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which is deductively equivalent to the simpler schema

o (o(F -+ 0 F) --> F) --> F

Grz «(F =?OG) =?O G) A((~F =?OG) =?D G) =?O G,

Introductory note to 19331

0(0 F --+ F) -+ 0 F.

IQC f- F if and only if Q84 f- F '
if and only if Q84 f- F- .

The result (2) was extended to predicate logic by Rasiowa and
Sikorski (1958), using algebraic semantics, and, independently, by Mae­
hara (1954), using cut-elimination. To be precise, let IQC be in­
tuitionistic predicate logic, and let Q84 be 84 with quantifiers and
the usual axioms and rules for quantification. ]<;xtend' by stipulat­
ing ('v'xA)' := 'v'xA', (3xA)' := 3xO A', or, equivalently, extend - by
('v'xA)- := O'v'xA-, (3xA)- := 3xA-. Tben

o(F -+ G) --> (0 JP -0 G)

Prawitz and MallIllilis (1968) gave a proof of this result using normal­
ization for suitable natural deduction systems for IQC and Q84.

Quite recently the result (3) has been extended to systems with math­
ematical content, namely to intuitionistic arithmetic HA on the one
hand and to a modsl extensiou of cl"",<rical first-order arithmetic PA on
the other (Mints 1978, Goodman 1984); the methods used in both cases
are proof-theoretical.

As already me.ntioned above, Gode!'s B cannot be interpretl,d as prov­
ability in a given formal system, such as PAl for, as Godel himself
observes at the end of his note, this conflicts with the second ineom­
pleteness theorem, But it is of interest to see in this connection which
laws are preserved by the formal provability interpretation of B. This
was accomplished by Solovay (1916), who characterized the modallogk
(often called G) correb1Jonding to formal provability in PA. Though the
discussion of G is really a topk in the bistory of Gode!'s second incom­
plet,eness theorem, SolovaY'8 result also leads (as we shall_) to another
interpretation of IPC.

Let 'I> be an interpretation of the formulas in the language of 84 in
P A such that: 'I>(p,] := rPi (pi a proposition letter, rPi a sentf'J:lce of PA);
<l> commutes with A, V,~, -+; and '1>(0 F) := Prov(C'I>F"). Here 'Prov'
is the canonically defined predicate expressing arithmetized provability
in PA, and r'l>Ji" is the GOdel number of the sent,ence <l>F. Write F
if we have PA f- <I>(F) for all possible interpretations <I>.

Let G be the modal system containing all classical tautologies, modus
ponens, the necessitation rule (from F infer 0 F), the schema

The reason for so designating this axiom is that Lob (1955) proved in

and the following HLob\, axiom":

L

(3)

if IPC f- F, then 84 f- pi,

IPC I- P if and only if 84 f- pi.(2)

(1)

where F' is formed from F aecording to his translation table. In addi­
tion, Godel conjectured that the converse of (1) also holds, that is,

This conjecture was eventually established by J.C.C. McKinsey and
A. Tarski (.UJ48), who used algebraic semantics. McKinsey and Tarski
also described several alternative interpretatiollS with the same prop­
erty, for example the interpretation - given by p- := 0 p (for propo­
sitional variables p), (F V G)- := Ji'- V G-, (F A G)- := F- A G-,
(F -+ G)- := OF- -+ DG-, (~F)· := 0~Ji'··. (There is a simple
rdationship between' and : 84 f- F- _ o (F' ).)

In the result (2), 84 can also he replaced by a stronger system, for
example, by addition of the following axiom schema introduced by Grze­
gorczyk (1967), where P' =? P" abbreviates O(F' -+ 1'"):

(see Boolos 1979, Chapter 13). That is to say, one has

IPC f- P jf and only if 84 + Grz f- F'.

According to Hacking (.1968) one tan also weaken 84 in (2), namely to
83, Hacking's proof is based OIl cut-eliminat,ion.

In this sbort note Godel describes an interpretation of intuitionis­
tic propositional logic IPC in a system of classical propositional logic
enriched with an additional unary operator B. The letter B stands
for "beweisbar", Le., provable, this being the intuitive interpretation of
B. Here "provable" should be understood as "provable by any correct
means" and not as "provable in a given formal system" (see below).
The axioms given for B are now familiar as those for Lewis' system of
modal propositional logic 84 (GOde!'s system 6), wit,h B written for
the necessity operator N or D. GOde!'s result thus takes the following
form:
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In his note GOde! observes, withont proof, that

if IPC f- F VG, then IPC f- F or lPC f- G.

and thus we also obtain a "formal provability" interpretatiou of IPC,

This fact was proved by Gentzen (lOS.,) using cut-elimination.
For Godel, the intereBt of his result presumably lay in the fact that it

gave for IPC an interpretation which was meaningful also from a nOD­
intuitionistic point of view. In this connection it is perhaps significant
that GOde! mentions in a foot.not.e Kolmogorov's (19S2) interpretation
of IPC, which, although different in character, was also put forward as
being meaningful independently of intuitionistic bias.

Heyting's interpretation (1031) of intuitionistic logic, which was cer­
tainly known to Godel, suggests the identificaUon of "intuitionistically
true" with "(intnitionistically) provable". It may well be that this led
GOdel to his interpretation. On the other baud, Heyting's interpretation
does not quite prepare us for a resnlt like (2), since 84 is a system based
on cla8sicallogic.

Historically, GOde!'s result was instrumental in the development of
Kripke's semantics (1965) for intuitionistic logic: once the semantics for
modal logic, in particnlar for Q84, had been formnlated, GOdel's inter­
pretation with its variants showed how one could obtain a semantics for
IQC (see the introduction to Kripke 1965).

Finally, it should be observed that GOdel's axiomatization of 84 was
new and led to a much simpler and more perspicuous axiomatization of
systems of modal logic (see Lemmon 1971, pages &-7).

G f- F if and only if p* F.

IPC I- F if and only if

IPC f- F if and only if G f- (F-)",

(4)

(5)

(5)

(7) If 84 f- 0 FVo G, I.hen 84 f- 0 F or 84 f-o G.

A proof was given in McKinsey and Tarsk'; 1948. By means of (2), this
property of 84 implies the disjunction property for IPC:

Let 0 be the translation of formulas in the language of 84 such that
pi:= Pi; 0 commutes with A, V, -., " and (oA}":= Au Ao(AO).
Goldblatt (1978) showed"

effeet that p* F holds for all instances F of L.
Solovay's result cau uow be stated as

aln a footnote Goldblat,t mentions an earlier proof; which we have not seen, due
to A. Kuznetsov and A, Muzavit.ski.

A. S. Troelstra



Eine Interpretation des
intuitionistischen Aussagenlrnlkiils

(19331)

An interpretation
of the intuitionistic propositional calculus

(19331)

1. Bp -> P

2. Bp ->. B(p --> q) --> Bq

3. Bp-> BBp.

Man kann den Heytingschen Aussagenkalkiil mittels der Begriffe des ge­
wiihnlichen Aussagenkalkiils und des Begriffes "p ist beweisbar" (bezeichnet
mit Bp) interpretieren,' wenn man fUr den letzteren das folgende Axiomen­
system 6 annimmt:

AuBerdem sind fUr die Begriffe ->, -, ., V die Axiome und SchluBregeIn
des gewiilmliehen Aussagenkalkiils anzunehmen, ferner die neue SchluB­
regel: Aus A darf auf BA geschlossen werden.

Die Heytingschen Grnndbegriffe sind folgendermailen zu iibersetzen:

Mit dem selben ErfoIg konnte man auch ""p durch B-Bp und pllq durch
Bp. Bq iibersetzen. Die Ubersetzung einer beliebigen im Heytingechen
System giiltigen Formel folgt aus 6, dagegen folgt aus 15 nicht die Uber­
setzung von p V...,p und allgemein keine Formel del' Gestalt BP VBQ, fUr
die nieht schon entweder BP oder BQ aus 15 beweisbar ist. Vermutlich
!)lIt eine Formel im Heytingschen Kalkiil dann und nur dann, wenn ihre
Ubersetzung aus 15 beweisbar ist.

Das System 15 ist mit dem Lewisscherr System of Strict Implication
iiquivalent, wenn Bp durch Np ubersetzt wird (vgl. Parry 19S5a), und
wenn man das Lewissche System durch das folgende Beckersehe Zusatz­
axiom Np < NNp erganzt?

Es ist zu bemurken, daB fUr den Begrilf "beweishar in einem bestimmten
formalen System S" die aus 15 heweisbaren Formeln nieht alle gelten. Es

~Bp

Bp->Bq
BpV Bq
p.q.

~p

p-::Jq
pVq
pllq

In addition, for the notions ->,~, ., V the axioIlli! and rules of inference
of the ordinary propositional calcnIus are to be adopted, as weI! as the new
rule of inference: From A, BA may be inferred.

Heytillg's primitive notions are to be translated as follows:

One can interpret1 Heyting's propositional calculus by means of the
notions of the ordinary propositional calculus and the notion 'p is provable'
(written Bp) if one adopts for that notion the following system 6 ofaxioIlli!:

1. Bp --> p,

2. Bp ->. B(p --> q) -> Bq,

3. Bp->BBp.

One could also translate 'p by B~Bp and p II q by Bp. Bq with equal
success. The translation of an arbitrary formula that holds in Heyting's
system is derivable in 15; on the other hand, the translation of p V ~p is
not derivahle in 15, nor in general is any formula of the form BP VBQ for
whlch neither BP nor BQ is already provahle in 5. Presumahly a formula
holds in Heyting's calculus if and only if its translation is provable in 15.

The system 15 is equivalent to Lewis' system of strict implication if Bp
is translated by Np (see Parry 19S5a) and one supplements Lewis' system
by the following additional axiom2 of Beeker: N p < N N p.

It is to he noted that for the notion "provable in a certain formal sys­
tem S" not all of t.he formulas provable in 5 hold. For example, B(Bp -+ p)

-Bp
Bp-> Bq
BpVBq
p.q.

~p

p-::Jq
pVq
pllq

lEiue etwas andere Interpretation des intuitionistischen Anssagenkalki:Hs gab
KQlmogoroff (1992) ohm: allerdings eincn prazisen Formali<;n1us anzugeben.

2Bw.:.-r t930, S. 497.

lKolmogorQv (1992) has given a somewha,t different interpretation of the intuition­
istic propositional calculus t without, to be sure, specifying a precise formalism.

2 Becker 1990, p. 497.
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gilt, z. B. fUr ihn B(Bp -+ p) niemals, d, h. flir kein System S, das die Arith­
40 metik enthiiJt. Denn andernfalls ware I beispielsweise B(O t 0) -+ 0 t 0

und daber auch -B(O i O} iu S beweisbar, d. h. die Widerspruchsfreiheit
von S ware in S beweisbar.

Bemerkung tiber projektive Abbildungen
(1933g)

Jede eineindeutige Abbildung if> der reellen projektiven Eben" E in sich,
welche Gerade in Ger(ule uberfuhfl, ist eine Kollineation. Bezeichnet man
rur jeden Kegelsclmitt del' Ebene a1s die zngehorige Kegelschnittumgebung
die Menge aller Punkte p von E, fUr welche je.de p enthl1ltende Gerade genau
zwei Puukte mit dem Kegelschnitt gemein hat, so ist das System ~ aller
Kegelschnittumgebungen ein unbegrenzt feines Uberdeckungssystem1 von
E. Da jeder Kegelsclmitt durclJ. zwei Geradenblischel erzengt werden kann,
welche projektlv (d, h, durch eine endliche Kette von Perspektivltaten) auf
einander bezogen sind, und da perspcktiv auf cinander bezogene Geraden­
biischel bei jeder eineiudeutigen Abbildung, die Gerade in Gerade uber­
fUhr!" In perspektiv auf einander bezogene Geradenbuschel iibergehen, so
wird durch die Abbildung <p jeder Kegelsehnitt auf einen Kegelscllllitt
abgebildet, Ferner wird wegen del' .Eim,indeutigkeit yon q, und del' obigen
Definition einer Kegelschnittumgebung jede Kegelschnittumgebung dureh
<p in eine Kegelschnittumgebung iibergefiihrt. Es wird denmach ~ durch
if> in sich iibergefUhrt. Da ~ ein unbegrenzt feines Uberdeckungssystem
von E ist, so ist also q, eine stetige Ahbildung und daber nath einem
F'undamentalsatz del' projektiven Geometrie eiue Kollineation.

180 hei6t UIU\h Menger ein System von offenen Mengen, in welchem zu jedem Puukt
11 des Raumes und xu jeder Umgebung U von peine p enthaltende offene Menge C U
existie::rt,

never holds for that notion, that is, it holds for no system S that contains
arithmetic. For otherwise, for example, B(O t 0) -+ 0 i 0 and therefore
also - B(O i 0) would be provable in S, that is, the consistency of S would
be provable in S.

Remark concerning projective mappings
(1933g)

(The introductory note to Gode11983g, as well as to related items, can
be found on page 272, immediately precediug 1993b.]

Every one-to-one mapping if> of the real projective plane E into itself
that carries straight lines into straight lines i8 "collineatian. If for each
conic section in the plane file designates as the corresponding conic-section
neighborhood the set of all points p of E for which every straight line con­
taiuing p has exactly two points in common with the conic section, then the
system Ji of all conic-section neighborhoods is an unbmmdedly fine covering
system1 of E. Siuce every corrie section can be generated by two pencils
of straight liues that are projectively correspondent to each other (that is,
correspondent by a finite chain of perspectivities) and since perspectively
correspondent pencils of straight lines are transformed, by every one-to-one
mapping that carries straight lines Into straight liues, into perspectively
correspondent pencils of straight lines, every conic section is mapped onto
a conic section by the mapping,p. Furthermore, on acconnt of the one­
tD-oneness of <p and the above definition of a corrie-section neighborhood,
every conic-section neighborhood is transformed by if> into a conic-section
neighborhood. Accordingly,.It is transformed iuto itself by 4>. Since Ji is an
unboundedly fine coveriug of E, if> Is a continuous mapping and therefore,
by a fundamental theorem of projective geometry, a eollineation.

1Menger so calls a system of open sets in case there exists in it, for each point p of
the space and for each neighborhood U of P, an open subset of U that contains p.


