Supplemental Material

Evolving Cluster Mixed-Membership Blockmodel for
Time-Varying Networks

A Variational EM Algorithm

Our goal is to find the posterior distribution of the latent variables u, c,~, z given the observed sequence network
EW .. EM™ under the maximum likelihood model parameters B, d, v, ®, 3. Finding the posterior (inference) or
solving for the maximum likelihood parameters (learning) are both intractable under our original model. Hence we
resort to a Variational EM algorithm, which locally optimizes the model parameters with respect to a lower bound on
the true marginal log-likelihood, while simultaneously finding a variational distribution that approximates the latent
variable posterior. The marginal log-likelihood lower bound being optimized is
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where X denotes the latent variables {u, ¢, v, 2z}, © denotes the model parameters { B, d, v, ®, X}, and ¢ is the vari-
ational distribution. This lower bound is iteratively maximized with respect to ¢’s parameters (E-step) and the model
parameters O(M-step).

In principle, the lower bound £ (g, ©) holds for any distribution ¢; ideally ¢ should closely approximate the true
posterior p (X | E, ©). In the next section, we define a factored form for ¢ and derive its optimal solution.

B Variational Distribution ¢

We assume a factorized form for g:
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We now make use of Generalized Mean Field (GMF) theory (Xing et al. 2003) to determine each factor’s form. GMF
theory optimizes a lower bound on the marginal distribution p (E | ©) over arbitrary choices of g, ¢, ¢c, ¢.. In par-
ticular, the optimal solution to ¢x is p (X | E,E, [¢ (MBx)]), the distribution of the latent variable set X conditioned
on the observed variables E and the expected exponential family sufficient statistics (under q) of X’s Markov Blanket
variables. More precisely, ¢x has the same functional form as p (X | E, MBx), but where a variational parameter V
replaces ¢ (Y') for each Y € MBy, with optimal solution V := E, [¢ (Y')]. In general, if Y € MBy, then we shall
use (¢ (Y')) to denote the variational parameter corresponding to Y.

We begin by deriving optimal solutions to g,,, ¢, ¢c, ¢- in terms of the the variational parameters (¢ (Y)). After
we have derived all factors, we will present closed-form solutions to (¢ (Y)). These solutions form a set of fixed-point
equations which, when iterated, converge to a local optimum in the space of variational parameters (thus completing
the E-step).



B.1 Distribution of ¢.

q. 1s a discrete distribution since the zs are indicator vectors. We begin by deriving the distribution of the zs conditioned
on their Markov Blanket:
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The variables ’y(t), 'yj( ) belong to other variational factors, and their exponential family sufficient statistics are just fy(t)
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B.2 Distribution of ¢,
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conditioned on its Markov Blanket is
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The variables c; ), ugt), . ,u(ct), 1(21, ey zz(t_z N z%il, .. z](\ﬂ_z belong to other variational factors. The sufficient
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statistics for variables z are just z;_, ; and z;_; themselves. For variables c and p, their sufficient statistics are c( ) and



cl(»tf)b (uﬁ?) . However, since c is marginally independent of 1 under g, we can take their expectations independently,

hence the variational parameters are just < (¢ )> and <,u( )> Hence
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with variational parameters < (t)> , <p§1t)> , <zz(f_)”> , <zj(21>

B.2.1 Laplace Approximation to ¢,

The term Z, ( (¢ )) = log Z{il exp fyi(tl) makes the exponent analytically un-integrable, which prevents us from

computing the normalizer for ¢, (’yl( )>. Thus, we approximate Z., (fyi(t)) with its second-order Taylor expansion

around a chosen point &i(t):
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Note that HZ-(t) = diag (ggt)) — ggt) (gft)) . Because the Variational EM algorithm is iterative, we set 4

7yi(t) = E, [%(t)} from the previous iteration, which should keep the point of expansion close to E, ’yi(t) for the

current iteration. The point of this Taylor expansion is to approximate ¢, with a normal distribution — consider the
exponent of ¢,
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where const(?) denotes a constant independent of v, § := 3¢ %11 <c£t,)l> andu := S~! (Zle ;! <c§t,i> <,u(t)>).
Applying the Taylor expansion in eq (1) gives
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Hence ¢, ( (¢ )) is approximately Normal ( ) A ) with variance and mean
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B.3 Distribution of ¢.

®

q. is a discrete distribution. The distribution of ¢;” conditioned on its Markov Blanket is
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The variables ~y;
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expectations separately. Hence
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indices h:
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B.4 Distribution of g,

) (1)

g, is a continuous distribution. The distribution of /,L(1 ..., b conditioned on its Markov Blanket is
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The variables "y{l), . ,q/](VT)7 ( ), R cg\?) belong to other variational factors. The sufficient statistic of v and c is

cEt})L (’yq(f)) , but since v and ¢ are marginally independent under ¢, we can take their expectations separately. Hence
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with variational parameters < (¢ )> , <c§t)>.

B.4.1 Kalman Smoother for g,
We can apply the Kalman Smoother to compute the mean and covariance of each ,ugf) under ¢,,. Let ¥ (a,b,C) =
exp {—l (a—b)' C(a— b)}, then with some manipulation we obtain
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where ,uﬁl) are latent variables, and «;,’ are observed variables with value ah = W Furthermore,
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wﬁf) ~ N (0,®), v}(f) ~ N (0,5;?) with ES) = E<’L (t)> and /,L;L) ~ N (v, ®). Hence the distribution of each

,uﬁf) under ¢, is Gaussian, and its mean and covariance can be computed using the Kalman Smoother equations
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Thus pp, has mean i, and covariance P,Et)l(T) under g,,.

B.5 E-Step: Solutions to Variational Parameters

In the E-step, we find locally optimal variational parameters for each factor of q. The solutions to the continuous

parameters are
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These solutions are used to update the variational parameters in each factor of ¢q. Note that they form a set of fixed-point
equations that converges to a local optimum in the space of variational parameters. Hence the E-step involves iterating
these equations until some convergence threshold has been reached.

C M-Step

In the M-step, we maximize £ (¢, ©) with respect to the model parameters © = {B, %, §, v, ®}. Recall that
‘C(qa@) = Eq [10gp(E,X | @) _logQ(X)]

Note that the variational distribution ¢ is not actually a function of the model parameters ©; the model parameters that
appear in the ¢’s optimal solution come from the previous M-step, similar to regular EM. Hence it suffices to maximize
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Setting the first derivative wrt By, ; to zero yields the maximizer Bk, i for £ (q,0):
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C.2 Maximizing >

Consider the X1, . .., ¥¢-dependent terms in £’ (¢, ©),
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Since c, p, v are independent of each other (and other latent variables) under g,
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where we have defined (X) := E, [X], and the solutions to (X) are identical to Section B.5. Setting the first derivative
wrt ¥, to zero yields the maximizer 3, for £’ (¢, ©):
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C.3 Maximizing

Consider the §-dependent terms in £’ (¢, ©),
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where <c( )> = E, { (t)} and the solution to <c§t,)1> is identical to Section B.5. Taking the first derivative with
respect to 41, ...,0c—1,
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By setting all the derivatives to zero and performing some manipulation, we obtain the maximizer 6 for £/ (¢,0):
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We begin by maximizing wrt v, which only requires us to focus on the first term:
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We now substitute v = © and consider the ®-dependent terms in £’ (¢, ©):
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where P and L are defined in Section B.4.1. Setting the first derivative wrt ® to zero yields the maximizer d for

L' (q,0):
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D Computing the Variational Lower Bound L (¢, ©)

The marginal likelihood lower bound £ (g, ©) can be used to test for convergence in the Variational EM algorithm. It
also functions as a surrogate for the true marginal likelihood p (E | ©); this is useful when taking random restarts, as
it enables us to select the highest likelihood restart. Recall that

L£(q,0) = Eq[logp(E,X|0)—logq(X)]
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It turns out that we cannot compute L (g, ©) exactly because of term 2, but we can lower bound the latter to produce a

lower bound L;,yer (¢, ©) on L (g, O).
Closed forms for terms 1,3,4,5 are in eqs (2,3,4,5) respectively. We shall now provide closed forms for terms
6,7,8,9, as well as the aforementioned lower bound for term 2.
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D.1 Lower Bound for Term 2
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Since z, v are independent of each other under ¢,
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Applying Jensen’s inequality to the log-sum-exp terms,
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where (X) := E, [X]. The solutions to <z > ) <
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D.2 Term 6
Define
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where Oz;f), ng) are from Section B.4.1. Also note our abuse of notation: v, ® refer to the values used to compute
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and where ugf)l(T), Pf(bt)l(T), th) are from Section B.4.1.
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D.3 Term?7

Using definitions from the previous section,
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where Al(-t) is from Section B.2.1.

D.4 Term 8

Term 8 is trivial to compute since q. is discrete:

T,N T,N C
S togae ()| = =303 () = 1) togae () =)
ti=1 ti=1h=1
D.5 Term9
Term 9 is also trivial to compute since ¢, is discrete:
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