Introductory note to 1933f

In this short note Godel describes an interpretation of intuitionis-
tic propositional logic TPC in a system of clagsical propositional logic
enriched with an additional unary operator B, The letter # stands
for “beweisbar”, Le., provable, this being the intuitive interpretation of
B. Here “provable” should be understood as “provable by any correct
means” and not as "provable in a given formal system” {see below).
The axioms given for B are now familiar as those for Lewis’ system of
modal propositional logic 84 (Gédel's system &), with B writien for
the necessity operator N or [J. Gadel’s result thus takes the following
form:

(1) if IPC + F,then S4 b 7,

where F7 is formed from F according to his translation kable. In addi-
tion, Godel conjectured that the converse of (1) also holds, that is,

2 IPCH F if and only if S4+ P

This conjecture was eventnally established by J.C.C. McKingey and
A. Tarski {1948), who used algebraic semantics. McKinsey and Tarski
also deseribed several alternative interpretations with the same prop-
erty, for example the interpretation ~ given by p~ := D p {for propo-
sitional vartables p), (FV Q)™ = F VG, (FAG) =F AG™,
(Fo Y =0F QG , (<F)" = 0-F". (There is a simple
relationship between / and ~: S4+ F~ « O{F"}.}

In the result (2), 84 can also be replaced by a stronger system, for
examiple, by addition of the following axiom schema introduced by Grze-
gorezyk {1867), where F/ = F” abbreviates Q{# — F7):

Grz {(F==0G)=0G)A({~-F=0C=20)=0G,
which ig deductively equivalent to the simpler schema
nF—-afF)—Fy—F
(see Boolas 1978, Chapter 13}. That is to say, one has
IPCF Fif and only if S4+ Gz - F',

According to Hacking (186%) one can also weaken 84 in (2), namely to
83. Hacking’s proof is based on cut-elimination.
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The result (2) was extended to predicate logic by Rasiowa and
Sikorski (2958), using algebralc semantics, and, independently, by Mae-
hara {7854}, using cut-elimination. To be precise, let IQC be in-
tuitionistic predicale logic, and let QS84 be 84 with quantifiers and
the usual axioms and rules for quantification. Extend ’ by stipulat-
ing {(Yz2A)" = ¥z A, (JzAY = Jx0 A', or, equivalently, extend ~ by
{YzA)" :=0OV2A~, (BxA) :=3zA~. Then

(3) IQCH F if and only if QS4+ F/
if and only if QS4F F~.

Prawitz and Malmuds {1968) gave & proof of this result using normal-
ization for suitable natural deduction systems for IQC and QS4.

Quite recently the result {3} has been extended to systems with math-
ematical content, pamely to intuitionistic arithmetic HA on the one
hand and te a modal extension of classical first-order arithmetic PA on
the other (Mints 1978, Goodman 1954); the methods used in both cases
are prool-theoretical.

Ag already mentioned above, Gdel's B cannot be interpreted as proy-
ability in a given formal system, such as PA; for, as Godel himself
abserves at the end of his note, this conflicts with the second incom-
pleteness theorem, But it is of inferest fo see in this conneetion which
laws are pregerved by the formal provability interpretation of B, This
was accomplished by Solovay (1976), who characierized the modal logic
(often called G} corresponding to formal provability in PA. Though the
digcussion of G is really a topie in the hisiory of Gédel’s second incom-
pleteness theorem, Solovay’s result also leads {as we shall see) to another
interpretation of IPC.

Let & be an interpretation of the formulas in the language of 4 in
PA such that: #(p;) = ¢; (p; a proposition letter, ¢; a sentence of PA);
¢ commutes with A, v, =, —1 and ({0 F) ;= Prov{"®F). Here ‘Prov’
is the canonically defined predicate expressing arithmetized provability
in PA, and "®F7 is the Gédel number of the sentence $F, Write * F
if we have PA F @(F') for all pussible interpretations &,

Let G be the modal system containing all classical tantologies, modus
ponens, the necessitation rule {from F infer [ F), the schems

EHF = G) - [QF -0 Q)
and the following “Lob's axiom™:
L i F— Fy—nOF.

The reason for se designating this axiom is that Lob {1955) proved in
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effect that &=* F' holds for all instances ¥ of L.
Solavay’s result can now be stated as

{4) G F Fif and only if =" F.
Let © be the iranslation of formulas in the language of 84 such that
pf = py; © commuies with A, V, —, =, and (O A)° = A° AD(A°).
Goldblatt (1978} showed?
(5) IPCHFifandonly H GH (F7)°,
and thus we also obtain a “formal provability” interpretation of IPC:
{6) IPCH Fif and only i =* (F7)°.

In his note Gddel observes, without proof, that
N FS4FOFvOG, thenS84 D For 8406,

A proof was given in McKineey and Tarski 1948. By means of {2}, this
praperty of 84 implies the disianction preperty for IPC:

HIPCH Fv @, then IPCHF or IPCHF (.

In a footnote (Goldblast mentions an earlier proof, which we have not seen, due
to A. Kusnetsov and A. Musavitski.
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This fact, was proved by Gentzen (1835) using cut-elimination.

For Godel, the interest of hug result presumably lay in the fact that it
gave for TPC an interpretation which was meaningful also from a non-
intuitionistic point of view. lu thig connection it is perhaps significant
that Godel mentions in a footnote Kolmogorov's {1892 interpretation
of IPC, which, although different in character, was also put forward as
being meaningful independently of intuitionistic bias.

Heyting's interpretation (1931} of intuitionistic logic, which was cer-
tainly known to Godel, suggests the identification of “intuitionistically
true” with “(intnitionistically) provable”. It may well be that thig led
Godel to his interpretation. On the other hand, Heviing’s interprotation
does not quite prepare us for a result like (2}, since 84 is a sysiem based
on classieal logic.

Historically, Gadel’s result wag instrumental in the development of
Kripke’s semantics {1965} for intuitionistic logic: once the semantics for
modal logie, in particular for QB4, had been formulated, Godel’s inter-
pretation with ite variants showed how one could obtain a semantics for
IQC {see the introduction to Kripke 1965).

Finally, it should be observed that Gadel's axiomatization of 84 was
new and led fo a murh simpler and more perspicuons axiomatization of
gystems of modal logic (see Lemmon 1977, pages 6-7).

A. B Troelstra




Eine Interpretation des
intnitionistischen Aussagenkalkiils
(1933f)

Man kann den Heytingsehen Aussagenkalkiil mittels der Begriffe des ge-
wihnlichen Aussagenkalkiits und des Begriffes “p ist beweigbar” (bezeichnet
mit Bp) interpretieren,’ wenn man fitr den letzteren das folgende Axiomen-
system & aunimmt:

L. Bp—op
2. Bp—.8B(p—q) — By
3. Bp -+ BBp.

Auferdem sind fiir die Begriffe —, ~, ., V die Axiome und SchluBregeln
des gewdhnlichen Aussagenkalkills anzunehmen, ferner die neue Schiuf-
regel: Aus A darf auf BA geschlossen werden.

Die Heytingschen Grundbegriffe sind folgendermafBien zu berseizen:

-p ~Bp
pogq Bp — By
pVyg Bpv Bg
pAg p.q

Mit dem seiben Erfolg kinnte man auch —p durch B~Hp und pAg durch
Byp. Bg ibersetzen. Die ﬂbersei;g&ng einer beliebigen im Heytinggchen
System giiltigen Formel folgt ans 6, dagepen folgt sus & nicht die Uber-
setzung von p vV ~p und allgemein keine Formel der Gestalt BP v BQ, fir
die nicht schon entweder BFP oder B¢ aus & beweisbar ist, Vermutlich
gilt eine Formel im Heytingschen Kalkiil dann und nur dann, wenn ihre
Tbersetzung aus & beweisbar ist.

Das System 6 ist mit dem lewisachen System of Striet Implication
Aquivalent, wenn Hp durch Np tibersetzt wird {vgl. Parry 198%a), und
wenn man das Lewissche System durch das folgende Beckersche Zusatz-
axiom Np < NNp erginzt.?

Es ist zu bernerken, dafl fiir den Begriff “beweisbar in einem bestimmten
formalen System 8" die aus & beweisbaren Formeln nicht alle gelten. Fs

‘fine eiwss andere Interpretation des Intuifionistischen Awussapgenkslicils zab
Kolmogoroff {183¢) ohne sllerdings einen prisisen Formalismus anzugeben.

% Berker 1990, 8, 497,
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An interpretation
of the intuitionistic propositional calculus
(1933f)

One can interpret’ Heviing’s propositional ealeulus by means of the
notions of the ordinary propositional calculus and the notion *p is provable’
{(written Bp) i one adopis for that notion the following system 6 of axioms:

1. Bp —p,
2. Bp . Bip — q) — Bq,
3. By — BBp.

In addition, for the notions -, ~, ., V the axioms and rules of inference
of the ordinary propositional calculus are to be adopted, as well as the new
rule of inference; From A, BA may be inferred.

Heyting’s primitive notions are to be translated as follows:

~ip ~Bp
oY By~ Bg
pVvy Bpv Bg
pAg p.q

One could slso translate —p by B~Bp and p A g by Bp. By with equal
suceess. The translation of an arbitrary formula that helds in Heyting's
system is derivable in &; on the other hand, the translation of p vV —p Is
not derivable in &, nor in general is any formula of the form BP v B() for
which neither BF nor BQ s already provable in &, Presumably a formula
holds in Heyting's calculus i and only if its translation is provable in &.

The aystem & is equivalent to Lewis' system of strict implication if Bp
is translated by Np (see Parry 19880) and one supplements Lewis’ system
by the following additional axiom® of Becker: Np < NNp.

It 3% to be noted that for the notion "provable in a certain formal sys-
tem 87 not, all of the formulas provable in & hold. For example, B(Bp — p)

“Kelmogoroy (1982} has given a somewhat different interpretation of the intuition-
istic propositionsl caleulus, without, to be sure, specifying s precise formalism.

2 Becker 1980, p. 497.
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gilt z. B. fiir ihn B{Bp — p) niemals, d. h. fiir kein System S, das die Arith-
metik enthdlt. Denn andernfalls wire | beispielswelse B0 #0) —0#£0
und daher auch ~H{0 # 0} in § beweisbar, d. h. die Widerspruchsfreiheit
vou § wire in 8§ beweishar.

Bemerkung iiber projektive Abbildungen
(1933q)

Jede eineindentige Abbildung ¢ der recllen prajekbiven Ebene E in sich,
welehe Gerade in Gerade diberfihed, st eine Kollineation. Begeichnet man
fir jeden Kegelschnitt der Ebene als die zugehirige Kegelschaittumpebunyg
die Menge aller Punkte p von E, fir welche jede p enthaltende Gerade genau
zwel Punkte mit dem Kegelschuitt gemein hat, so ist das System R aller
Kegelschnittumgebungen ein unbegrenszt feines Uberdeckungssystem! von
E. Da jeder Kegelsehnitt dureh wwel Geradenbiischel erzengt werden kann,
welche projektiv [d. b, durch eine endliche Kette von Perspektivititen) auf
einander bezogen sind, und da perspektly auf elnander bezogene Geraden-
biigchel bei jeder eineindeutigen Abbildung, die Gerade in Gerade ilber-
fithrt, in perspektiv auf einander bezogene Geradenbiischel fibergeben, so
wird durch die Abbildung ¢ jeder Kegelschuitt auf einen Kogelschuitt
abgebildet. Ferner wird wegen der Eineindeutigkeit von ¢ und der obigen
Definition einer Kegelschnittumgebung jede Kegelschnittumgebung durch
¢ in eine Kegelschnittumgebung thergefiibrt, Es wird demnach R durch
¢ in sieh dbergefiihrt. Da & ein unbegrenat feines Uberdeckungssysiem
von K ist, so st also ¢ eine stetige Abbildung wnd daber nach einem
Fundamentalsatz der projektiven Geometrie eine Kollineation.

8o heiBt nach Menger ¢ln System von offenen Mengen, in welchem zu jedem Punkt
# des Raumes und zu jeder Umgebung U von p eine p enthaltende offens Menge C U
exdutiert,
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never holds for that notion, that is, it holds for no system $ that contains
arithmetic. For otherwise, for example, B(0 # 0) — 0 # 0 and therefore
also ~B(0 # 0} would be provable in S, that is, the consistency of § would
be prevable in &.

Remark concerning projective mappings
(1983¢)

fThe introductory note to Gadel 1938y, as well as to related items, can
be found on page 272, immediately preceding 1833h.]

Every one-lo-one mapping © of the real projective plane E nto steelf
that carries straight lines into stroight lines s o collineation. If for each
conic section in the plane one designates as the corresponding conde-section
neighborhood the set of all points p of £ for which every straight line con-
faining p has exactly two points in common with the conie section, then the
system £ of all conic-section neighborhoods Is an unboundedly fine covering
system! of E. Since every conic section can be generated by two pencils
of straight lines that are projectively correspondent to each other (that is,
correspondent by a finite chain of perspectivities) and gince perspectively
corregpondent pencils of straight lines are transformed, by every one-to-one
mapping that carries straight lines into straipht lives, info perspectively
correspondent pencils of straight lines, every conic section is mapped onto
a conic section by the mapping $. Furthermore, on account of the one-
to-oneness of ¢ and the above definition of & conic-section neighborhood,
every conic-section neighborhood is transformed by ¢ nfo & conic-section
neighborhood. Accordingly, £ is transformed into itself by ¢, Since Ris an
unboundedly fine covering of E, ¢ is a confinuous mapping and therefore,
by a fundamental theorem of projective geowetry, a collineation.

IMenger 5o calls a systemn of open sets in case there exists in it, for each point p of
the space and for each neighborhood U of p, an open subset of T7 that contains p.



