
10-708 Probabilistic Graphical Models

Homework 1 Due Feb 10, 7:00 PM

Rules:

1. Homework is due on the due date at 7:00 PM. The homework should be submitted via Gradescope.
Solution to each problem should start on a new page and marked appropriately on Gradescope. For
policy on late submission, please see course website.

2. We recommend that you typeset your homework using appropriate software such as LATEX. If you are
writing, please make sure your homework is cleanly written up and legible. The TAs will not invest
undue effort to decrypt bad handwriting.

3. Code submission: for programming questions, you must submit the complete source code of your
implementation also via Gradescope. Remember to include a small README file and a script that
would help us execute your code.

4. Collaboration: You are allowed to discuss the homework, but you should write up your own solution
and code. Please indicate anyone you collaborated with in your submission.
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1 Bayesian Network [30 pts] (Haohan)

1.1 I-map (10 pts)

Let G be a Bayesian Network structure over a set of random variables X, and let P be a joint distribution
over the same space. If G is an I-map for P, show that P factorizes according to G.

Solution.

Without loss of generality, assume X1, ..., Xn is a topological ordering of the variables in X relative to G.
We first use the chain rule for probabilities:

P (X1, ..., Xn) =

n∏
i=1

P (Xi|X1, ..., Xi−1)

Now, for one of the factors P (Xi|X1, ..., Xi−1). As G is an I-map for P , we have

(Xi ⊥ ND(Xi)|Pa(Xi)) ∈ I(P ) (1)

where ND stands for Non-Descendants, and Pa stands for parents.
Since we assume X1, ..., Xn is in topological order, Pa(Xi) are in S = {X1, ..., Xi−1}, while none of Xi’s

descendants can be in S. Therefore, we have S = Pa(Xi) ∪ Z, where Z ∈ ND(Xi).
Following Equation 1, and some independency properties, we have:

P (Xi|Xi, ..., Xi−1) = P (Xi|Pa(Xi))

which further leads to the conclusion.

1.2 D-seperation (10 pts)

Solution.

According to Figure 1, determine whether the following claims to be True or False and justify your answer.

• B ⊥ G | A.
True. A, B, G all independent on each other.

• C ⊥ D | F .
False. C,D,E, F forms a V-structure.

• C ⊥ D | A.
False. C,D,B forms a V-structure.

• H ⊥ B | C,F .
True. All paths are blocked.

• False. There is no such node.

1.3 I-Equivalence (10 pts)

I-equivalence of two graphs means that any distribution P that can be factorized over one of these graphs
can be factorized over other. A relevant concept to describe I-equivalence is called skeleton. Formally, The
skeleton of a Bayesian network graph G over X is an undirected graph over X that contains an edge {X,Y }
for every edge (X,Y ) in G. Informally, just remove all the arrows of a Bayesian network, you will get the
skeleton of it.

For two graphs G1 and G2, briefly justify the following arguments:
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Figure 1: Figure for Problem 1.2

• G1 and G2 has the same skeleton is a necessary, but not sufficient condition for G1 and G2 to be
I-equivalent.

• G1 and G2 has the same skeleton and same v-structures, is a sufficient, but not necessary condition
for G1 and G2 to be I-equivalent.

Solution.

• G1 and G2 has the same skeleton is a necessary, but not sufficient condition for G1 and G2 to be
I-equivalent.

? Necessity: Let’s assume G1 and G2 are I-equivalent and they do not have the same skeleton, then
the extra trail of one graph will introduce extra independence that contradicts the fact that G1

and G2 are I-equivalent. Therefore, they must have the same skeleton.

? Non-sufficiency: A → B ← C and A ← B → C have the same skeleton, but different indepen-
dencities.

• G1 and G2 has the same skeleton and same v-structures, is a sufficient, but not necessary condition
for G1 and G2 to be I-equivalent.

? Sufficiency: We assume that G1 and G2 has the same skeleton and same v-structures, and we
assume X ⊥ Y |Z ∈ I(G1), let’s show X ⊥ Y |Z ∈ I(G2). By saying that the two graphs have the
same skeleton we say that they have the same trails. Lets look on some trail between X and Y
in G1 that given Z is inactive, and we will show that this trail in G2 is inactive too. Consider
two cases: 1). The trail in G1 is inactive because some (at least one) of the nodes on the trail
that are not in a v–structure are observed (in Z). Then clearly these nodes also blocks the trail
in G2. 2). All nodes on the trail that are not in a v–structure are not observed (not in Z), but
then for some v-structure on the trail, none of the descendents are observed. That is for every
node in the v-structure such that there is a directed path in G1 and all the nodes on the path are
not observed. Consider such a directed path in G1 , then in G2 this trail must also be directed
the same and clearly all it’s nodes are not observed too. Therefore this path also inactivates the
trail between X and Y (given Z) in G2.
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? None-necessity: For a set of nodes, construct any complete graph will lead to an empty set of
conditional independence assertions, therefore these graphs are I-equivalent, but these graphs do
not have the same V-structures.
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2 Independence & Equivalence Testing (Maruan) [35 pts]

2.1 D-separation and Independence (15 pts)

In this exercise, you goal is to implement an algorithm that, for a given Bayesian network (BN) and a list
of queries, can automatically test whether a given statement about conditional independence is encoded in
the graph1. Your algorithm can either make use of the moralized BN, or inspect the active trails between
the queried variables (the latter is known as Bayes-ball algorithm).

(5 pts) First, prove that D-separation implies conditional independence, or mathematically:

dsep(X,Y | Z) =⇒ X ⊥⊥ Y | Z.

Solution.

We will prove this in two steps: (a) consider X ∪ Y ∪ Z = V (G), and (b) X ∪ Y ∪ Z ⊂ V (G), where
V (G) denotes the set of all nodes of the graph.

(a) We can decompose Z = Z1 ∪Z2, where the nodes in Z1 have parents in X and Z2 = Z\Z1. Since
Z d-separates X and Y , it is easy to see2 that

∀w ∈ X ∪ Z1 =⇒ π(w) ∈ X ∪ Z, ∀v ∈ Y ∪ Z2 =⇒ π(v) ∈ Y ∪ Z. (2)

This allows us to decompose the joint probability distribution as follows:

P (X,Y, Z) =
∏

v∈V (G)

P (v | π(v)) =
∏

v∈X∪Z1

P (v | π(v))︸ ︷︷ ︸
φ(X,Z)

∏
v∈Y ∪Z2

P (v | π(v))︸ ︷︷ ︸
ψ(Y,Z)

, (3)

where the to factors in the product turn out to be some functions of (X,Z) and (Y,Z) respectively.
Now, we can write the conditional probability as follows:

P (X,Y | Z) =
P (X,Y, Z)

P (Z)
=

P (X,Y, Z)∑
X,Y P (X,Y, Z)

=
φ(X,Z)∑
X φ(X,Z)

ψ(Y,Z)∑
Y ψ(Y, Z)

= P (X | Z)P (Y | Z) ,

where it is trivial to verify that the fractions in the final expressions are proper conditional
probabilities. Hence, we have shown that d-separation implies conditional independence.

(b) Now we consider a more involved case where X ∪ Y ∪ Z is only a subset of nodes in G. Let
U = X∪Y ∪Z and U? = U∪Ancestors(U). We will denote G? the subgraph on the corresponding
nodes. Using the following lemma, it is easy to see that PG(X,Y, Z) = PG?(X,Y, Z).

Lemma 1. Let Y be a leaf node of G. Let G′ be obtained by removing Y from G. Let X be a
subset of nodes in G?. Then PG(X) = PG′(X).

Proof.

PG(X) =
∑
Y

PG(X,Y )

=
∑
Y

PG(Y | π(Y ))
∏
v∈X

PG(v | π(v))

=
∏
v∈X

PG(v | π(v))
∑
Y

PG(Y | π(Y ))

=
∏
v∈X

PG(v | π(v)) ≡ PG?(X).

1Meaning that a distribution that factorizes over the given graph necessarily follows that conditional independence.
2Simply try to assume the contrary and you will arrive at a contradiction due to v-structures.
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X ∪ Y ∪Z is still a subset of V (G?), but U? is now a complete set of nodes in G?. Denote by X?

the set of all nodes that are not d-separated from X by Z and by Y ? the set of all nodes that are
neither in X? nor in Z (i.e., Y ? = U?\(X? ∪ Z)). In other words, we split U? into X?, Y ?, and
Z such that X? and Y ? are d-separated given Z. Then, (a) we have the following decomposition:

PG?(X?, Y ?, Z) = φ(X?, Z)ψ(Y ?, Z).

Further, let X ′ = X?\X and Y ′ = Y ?\Y . This gives us the following:

PG?(X,Y, Z) =
∑
X′,Y ′

φ(X,X ′, Z)ψ(Y, Y ′, Z)

=
∑
X′

φ(X,X ′, Z)
∑
Y ′

ψ(Y, Y ′, Z)

= φ′(X,Z)ψ′(Y, Z).

Finally, we can use the same argument as in (a) to show that PG?(X,Y | Z) factorizes into
PG?(X | Z) and PG?(Y | Z). Since PG(X,Y, Z) = PG?(X,Y, Z), the proof is complete.

(3 pts) [bonus question] Prove completeness of the D-separation property.

Solution.

Completeness simply means the other direction: X ⊥⊥ Y | Z =⇒ dsep(X,Y | Z), where the
conditional independence holds for all distributions that factorize over the graph with the given d-
separation. The contrapositive statement is as follows: if d-separation is not satisfied, there exists a
distribution where X 6⊥⊥ Y | Z. Let’s construct such distribution explicitly.

In particular, consider an active trail between X and Y given Z, e.g., U1 − U2 − · · · − Uk, and define
the corresponding conditional probability distribution such that these variables are perfectly correlated
(i.e., use delta functions). Define all the rest conditional probabilities to be uniformly random (i.e., no
correlation what so ever). This ensures that the distribution will have this single trail of perfectly cor-
related variables (i.e., no other trails can affect/cancel out the imposed correlations). By construction,
X and Y are not independent given Z.

(2 pts) Provide a pseudo-code and describe in detail an algorithm for testing D-separation.

(8 pts) Implement an algorithm with the following input-output specification (read input from stdin and
write output to stdout):

Input:

1. First line: N M Q.
Here N and M are the number of nodes and edges in the BN, respectively, Q is the number of
D-separation queries that will follow.

2. Next M lines: A B.
Each line denotes a directed edge A→ B in the BN graph.

3. Next Q lines: A B | C D E ...

Each line denotes a query: whether A and B are D-separated given C D E ...

Output:
For each query, your algorithm should output True if the nodes are D-separated or False otherwise.
Answer to each query should come on a separate line (Q output lines in total).

Testing: We provide you 4 simple test cases that you can use to test you algorithm. Your final score
for this problem will be based on another 4 tests that we will run your submission on as well as your
code. Please make sure your code is readable and well organized.
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Solution.

See code in the attachment.

2.2 I-equivalence (20 pts)

In this part, we recall the notion of I-equivalence and ask you to (1) prove a criterion for the I-equivalence
of a pair graphs and (2) implement an algorithm that can test whether a given pair of BNs is I-equivalent.

(4 pts) Prove the following proposition:

Proposition 1. The two BNs, G and G′, are I-equivalent if both graphs have the same set of trails
and a trail is active in G if and only if it is active in G′.

Hint: Use the notion of D-separation.

Solution.

Let G and G′ have the same set of trails, and a trail is active in G iff it is active in G′. Let (X ⊥
⊥ Y | Z) ∈ I(G). Then, given Z, none of the trails from X to Y is active in G (by completeness
of d-separation). By assumption, these trails are also not active in G′, given Z. This implies that
(X ⊥⊥ Y | Z) ∈ I(G′) (by soundness of D-separation). Therefore, I(G) ⊆ I(G′). Analogously, we can
argue that I(G′) ⊆ I(G). Therefore, G and G′ are I-equivalent.

(8 pts) Now, you need to prove a criterion for I-equivalence (i.e., an “if and only if” statement). We will do
this in two steps and will need the following definitions.

Definition 1 (Minimal Active Trail). Consider an active trail T = X1, X2, . . . , Xm. This active trail
is called minimal if no subset of the nodes in T of cardinality less than m forms an active trail between
X1 and Xm. Stated differently, T is minimal if no other active trail between X1 and Xm “shortcuts”
any of the nodes in T .

Definition 2 (Triangle). Any three consecutive nodes in a trail T = X1, X2, . . . , Xm are called a
triangle if their skeleton is fully connected (i.e., forms a 3-clique).

(3 pts) Prove that a minimal active trail may only contain a triangle of the following form:

∗ Xi → Xi−1

∗ Xi → Xi+1

∗ Either Xi−1 → Xi+1, or Xi−1 ← Xi+1

Hint: Prove by cases.

Solution.

We need to consider 4 cases:

1. Xi−1 → Xi → Xi+1, where Xi is unobserved. In this case, Xi+1 → Xi−1 will give a cycle
and hence forbidden, while Xi−1 → Xi+1 will clearly shortcut the path.

2. Xi−1 ← Xi ← Xi+1. This case is completely analogous to the previous one.

3. Xi−1 → Xi ← Xi+1, where Xi (or one of its children) is observed. Adding an edges between
Xi−1 and Xi+1 in either direction will activate a shortcut – here are 4 more cases to consider,
but they are all symmetric and we focus on just 2 of them: Xi−1 → Xi+1 → Xi+2 and
Xi−1 → Xi+1 ← Xi+2. In the former, the shortcut is obvious; in the latter, we have a
v-structure with Xi+1 in the middle, which is active since Xi is observed and is a child of
Xi+1.

4. Xi−1 ← Xi → Xi+1, where Xi is unobserved. Again simply adding an edge between Xi−1
and Xi+1 and under the assumption that the former trail was active will give us a shortcut.
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(5 pts) Prove the theorem that states the criterion.

Theorem 1. Two Bayesian networks, G and G′, are I-equivalent if and only if G and G′ have
the same skeletons and the same set of immoralities.

Hint: Both directions of the criterion can be proved by contradiction.

Solution.

Now, we put all things together.

(⇒) Let G and G′ be I-equivalent. We have proved in 1.3 that they must have the same skeletons.
We prove the fact that they have the same set of immoralities by contradiction. Assume that
G has an immorality, X → Z ← Y , while G′ doesn’t (i.e., X, Y , Z are also connected in
a chain fashion, but without a v-structure). Let Z be unobserved, which makes X and Y
dependent in G′ regardless of which other nodes we condition on. In G, those could be either
dependent or independent. Let us condition on a set of nodes, W , which includes the Markov
blankets of X and Y (by definition of the Markov blanket, Z 6∈ W ). Now, X ⊥⊥ Y | W in G
and X 6⊥⊥ Y |W in G′ which leads to a contradiction.

(⇐) Let G and G′ have the same skeletons and immoralities. Again, let’s assume the contrary
of the statement—G and G′ are not I-equivalent, i.e., there exit X, Y and Z such that
X ⊥⊥ Y | Z in G and not in G′.
Since, by assumtion, X 6⊥⊥ Y | Z in G′, completeness of d-separation implies that there
should exist at least one active trail between X and Y . Let’s consider the minimal one and
the corresponding trail in G.
Since G and G′ have the same skeletons, the only difference between the same trails in G
and G′ is that the trail may have different directions. Further, we can simply consider all the
edges along the trail and try flipping them (as if they were flipped in G)—this edge flipping
procedure does not break the “activeness” property of that trail unless it breaks an immoral
v-structure. In the latter case, it also breaks an immorality, and hence, by assumption,
such edge configuration may not be present in G. This argument further implies that the
corresponding trail in G will be active as well, which leads to a contradiction.

(2 pts) Provide a pseudo-code and describe in detail an algorithm for testing I-equivalence between BNs.

(6 pts) Implement an algorithm with the following input-output specification (read input from stdin and
write output to stdout):

Input:

1. Line: N1 M1.
N1 and M1 are the number of nodes and edges, respectively, in the first Bayesian network.

2. Next M1 lines: A B.
Each line encodes a directed edge A→ B in the first Bayesian network graph.

3. Line: N2 M2.
N2 and M2 are the number of nodes and edges, respectively, in the second Bayesian network.

4. Next M2 lines: A B.
Each line encodes a directed edge A→ B in the second Bayesian network graph.

Output: Return True if the graphs are I-equivalent and False otherwise.

Testing: We provide you 4 simple test cases that you can use to test you algorithm. Your final score
for this problem will be based on another 4 tests that we will run your submission on as well as your
code. Please make sure your code is readable and well organized.

Solution.

See code and tests in the attachment.
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3 Exact Inference (Haohan) [20 pts]

3.1 Variable Elimination (5 pts)

For a Hidden Markov Model with T time steps, whose hidden states are denoted as z and observable states
are denoted as x, use Variable Elimination Algorithm to derive HMM’s classical forward-backward algorithm
to inference

p(zt = j|x1,...T ).

You can start with
p(zt = j|x1,...T ) ∝ αt(j)βt(j),

where αt(j) = p(zt = j|x1,...,t) and βt(j) = p(xt+1,...,T |zt = j)

Solution.

For forward case:

p(zt = j|x1,...,t−1) =
∑
i

p(zt = j|zt−1 = i)p(zt−1 = i|x1:t = i)

αt(j) = p(zt = j|x1,...,t) = p(zt = j|xt, x1,...,t−1)

=
1

Zt
p(xt|zt = j, x1,...,t−1)p(zt = j|x1,...,t−1)

and Zt =
∑
j p(zt = j|x1,...,t−1)p(xt|zt = j).

Backward case can be solved following the same procedure.

3.2 Gaussian Belief Propagation (15 pts)

Let’s consider the belief propagation algorithm for Gaussian pairwise MRF, where the potentials are defined
as following:

φt(xt) = exp(−1

2
Attx

2
t + btxt)

φs,t = exp(−1

2
xsAstxt)

where A is the precision matrix and b is just a parameter. Our goal is to derive the message passed into
node xt, i.e. m(xt).

1 (6 pts) To begin with, we need a fact that the product of two Gaussians is a scaled Gaussian. Show:

N(x|µ1, λ
−1
1 )×N(x|µ2, λ

−1
2 ) = CN(x|µ, λ−1),

solve for λ and µ, where C is a constant.

2 (9 pts) Solve for m(xt).
Hint: First solve for the messages passed into Node t’s neighbor nodes from their neighbors excluding t, then
use these messaged to represent m(xt).

You can directly use this result if needed:
∫

exp(−ax2 + bx)dx =

√
π

a
exp(

b2

4a
)

Solution.
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1.

N(x|µ1, λ
−1
1 )×N(x|µ2, λ

−1
2 ) =

1√
2πλ−21 λ−22 2π

exp(−λ
2
1(x− µ2

1) + λ22(x− µ2
2)

2
)

=
1√

2π((λ1 + λ2)−2)C
exp(−λ

2
1(x− µ2

1) + λ22(x− µ2
2)

2
)

=
1√

2π((λ1 + λ2)−2)C
exp(− (λ1 + λ2)x2 − 2x(λ1µ1 + λ2µ2) + λ1µ

2
1 + λ2µ

2
2

2
)

=
1√

2π((λ1 + λ2)−2)C
exp(− (λ1 + λ2)(x− µ)2 + C ′

2
)

Therefore, we have
N(x|µ1, λ

−1
1 )×N(x|µ2, λ

−1
2 ) = CN(x|µ, λ−1)

, where λ = λ1 + λ2 and µ =
λ1µ1 + λ2µ2

λ1 + λ2

2. First, for node s as a neighbor of node t, we use fs\t denote the product of the local evidence and all
incoming messages excluding the message from t, we have

fs\t(xs) = φs(xs)
∏

k∈neighbor(s)\t

mk→s(xs) = N(xs|µs\t, λ−1s\t)

where
λs\t = λs\t +

∑
k∈neighbor(s)\t

λks

µs\t = λ−1s\t(λsµs +
∑

k∈neighbor(s)\t

λtsµts)

Then, we have:

mst(xt) =

∫
xs

φst(xs, xt)fs\t(xs)dxs

=

∫
xs

exp(−xsAstxt) exp(−λs\t/2(xs−µs\t)2)dxs

=

∫
xs

exp((−λs\tx2s/2) + (λs\tµs\t −Astxt)xs)dxs

∝ exp((λs\tµs\t −Astxt)2/(2λs\t))
∝ N(µst, λ

−1
st )

, where
λst = −A2

st/λs\t

µst = Astµs\t/λst

Then, finally, we have:

m(xt) = φt(xt)
∏
s∈Nt

(mst(xt))

∝ N(µt, λ
−1
t )
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where
λt = Att +

∑
s∈Nt

(λst)

µt = λ−1t (bt +
∑
s∈Nt

λstµst)
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4 Undirected Graphical Models (Maruan) [15 pts]

4.1 Ising Model & Boltzmann Machine [8 pts]

Assume that we are given a graph, G = (V,E), with the vertex set V and edges E. Recall from the lecture
that an Ising model (IM) is given by the following distribution:

P (x1, . . . , xn) =
1

Z
exp

 ∑
(i,j)∈E

Wijxixj −
∑
i∈V

uixi

 ,

where each random variable xi ∈ {−1, 1}. The Boltzmann machine (BM) is defined similarly, where the only
difference is in the domain of the random variables, xi ∈ {0, 1}.

Show that the Ising model can be re-written as a Boltzmann machine. In particular, for an Ising model with
parameters W and u specify new parameters W ′ and u′ for a Boltzmann machine and prove that they give
the same distribution, assuming that the states {−1, 1} are mapped to {0, 1}.

Solution.

Since the graph is undirected, we can re-write the expression for the log-probability as follows:

logP (x1, . . . , xn) ∝ −
∑
i∈V

uixi − ∑
j∈N(i)

Wij

2
xixj

 (4)

∝ −
∑
i∈V

2ui

(
xi + 1

2

)
−
∑

j∈N(i)

{
2Wij

(
xi + 1

2

)(
xj + 1

2

)
− Wij

2
(xi + xj)

} (5)

∝ −
∑
i∈V

2

ui +
∑

j∈N(i)

Wij

(xi + 1

2

)
−
∑

j∈N(i)

{
2Wij

(
xi + 1

2

)(
xj + 1

2

)} (6)

=
∑

(i,j)∈E

{
4Wij

(
xi + 1

2

)(
xj + 1

2

)}
−
∑
i∈V

2

ui +
∑

j∈N(i)

Wij

(xi + 1

2

)
. (7)

Note that
∑

(i,j)∈E [·] = 1
2

∑
i∈V

∑
j∈N(i) [·] avoids double counting of the edges and each of the consecutive

transformations drops the constant terms (i.e., the terms that do not depend on the xi’s and xj ’s). Further,
by denoting,

x′i =
xi + 1

2
∈ {0, 1}, W ′ij = 4Wij , u

′
i = 2

ui +
∑

j∈N(i)

Wij

 ,

the probability takes the form of the standard Boltzmann machine:

P (x′1, . . . , x
′
n) ∝ exp

 ∑
(i,j)∈E

W ′ijx
′
ix
′
j −

∑
i∈V

u′ix
′
i

 .

4.2 Determinantal Point Process [7 pts]

A point process over a finite set X = {x1, . . . , xn} defines a probability distribution over its subsets,
P (Y ⊆ X ). Equivalently, we can think of such point process as a binary Markov random field (MRF)
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that defines a distribution over n indicator random variables, Z1, . . . , Zn, Zi ∈ {0, 1}, each of which corre-
sponds to a unique element of X . Therefore, we can always write the distribution defined by a point process
over a finite set in the following form:

P (z1, . . . , zn) =
1

Z

∏
c∈C

ψc(Zc), (8)

where ψc(Zc) denotes the potential corresponding to clique c ∈ C.

Boltzmann machines and Ising models are pairwise MRFs, i.e., they only encode unary and binary potentials
that correspond to u and W parameters, respectively. Both models have n(n+1)/2 parameters. Now consider
the following distribution that defines the determinantal point process (DPP) [1]:

P (Y ⊆ X ) =
det(SY)

det(S + I)
, (9)

where S is some positive semi-definite matrix, SY is its submatrix with rows and columns selected by the
subset Y, I is the n×n identity matrix, and det(·) denotes the standard matrix determinant. Note that DPP
is completely described by its positive semi-definite kernel matrix S, i.e., also by n(n+ 1)/2 parameters.

(2 pts) Give a representation of the DPP distribution (9) in the canonical exponential form as a binary MRF.

(5 pts) Is Boltzmann machine on n variables equivalent to a DPP on a set of n elements? In other words,
for a DPP with some kernel matrix S, does there always exist W and u such that the corresponding
Boltzmann distribution is equivalent to the one given by DPP? How about the opposite?
(Hint: Analyze a simple case with 2 and 3 binary random variables).

Solution.

(2 pts) DPP in the canonical exponential form can be written as follows:

P (Y) =
1

det(S + I)
exp {log detSY} =

1

det(S + I)
exp

{
log detP (Y)>SP (Y)

}
,

where PY is so-called indicator matrix that selects columns with indexes in Y. The probability can be
further represented as exponent of a sum:

P (Y) =
1

det(S + I)
exp

log

|Y|∏
i=1

λi
(
P>Y SPY

) =
1

det(S + I)
exp


|Y|∑
i=1

log λi
(
P>Y SPY

) ,

where λi(X) is the i-th eigenvalue of the matrix X. Note that, generally, each factor, log λi(·), depends
on all elements of the subset Y, i.e., on all variables Z, i.e., MRF that corresponds to the DPP has a
complete clique. Nevertheless, computing probabilities and sampling from a DPP is tractable.

(5 pts) Whether Boltzmann machine on n variables can or cannot represent a DPP on a set of n elements (or
vice versa) depends on the value of n. For n = 1, BM and DPP are equivalent (trivial case); for n = 2,
BM can always represent a DPP, while the contrary holds only in case if the correlation between the
two variables are negative (explained below); for n ≥ 3, the models cannot generally represent one
another. Below, we consider each example. To simplify notation, we denote ui ≡ Wii, i.e., the unary
potentials are represented by the diagonal elements of the W matrix.
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– Consider n = 1. Any DPP will assign probabilities to two sets: an empty set and a set that
contains that single element:

P (Y) =
det(SY)

det(S + I)
=

{
1

S+1 if Y = ∅,
S
S+1 otherwise,

where det of a scalar is the same scalar and det of an empty matrix is 1 (by convention and also
to keep the distribution properly normalized). Similarly, the Boltzmann machine will either have
Z = 0 or Z = 1, which leads to the following two possibilities:

P (Z) =
det(SY)

det(S + I)
=

{
1

exp{W11}+1 if Z = 0,
exp{W11}

exp{W11}+1 otherwise.

Therefore, for any S ≥ 0, there exists W11 = logS ∈ [−∞,+∞] such that the Boltzmann machine
becomes equivalent, and vice versa (for S = 0, we let W11 = −∞).

– Now, consider n = 2. In this case, we have 4 possible events (or subsets): ∅, {x1}, {x2}, and
{x1, x2}, which correspond to the following probabilities defined by DPP (up to a normalization
constant):

1, S11, S22, S11S22 − S2
12,

and the following probabilities for the BM (again, up to normalization):

1, exp{W11}, exp{W22}, exp{W11 +W22 +W12}.

We can equate the probabilities one to the other, solve the resulting system of equations and get
the following:

W11 = logS11, W22 = logS22, W12 = log

(
1− S2

12

S11S22

)
.

Since S is PSD,
S2
12

S11S22
is upper-bounded by 1, and hence W11, W22, and W12 are well-defined and

hence there a BM with such parameters defines a distribution equivalent to the original DPP.

Now, assume we are given W11, W22, and W12, then

S11 = expW11, S22 = expW22, S2
12 = exp{W11 +W22} (1− exp{W12}) .

Since W12 can generally be either positive or negative, the right hand side expression may turn
negative (when W12 > 0), which means that there does not exist a real S12 to account for that.
In other words, DPP can only account for negative correlations between the variables, and hence
if BM has a positive correlation, there is no equivalent DPP3.

– Finally, consider n ≥ 3. The probability encoded by a DPP depends on the determinant of a 3×3
matrix, which generally defines global correlation patterns between all three variables, which is
cannot be captured by the BMs. For instance, assuming S11 = S22 = S33 = 1, we have the
following:

P ({x1, x2}) ∝ 1− S2
12

P ({x2, x3}) ∝ 1− S2
23

P ({x1, x3}) ∝ 1− S2
13

P ({x1, x2, x3}) ∝ 1 + 2S12S23S31 − S2
13 − S2

12 − S2
23.

3Once could extend DPPs such that S is a Hermitian matrix, in which case positive correlations would be possible.
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Now, the same probabilities in the BM will be represented by the following quantities (the diagonal
terms of W are zeros, otherwise singleton probabilities will not match DPP):

P ({x1, x2}) ∝ exp{W12}
P ({x2, x3}) ∝ exp{W23}
P ({x1, x3}) ∝ exp{W13}

P ({x1, x2, x3}) ∝ exp{W12 +W23 +W13}.

Now, while we can infer from the pairwise probabilities that exp{Wij} = 1− S2
ij , it is easy to see

that the probability of the full set, {x1, x2, x3}, does not generally match:

(1− S2
12)(1− S2

23)(1− S2
13) 6= 1 + 2S12S23S31 − S2

13 − S2
12 − S2

23.

In other words, BM cannot represent an arbitrary DPP. Similar to the case with n = 2, we can
argue that DPP cannot represent BMs that encode positive correlations.

For n > 3, it is trivial to extend the above argument by constructing S in the following block-
diagonal form:

Sn×n =

(
S3×3 0

0 I(n−3)×(n−3)

)
,

where S3×3 represents a DPP on 3 variables that cannot be encode by a BM (like the one above),
I(n−3)×(n−3) is a (n−3)×(n−3) identity matrix, and 0’s denote zero blocks of appropriate shapes.
You can verify that the DPP with Sn×n kernel cannot be represented by a BM on n variables.
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