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Example: The Dishonest Casino

A casino has two dice:

e Fair die

P@1) =P(2) =P(3) =P(5) = P(6) = 1/6
e Loaded die

P(1) =P(2) =P(3) = P(5) = 1/10

P(6) = 1/2

Casino player switches back-&-forth
between fair and loaded die once every
20 turns

Game:
1.You bet $1
2.You roll (always with a fair die)

3. Casino player rolls (maybe with fair die,
maybe with loaded die)

4. Highest number wins $2

Puzzles regarding the dishonest
casino s

GIVEN: A sequence of rolls by the casino player

64621461461361366616646616366163661636165156 612356
QUESTION
e How likely is this sequence, given our model of how the casino
works?

e This is the EVALUATION problem in HMMs

e What portion of the sequence was generated with the fair die, and
what portion with the loaded die?
e This is the DECODING question in HMMs

e How “loaded” is the loaded die? How “fair” is the fair die? How often
does the casino player change from fair to loaded, and back?
e This is the LEARNING question in HMMs




A stochastic generative model

e Observed sequence:

OO

B

e Hidden sequence (a parse or segmentation):

O—O—O—O—@—

Definition (of HMM)

e Observation space
Alphabetic set:  B=1{4,b,-,b,} @ @ @
Euclidean space: RY

e Index set of hidden states @ @ @ Q

1={12,--, M}
e Transition probabilities between any two states
p(}/rj :1|Yfi—1 =1) =4
or  pW,lyli=1)~ Multinomial(a,)l,a,‘1 ..... a,,M),v/‘ el
e Start probabilities
p(y,) ~ Multinomial(z,, z,.,..., 7).
e Emission probabilities associated with each state
p(x; | yi =1) ~ Multinomial(b,,,4,,,.... 5 ¢ ) Vi 1.
or in general:

px, |yl =1)~f(|6,)Viel




Probability of a parse

|
e Given a sequence x = X......X; @ @ @ @
e —P
and a parse y = y;, Vi

e To find how likely is the parse:
(given our HMM and the sequence) @ @ @ @
pxy) =plxg...... Xpy Vi oeeee V) (Joint probability)

= py) P |y Pya | ya) PO | yo) - POy | s PO | )
= p(m) Pz | ya) - Py | yed) X plx | yn) POy | o) - po | )
=Py e oY) PX X Y s ¥
det M v dof M i def MK yixf
Let z, = 1:1[[72/] . oa,, = IlJ_[l[aU]y . and Ny, 5 = HH[/}M] ,

= ”Yla)’lv}/z ”-a)’rflv}/r 77)/1,/\/1 N -nYrer

T T
e Marginal probability: p(x)=)" p(x,y)= Zh Zyz "'Zm 7,114, 11, 1%)
° =2 t=1
e Posterior probability: p(y|x)=p(x,y)/ p(x)

Three main questions on HMMs

1. Evaluation

GIVEN an HMM M, and a sequence x,
FIND Prob (x | M)
ALGO. Forward
2. Decoding
GIVEN an HMM M, and a sequence x ,
FIND the sequence y of states that maximizes, e.g., P(y | x , M),
or the most probable subsequence of states
ALGO. Viterbi, Forward-backward
3. Learning
GIVEN an HMM M, with unspecified transition/emission probs.,
and a sequence x,
FIND parameters 0 = (7, q, ) that maximize P(x | 6)

ALGO. Baum-Welch (EM)




The Forward Algorithm

|
e We want to calculate Ax), the likelihood of x, given the HMM

e Sum over all possible ways of generating x:

T T
p(x)zzyp(x’y):Zylzyzmzmﬂhga%1,,vfl:1[p(xr 1y

e To avoid summing over an exponential number of paths y, define
a(y, =1)= a, P(Xl, ,X,,y, =1) (the forward probability)

e The recursion:

= plx, 1yt =D o1
P(x) = Zaﬁ
%

The Forward Algorithm — §§:
derivation HH

e Compute the forward probability:

OOt -
& ®

=2, P Xy )P =1 X X PO Ly =1 X X )
=, P Xy )P =11y, )POx Ly =1)

=Py =D P X Y = DPO =11yl =)

=Py =D P X Y = DPO =11y =)

=P(x, |y =D a0,




The Backward Algorithm

e We want to compute P(y/ =1|x) , @ ‘... @

the posterior probability distribution on the

#t position, given x @ @ G

e We start by computing
Pyl =1x)=P(X;, X0 v =1, X, 100 X7 )
=P(Xpyor X, Y = DP(Xy s X | Xeoo X,y =1)
= P(X X,y =DP(x X |y = 1)
B

Forward, e/ Backward, S =P(X, Xy |yl =1)

ion: Rk ‘ '
o The recursion: B — Zak’/.p(xﬂl |y, =1p,
.

The Backward Algorithm — §§:
derivation HH

e Define the backward probability:

ﬁrk :P(X7+1 ----- Xr |)’rk =1)
:ZYMP(XHI ----- X Ve lyi =1)

v

ofc
O3l6

=2 P =Ly =0 P0G | Y = DP (X e X Ly =1)
= Z/- a/(,,'P(Xru | yfl+1 = l)ﬁfl+1
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Posterior decoding :
e We can now calculate
k P(yszl,x) Offﬂfk
Pyl =1|x)= =
P(x) P(x)
e Then, we can ask
e What is the most likely state at position t of sequence x:
* k
k" =argmax, Py} =1|x)
e Note that this is an MPA of a single hidden state,
what if we want to a MPA of a whole hidden state sequence?
e Posterior Decoding: {}’,k; =1:#=1.--T }
e This is different from MPA of a whole sequence x  y | Plx.y)
of hidden states o o 035
hi b d d bi Example: o| 7 Q.95
e This can be understood as bit error rate =TS 7 o o3
vs. word error rate MPA of (X, Y) ? 7 7 0.3
(XY
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Viterbi decoding o

e GIVENXx =X, .., xswewanttofindy =y, .., y, such that
Aylx) is maximized:

y' = argmax, Ay|x) = argmax, Ay,x)
o Let
k k
Vi =max, s P(Xie Xogs Yiven Ve X Yr =1)
= Probability of most likely sequence of states ending at state y; = &
e The recursion: Xy Xa Xg evrevevenresnesensarseresssese e X

[/fk = p(Xf | Yrk = 1) maX/‘ a/‘,kl/fil

State 1 M

e Underflows are a significant problem = 7

Pty Xy Vi V) =7y, .“a)/fflv)/fb)/lvxl "'byfvxf
These numbers become extremely small — underflow
Solution: Take the logs of all values: I/* =log p(x, | y/ =1) + max,(log(a,yk)Jr I/,’l)




. . [ X X ]
Computational Complexity and sels
Implementation details '

\
e What is the running time, and space required, for Forward,
and Backward? B B _
a; = p(x; | y; :l)za;—lai,k
:Brk = Zak,/'p(xf-v-l |yf/+1 = l)ﬂr/+1
V= px |y =hmax; a W',
Time: O(KN); Space: O(KN).
e Useful implementation technique to avoid underflows
e Viterbi: sum of logs
e Forward/Backward: rescaling at each position by multiplying by a
constant
[ X X ]
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Shafer Shenoy for HMMs o

e Recap: Shafer-Shenoy algorithm

e Message from clique /to clique j:

Hing = 2 Ve ] T (Si)
a\S; ki
e Clique marginal

p(C:) oC /Ll/%j = l//c‘/ H My (‘5/(/')
k
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Shafer Shenoy for HMMs (cont.) :
e A junction tree for the HMM |
viix) vy ves) v(yrayr)
OO0 - O
@ @ @ “ = ) LJ‘[]‘ #(y2) |¥ ;‘:l"Jd
<(y2) <(ys) [1020]
: : : - @ O O O
° Rightward pass vV X)) w(ysXs) v (yr Xr)
i (Vra) = ZV/()’w}’m)ﬂfﬁl St ()’r)#ﬁ V1) s () YO Yet) e pa (V)
i minie = ="
= X, '
;P()’m [ V)i (V) PKet | Vi) !‘ﬂ()’m)&
= p(x; |yr+1)z a, . M ) &
This is exactly the forward algorithm! V(e Xea)
e Leftward pass ... tyar 05) YY) o ya(o)
e — ==
() = Zl//()/r Vet cra (V) s (Vi) )
)2 Hr (V) [
= ZP(YM |Vt cr i (Vr) P(Xrt | V) ; [
Yra L
This is exactly the backward algorithm! Y (Ve Xr)
X
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Summary of the F-B algorithm .

def
ark :/Urflar(k):P(Xlr---erflefryfk:1)

) The matrix-vector form:
of = plx |y = I)Za;—lq‘,k »
def ! B.(/) = i_1
B = tty 11 (K) = Py g Ly =) =Py =D
B = Za,p(xea| Y =D ACIY=Plia=tlyr =D
.. def ! ) .
&=t W =01 a0 =D PG ) P L y7) a, = (ATQH)* B,
:p(yf’ :1’yr‘l :1’)(1:7—) ﬁf :A(ﬁf+l'*BT+l)
fIYJ = af/ﬁfJAla/,jp(XHl |Yr/+1 = 1) gf = (af (ﬂﬂl'* Bf+1 )T ) % A
. def . P o _
71 = Pyl =1lxir) o B> & Ve =% * By
J




Learning HMM: two scenarios

\
e Supervised learning: if only we knew the true state path then

ML parameter estimation would be trivial
e E.g., recall that for complete observed tabular BN:

mo_ #( > J) _ Z,, Zfrzz }’;‘r71y/{r
o o DI M7
i )
z 7k pH Hi—K) _ 2 erzl Ynr s
iJ'k Tk B> Zﬂ Z; y;vr

e What ify is continuous? We can treat {x,,.y,,):#=1:T.n=1:N} as A T
observations of, e.g., a GLIM, and apply learning rules for GLIM ...
e Unsupervised learning: when the true state path is unknown,
we can fill in the missing values using inference recursions.
e The Baum Welch algorithm (i.e., EM)
Guaranteed to increase the log likelihood of the model after each iteration
Converges to local optimum, depending on initial conditions

The Baum Welch algorithm

e The complete log likelihood

T T
£.(0;x,y) =log p(x,y) = Iogl'[[p(yﬂ,i)l'[ P 1 Yur D] 1 PXr | Xn,)j
n =2 =1
e The expected complete log likelihood

(€O:xy)= ;(<yn’l1>p(yﬂ oy log ”,.J+ ;;[@;}4%)

e EM
e The E step

7//;,;‘ :</V;;.,r> :P(Yz:.f =1x,)
5/117{ = <y;,f—IYI{f> = p(y;,f—l :Lyz{f =1[x,)

s .
) IOQ a/'d ] + ;z(xnkf <y,;‘f>/’(}/n‘r\h) IOQ b/k)

PYns1:Yntlxn )

e The M step ("symbolically" identical to MLE)
T o
z }/,’;1 ML _ ZHZH ff,,f ML _ ZHZM 7”,,)(”/;
gt = &intlo a;” = =y b = =N
N Zan:l;/ﬂf Z,,ZH Vnr
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A road map to more complex
dynamic models

discrete discrete continuous
discrete continuous continuous
Mixture model Mixture model
e.g., mixture of multinomials e.g., mixture of Gaussians
HMM HMM ace model
(for discrete sequential data, e.g., text) (for continuous sequential data,

e.g., speech signal)

Factorial HMM

108
(386

Switching SSM

Review: s3es
. . . . eoo0
A primer to multivariate Gaussian |z

e Multivariate Gaussian density:
1 .
pOx| D) = —expl-d (x- ) 2 (x- 1)}
)"

(2
e A joint Gaussian:

Xy _ Xy H iy Xy
P(L(j |42 = /V(L‘j [uj , |:221 zzj)

e How to write down p(x,), p(x,|x,) or p(x,|x,;) using the block
elements in zand £?

e Formulas to remember:

p(x;) =N (x, |m7,V]") P(’H‘Xz) =N (x4 |m1|2,V1|2)
m; = i1, my, = /4 + 2122512 (Xz = 145)
Vzm = 222 V1|2 =2y _2122?2221

11



Review:
The matrix inverse lemma

e Consider a block-partitioned matrix: A7 = %E ; )}

e First we diagonalize M

I -FHE FI[ I 0
0o I {G //H—H'lG 1}
e Schur complement: M/H =E-FH G
e Then we inverse, using this formula: XYZ =W = Y /' =ZW7'X

v-_[Z FU' [ 1 ofwmy* o 1 -Fu
G H] |-H'G 1] o H']o I

_| (wm)? -(M/H) FH _|E'+E'F(MEY'GE" -E'F(M/E)
-HGMHYY H + HG(M/H ) FH -(M/EY GE™ (mEY

E-FH'G 0
0 H

e Matrix inverse lemma
(E-FHG) = E +EF(H -GE'F)' GE™

Review: sess
Some matrix algebra s

. . def
e Trace and derivatives tr[A]i Zaﬁ
e Cyclical permutations /

tr[ABC|= tr[CAB]=tr[BCA]
e Derivatives

itr[BA]: BT
oA

0

0
oy tr[x" Ax|= - tr[xx” A]l= xx"

e Determinants and derivatives

0

~log|A/=A"
a9
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