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Abstract

The Pigeonhole Principle (PHP) has been one
of the most appealing methods of solving com-
binatorial optimization problems. Variations of
the Pigeonhole Principle, sometimes called the
“Hidden” PigeonholePrinciple(HPHP), are even
more powerful and often produce the most e-
egant solutions to nontrivial problems. How-
ever, some OperationsResearch approaches, such
as the Linear Programming Relaxation (LPR),
are strong competitors to PHP and HPHP. They
can aso be applied to combinatorial optimiza-
tion problems to derive upper bounds. It has
been an open question whether PHP or LPR es-
tablish tighter upper bounds and how efficiently,
when applied to the same problem. Challenged
by this open question, we identify that the main
reason for the lack of ability to compare the effi-
ciency of PHP and LPR isthe fact that different
problem representations are required by the two
methods. We introduce a problem representation
change into an Integer Programming form which
allows for an dternative way of solving com-
binatorial problems. We also introduce several
combinatoria optimization problems, and show
how to perform representation changesto convert
the origina problems into the Integer Program-
ming form. Using the new problem model, we
re-define the Pigeonhole Principle as a method
of solving Integer Programming problems, de-
termine the difference between PHP and HPHPR,
prove that PHP has the same bounding power as
LPR, and demonstratethat HPHP and Integer cuts
are actually similar representation changes of the
problem domains.

1 INTRODUCTION

The Pigeonhole Principle (PHP) [Thucker, 1980] is tradi-
tionally considered the smplest and most elegant method
of deriving tight upper bounds for a class of combinato-
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rial optimization problems. Initsorigina formulation, the
Pigeonhole Principle (also known as the Dirichlet drawer
principle) states that “it is impossible to place N + 1 pi-
geons in N holes so that there is a most one pigeon in
each hole.” In this simple form, PHP looks like a naive
kindergarten-level rule. However, if taken to a higher level
of different number of objects (pigeons) allowed in abstract
units (holes), or used as apart of amulti-step logical proof,
it quickly loses the nuance of obviousness. Though PHP
has no clear-cut mathematical origin, its applications in-
volve some of the most profound and difficult results in
combinatorics of great relevance to Artificia Intelligence.

To solve a combinatoria optimization problem by PHP,
one needs to represent a problem in such a way that the
principle may be applied, i.e. to perform what we call the
representation change. For example, to identify what inthe
problem should be mapped to objects (pigeons) and units
(holes). For simple problems, the applications of PHP are
almost straightforward and are obtained directly from the
nature of the problems. However, often the proof by PHP
requires additional heuristic knowledge that alows the ef-
fective representation change. If thisrepresentation change
is found, then PHP easily produces the tight upper bound
and an optimal solution. For some combinatorial optimiza
tion problems it is a very challenging task to find such a
representation change. Hardness of thistask encourages to
look for alternative methods.

The introduction of polynomial-time algorithms solving
Linear Programming problemsall ows some Operations Re-
search methods to be applied aso to combinatorial opti-
mi zation problemsto establish upper boundsfor such prob-
lems. For example, the Linear Programming Relaxation
(LPR) method in conjunction with Integer cuts has been
applied effectively to solve some Integer Programming (1P)
problems. LPR can be seen as requiring less effort to ap-
ply than PHP, because in genera, unlike PHP, it does not
need any additional knowledge or representation changes
to provide upper boundsfor | P problems.

The two approaches, namely PHP and LPR-based meth-
ods can be seen as “ competitors’ for solving combinatorial



problems. It has been an open question® whether which
method, if any, can provide better upper bounds and which
method, if any, is more efficient, when applied to the same
combinatorial optimization problems. This paper reports
on our work in solving this open question. As hinted so
far, our work analyzes carefully the problem representation
issues involved in the two approaches. We formally intro-
duce an appropriate representation change that makes the
comparison and analysis possible.

There has been attempts in comparing the two mentioned
approaches, see [Ginsberg, 1996]. We chose an Empiri-
cal way of re-defining the Pigeonhole Principle, because it
allowed us to apply it to a series of problems of a great
importance for Artificia Intelligence. We also found an
alternative meaning of representation changes that in con-
junction with the original PHP constitute the “Hidden” Pi-
geonhole Principle.

For some problems, like the “Mutilated” Checkerboard
problem [Newdl, 1965], immediate applications of the
Pigeonhole Principle fail to provide the tight upper
bound. Additiona knowledge (heuristics) or representation
changes are needed to accomplish a successful application
of PHP that would establish the best feasible value for a
given problem. Had this knowledge been provided in ad-
vance or, equivaently, had the problem been stated in a
more suitable (for PHP) form, such an application would
be easy and amost straightforward. However, the process
of obtaining rel evant knowledge or finding appropriaterep-
resentation changes is problem-dependent, and often is a
challenging task itself. Successful applications that com-
bine acquiring relevant knowledge or performing represen-
tation changes and applications of the Pigeonhole Principle
are sometimes called the “Hidden” Pigeonhole Principle
(HPHP), though the difference between PHP and HPHP
has never been clearly defined. Problems solved by HPHP
areusualy very non-trivial,and HPHP isoftenthemost el e-
gant and simpleway of solving such problems. In Section4
we discuss the “Mutilated” Checkerboard and Firm Tiling
problems in detail and demonstrate the similarity between
the Hidden Pigeonhole Principle and the combination of
LPR with Integer cuts.

Our work includes:

1. Re-defining PHP as a method of solving Integer Pro-
gramming problems.

2. Provingthat both PHP and L PR obtain the same upper
bounds.

3. Providing an aternative approach to solving combi-
natorial optimization problemsfor which the effective
representation change required by PHP ishard to find.
The alternative approach that can be implemented in
automated logica proof, Al planning, or scheduling
systems, consists of the following steps:
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(8 Convert a combinatorial optimization problem
into an Integer Programming form.

(b) Apply LPR to obtain an upper bound B which,
as we proved, is the same as the upper bound
obtained by PHP.

(c) Construct an optimal solution of value B.

In thiswork, we aso draw aclear splitting line between the
origina and the “Hidden” Pigeonhole Principles, analyze
the latter one and compare its bounding power with that of
Integer cuts.

2 OUR REPRESENTATION CHANGE
APPROACH

The Pigeonhole Principle is the most simpleminded ideas
imaginable, yet itsgeneralizationsinvol ve some of themost
profound resultsin combinatoricg Thucker, 1980]. A more
sophisticated fashion of applying PHP is sometimes called
the “Hidden” Pigeonhole Principle. In such cases, an opti-
mal solutionisusualy nontrivial and the application of the
Hidden Pigeonhole Principle (HPHP) is probably the sim-
plest way of proving the optimality of a known solution.

Linear Programming Relaxation (LPR) is one of
the most popular Operations Research methods of
establishing upper bounds for Integer Programming
problemsNemhauser and Wolsey, 1985]. Itsmain calcula
tion engine is based on the discovery of polynomia meth-
ods of solving Linear Programming problems, such as the
Ellipsoid algorithm[Khachian, 1979]. Actualy, LPR is a
two-step procedure consisting of relaxing integer require-
ments and solving the corresponding Linear Programming
problem.

Simplisticly, LPR can be viewed as a black-box with a par-
ticular instance of an Integer Programming problem as an
input and a cal culated upper bound as an output. From this
point of view, LPR lookspreferable to PHP, because it does
not need any heuristic knowledgein deriving upper bounds.
LPR can be applied to any instance of an Integer Program-
ming problem without additional representation changes.
Thus, the main questions of the competitive analysis be-
tween LPR and PHP can be stated as the knowledge repre-
sentation problem: Which form of presenting combinatoria
optimization problems allows to establish tighter bounds?

Westart thefollowing sectionswiththediscussion of Linear
Programming techniques relevant to our subject, then we
re-define the Pigeonhol e Principlefor arbitrary instances of
Integer Programming problems, determine the difference
between PHP and HPHP, compare computationa power of
PHP and LPR, overview similarities between HPHP, PHP
with heuristics, and Integer cuts for Integer Programming
problems. We illustrate the discussion by a series of com-
binatorial optimization problems of a gradually increasing
compl exity.



2.1 Important Factsfrom Linear Programming

In this section we introduce basi ¢ definitionsand facts from
the theory of Linear and Integer Programming. Readers
familiar with this subject may skip this section.

A particular instance of a Linear Programming (LP) prob-
lem consists of the goal function and the set of inequalities
(congtraints). Both the goal function and the constraints
depend linearly on each variable. Throughout this paper
we consider variables to be real-valued, and their number
is finite, the number of inequditiesis aso finite. Thus, a
typical LP problem is of the following type:

goa function :

N
max(Z CiXi)
i=1

N
Zaijxigbj ji=14...,M
i=1

% €R i=1...,N

constraint set J:

Usualy coefficients a;j, bj and ¢; are rational, it alows to
limit our consideration to rational-valued variables x; €
Q i=1,...,N. Tosmplify further discussion, we intro-
duce a particular LP problem which will help to illustrate
the discussion:

goa function:  max(y) @
constraint set J: —x<0 2
-y<o0 ©)

y—-x<1 4

X+y<3 ®)

Xx+2y<8 (6)

xXeQ @)

yeQ ©)

Figure 1 shows the feasible region, optima solution x* =
(1, 2), and the goal vector corresponding to the goal func-
tion (1). Theory of Linear Programming states that for
any optimal solution x* there exists a subset of constraints,
called active constraints, such that:

¢ Inequalitiesrepresenting activeconstraintsare actually
equaitiesfor x*, or, equivaently, thereisno dack for
active constraintswith respect to x*.

e The number of active constraints can vary from 1 to
M.

¢ Goal functionisapositivecombination of theleft-hand
sides of active constraints.

o Itisaways possible to represent the goa function as
apositive combination of at most N active constraints.
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Figure 1: A Particular Instance of aLP Problem

In our example (1-8) inequalities (4) and (5) form the set
of active constraints with respect to the optimal solution
X* = (1, 2). Thus, thegoa function (1) can be presented as
apositivecombinationof (4) and (5): y = 5(y— x)+%(x+y).

If we vary inequality (6), it may aso become an active
congtraint. For example, inequality x + 2y < 5isan active
constraint with respect tothe optimal solutionx* = (1, 2). If
added to the existing set of active constraints (4) and (5), it
would constitute aredundancy: Left-hand sides of any two
out of threeinequalities can be used in a positive weighted
sum to obtainthe goal function. On the other hand, the goal
function can also vary within a certain range to preserve
the same optimal solution and the set of active constraints.
In problem (1-8) for any goal function of the formy + ax
with o € [—1,1], the set of active constraints consists
of (4) and (5). For the extreme values of o € {-1,1}
one of the active constraints becomes redundant, since the
goa function coincides with the left-hand side of the other
active constraint. Moreover, in both extreme cases there
exists an infinite number of feasible solutions attaining the
same optimal value. These optima solutions form a face
of a polyhedron of feasible solutions defined by the IP
problem’s constraints. For example, in problem (1-8) the
set of feasible solutionsformsa 2-D tetragon (see Figure 1),
and the set of optimal solutionsis either a zero-dimensional
face (asingle 2-D point) or a one-dimensional face (one of
the tetragon’s sides).

Thus, on one hand, a positive weighted sum of |eft-hand
sidesof active constraintsestablishesan upper bound: Since
225 2 @ = 36X, whereaj > 0, and 3 8% < by,
then 37, cix < 37 ajb;. On the other hand, any feasible
solution X sets alower bound for the god function 3 ; ¢iX;.
Furthermore, active constraints have no slack with repeat
to optimal solution x*, therefore, the lower bound provided
by x* coincides with the upper bound established by the
positive weighted sum of active constraints and both are
equal to the optimal value )", Gix".

Integer Programming (IP) problems have an additional
requirement that some of its variable are integer-val ued.
Throughout this paper we consider only those | P problems



that have linear goa functions and linear constraints. In
general, the addition of integer-valued variables makes an
IP problem NP-hard. However, in some particular cases,
it is possible to solve |P problems efficiently, by applying
Linear Programming Relaxation (LPR) or a combination of
Integer Cutsand L PR[Nemhauser and Wolsey, 1985]. LPR
isasimple procedure that consists of two steps:

1. Drop (relax) integrality requirementsfor all variables.
2. Solvethe correspondent LP problem.

For somelPproblems, likeproblem (1-8) introduced earlier,
LPR outputsan integer feasible solution, thus, solving such
IP problem. In other cases, when LPR outputs a fractiona
optimal solution x*, it establishes an upper bound 3 ¢
for the goal function. In such cases, LPR is usualy not
very helpful in finding integer solutions or indicating the
tightness of the upper bound.

Integer cuts produce additional constraints that utilize the
integral nature of a subset of variables. Additiona con-
straints can be derived in many different ways, Integer cuts
produce ones that cannot be obtained by taking positive
weighted sums of the existing inequalities. In conjunction
with LPR, Integer cuts are capable of solving IP problems,
whereastheefficiency of thiscombinationin obtai ningtight
upper bounds relies on the “quality” of newly created con-
straints constructed by Integer cuts techniques. Examples
of the Hidden Pigeonhole Principl€e's applications, namely
the Mutilated Checkerboard problem and the Firm Tiling
problem discussed in Section 4, illustrate an aternative
way of solving these problems through Chvatal-Gomory’s
(Integer) cutsand LPR.

2.2 Converting Problemsinto the I nteger
Programming Form

We identified that the main reason of the lack of ability to
compare the efficiency of PHP and LPR is that different
problem representations are required by the two methods.
Our work consisted of developing appropriate changes of
representations that made possible a competitive analysis
of the efficiency of these two methods.

To make both PHP and L PR applicable to the same combi-
natoria optimization problems, we perform representation
changesfor each problem discussed in this paper to convert
them into Integer Programming problems of the following
form:

goa function :

N
max(z CiXi)
i=1

N
Sax<b j=1,...,M
i=1

x€Z i=1...,N

constraint set J:

integrality requirements :

A combinatorial optimization problemisdefined asfinding
asolutionx* = (x3,...,x) that isfeasible, i.e. satisfiesall
the constraintsfrom J and theintegrality requirements, and
also attains the best value of the goa function among all
feasible solutions.

We considered a series of known combinatoria optimiza-
tion problems, to which the Pigeonhole Principle is appli-
cable. The empirica evidence obtained through this study
suggested that the following definition reflects correctly
the combinatorial nature of the Pigeonhole Principle. We
confirm the correctness of this definition through a set of
problemsthat illustrate applicationsof PHP for the original
combinatorial form and the Integer Programming reformu-
lation.

Definition 1 Suppose that an Integer Pro-
gramming problem of theabovetype has a known
feasible solution x*. We say that the problem ad-
mits a proof by the Pigeonhole Principle if there
exists a subset of constraintsJ C J, such that the
sum of theleft-hand sides of theinequalitiesfrom
J (repetitionsare allowed in J) isa multipleof the
goal function

N N
S =3 ox
i=1

jed =1

and the value of x* equals the same multiple of
the sum of the right-hand side constants

N
Z by = kz Gx .
jed i=1

If such a solution x* is not known, then the best

value
1 N N
min — b , such that iX =k X
N2 b 22 2 =k o
jed jed =1 i=1

holds for some positivek > 0, is called an upper
bound obtained by PHP.

In general, the procedure of considering a subset of con-
gtraints and summing them up (possibly with positive
weights) results in setting upper bounds for the value of
an optimal solution. Any feasible solution providesalower
bound for the optimal value of the problem. We identify
applicationsof PHP with finding a subset of constraintsand
obtaining the optima vaue of the goal function. In this
case, the established upper bound matches the lower bound
provided by the found optimal solution.

Definition 2 If a set of constraints added to
an Integer Programming problem changes the
original IP probleminto an extended IP problem
that admits a proof by the Pigeonhole Principle,
we say that the original problem admits a proof
by the Hidden Pigeonhole Principle (HPHP).



Additional constraints can be obtained in many different
ways. Weighted positive sums, for example, can simplify
some of the existing constraints, but they would not con-
tribute any restrictions on fractional optimal solutions ob-
tained by Linear Programming Relaxation. In Section 4
we consider an Integer cuts technique that alows to de-
rive tighter valid inequalities and to remain all integer so-
[utions feasible. Constraints obtained from Branch-and-
Bound methods can also be sought as an addition to the
existing set of constraints. We consider the way of con-
structing additiona constraints and the sanity check that
an optimal integer solution has not been cut off to be the
responsibility of the problem solver.

The introduced representation change alows to re-
formulate the original PHP statement with 11 pigeons and
10 holes as the following I P problem:

11 10
maX(Z Z Xij)

=1 j=1

11
Exugl ji=1,...,10
i=1

xij € {0, 1},

where x; represents the amount of the ith pigeon in
the jth hole. Thus, if we drop integer requirements and
sum up al the constraints, we obtain an upper bound:
s jlzol Xj = Zjlzol 52 xj < 10. Since an obvious
solution {x; =1 fori=1,...,10; x; =0 fori #j} pro-
vides the same value, we proved it to be optimal. For this
simple problem, PHP and LRP approaches are identical .

In most obvious cases, the desired subset of constraintsis
the whole set of origina inequalities. Consider, for ex-
ample, the problem of placing chess kings on a circular
chessboard with even number of sgquares (see Figure 2).
One is supposed to find the maximal number of kings that
can be placed on such a board so that no king is attacking
another. Recall that a chess king attacks al its adjacent
squares. For the board presented in Figure 2, we get the
following I P problem:

If we sum up al the inequalities, we get ZEiN:lxi < N,
which is equivaent to Zi'\il)(i < N/2. The same upper
bound can be obtai ned from applying a combination of two-
coloring and PHP: if we color the circular board with even
number of squaresin alternating black and white colors, we
can place kingson either color attaining the optimum value
of N/2 derived thisway by PHP.

The case when a proper subset of constraintsisinvolvedin
obtai ningatight upper boundismorecomplicated. Toapply
the Pigeonhol e Principleinthe original combinatoria form,
one hasto find which problem’s objects should be matched
with pigeons and which - with holes. In the Integer Pro-
gramming formit meansthat onehasto come upwitharule
(heurigtic) of finding a desired subset of constraintsto sum
them up. For some problems, itiseasy to find such asubset,

N
max(> )

i=1
X1t+X% <1
Xo+X3 <1

XN—1+XN <1
Xntx <1
x €{0,1}

Figure 2: Chesskingson acircular chessboard with N po-
sitions and corresponding IP representation. Kings cannot
be in adjacent positions, i.e. attack each other.

whereasfor othersitisnot obvious. For example, the popu-
lar N-Queen problem[Hoffman et d., 1969, Nauck, 1850],
which is the problem of placing the maximal number of
chess queens on NxN-chessboard, so that no queen is at-
tacking another, can be represented as the following IP
problem:

N N
max(z Z Xij)

=1 j=1
ZL Xk < 1
EL X <1
2 generp e S 1
2 ey <1

Xij S {O’ 1}

where I(i,j) and J(i,]) are the sets of squares which a
chess queen threatens a ong two diagonal s from the square
(i,]), including the square (i, j). In thisform we have four
groups of constraints: row, column, and two diagonal con-
gtraints, one of each type per square. For this problem
it is easy to find a subset of constraints that provides the
tight upper bound. If we sum up N inegualities corre-
sponding only to row constraints for squares from different

rows, we get N as the upper bound: S\, EJ—N:l xj < N.
Beginning with N = 4, the problem has an N-Queen
solution[Hoffman et a., 1969] (see Figure 3).

Though PHP providesthetight upper bound, itisnot dways
immediately clear how to construct an optimal solution that

foreachi € {1,...,N}

andj e {1,...,N}




Figure 3: N-Queen Problem Solutionsfor N =4, 5, 6

will attain the obtained bound. The N-Queen problem stim-
ulated the development of a generation of backtracking al-
gorithms constructing optimal solutions for the N-Queen
problem, which isahard problem itself. The Chess Knight
problem[Bennett and Potts, 1967] is one of the jewels of
PHP applications; it is the one for which the selection of
a congtraint subset is a challenging task. We discuss this
problem in the following section in detail.

3 PHPvs LPR

In this section, we discuss relations between the Pigeon-
hole Principleand the Linear Programming Rel axation. For
some problems, it istemptingto apply LPR in abrute-force
manner. Instead of deriving an additional heuristic that will
suggest how to select the desired subset of constraints, one
can apply aready developed methods of Linear Program-
ming with the hope of deriving the same or even better
bound. This brings us back to the main question of this
paper: Is it true that PHP and LPR aways provide the
same upper bound? The following theorem answers this
question:

Theorem 1 If an Integer Programming problem admits a
proof by the Pigeonhole Principle, then LPR provides the
same optimal value. Conversely, a bound derived by LPR
can be matched by PHP.

Proof: If an IP problem admits PHP in deriving the tight
upper bound, then there exists a feasible integer solu-
tion x* attaining the derived bound. On the other hand,
there exists a subset of constraints J, sum of the left-hand
sides of which is an integer multiple of the goal function:
Ejejzi a;jX = k>_; cix;, and the value of x* is the same
multiple of bounding constants: 3,5 bj = k3, cix'.

If we apply LPR to this IP problem, it will provide an in-
teger or fractiona optimal solution x** for arelaxed prob-
lem. Since PHP has derived the tight upper bound, and
the relaxed problem is obtained from the origina IP prob-
lem by dropping integrality requirements, x* was one of

the candidates for LPR’s optimal solution, and the value
of LPR’s solution x** is equal to PHP's tight upper bound:
2= GXT = )i GX

If an optima integer feasible solution x* is not known,
PHP establishes an upper bound. We show that this bound
is equa to the value of the LPR’s solution 3 ;_; Gix™.
According to Linear Programming theory, there exists a
subset of the constraint set, called “active” constraints,
such that the goal function is a positive weighted sum
of the left-hand sides of the constraints from this subset
Ejejzi ajajX = ) _; CiX. Moreover, optimal solution x**
has no slack for each of the constraints from J, that is, sat-
isfies them as equality ) ; a;x™* = bj forj € J. Since l
the coefficients in the constraints J and the goal function
are integer, &l the weights «; > 0 (positive coefficients)
of the weighted sum are rationa. We can find integer k to
scalerational coefficientsup §j = ke and meke @l of g in-
teger. Integer k now playsthe role of ascaling coefficient,
integer §; tells how many times should the “active” con-

graintj € J be used in an “unweighted” sum of |eft-hand
sides ) i34 2 &% = k) _; &ix. Hence, the upper bound
1/K3 e by = 32 6x** can be matched by PHP.

Thus, theset of “active’ constraintsformsthedesired subset
J and positive integer weights determine the number of
repetitionsin J. Therefore, thevalue of the solution derived
by L PR doesnot improvetheupper bound provided by PHP
and, conversely, it can be mimicked by PHP to establishthe
same upper bound. =

Theorem 1 providesthefollowing answer to the main ques-
tionof thepaper: Iftheoptimal valueisobtained by PHP for
a combinatorial optimization problem stated in the Integer
Programming form, LPR provides the same bound as PHP.
We demonstrate that thisresult is nontrivial by solving the
Chess Knight problem[Bennett and Potts, 1967]: “What is
the maximal number of chess knightsthat can be placed on
the 8x8 chessboard in such a way that they do not attack
each other?’

The classical elegant solution relies on the existence of a
Hamiltonian tour of length 64 following the knight moves.
One of such toursis presented in Figure 4.

One can split thetour into 32 pairs of chess squaresthat are
adjacent in the sense of the knight move, and apply PHP:
Each pair can contain a most one knight, otherwise two
knights would attack each other. For example, consider
pairs of squares (1, 2), (3, 4),...,(63, 64). None of them can
accommodate more than one knight (see Figures 4 and 5).
Thus, 32 pairsof adjacent squarescan accommodate at most
32 knights. Although thissimple proof does not provide us
with a solution to the problem, (for example, it alows to
place knights on squares 4 and 5), it gives an upper bound.

Moreover, this proof gives an impression of using a “hid-
den” application of the Pigeonhole Principle, whereas the
Hamiltonian tour is just a heuristic for finding a subset of
the congtraint set. The Chess Knight problem for the stan-
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Figure4: Hamiltonian Tour on a Chessboard for the Knight

dard chessboard can be presented as the following Integer
Programming problem:

8 8
max(z ZXij)
=1 j=1
Xjtxa <1l i=1..8j=1....8 (k)€ U(ij)
xij € {0,1}
where x;; represents the amount of knights in the square
(i,]); U(i,]) isthe set of squares on the chessboard which a
chess knight threatens fromthe cell (i, j) (see Figure 5).

Figure5: The Set of Adjacent Squares for the Knight on a
Chessboard

If appliedtothe ChessKnight problem, the Linear Program-
ming Relaxation method providesthe same upper bound of
32. Unlike PHP, LPR does not require heuristicsto identify
any subset of constrains, its calculational routine considers
“active’ constraints inside the solving process. However,
LPRislikelyto producefractional solutions, say x; = 1/2for
i=12,..., 64 Theorem 1showsthat, if applied, the orig-
inal Pigeonhole Principle will providethe same value. So,
if the Hamiltonian tour heuristic were not known, the appli-
cation of LPRwouldtell that 32 isthebest upper bound that
can be obtained by the original PHP. Since a chess knight
alternate colors (see Figure 5), one can place 32 knights
on the chess squares of the same color, thus attaining the
optimal value and constructing the optimal solution for the
Chess Knight problem.

We showed that, if an optima solution of value B for a
combinatorial optimization problem is derived by the Pi-
geonhol e Principle, an optimal solutionfor the last problem
in the following chain of representation changes has the
same value B:

Original combinatorial problem— IP problem — Lin-
ear Programming problem.

Examples discussed in this section showed that an addi-
tional effort is needed to apply the Pigeonhole Principle.
For some problems it is easy to match problem’s objects
with pigeons and holes, in some cases it is a state of art.
Often PHP applications hint on how to construct optimal
solutions, though for some problems it is an independent
difficult problem.

Initsturn, LPR can beapplied to any instance of an IP prob-
lem without need in additional knowledge. Unfortunately,
LPR often outputsafractiona optimal solution, which does
not shed any light on how to transform it into an integer one
of the same value. We continue the discussion on benefits
and disadvantages of PHP and LPR in the next section.

4 APPLICATIONS OF PHP THAT
REQUIRE REPRESENTATION
CHANGES

In the previous sections, we were able to apply PHP in
a brute-force manner, because each Integer Programming
problem contained a subset of constraints, sum of which
providedthedesired boundsfor values of thegoal functions.
We call such acasearegular application of PHP, as opposed
to the“Hidden” Pigeonhole Principle (HPHP) that requires
additional representation changes and heuristic knowledge
to fulfill asimilar task.

This section is devoted to the discussion on HPHP and its
relation to the origina Pigeonhole Principle. To make it
more intuitive, we illustrate the discussion by the classica
Mutilated Checkerboard [Newell, 1965] andtheFirm Tiling
problems:

Figure 6: A Mutilated Checkerboard

Mutilated Checkerboard Problem: Con-
sider an NxN checkerboard with two oppo-
site corners removed (see Figure 6). Can one
cover this “mutilated” checkerboard completely
by non-overlapping domino pieces, each of the
size of two squares of the checkerboard?



Figure 7: Firm 17-Tile Solution.

Firm Tiling Problem: Consider a checker-
board of size 6x6 made of a soft square cloth and
18 hard tilesof size1x2. Canoneglueall 18tiles
to such a checkerboard, so that the “middle-cut”
requirement is satisfied, i.e. each splitting line
inside the checkerboard goes through the middle
line of at least onetile?

Figure 7 shows a firm 17-tile solution. The “middle-cut”
requirement for a particular splitting line restricts the cloth
to be folded aong this splitting line: If the line crosses
the middle of at least one tile, the cloth cannot be folded
along thislineunlessthetileisbroken. Thisiswhat we call
a “single-firm” tiling. A more restrictive “ double-firm”
tiling requires each splitting lineto cross middlelines of at
least two tiles. In this section we show that a“ single-firm”
complete tiling implies a“ double-firm” tiling in the Firm
Tiling problem.

Following the proposed approach, the first step needed is
the representation change converting the above problems
into Integer Programming problems. To accomplish this
step, one needs to model the fact that domino pieces do
not overlap in the Integer Programming form. We assign
variablesx; to vertical splits, wherei istherow number and
j isthe split in ith row between squares (i,j) and (i,j + 1).
In the same way, we define variablesx{} for horizontal splits
between squares (i,j) and (i + 1,j). One-valued variables
Xj = 1 model the horizontal placement of a domino piece
(tile) in such a way so that its middle line is located at
ith vertica splitting line and jth row; one-valued variables

= 1 model thevertica placement of adomino piece(tile)
with its middle line at kth horizontal split in Ith column.
In these terms, non-overlapping can be represented by the
following set of constraints:

Xi+xly_1 <1 (9)
XXy <1 XX <1 oxi+x <1 (10)

Xitx_y <1 X +x,y <1

Figure 8 demonstrates a part of a checkerboard and the
correspondence of domino pieces (tiles) placings to 0/1-
variables and splits.

In the Mutilated Checkerboard problem thegoal functionis
the unwei ghted sum of all domino-piecevariables: Eij X+
Eij xfj‘ It is easy to guess one of the fractiona optimal

solutions produced by LPR: x{, = 1/2. It tells that if
applied, PHP will provide the same bound of 31 (whichis

Figure8: Modeling Domino Overlap asa Set of Inequalities

not tight). Furthermore, an optimal fractional solution does
not hel p to find an optimal integer one, even when the upper
bound istight.

If the origina checkerboard is of size NxN with N odd,
a simple PHP application shows that one can use at most
% domino pieces for a non-overlapping covering of the
mutilated checkerboard: Each piece contains two sguares,
and there are N> — 2 sguares in the mutilated checker-

board. Therefore, one can put at most | X52 2| = NZ 3
non-overlapping domino pieces. Actua attempts to cover
the mutilated checkerboard with odd sizes readily give an
optimal solution of the above vaue.

If N iseven, the original PHP does not put any additional
restrictions on the number of pieces. However, none of the
attempts to cover the mutilated checkerboard by domino

pieces achieves the desired bound of NZ‘Z , al constructed

solutions provide at most N4 pieces. Neither PHP nor
LRP provide a tight upper bound for even-sized muti-

lated checkerboards. Nonetheless, the heuristic of two-
coloring the mutilated checkerboard and applying PHP to
the monochrome set of squares of smaller size completes

the proof of the fact that @ is actudly the optimal value
for covering the mutilated checkerboard with even sizes.
If we color the origina checkerboard in usua black-and-
whitechess colors (see Figure 6) and then cut off 2 opposite
corner squares (of the same color), the remaining mutilated
checkerboard contains unevenly colored square sets. The
checkerboard presented in Figure 6, for example, has 30
black squares and 32 white squares. Since each domino
piece contains 2 squares of the opposite colors, applying
PHP to a smaller set of black or white squares, we obtain

the tight upper bound of N—4  This argument completes
the proof of the M utilated Checkerboard problem by HPHP.
Such amodification of PHPisfavorablein comparison with
LPR and the origina PHP, because it is capable of deriving
the optimal value of the goal function. Aswe mentioned

before, Linear Programming Relaxation provides N == 2 as
an upper bound. According to Theorem 1, if applied, PHP
outputs exactly the same upper bound.

The idea of two-coloring is a simple elegant heuristic that
allows to apply the Hidden Pigeonhole Principle and de-
rive the tight upper bound. After being known for severa
dozen years, thisapplication of HPHP might seem to betoo



simpleto stimulatethe devel opment of alternative methods.
We introduce the Firm Tiling problem as an example of a
problem which is hard to solve without prior knowledge
of the appropriate heuristic. For example, multi-coloring
does not help to find the desirable matching between tiles,
checkerboard squares, pigeons and holes.

Theory of Integer Programming suggests to apply Integer
cuts, for example, Chvatal-Gomory’s cuts, to extend the
set of valid inequdities. The main idea of the Chvatal-
Gomory’s cut (CG-cut) isto use theintegrality of variables
in feasible solutions. If aweighted sum of the inequalities
derived so far contains the left-hand side with integer co-
efficients, the right-hand side can be rounded down to the
nearest integer: EiN:l ax < bimplies EiN:l ax < |b],
forinteger a; andx i =1,...,N. Inacertain sense CG-
cuts look as simple as the origina Pigeonhole Principle.
However, CG-cuts alow to derive constraints that cannot
be obtained from the initial set of inequalities by taking
weighted positive sums.

We, first, demonstrate the correctness of the Integer Pro-
gramming formul ation of theM util ated Checkerboard prob-
lem and then derive an upper bound for it by means of
Chvatal-Gomory’s cuts and the Hidden Pigeonhole Princi-

ple.

Since we are about to apply some of the techniques of
Integer cutstotheMutilated Checkerboard problem, wefirst
demonstrate simple reductions from Integer Programming
theory. For example, Lemma 1 builds areduction from the
set of pairwise constraints with 0/1-vertex variables to the
ExclusiveRulefor acliqueKy, whereacliqueisacomplete
graph with N > 2 vertices.

Lemmal If a cligue Ky admits exclusively 0/1-
assignments to its vertices vy, ..., vy and, for each pair
of vertices (vi, vj), at most one vertex can be assigned to 1,
then there is at most one vertex assigned to 1 in the whole
cliqueKy.

Proof: There are M8-1) inequalitiesof thetypex; +x < 1.
We would like to prove that this collection of constraints
implies a single clique inequality Ei“ilxi < 1 (Exclusive
Rule) for 0/1-variablesx € {0,1} i=1,...,N. We prove
it by induction on the number of vertices.

Induction Base: If N = 2, the given inequality and the
cliqueinequality x; + % < 1 coincide.

Induction Step: Suppose that we can derive all N clique
inequalitiesfor each of the N sub-cliquesof size N — 1. If
we sum them up, we get:

N N

Y x>0,

=1 i j=1
which implies that (N — 1)> % < N or, equivaently,
Sox% <N/(N-1). SinceN> 2, | &5] = [1+ 5] = L
If we apply CG-cut to the last inequality, we get the desired
N-cliqueinequality:

S X<l m 1)

Four (or less) splitsthat form the border of the square (i, j)
correspond to four variables that model placing of domino
pieces (tiles). Corner or side squares border with only two
or threeinternal splits. According to Lemma 1, if we con-
sider al six (or less) pairwiseinequdities (9-10) involving
four variables bordering a checkerboard square, CG-cuts
provide the Exclusive Rule for the cligue associated with
the square. ThisExclusive Rule correspondsto the require-
ment of non-overlapping of domino pieces over the square
(i,j). The addition of the clique inequalities derived by
CG-cutstotheinitia set of constraints constitutes a repre-
sentation change of the IP problem.

Lemma?2 If cliqueinequalitiesfor all squares of the NxN
mutilated checkerboard (N is even) are added to the set of
congtraints, the optimal value of the relaxed Linear Pro-

. . N2—4
gramming problemis ~5-=.

Proof: Consider the following subset of clique constraints:
Pick a monochrome subset of sguares of smaler size
and sum up al the clique constraints corresponding to
these squares (of the same color). Each clique constraint
is an unweighted sum of four (or less) clique variables
X, +X, + X, +X, < 1. Since squares of the same color
do not share sides, the sum of al clique constraints cor-
responding to squares of the same color is an unweighted
sum of variables. On the other hand, all variables are pre-
sented in the final sum, because a legitimate placement of
a domino piece covers sguares of both colors. Since the
number of cligue constraints corresponds to the number of
monochrome squares of smaller size, the sum of the con-
straints establishes a tighter bound for the goa function
% < @. Knowing this bound, it is easy to come up
with a solution for an even-sized Mutilated Checkerboard
problem that attainsthisvalue. =

Thus, the proof that uses HPHP, relies on additional knowl-
edge that each domino piece covers a bi-chromatic con-
figuration, whereas the combination of LPR with CG-cuts
takes into account this argument automatically. CG-cuts
expand the set of constraints by adding clique inequalities
for al checkerboard squares. After that LPR solvesthe new
Integer Programming problem. We identify the expansion
of the constraint set with the representation changes for the
origina Integer Programming problem. If the two-coloring
heuristic were not known, then LPR with CG-cuts could

be used to obtain the tight upper bound of %. After
that, it is relatively easy to construct a solution attaining
this value, which is proven to be optimal. The relations
between HPHP and LPR with Integer cuts in solving the
Mutilated Checkerboard problem are very similar to those
between PHP and LPR.

The Firm Tiling problem does not admit the proof by the
origina PHP, because an obvious fractional solution x}, =
1/2 isfeasible for arelaxed LP problem and the “middle-
cut” requirement

Ef:lxﬂzzjil%:Szl i=12,...,5



X o X o X o X ¢ X g
Yip 1T Y1p 121 Y13 131y 141Y5 15T Yig

X o X o X X o [
y21 2T Ypp 22[ Yoz 23] Yoy 241 Yp5 25 [ Yog

X o9 X ¢ X ¢ X X o
y31 31737 321 Y3 33[ Y34 341 Y5 35| Yzg

X o X o X o X o X o
Yag 41 [V 42 Yag 44| Yas 45 | Yas

X o X @ e . X g
Y1 511 Y5, 52 Yoq 54 o5 55 | Ysg

X X X X X
61“ 62“ 63“ 64“ 65“

Figure 9: Modeing aFirm Tiling of a 6x6 Checkerboard.

S ox=30 1=3>1 j=12...5
is satisfied for al interna splitting lines. However, brute-
force attempts to construct a complete firm tiling fail to
provide an optimal 18-tile solution. The best firm tiling
consist of at most 17 non-overlappingtiles, Figure 7 shows
one of such tilings.

Nonethel ess, the Hidden Pigeonhol e Principleis capabl e of
setting the tight upper bound of 17 tiles for this problem.
To preserve the beauty of the elegant solution by HPHP for
now, we first establish the tight upper bound through the
combination of LPR and CG-cuts. We show that if one
more constraint

SO+ > 17 (12)

is added to the origina IP problem, the set of feasible
integer solutions becomes empty.

Figure 9 presents 6x6 checkerboard with 0/1-variables as-
signed to itsinternal splits. To avoid superscript notations
yveden(_)tex}j as Xij ar_wd x{} asyij. Sincex;j and y;; areinteger,
inequality (12) implies

doXg Yoy > 18. (13)

In its turn, the latter inequality implies that the whole
checkerboard should be covered by tiles. Since cliquein-
equalities prohibit tiles from overlapping, each square is
covered exactly by haf-atile?. This is not a surprising
conclusion, as we are attempting to cover a 6x6 checker-
board by 18 non-overlappingtiles.

Lemma3 Inequality (13) and clique inequalities (11) for
all sguares of the 6x6 checkerboard imply “double-firm”
tiling.

Proof: We prove the statement of the Lemma by induction.
In the induction base, we show it for the leftmost vertica

2This fact can be proved by considering a subset of clique
constraints corresponding to a monochrome set of checkerboard
squaresintheway similar to the Mutilated Checkerboard problem.

splitting line. Due to the symmetry this proof remains
unchanged for horizontal splitting lines.

Induction Base: If we consider the leftmost column of a
checkerboard presented in Figure 9, inequalities (9,10) and
(13) imply thefollowing six equdlities:

Xin+ty11 =1 X +ynn+yn=1 Xs+yu+ys=1 (14)
XertYs1 =1 Xag+Ya+ym =1 Xs1+Ya+yss =1 (15)

The “middle-cut” requirement for the leftmost vertica
splitting line corresponds to the following inequality:

o x> 1 (16)

Sum of equalities (14) and (15) produces anew constraint:
Y X1 t23 ) Y =6 17)

Now we can subtract (16) from (17) and divideit by two:

5 5
2) "ya <5 implies Y yu<25 (18)
=1 =1
Since al yj; in the left-hand side of inequality (18) are

integer variables, we can apply CG-cut to obtain a new
(tighter) inequality:

SV <2 (19
Initsturn, constraints (17) and (19) imply
S0 X1 > 2 (20)

Induction Step: Supposethat we have proved that inequal -
ities (11) and (13) imply the“ double-firm” tilingfor jo — 1
leftmost columns of the checkerboard (1 <jo— 1< 4). It
impliesthat

SOx>2 j=1...,jo—1 (21)

Consider thetiling of I€ft jo columns. All tilesy;; = 1 with
i < jo cover two checkerboard squares in left jo columns,
the same is true for tilesx; = 1 withi < jo. These tiles
contributetwo to the amount of covered squares inthedis
cussed portion of thecheckerboard. Tilesx;;, = 1 contribute
oneto the number of tiled squaresin left jo columns. If we
count the number of tiled squaresin left jo columns accord-
ing to the above observation and takeinto account that each
square should be covered by atile, we get the following
equation:

jo—1 6

EZZ}/.J +ZEZXU +EXU0 = Bjo (22)

=1 i=1 j=1 =1

Sincea“ single-firm” tiling requw&szI 1 Xijo > 1, equality
(22) and “firmness’ imply

j 1 6
Zzzyu+oz:2:2x” < 6jo—1 (23)
=1 i=1 =1 i=1



Inequality (23) can be divided by two:

jo 5 jo—1 6
DDVt D> xi<Ho-1/2 (24)
j=1 =1 j=1 =1

If we apply CG-cut to inequdity (24), we get a tighter
constraint:

jo 5 jo—1 6
DDVt Y %<1 (25)
j=1 =1 j=1 =1

which together with equaity (22) imply the* doubl e-firm”
tiling of joth vertical splittingline:

S0 Xip > 2 (26)
| |

Lemma 3 congtitutes the hardest part of the Firm Tiling
problem. Were we given the “ double-firm” tiling require-
ment as the part of the initial problem, a simple applica
tion of the Pigeonhole Principle would provide the neg-
ative (infeasible) answer: Since there are ten splitting
lines, each passing the middle line of at least two tiles,
and none of the tiles can be shared by splitting lines in
such counting, one needs at least 20 tiles for a “ double-
firm"” tiling, in which case they would overlap. The Integer
cutstechnique demonstrated in Lemma 3 provesinfeasibil-
ity through deriving the “ double-firm” tiling requirement
from arequired “ single-firmness’ and the compl eteness of
tiling (13). Sinceinequality (13) is actually an equality for
the 6x6 checkerboard, the “ double-firm” tiling inequalities
make the Firm Tiling problem infeasible.

From a glance, Integer cuts seem to be manipulating with
halfsand other fractiona sinabeneficial manner. However,
it isnot just a game with fractionals. Integer cuts perform
methodologica “squeezing” of the polygon of feasible so-
lutionsremaining &l integer solutionsfeasible. Moreover,
new constraints obtained through Integer cuts can not be
derived by taking positive weighted sums of the existing
constraints.

Although both problems presented in this section do not
admit proofs by the origina Pigeonhole Principle, it is
possible to perform a representation change of the prob-
lem statements and transform both problemsinto ones that
admit proofs by the Pigeonhole Principle. We call such
method of solving Integer Programming problems as the
Hidden Pigeonhole Principle (HPHP).

Such application of HPHP are useful mainly for deriving
the tight upper bound. However, for some problems pre-
cise knowledge of the optimal value allows Al planning
systems to construct an optima solution. For the problems
presented in this section this can be done, for example, by
placing domino pieces randomly or greedily and applying
the backtracking techniques when necessary. Success in
constructing an optimal solutionfrom the optimal value de-
pends heavily on planning domain properties. Nonethel ess,
without aHPHP application the optimal valuewould be un-
known, and any attempts to construct a solution attaining
non-tight upper bound would fail.

5 CONCLUSIONS

In this paper, we showed how through an effective repre-
sentation change we solved the problem of comparing the
bounding power of the Pigeonhole Principle and the Lin-
ear Programming Relaxation method. We proved that both
methods establish the same upper bounds, when applied
to the same problems. The Pigeonhole Principle is more
intuitiveand often shows whether the upper bound istight,
wheress Linear Programming Relaxation can be applied to
any instance of an Integer Programming problem without
the use of additiona knowledge or representation changes.

We illustrated our new representation change in severa
combinatorial optimization problems, and demonstrated
how thisrepresentation change can be utilized to providean
alternative way of solving such problems, which is easier
to implement in Al planning systems than PHP or HPHP.
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