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Nalve Bayes and Logistic Regression

* Design learning algorithms based on
probabilistic model

e Two of the most widely used

 Interesting relationship between these
two

e Generative and Discriminative classifiers



Bayes Rule

P(X|Y)P(Y)
P(X)

P(Y|X) =

Which is shorthand for:
P(X =z;|Y = y; ) P(Y = y;)

Vi, ) P(Y = y| X = x5) =

RN

Random ith possible value of Y
Variable
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Bayes Rule

P(X|Y)P(Y)
P(X)

P(Y|X) =

Which is shorthand for:
P(X =z;|Y = y; ) P(Y = y;)

(Vi, DPY = yi| X = z;) = P(X =)
|

Common abbreviation:

(Vi,5) P(yilzj) = P(@;lyi) P(yi)




Bayes Classifier

X Y
\ /N

Tral n I n g d ata: Sky Temp Humid Wind Water Forecst EnjoySpt

Sunny Warm Normal Strong Warm Same Yes
Sunny Warm High Strong Warm Same Yes
Rainy Cold High Strong Warm Change No
Sunny Warm High Strong Cool Change Yes

P(X|Y)P(Y)
P(X)

P(Y|X) =

Learning = estimating P(X|Y), P(Y)

Classification = using Bayes rule to
calculate P(Y | Xew)
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How shall we represent P(X|Y), P(Y)?
How many parameters must we estimate?



Bayes Classifier
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Nalve Bayes
Nalve Bayes assumes

P(X1...XnlY) = HP(Xi\Y)

..e., that X; and X; are conditionally
iIndependent given Y, for all iz



Conditional Independence

Definition: X is conditionally independent of Y given Z,
If the probabillity distribution governing X is
Independent of the value of Y, given the value of Z

Which we often write

P(X|Y,Z) = P(X|2)

E.g.,
P(Thunder|Rain, Lightning) = P(Thunder|Lightning)




Nailve Bayes uses assumption that the X; are conditionally
Independent, given Y

Given this assumption, then:
P(X1,X2lY) = P(X1]X2,Y)P(X5|Y)
= P(X1|Y)P(X2]Y)

in general: P(X1...Xp|Y) = || P(X;]Y)
i

How many parameters needed to describe P(X|Y)? P(Y)?
« Without conditional indep assumption?
* With conditional indep assumption?



How many parameters to estimate?

P(X1, ... Xn|Y), all variables boolean
Without conditional independence assumption:

With conditional independence assumption:



Nailve Bayes in a Nutshell

Bayes rule:

P(Y =y X1...Xp) = ( ) P (X1 n| Vi)

> P(Y =y;)P(X1... XplY = y;)

Assuming conditional independence among X;'s:
P(Y = y) I[; P(X3]Y = y)
> P(Y = y;) I; P(XG|Y = y;)

P(Y =y X1...Xp) =

So, classification rule for Xrew=( X, ..., X, ) IS:
YW  arg my2x P(Y = yi.) HP(Xinew|Y = y.)



Nailve Bayes Algorithm

* Train Naive Bayes (examples)
for each” value y,
estimate 7, = P(Y = y1.)
for each” value X;; of each attribute X;
estimate 6, = P(X; = ;Y = y;)

. Classify (X"
YW  arg rr?lﬁx P(Y = yi.) HP(X,wa|Y = Y1)

YW arg max 7% | [ 0ik
i

" probabilities must sum to 1, so need estimate only n-1 parameters...



Estimating Parameters

« Maximum Likelihood Estimate (MLE): choose
0 that maximizes probability of observed data D

AN

0 = arg meax P(D|0)

« Maximum a Posteriori (MAP) estimate:
choose 0 that Is most probable given prior
probability and the data

0 = argmax P(0|D)

0
= arg m@ax — P(DP‘(Q)P(H)




Estimating Parameters: Y, X discrete-valued

Maximum likelihood estimates (MLE’s):

#D{Y =y}
| D)

mr =P =y) =

#D{X; =x;; NY =y}

0.k = P(X; = a5|Y = yi) = #D(Y = g1}

Number of items in set D
for which Y=y,



Example: Live Iin Sq Hill? P(S|G,D,M)
e S=1 iff live in Squirrel Hill  D=11iff Drive to CMU

. G=1iff shop at Giant Eagle ¢ M=1iff Machine learning
dept member

What terms must we estimate?



Example: Live Iin Sq Hill? P(S|G,D,M)
e S=1 iff live in Squirrel Hill  D=11iff Drive to CMU

. G=1iff shop at Giant Eagle ¢ M=1iff Machine learning
dept member

What terms must we estimate?
P(s=1): P(5=0)=|-P(s=()=

P(db=i)s:1)= P(p=0]s:D=
P (D=115=0)= P(D=ols=0)=
Plc=1S=1)=

P (G =1)S=0)=

P (M=t 1s=1)=

P (M=l\5=2>):



Nalve Bayes: Subtlety #1

Often the X; are not really conditionally independent

 We use Nalve Bayes In many cases anyway, and
It often works pretty well

— often the right classification, even when not the right
probabllity (see [Domingos&Pazzani, 1996])

— But the resulting probabilities P(Y|X"%) are biased
toward 1 or O (why?)



Nailve Bayes: Subtlety #2

If unlucky, our MLE estimate for P(X;,: | Y) may be
Zero

 Why worry about just one parameter out of many?

e \WWhat can be done to avoid this?



Estimating Parameters: Y, X discrete-valued

Maximum likelihood estimates:

#D{Y =y}
| D)

0k = P(X; = a5|Y = yi) =

mr=PY =y) =

#D{X; =x;; NY = yg}
#D{Y = yi}

MAP estimates (uniform Dirichlet priors):

by — gy = EDY =yt £ Only difference:
=P =) = D|+ IR “imaginary” examples
#D{X; =z NY =y} +1

#D{Y =y} + 1M

0k = P(X; = x5|Y = yp) =




Learning to classify text documents

* Classify which emails are spam
» Classify which emails are meeting invites

» Classify which web pages are student
home pages

How shall we represent text documents for
Naive Bayes?



Article from rec.sport.hockey

Path: cantaloupe.srv.cs.cmu.edu!das-news.harvard.e¢
From: xxxQyyy.zzz.edu (John Doe)

Subject: Re: This year’s biggest and worst (opinic
Date: 5 Apr 93 09:53:39 GMT

I can only comment on the Kings, but the most
obvious candidate for pleasant surprise is Alex
Zhitnik. He came highly touted as a defensive
defenseman, but he’s clearly much more than that.
Great skater and hard shot (though wish he were
more accurate). In fact, he pretty much allowed
the Kings to trade away that huge defensive
liability Paul Coffey. Kelly Hrudey is only the
biggest disappointment 1if you thought he was any
good to begin with. But, at best, he’s only a
mediocre goaltender. A better choice would be
Tomas Sandstrom, though not through any fault of
his own, but because some thugs 1n Toronto decidec



Learning to Classify Text

Target concept Interesting? : Document — {4, —}
1. Represent each document by vector of words
e one attribute per word position in document

2. Learning: Use training examples to estimate

* P(+)
* P(-)
e P(doc|+)
e P(doc|—)
Naive Bayes conditional independence assumption
length(doc)
P(doclv;) = 11  P(a; = wi|v;)

i=1
where P(a; = wy|v;) is probability that word in
position ¢ 18 wy, given v;
one more assumption:
P(a; = wi|vj) = P(ay, = wi|v;),Vi,m



Baseline: Bag of Words Approach

B All About The Company
Global Activities

aardvark 0O
Corporate Structure
TOTAL's Story about 2
Upstream Strategy
Downstream Strategy
Chemicals Strategy al I 2
TOTAL Foundation
i Africa 1
0
0

v

all about the apple
company

anxious

Our enerpy exploration, production, and distribution
operations span the globe, with activities m more than 100
countries.

At TOTAT, we draw our greatest strength from our gas
fast-growing o and gas reserves. Our strategic emphasis
on natural gas provides a strong posttion in a rapidly

expanding market.
_— . o oil 1
Cr expanding refining and marketing operations in Asia
and the Mediterranean Rim complement already solid
postions in Burope, Africa, and the 11,3,

Chur growing specialty chemicals sector adds balance and Zal re 0

profit to the core energy business.




Twenty NewsGroups

Given 1000 training documents from each group
Learn to classify new documents according to
which newsgroup it came from

comp.graphics misc.forsale
comp.os.ms-windows.misc rec.autos
comp.sys.ibm.pc.hardware rec.motorcycles
comp.sys.mac.hardware rec.sport.baseball

comp.windows.x rec.sport.hockey
alt.atheism sci.space
soc.religion.christian sci.crypt
talk.religion.misc sci.electronics
talk.politics.mideast sci.med
talk.politics.misc
talk.politics.guns

Naive Bayes: 89% classification accuracy



LEARN NAIVE_BAYES _TEXT(Fzamples, V)

1. collect all words and other tokens that occur in
FExamples

e Vocabulary <+ all distinct words and other
tokens in Fxamples

2. calculate the required P(vj) and P (wk|’b"j)
probability terms

e For each target value v; in V' do

—docs; + subset of Examples for which the
target value 1s v;

, |docs | For code, see
_P(U.}‘) — |Examples|
www.cS.cmu.edu/~tom/mlbook.htmi

—Text; < a single document created by | ™" .
' click on "Software and Data"

concatenating all members of docs;

—n + total number of words in Text; (counting
duplicate words multiple times)

—for each word wy in Vocabulary

* nj. < number of times word w; occurs in
Text;

* P(wi|vj) < n+l

n+|Vocabulary|




CLASSIFY NAIVE_BAYES_TEXT(Doc)

e positions + all word positions in Doc that
contain tokens found in Vocabulary

e Return vy p, where

Unp = argmax P(’U;) II P(ﬂqlv;)

v;EV tEpositions



Learning Curve for 20 Newsgroups
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What If we have continuous X; ?

Eg., image classification: X; is it pixel

Gaussian Naive Bayes (GNB): assume

—(e—pp)*

1 52

P(X,=mx|Y = = e 1k
(Z | yk’) O'ik\/%

Sometimes assume variance

* Is independent of Y (i.e., ),
e or independent of X (I.e., o)
e or both (i.e., o)



Estimating Parameters: Y discrete, X. continuous

Maximum likelihood estimates: = jth training

/ example
1

A = . X76(YI = yp.)
T 8(YT = yp) %: 7’ '
ITh feafur'e kTh CIGSS
3(x)=1if x true,
else O
1 . .
G, = S(XT — ap)20(Y7 = yy,)

Zj 5(Yj — yk) j



Gaussian Naive Bayes



Example: GNB for classifying mental states

~1 mm resolution

~2 Images per sec.

15,000 voxels/image

non-invasive, safe

measures Blood
Oxygen Level
Dependent (BOLD)
response Impulse
response




Brain scans can
track activation with
precision and

sensitivity




Contribution of each feature

Naive Bayes
discriminant

z=13

“Tools” is positive,“Buildings™ is negative



Where In the brain Is activity that
distinguishes tools vs. buildings?

Accuracy of a radius one 08
classifier centered at each 05
voxel: 04

0.z

L]

2=7

=11




voxel clusters: searchlights

Accuracy at
each significant
voxel
[0.7-0.8]




What you should know:

Training and using classifiers based on Bayes rule

Conditional independence
— What it is
— Why it’s important

 Nalve Bayes
— Whatitis
— Why we use it so much
— Training using MLE, MAP estimates
— Discrete variables (Bernoulli) and continuous (Gaussian)

Some questions:
— What does the decision surface of the classifier look like?
— How would you use Naive Bayes if some X; are real-valued?



