
Assignment 6
Logical Predicates

15-814: Types and Programming Languages
Frank Pfenning

Due Thu Oct 30, 2025
90 pts

This assignment is due on the above date and it must be submitted electronically on Grade-
scope. Please use the attached template to typeset your assignment and make sure to include your
full name and Andrew ID. For the written problems, you may also submit handwritten answers
that have been scanned and are easily legible.

Please carefully read the policies on collaboration and credit on the course web pages at http:
//www.cs.cmu.edu/˜fp/courses/15814-f25/assignments.html.

You should hand in two files separately:

• hw06.pdf with the written answers to the questions.

• hw06.cbv with the code, where the solutions to the problems are clearly marked and auxil-
iary code (either from lecture or your own) is included so it passes the LAMBDA checker.

1 Subtyping and Continuation-Passing Style [45 pts]

In the problem we ask you to implement an interpreter for a call-by-name, lazy language, using
continuation-passing style. This example illustrated that a meta-circular interpreter can be written
for a call-by-name, lazy language in a call-by-value, eager language like LAMBDA.

For ease of testing, the type of expressions should be defined by:
type exp = $exp.

(’lam : exp -> exp) + (’app : exp * exp) % t -> s
+ (’unit : 1) + (’caseu : exp * (1 -> exp)) % 1
+ (’pair : exp * exp)

+ (’casep : exp * (exp * exp -> exp)) % t * s
+ (’left : exp) + (’right : exp)

+ (’cases : exp * (exp -> exp) * (exp -> exp)) % t + s
+ (’case0 : exp) % 0
+ (’fold : exp) + (’unfold : exp) % mu a. t
+ (’fix : exp -> exp) % fix f. e

Unlike our call-by-value, eager language this, similar to Haskell, is a call-by-name, lazy language.
This means all data constructors form values, without further requirements. That is:

λx. e value
val/arrow

⟨ ⟩ value
val/one

⟨e1, e2⟩ value
val/times

l · e value
val/sum1

r · e value
val/sum2 (no value of type 0) fold e value

val/mu
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Task 1 (5 pts) Define the type val so so that val is a subtype of exp (that is, val ≤ exp).

Task 2 (30 pts) Define a continuation-passing interpreter evalk : exp -> (val -> val) -> val

that respects the lazy semantics. Since there is no type-checker for the object language and no er-
ror primitive for the meta-language, your interpreter should loop in case it reaches a case that is
impossible for well-typed expressions. This can be achieved, for example, with a catch-all branch
| _ => $loop. loop.As a result, your interpreter (and your whole file) should not generate any
warnings when run with the LAMBDA interpreter.

Task 3 (5 pts) Define a top-level evaluator eval_ : exp -> val

Task 4 (5 pts) Among the examples that test your interpreter should be some that confirm the
lazy nature of evaluation in the sense that they would not terminate under our call-by-value,
eager semantics. You should cover each of the types that are eager on LAMBDA and lazy here.

Hand in the code for your interpreter as hw06.cbv. It should compile with
lambda --subtyping=true hw06.cbv without errors or warnings.

2 Logical Predicates [45 pts]

Coming back to the call-by-value language when have been developing in this course. The key
theorem we can prove directly by rule induction regarding the logical predicate the way we de-
fined it is termination

Theorem 1 (Termination) If Γ ⊢ e : τ and η ∈ [Γ] then η(e) ∈ JτK.

Task 5 (15 pts) Prove the cases pertaining to binary lazy pairs τ1 N τ2. You do not need to write
out cases clearly symmetric to ones you have already given.

Task 6 (15 pts) Prove the cases pertaining to eager pairs τ1 × τ2. Again, you do not need to write
out cases clearly symmetric to ones you have already given.

In order to accommodate nonterminating computation, we can give an alternative logical pred-
icate on expressions as

e ∈ JτK iff for all e′ such that e 7→∗ e′ and e′ ̸7→ we have e′ ∈ [τ ]

while the clauses for [τ ] remain the same (but may implicitly refer to the new definition of JτK).
Here we wrote e′ ̸7→ to abbreviate that there is no e′′ such that e′ 7→ e′′.

The fundamental theorem still states, but now with a different meaning:

Theorem 2 (Fundamental Theorem) If · ⊢ e : τ then e ∈ JτK.

Task 7 (5 pts) Conjecture the required generalization so it might be proved by rule induction.

Task 8 (10 pts) Assuming it is true, discuss the meaning of this theorem when compared to ter-
mination, preservation, progress, and canonical forms. Also, which fragment of the language
(excluding universal and existential types from consideration) might it apply to?
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