜋2 (𝑑))
J𝑒.forceK𝑑 = cut 𝑥 (J𝑒K𝑥) (read 𝑥 ⟨𝑑⟩)

The result may no longer be a verification, but it is easily seen to

be type-preserving. Proving that it is also observationally correct

this is the goal for the remainder of this section.

The value of an expression after compilation can be found on

the heap, starting at a particular address 𝑑 . The relation therefore

has to keep track of 𝑑 , relevant only to the heap. We define the two

relations

(1) 𝑒 ≈𝑘 C ∈ J𝑑 : 𝐴𝑚K (expression 𝑒 is related to configuration

C at address 𝑑 : 𝐴𝑚)

(2) 𝑣 ∼𝑘 F ∈ [𝑑 : 𝐴𝑚] (value 𝑣 is related to final configuration
F at address 𝑑 : 𝐴𝑚)

by nested induction, first on the index 𝑘 and second on the type

𝐴𝑚 . As we will see, the “step index” actually serves two purposes:

bounding computation steps as well as bounding the number of

unfoldings of recursive types. As usual, some variations on this are

possible.

The fundamental theorem is that closed well-typed expressions

are related to the result of compiling them.

Theorem 4.1 (Fundamental Theorem). If · ⊢ 𝑒 ⇐= 𝐴𝑚 ⊣ ·
then for every 𝑘 ∈ N and address 𝑑

𝑒 ≈𝑘 proc (J𝑒K𝑑) ∈ J𝑑 : 𝐴𝑚K

Proof. This is a corollary of Theorem 4.6 for the closed expres-

sions. □

We will have to greatly generalize this statement before we can

prove it; see Theorem 4.6. Moreover, we have to address observa-
tional equivalence as a consequence of the definitions and theorems

(see subsection 4.4).

The step index allows for divergence in the computation of ex-

pressions, as long as the corresponding configuration also doesn’t

reach a final configuration.

𝑒 ≈𝑘 C ∈ J𝑑 : 𝐴𝑚K iff 𝑘 = 0

or 𝑘 > 0 and 𝑒 ↦→ 𝑒′ and C ↦→ C′

such that 𝑒′ ≈𝑘−1 C′ ∈ J𝑑 : 𝐴𝑚K
or 𝑒 value and C ↦→∗ F
such that 𝑣 ∼𝑘 F ∈ [𝑑 : 𝐴𝑚]

The definition of the relation of values to final configuration is

straightforward for positive types. remaining cases.

𝑣 ∼𝑘 F ∈ [𝑑 : 𝐴𝑚 ⊗ 𝐵𝑚] iff 𝑣 = ⟨𝑣1, 𝑣2⟩ and cell𝑑 ⟨𝑑1, 𝑑2⟩ ∈ F
with 𝑣1 ∼𝑘 F ∈ [𝑑1 : 𝐴𝑚]
and 𝑣2 ∼𝑘 F ∈ [𝑑2 : 𝐵𝑚]

𝑣 ∼𝑘 F ∈ [𝑑 : 1] iff 𝑣 = ⟨ ⟩ and cell𝑑 ⟨ ⟩ ∈ F
𝑣 ∼𝑘 F ∈ [𝑑 : 𝐴𝑚 ⊕ 𝐵𝑚] iff 𝑣 = 𝜄1 (𝑣1) and cell𝑑 𝜋1 (𝑑1) ∈ F

with 𝑣1 ∼𝑘 F ∈ [𝑑1 : 𝐴𝑚]
or 𝑣 = 𝜄2 (𝑣2) and cell𝑑 𝜋2 (𝑑2) ∈ F

with 𝑣2 ∼𝑘 F ∈ [𝑑2 : 𝐵𝑚]
𝑣 ∼𝑘 F ∈ [𝑑 : ↓𝑘𝑚𝐴𝑘 ] iff 𝑣 = down 𝑣 ′ and cell𝑑 ⟨𝑑′⟩ ∈ F

with 𝑣 ′ ∼𝑘 F ∈ [𝑑′ : 𝐴𝑘 ]

𝑣 ∼𝑘 F ∈ [𝑑 : 𝜇𝐹𝑚] iff 𝑘 = 0 or 𝑘 > 0

and 𝑣 = fold(𝑣 ′) and cell𝑑 fold(𝑑′) ∈ F
with 𝑣 ′ ∼𝑘−1 F ∈ [𝑑′ : 𝐹 (𝜇𝐹𝑚)]

In the case of a recursive type we either accept the value (if 𝑘 = 0)

or we step down 𝑘 to get a proper definition by nested induction.

For the negative types, we do not match against the structure

of 𝑣 , but we interact with the value and appeal to definition of the

relation on general expressions.

𝑣 ∼𝑘 F ∈ [𝑑 : 𝐴𝑚 ⊸ 𝐵𝑚] iff

∀𝑤, F1, 𝑑1 . 𝑤 ∼𝑘 F , F1 ∈ [𝑑1 : 𝐴𝑚] implies ∀𝑑2 fresh.
𝑣 𝑤 ≈𝑘 F , F1, proc (read𝑑 ⟨𝑑1, 𝑑2⟩) ∈ J𝑑2 : 𝐵𝑚K

Here we write F , F1 for a disjoint union in the sense that the ad-

dresses of cell addresses are unique. The definition for function

values is perhaps surprising from several perspectives. For one, we

do not need to quantify over the step-index for𝑤 because the type

is already smaller and the argument is a value. For another, we have

to remember that the compilation of every function receives a desti-

nation whenever it is applied, here denoted by 𝑑2. This destination

is required to be fresh, that is, not already occur in F , F1.
9
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The remaining negatives (lazy pairs and upshift) are simpler.

𝑣 ∼𝑘 F ∈ [𝑑 : 𝐴𝑚 N 𝐵𝑚] iff ∀𝑑1 fresh.
𝑣 .𝜋1 ≈𝑘 F , proc (read𝑑 𝜋1 (𝑑1)) ∈ J𝑑1 : 𝐴𝑚K
and 𝑣 .𝜋2 ≈𝑘 F , proc (read𝑑 𝜋2 (𝑑2)) ∈ J𝑑2 : 𝐴𝑚K

𝑣 ∼𝑘 F ∈ [𝑑 : ↑𝑚ℓ 𝐴ℓ ] iff ∀𝑑′ fresh.
𝑣 .force ≈𝑘 F , proc (read𝑑 ⟨𝑑′⟩) ∈ J𝑑′ : 𝐴ℓK

At this point we are ready to state a few lemmas that are needed

for the proof of the fundamental theorem in its general form. We

use ↦→𝑖
for reduction in 𝑖 steps, including the identity for 𝑖 = 0.

The first two follow from the definition of ≈ and determinism for

stepping for expressions and configurations.

Lemma 4.2 (Expansion). Suppose 𝑒 ↦→𝑖 𝑒′. Then the following
are equivalent:

(1) C ↦→𝑗 C′ for 𝑗 ≥ 𝑖 and 𝑒′ ≈𝑘 C′ ∈ J𝑑 : 𝐴𝑚K
(2) 𝑒 ≈𝑘+𝑖 C ∈ J𝑑 : 𝐴𝑚K

Lemma 4.3 (Evaluation). Suppose 𝑒 ↦→𝑖 𝑣 . Then the following
are equivalent:

(1) C ↦→𝑗 F for 𝑗 ≥ 𝑖 and 𝑣 ∼𝑘 F ∈ [𝑑 : 𝐴𝑚]
(2) 𝑒 ≈𝑘+𝑖 C ∈ J𝑑 : 𝐴𝑚K

The next two lemmas follow by straightforward nested induc-

tions, first on the step index 𝑘 and second the type 𝐴𝑚 , mirroring

the definition of the logical relations. We only state the version for

values, omitting the corresponding properties for general expres-

sions.

Lemma 4.4 (Downward Closure).

If 𝑣 ∼𝑘 F ∈ [𝑑 : 𝐴𝑚] then 𝑣 ∼𝑖 F ∈ [𝑑 : 𝐴𝑚] for all 𝑖 ≤ 𝑘

Lemma 4.5 (Naming). Suppose 𝑣 ∼𝑘 F ∈ [𝑑 : 𝐴𝑚]. Then:
(1) ∀𝑑′ fresh. 𝑣 ∼𝑘 [𝑑′/𝑑]F ∈ [𝑑′ : 𝐴𝑚]
(2) ∀F ′ disjoint from F , 𝑣 ∼𝑘 (F , F ′) ∈ [𝑑 : 𝐴𝑚]
(3) If 𝑘 > 0 then cell𝑑 𝑆 ∈ F for some 𝑆

At this point we can generalize the fundamental theorem to

include contexts and closing substitutions. We define

𝜂 ∼𝑘 F ∈ [Δ] iff 𝜂 (𝑥) ∼𝑘 F ∈ [𝑥 : 𝐴𝑚] ∀𝑥 :𝐴𝑚 ∈ Δ

Theorem 4.6 (Fundamental Theorem).

If Γ ⊢ 𝑒 : 𝐴𝑚 ⊣ Δ and 𝜂 ∼𝑘 F ∈ [Δ] then for all fresh 𝑑 ,
𝜂 (𝑒) ≈𝑘 F , proc (J𝑒K𝑑) ∈ J𝑑 : 𝐴𝑚K.

Proof. By rule induction on the given typing derivation, using

the preceding lemmas. □

4.4 Observational Correctness
Since we can only directly observe values of positive type, we define

Observables 𝐴+
𝑚 ::= 𝐴+

𝑚 ⊗ 𝐵+𝑚 | 1 | 𝐴+
𝑚 ⊕ 𝐵+𝑚 | ↓𝑘𝑚𝐴+

𝑘
| 𝜇𝛼+𝑚 . 𝐴+

𝑚 | 𝛼+𝑚
We can extract a value from a final configuration starting with a

cell of observable type, written as F @ 𝑑 = 𝑣

(F , cell 𝑐 ⟨𝑎, 𝑏⟩) @ 𝑐 = ⟨F @ 𝑎, F @ 𝑏⟩
(F , cell 𝑐 ⟨ ⟩) @ 𝑐 = ⟨ ⟩
(F , cell 𝑐 𝜋1 (𝑎)) @ 𝑐 = 𝜄1 (F @ 𝑎)
(F , cell 𝑐 𝜋2 (𝑏)) @ 𝑐 = 𝜄2 (F @ 𝑏)
(F , cell 𝑐 ⟨𝑎⟩) @ 𝑐 = down(F @ 𝑎)
(F , cell 𝑐 fold(𝑎)) @ 𝑐 = fold(F @ 𝑎)

The result of computing a value from a configuration will be correct,

even without any typing requirement on the configuration—it just

needs to be logically related to the value.

Theorem 4.7 (Observational Correctness for Values).

If · ⊢ 𝑣 ⇐= 𝐴+
𝑚 ⊣ · then

(1) proc (J𝑣K𝑑) ↦→∗ F for some F such that 𝑣 ∼𝑘 F ∈ [𝑑 : 𝐴+
𝑚]

for every 𝑘 , and
(2) for all F such that 𝑣 ∼𝑘 F ∈ [𝑑 : 𝐴+

𝑚] for every 𝑘 , we have
F @ 𝑑 = 𝑣 .

Proof. Part 1 follows by induction on the type 𝐴+
𝑚 . Part 2 fol-

lows by induction on the definition of the logical relation on val-

ues. □

Theorem 4.8 (Observational Correctness for Expressions).

If · ⊢ 𝑒 ⇐= 𝐴𝑚 ⊣ · then
(1) if 𝑒 ↦→∗ 𝑣 then proc (J𝑒K𝑑) ↦→∗ F with 𝑣 ∼𝑘 F ∈ [𝑑 : 𝐴𝑚]

for every 𝑘 , and
(2) if 𝑒 diverges, then proc (J𝑒K𝑑) also diverges.

Proof. By definition of the logical relation on expressions. □

The theorems regarding observations could be refined further

if we allow mixed types. For example, with nat𝑚 = 𝜇𝛼𝑚 . 1 ⊕ 𝛼𝑚
we can directly (and correctly) observe the first component of a

value nat𝑚 ⊗ (nat𝑚 ⊸ nat𝑚). The logical relation on expressions

further implies that if we apply the second component to a value,

we can correctly observe the outcome of that computation as well.

We don’t pursue the formalization of such an extended property.

The definition of the logical relation gives us considerable lati-

tude for further applications because neither the source expressions

nor the configurations are required to be well-typed. On one hand,

we could impose further invariants on configurations. For example,

we could require that cell addresses of a mode that does not allow

contraction occur at most once elsewhere in a configuration. Under

this invariant, we can deallocate such cells when they are read. This

invariant is always satisfied for compilations of well-typed expres-

sions (see Theorem 3.4, extended straightforwardly to recursive

types) and preserved by the dynamics (see [38, Theorem 21], again

extended straightforwardly). Or we could allow Sax programs that

locally violate linearity but preserve it globally, for example, along

the lines of multilinear types [21].

4.5 Variants and Extensions
We briefly mention a few variants and extensions that we don’t

formally develop but are straightforward. They have some signifi-

cance since the only implementation of a programming language

with adjoint types that we are aware of [44] employs them.

Because the step index is decreased in the definition of the rela-

tion on recursive types 𝜇𝛼. 𝐴𝑚 we can use equirecursive type defi-
nitions 𝑡𝑚 = 𝐴𝑚 instead as long as they are contractive (that is, 𝐴𝑚
starts with an explicit type constructor). Then 𝑣 ∼𝑘 F ∈ [𝑑 : 𝑡𝑚]
iff 𝑘 = 0 or 𝑘 > 0 and 𝑣 ∼𝑘−1 F ∈ [𝑑 : 𝐴𝑚].

A general fixed point expression fix 𝑓 . 𝑒 where 𝑓 ↦→ [fix 𝑓 . 𝑒/𝑓 ]𝑒
is awkward for two reasons: (1) we are in a call-by-value language,

and yet 𝑓 is not a value, and (2) while all other constructs are

parametric in their mode, fixed points are not and, for example,

10
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require free variables in 𝑒 be nonlinear. In several works in the

adjoint setting [24, 38] this is handled by supporting global mutually

recursive definitions that internalize whole contexts [32]. Such

global definitions under a context Δ ⊢ 𝑓 = 𝑒 ⇐= 𝐴𝑚 are then

invoked as 𝑓 [𝜂] =⇒ 𝐴𝑚 where 𝜂 ⇐= Δ. Corresponding constructs
are added to Sax. Since our logical relation is already step-indexed

and we have characterized value substitutions, this is not difficult

but requires an extra language layer we wish to avoid in this paper

for the sake of brevity.

5 Conclusion
Adjoint logic integrates intuitionistic logics with varying structural

properties under a preorder of modes. We have presented a transla-

tion from adjoint natural deduction to adjoint Sax. On the purely

logical side, this translation preserves truth as well as verifications,

where verifications on both sides are given by suitable bidirectional

rules.

We then extended both languages and the translation with re-

cursive types and endowed them with an operational semantics.

We prove that the resulting translation, now viewed as compilation,

preserves observational behavior by using a step-indexed cross-

language logical relation. Our version of the fundamental theorem

of logical relations proves the all well-typed expressions compile

correctly.

By keeping assumptions regarding the expressions and Sax con-

figurations to a minimum, the general framework should allow us

to prove the correctness of some optimizations and language ex-

tensions in future work. Among these optimizations are reductions

of cuts meeting identities, eager deallocation of linear and affine

data structures, and update-in-place.

With straightforward extensions (using equirecursive types and

mutually recursive global definitions of expressions and Sax pro-

grams), this is a flexible correctness proof for the core of the first

phase of the Snax compiler [44] from adjoint natural deduction to C

via Sax as an intermediate language. The only significant additional

phase not modeled here is closure conversion [31]. We conjecture

that contextual modal type theory [32] will provide a foundation

for proving the correctness of this phase.
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Check 𝑒 ::= ⟨𝑒1, 𝑒2⟩ | match 𝑠 (⟨𝑥,𝑦⟩ ⇒ 𝑒) (𝐴𝑚 ⊗ 𝐵𝑚)
| ⟨ ⟩ | match 𝑠 (⟨ ⟩ ⇒ 𝑒) (1)
| 𝜄1 (𝑒) | 𝜄2 (𝑒) | match 𝑠 (𝜄1 (𝑥) ⇒ 𝑒1 | 𝜄2 (𝑦) ⇒ 𝑒2) (𝐴𝑚 ⊕ 𝐵𝑚)
| down(𝑒) | match 𝑠 (down(𝑥) ⇒ 𝑒) (↓𝑘𝑚𝐴𝑘 )
| 𝜆𝑥 . 𝑒 (⊸)
| (𝜋1 ⇒ 𝑒1 | 𝜋2 ⇒ 𝑒2) (𝐴𝑚 N 𝐵𝑚)
| susp(𝑒) (↑𝑚ℓ 𝐴ℓ )
| 𝑠 (⇒/⇐)

Synth 𝑠 ::= 𝑥

| 𝑠 𝑒 (𝐴𝑚 ⊸ 𝐵𝑚)
| 𝑠 .𝜋1 | 𝑠 .𝜋2 (𝐴𝑚 N 𝐵𝑚)
| 𝑠 .force (↑𝑚ℓ 𝐴ℓ )
| (𝑒 : 𝐴𝑚) (⇐/⇒)

Figure 6: Expressions for Natural Deduction

𝑒 value

down(𝑒) value susp 𝑒 value

𝑒 ↦→ 𝑒′

down(𝑒) ↦→ down(𝑒′)
𝑠 ↦→ 𝑠′

match 𝑠 (down(𝑥) ⇒ 𝑒) ↦→ match 𝑠′ (down(𝑥) ⇒ 𝑒)
𝑣 value

match (down(𝑣)) (down(𝑥) ⇒ 𝑒) ↦→ [𝑣/𝑥]𝑒

𝑒 ↦→ 𝑒′

𝑒.force ↦→ 𝑒′ .force (susp 𝑒) .force ↦→ 𝑒

Figure 7: Small-Step Dynamics for Expressions (excerpt)

Programs 𝑃 ::= id 𝑥 𝑦 (move from 𝑦 to 𝑥)
| cut (𝑥 : 𝐴) 𝑃 𝑄 (allocate 𝑥)
| snip⇐ 𝑥 𝑃 𝑄 (allocate 𝑥)
| snip⇒ 𝑥 𝑃 𝑄 (allocate 𝑥)
| read 𝑥 𝑆 (read from 𝑥 and pass to 𝑆)
| write 𝑥 𝑆 (write 𝑆 to 𝑥)

Storables 𝑆 ::= ⟨𝑥,𝑦⟩ | (⟨𝑥,𝑦⟩ ⇒ 𝑃) (𝐴𝑚 ⊗ 𝐵𝑚, 𝐴𝑚 ⊸ 𝐵𝑚)
| ⟨ ⟩ | (⟨ ⟩ ⇒ 𝑃) (1)
| 𝜋1 (𝑥) | 𝜋2 (𝑦) | (𝜋1 (𝑥) ⇒ 𝑒1 | 𝜋2 (𝑦) ⇒ 𝑒2) (𝐴𝑚 ⊕ 𝐵𝑚, 𝐴𝑚 N 𝐵𝑚)
| ⟨𝑥⟩ | (⟨𝑥⟩ ⇒ 𝑃) (↓𝑘𝑚𝐴𝑘 , ↑𝑚ℓ 𝐴ℓ )
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