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1 Introduction

Different from previous maximum likelihood estimation for bayesian networks, where in directed graph cases
the parent-child relationship is known, and we can infer the parameters based on the given graphic topology,
the graphic model introduced today is basically for undirected graphs. For the cases of undirected graph
with unknown or partially known structure, we have to learn the graph topology first in order to proceed to
the next inference problem. Given the practical cases in the real world, the structure inference in undirected
graphs is getting more and more important, especially for the following topics.

1.1 Social Network

Social network platforms such as Facebook are interested in digging hidden connections (edges) between
users (nodes) to recommend the potential friends of theirs and encourage users to spend more time on their
platform. This can be posed as undirected graph with partially known structure.

1.2 Internet

The internet can also be represented as thousands of millions nodes with unknown connections, waiting to
be determined.
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1.3 Gene Regulatory Network

Maybe the greatest motivation for structure inference is the gene regulatory network (GRN). In this case,
different bio-molecule (node) with various regulations (edges). This can often be represented as partially
known directed graph, with even more hidden, unknown edges within (either directed or undirected). The
cost for estimation an potential edge in GRN is pretty high, requiring long time research and lots of resources.
Hence it’s economic to use statistical way to identify the possible hidden edges.

1.4 Time-Evolutional Network

Sometimes, the edges of a graph might change over time and the topology now becomes dynamic. For
example, in a developing cell, the GRN might change over time. The network structure at T1 could be
different from the network structure at T2. Therefore, the graph topology for a given time period needs to
be re-established before we estimate the probability of each nodes.
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2 Network Inference as Parameter Estimation

To infer the undirected network structure, the key point is to pose it as a parameter estimation problem. By
doing so, we can transfer the descriptive problem (discrete) into a solvable continuous problem. Consider a
real number matrix that represents all edges inside a graph, we may want these real number to be between 0
and 1 and the real numbers represent the ”strength” of links between two neighbor nodes with an undirected
edge (0 means there is no edge). In this case, we may want to make the matrix sparse so that we could get
rid of unimportant edges and only leave meaningful ones. Therefore, we can model these edge parameter
with pairwise markov random fields (MRF), where node states can be either discrete (Ising/Potts model)
or continuous (Gaussian graph model).
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3 Gaussian Graph Models

As mentioned in the previous section, the Gaussian graph model (GGM) is continuous form of pairwise
MRF, and it follows multivariate Gaussian distribution:

p(x|µ,Σ) =
1

(2π)n/2|Σ|1/2
exp[−1

2
(x− µ)TΣ−1(x− µ)]

,where µ is mean and Σ is covariance matrix. W.L.O.G., by letting µ = 0 and set ”precision matrix”
Q = Σ−1, we have:

p(x1, x2, ..., xp|µ = 0, Q) =
|Q|1/2

(2π)n/2
exp[−1

2

∑
i

qii(xi)
2 −

∑
i<j

qijxixj ]

which is a continuous MRF with potentials defined on both edges and nodes.

4 Markov versus Correlation Network

In a correlation network, Σij = 0 means Xi and Xj are independent. On the other hand, a GMM is a
Markov network based on precision matrix, which means that when Qij = 0, Xi and Xj are ”conditionally
independent” given all the other variables. Also notice that, with small sample size, an empirical covariance
matrix cannot be inverted

5 Network Learning With LASSO (The Meinshausen-Buhlmann
algorithm)

5.1 LASSO Regression

To learn a network structure, one common assumption is the sparsity of the network itself, equally speaking,
the parameter matrix is sparse. This assumption usually happens in real world cases, where we do only care
about few most meaningful connections and consider overly-connected graph less informative. In this case,
LASSO can be used to perform neighbor-selection for the network. We can perform LASSO regression of all
nodes to the target node with the objective function

β̂1 = argminβ1
||Y−Xβ1||2 + λ||β1||1

,where β1 denotes parameter for node 1, Y is the vector of independent observations (at time T for evolutional
network cases) for node 1
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5.2 Edge determination

The added L1 norm regulator helps sparsify the edge set, and only few are left to be selected.

5.3 LASSO for all nodes

Repeat this LASSO edge selection process for all nodes, we will arrive at the result edge set ε̂ where

ε̂ =
{

(u, v) : max(|β̂uv|, |β̂vu|) > 0
}
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5.4 Theoretical Guarantees

Consider the following criterions are met, LASSO will asymptotically recover correct subset of covariates
that relevant:

• Dependency Condition: Relevant Covariates are not overly dependent

• Incoherence Condition: Large number of irrelevant covariates cannot be too correlated with relevant
covariates

• Strong concentration bounds: Sample quantities converge to expected values quickly

6 The Time-Varying Networks

6.1 KELLER: Kernel Weighted L1-regularized Logistic Regression

To estimate dynamic network structure over time, the KELLER approach solve the following optimization
problem:

θ̂ti = argminθt
i
lw(θti) + λ1||θti ||1

, where lw(θti) =
∑T
t′=1 w(xt

′
;xt)logP (xt

′

i |xt
′

−i, θ
t
i). The weight w(xt

′
;xt) decides the relationship between

structure at time t′ and t, and we can model it as a distribution (see the next picture)

Given time t∗, the weight can be

wt(t
∗) =

Khn
(t− t∗)

σt′∈TnKhn
(t′ − t∗)

for some smoothing kernel Khn .
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6.2 TESLA: Temporally Smoothed L1-regularized logistic regression

The TESLA optimises over the parameters of one node over all time steps jointly:

θ̂1i , ...θ̂
T
i = argmin

T∑
t=1

lavg(θ
t
i) + λ1

T∑
t=1

||θt−i||1 + λ2

T∑
t=2

||θti − θt−1i ||

, where lavg(θti) = 1
Nt

∑Nt

d=1 logP (xtd,i|xtd,−i, θti) is the conditional log likelihood. Different from KELLER,
here we don’t need any smoothing kernels after scaling up to 5000 nodes, and it can tolerate abrupt changes.


