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Exponential family -

e For a numeric random variable X
plx |7) = h(x)exply T (x) - An)

_ %Tl)h(x) exply T(x))

is an exponential family distribution with natural (canonical) parameter 7

e Function 7{x) is a sufficient statistic.
e Function A(#) = log Z(#) is the log normalizer.

e Examples: Bernoulli, multinomial, Gaussian, Poisson,
gamma,...

e A distribution p(x) has finite sufficient statistics (independent
of number of data cases) iff it is in the exponential family.




Multivariate Gaussian
Distribution

e For a continuous vector random variable XeR*:
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Moment parameter

= Wexp{—%tr(ylxxrﬁ W X =175 - logl|

plx

e Exponential family representation Natural parameter

n= [Z’ly;févec(yl)]: [, vec(,)] 7 == "wand 7, =—137
T (x) = [x; vec(xx" )]
A() =4 1727 u+logx| = —Ltr(mmm] ) - tlog(-2n,)
A(x)=@2x)*"?
e Note: a ~dimensional Gaussian is a (d*+d?)-parameter distribution with a
(d*c?)-element vector of sufficient statistics (but because of symmetry

and positivity, parameters are constrained and have lower degree of
freedom)

Multinomial distribution

e For a binary vector random variable x ~ multi(x | z),

p(x|z) =" ny° 7 exp{ZXk In ﬂk}
k
J/(71 K-1 K-1
=exp{ > x*Inzx, +(12ijln[1 ;zk]}
P k=1
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e Exponential family representation
LV
T(x)=[x]

Aln) = —In[l—sz;zk] = |n[zk:ew]

1
h(x)=1




Why exponential family?

e Moment generating property
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Moment estimation

e We can easily compute moments of any exponential family
distribution by taking the derivatives of the log normalizer
A(n).

e The g™ derivative gives the g centered moment.

dj/'g]) = mean
2
ddf;(zﬁ) = variance

e When the sufficient statistic is a stacked vector, partial
derivatives need to be considered.




Moment vs canonical parameters

e The moment parameter p can be derived from the natural
(canonical) parameter

) i),
dn
e A(n) is convex since
dZA(ZU) =Var[T (x)]>0
dn

e Hence we can invert the relationship and infer the canonical

parameter from the moment parameter (1-to-1):
def

n=y(u)

e Addistribution in the exponential family can be parameterized not only by » —the
canonical parameterization, but also by x —the moment parameterization.

MLE for Exponential Family

e Foriid data, the log-likelihood is

£(;0) = log [ Th(x,) expln T (x,) — Am) |

Z|09/7(Xﬂ)+(77TZ7'(XH))—NA(77)
e Take derivatives and set to zero:
ol _ny0AM) _
a777;7'()(,,) Nfan 0

0A@m) _ 1
877 _Nzﬂ:T(Xn)

~ 1
Hue :NZT(XH)
e This amounts to moment matching.

=

e We can infer the canonical parameters using 77, =¥ (i)




Sufficiency

\
o For p(x|0), T(x) is sufficient for @if there is no information in X

regarding dyeyond that in 7{x).

e We can throw away Xfor the purpose pf inference w.r.t. 4.

e Bayesian view pOIT (x),x)=p@T(x))

° Frequentistview@ @ @ P(x|T(x),0)=p(x|T(x))

e The Neyman factorization theorem

—@—©
T(x) is sufficient for @if
p(x.T(x),0) =y (T (x),0)y,(x,T (x))
= p(x|0) = g(T (x),0)h(x.T (x))
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Examples o
e Gaussian:

n=[2"u—1vecz )]
T (x) = [x;vecex )]
A=t 2 u+t IOQ‘Z‘
hix) = (27) "

e Multinomial: 7]:[”‘(”%,()0}

1 1
= Hye :N;E(Xﬂ) :N;Xn

700 =[x] o e = %z x,
A(l]):fln[lfiﬁkj: In[Ze"*} 5
h(x)=1
e Poisson: 7 =log 2
T(x)=x 1
An)=A=¢€" = Hue :NZXII
h(x) :i
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Generalized Linear Models
(GLIMSs)

e The graphical model

e Linear regression @
e Discriminative linear classification
e Commonality:

model E(Y)==f(d"X) e

What is p(), the cond. dist. Of ¥?
What is ), the response function?

e GLIM

e The observed input xis assumed to enter into the model via a linear
combination of its elements & = 67 x

e The conditional mean u is represented as a function A¢) of & where fis
known as the response function

e The observed output yis assumed to be characterized by an
exponential family distribution with conditional mean ..

GLIM, cont.

9\5 A
x—
ply |n) =h(x)exply” y —AGm))
= p(y |7) = h(x)expl (n"y - A() )

e The choice of exp family is constrained by the nature of the data Y

e Example: Yy is a continuous vector > multivariate Gaussian

y is a class label = Bernoulli or multinomial
e The choice of the response function
e Following some mild constrains, e.g., [0,1]. Positivity ...
e Canonical response function: # =y ' (-)
In this case #"x directly corresponds to canonical parameter 7.




MLE for GLIMs with natural
response

e Log-likelihood
¢= Zlogh(yﬂ>+z( Vo —An,))

e Derivative of Log -likelihood
a_ _dAG,) din,
d9 - ;[X"y "y, do J

= Z(yn —Hy )X

" This is a fixed point function
=X"(y-p) ) .
- Yo Hu because u is a function of &

e Online learning for canonical GLIMs
e Stochastic gradient ascent = least mean squares (LMS) algorithm:

0" =0+ ply, - 11} Jx,

where i/ = (0" x, and p isastepsize

Batch learning for canonical
GLIMs s

e The Hessian matrix

_d¥ au,
H*dadarfdarz(y —H X =L
_ au, dn,
- Z n d dgT
= Zx ﬂ”x sincer,= 0" x,
= 7XTWX
where X =[x7] is the design matrix and
du du
W= dlag[ L ’VJ
dn, dny

which can be computed by calculating the 2" derivative of A(7,)




Iteratively Reweighted Least
Squares (IRLS)

e Recall Newton-Raphson methods with cost function J

We now have

9r+1 _ 97‘ _H—lvgj

VoJ :XT(Y*/‘)
H=-X"WX
NOW HHI _ Hf +H71V0[

~XwWx)' XWX+ X (y - 1)
—XwWx)' XTw' 2

where the adjusted response is  z’ = X0’ +(W’)71 (y-u")

This can be understood as solving the following " Iteratively

reweighted least squares " problem
0" =arg min(z - X0)" W (z - X0)

. . . (X X ]
Example 1: logistic regression sess
(sigmoid classifier) s
e The condition distribution: a Bernoulli 1 o
Py 1 X) = u(x) (A= (X))
where x is a logistic function ] /

1
,U(X) = W ‘ AT waie

e p(y|x) is an exponential family function, with

e IRLS

e mean: E[y|X]:,u:

du

dn

W =

1+

e and canonical response function 7 =¢= o' x

=u(l-u)

M(l*M)

Hn (1/‘1/\/)}




Logistic regression: practical
iIssues

\
e Itis very common to use regularized maximum likelihood.

ply =+l
p(60) ~ Normal(0, A I)

1(0)= Y logloy,67 )% 076

1 r
X,0)=———=0(yl' x
) 1+~ g x)

e IRLS takes ONaB) per iteration, where N= number of training cases
and d'= dimension of input x.

e Quasi-Newton methods, that approximate the Hessian, work faster.

e Conjugate gradient takes O(Nd) per iteration, and usually works best in
practice.

e Stochastic gradient descent can also be used if Nis large c.f. perceptron
rule:

V¢ =(-a(y,0" x,))y,x, - 20

Example 2: linear regression

e The condition distribution: a Gaussian v

ply|x.0,2) = WeXp{—;(y_ﬂ(X))rzl (v —#(X))}

Rescall :>/7()()exp{—%Z’l(nr(X)y—A(n))}
where g is a linear function

p(x)=0"x =1(x)

e p(y|x) is an exponential family function, with
e mean: E[y|X]:,u=¢9TX

e and canonical response function m=£E=0"x

IRLS d/l 9f+1 — (XTWfX)AXTWer
—_—= . -0
dn = =X XX +(y- 1)) = 0=X"X)' X"y
w=1 =0+ (XX X (y 1)

Steepest descent Normal equation




MLE for general BNs

\
e If we assume the parameters for each CPD are globally

independent, and all nodes are fully observed, then the log-
likelihood function decomposes into a sum of local terms, one
per node:

£(6;0) =log p(D16) =log H[H p(x,; 1%, ,@-)j = Z(Z log p(x,,; | X, ,@-)j

n

Example: A directed model

e Consider the distribution defined by the directed acyclic GM:

px10)=p(x;|6) p(x, | x1,6) p(xs | X1, 05) p(xy | X5, %5, 6,)

e This is exactly like learning four separate small BNs, each of
which consists of a node and its parents.

0 ® % ®

%) X
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MLE for BNs with tabular CPDs

|
e Assume each CPD is represented as a table (multinomial)

where

def
eljk:p()(/:\/|X”;:k) .\':TE
.i."
Note that in case of multiple parents, X, will have a composite j
state, and the CPD will be a high-dimensional table .EH :

The sufficient statistics are counts of family configurations
def

"/"/k = z,, X,;{,X,,/f,,/
e The log-likelihood is

£(6,0) =log ]_[6’,% = D My 109

i.J.k i.J.k
e Using a Lagrange multiplier to enforce sozj 0 =1 we get

n

ik
o =
Y
2 My
i,J'k

MLE and Kulback-Leibler
divergence o

e KL divergence
D(g(x) [l p(x))= 3 g(x)log Zg;
e Empirical distribution *
def N
,5(x)=/i/z;5(x,xn)

n=
e Where Jx,x,) is a Kronecker delta function

e Max,(MLE) = Min(KL)

3 . p(x)
Dp)Il px10)=3 p(x)log o0

= 5 (x)log 5 (x) - 5 (x)log p(x | 6)

3 5 (x)10g () X109 p(x, 10

1
Cc+-—£(0,
N (0;D)
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Parameter sharing

Consider a time-invariant (statlonary) 1st-order Markov model
e Initial state probability vector: 7z, = p(X =1)

e State transition probability matrix: A p(X =11X/ ;=1

The joint: Jx 16)= pxs | D[ TTT PCX 1X,0)

=2 t=2

n t=2

e Again, we optimize each parameter separately
zis a multinomial frequency vector, and we've seen it before
What about A4?

Learning a Markov chain §§:
transition matrix -

e Ais a stochastic matrix: Z A; =1
e Each row of A is multinomial distribution.
e So MLE of A;is the fraction of transitions from /to j

A.Wz#(/_)j)zz Z:zx;*l f'Jvf
' #(i—>e) Z ZfZ nt-1

Application:
e if the states X, represent words, this is called a bigram language model
Sparse data problem:

e If /> jdid not occur in data, we will have A4,;=0, then any futher
sequence with word pair /> j will have zero probability.

e A standard hack: backoff smoothing or deleted interpolation

A=A, +(1- ) AM

1—e 1—e
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Bayesian language model

e Global and local parameter independence

e The posterior of A, 5. and A;  is factorized despite v-
structure on X}, because X_;acts like a multiplexer

e Assign a Dirichlet prior f; to each row of the transition matrix:

A',_Qayes dif P(J|/ D ﬂ): #(/'—)./)+ﬂ/"k
Ty s &

A8 oAt where s - P
#(7 > ) +|B| Al i+ A=) A, where 7,

B |B,|+#( — o)

e We could consider more realistic priors, e.g., mixtures of Dirichlets to
account for types of words (adjectives, verbs, etc.)
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