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Abstract—To address the safety issues in human robot
interactions (HRI), a safe set algorithm (SSA) was developed
previously. However, during HRI, the uncertainty levels are
changing in different phases of the interaction, which is not
captured by SSA. A safe exploration algorithm (SEA) is
proposed in this paper to address the uncertainty levels in
the robot control. To estimate the uncertainty levels online, a
learning method in the belief space is developed. A comparative
study between SSA and SEA is conducted. The simulation
results confirm that SEA can capture the uncertainty reduction
behavior which is observed in human-human interactions.

I. INTRODUCTION

Recent advances in robotics suggest that human robot
interaction (HRI) is no longer a fantasy, but is happening
in various fields, such as industrial cooperative robots, au-
tonomous cars and medical robots.

Human safety is one of the biggest concerns in HRIL
Various robot control methods have been developed to ensure
a collision free HRI, such as potential field methods [1],
numerical optimization approaches [2], receding horizon
control (RHC) methods [3] and sliding mode methods [4].
However, as humans will respond to the robot’s movement,
interactions need to be considered explicitly in the design
of the robot controller. In other words, the robot should be
equipped with the ability to conduct social behavior.

As the study of human brains inspires modern Al, a close
look at the interactions among humans may also offer new
ideas in dealing with HRI. The social behavior of a person is
usually constrained by the social norm and the uncertainties
that he perceives for other people. The social norm can be
viewed as a hard constraint which cannot be bypassed. But
the uncertainties can be attenuated through active learning
(refer to uncertainty reduction theory [5]). A common ex-
perience is: a newcomer tends to behave conservatively in
a new environment, due to large uncertainties. But through
observing and learning his peers, he will gradually behave
freely, due to the reduction of uncertainties.

In the previous work [6], the authors introduced a safe set
algorithm (SSA) in designing the robot controller for safe
HRI. In this method, a safe set is constructed and the control
law is selected such that the safe set is time-invariant. This set
can be viewed as a ’social norm”, which is a hard constraint
on the robot’s behavior.

One of the limitation of SSA is that the robot control
is independent of the perceived uncertainties of humans’
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behavior, which are essential for a smooth and efficient HRI
(regarding the effect of uncertainty reduction by active robot
learning). It is noted that some researchers incorporated the
information on uncertainties in solving HRI problems, e.g.
in the framework of partially observable Markov decision
process (POMDP) [7]. In this paper, SSA is extended to
a safe exploration algorithm (SEA), where the levels of
uncertainties are considered explicitly in the control strategy.

The remainder of the paper is organized as follows: in
section II, a multi-agent interaction model will be introduced,
followed by the discussion of the safe set algorithm (SSA)
in section III. The safe exploration algorithm (SEA) will be
proposed in section IV, followed by a new learning algorithm
in section V. Finally, a comparative study between SSA and
SEA will be conducted in section VI. Section VII concludes
the paper.

II. MODELING THE HUMAN ROBOT INTERACTIONS

The HRI is modeled in a multi-agent framework, where
robots and humans are regarded as agents. In this section, an
agent model will be introduced first, followed by the system
model (refer to [6] for more detailed discussions).

A. The Agent Model

Suppose there are N agents in the system and are indexed
from 1 to N. R denotes the set of all indices for the robots,
and H for the humans. Denote agent ¢’s state as x;, its control
input as u;, its information set as 7; and its goal as G, for
i = 1,...,N. For simplicity, write xp as the union of the
states of all robots and x g as the union of the states of all
humans. Denote the system state as x = [z5,25]7 € X
where X is the state space of the system.

Assume that agents are independent to each other. Thus
the open loop dynamics of z; will not be affected by other
agents, but be determined by x;, u; and the noise wj, i.e.

& = fi (v, ui,wi) ,Vi=1,..., N (1)

Moreover, it is assumed that the dynamics of all robots
are affine in the control term, i.e.

@ = fi, (i, wi) + fi, () wi, Vi € R 2)

Agent 7 chooses the control u; based on the information
set ; and its goal (G;. The information set is a combination
of the measured data and the communicated information. In
this paper, it is assumed that there is no direct communi-
cation among the defined agents. If a group of agents do
communicate with each other, it is assumed that they can
be coordinated and will be treated as one agent. In this
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Fig. 1: A Multi-Agent System Block Diagram
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way, agent i’s information set at time 7' contains all the
measurements up to time 7T, ie. m (T) = {y; ()},cp, 17
where

Yi :hi (CC,’UZ'),ViZ 1,...,N (3)

and v; is the measurement noise. The controller can be
written as
U; = i (yi7Gi),Vi: 1,...,N (4)

B. The Closed Loop System

Based on (1) (3) (4), the system block diagram for the
multi-agent system can be plotted as in Fig.1, where every
row represents one agent. Using (3) (4) in (1) and using the
system state x to represent the combination of all agents’
states, the closed loop dynamic equation can be written as

(t:fd (xaGavla"'a wN) &)

where G = [GlT, ceny G%}T € X is the system goal. Notice
that due to measurement feedbacks in control, all agents are
coupled together in the closed loop system.

UN, W1, ..

C. The Safety Oriented Design

The design method for the robot controller needs to be
studied. Denote the system’s safe set as X g, which is a closed
subset of the state space X that is collision free.

The Safety Principle: the function g;(.,.),i € R should
be chosen such that V¢, x(t) € Xg, 1) for all possible noises
V1, ... UN, W1, ...,wy and human decisions g;(.,.),i € H if
they are bounded, or 2) for almost all possible noises and
human decisions if they are unbounded (those with negligible
probabilities will be ignored).

III. THE SAFE SET ALGORITHM (SSA)

The safe set algorithm offers a fast online solution con-
cerning the safety principle. In this method, the interaction
is regarded as a sequential game, where robots are followers
who play reactive strategies [8]. The system in Fig.1 can be
reduced to the system in Fig.2, by 1) considering one effec-
tive robot and 2) combining all the blocks for human agents
to be the closed loop block &5 = f}{(xH, TR, GH,VH, WH).
Then the multi-agent system is simplified as a two agent
system with one effective robot and one effective human. The
human’s closed loop dynamics are estimated online using a
parameter adaptation algorithm, to be discussed in section
III-B. The control law of the robot is calculated with respect
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to an invariant subset of the safe set Xg, to be discussed in
section III-A.

A. The Set of Safe Control

To guarantee safety, the designed control law should make
the safe set invariant. A safety index is introduced as ¢ :
X — R, a function on the state space such that 1) ¢ is
differentiable with respect to ¢, i.e. ¢ = (9p/z)i exists
everywhere; 2) 8(;.5/8uR # 0; 3) the unsafe set X§ is not
reachable given the control law (j) < 0 when ¢ > 0 and the
initial condition z(to) € Xg.

Existence Lemma of the Safety Index: The function ¢
satisfying all three conditions exists for any Xg = {z :
d(x) > dpmin}, where d(z) is a function on the state space
that calculates the minimum distance among all agents and
dpnin € RT is the threshold.!

To ensure safety, the robot’s control must be chosen
from the set of safe control UZ(t) {up(t) : ¢ <
—ng when ¢ > 0} where nr € RT is a safety margin.
By Eq.(2), the set of safe control can be written as

U (t) ={ur (t) : L(t)ur (t) < S (t)} (6)
where
d
LO) = gt )
_ _ ¢ . .
S(t) = { " ZjeHszf = el Zig(s)

In the following arguments, when there is no ambiguity,
S(t) denotes the value in the case ¢ > 0 only. Since the
dynamics of &y is not known, estimation is needed in S(t).
Meanwhile, a constant )\%SA € R* is introduced to bound
the noises and uncertainties in the estimation, i.e.

a¢0 : 3¢0
Z axJ

331("""‘1“6) x,(k\k) Vg

§554 (1) = ASSA _

me (9)

—nR —

where € H and Z;(k +
1|k), z,(k|k) are deﬁned in Table I. k represents the time
step of the last measurement before ¢, while k + 1 is the
time step for the next anticipated measurement. T is the
sampling time. L(t), S(t) will also be written as L(k), S(k)
to denote that the last measurement is taken at k-th time step.

'The Lemma is proved in [6]. ¢ can be constructed in the following
procedure: first, define ¢o(x) = dmin — d(x); then check the order from
¢o to u R in the lie deI'IthIVC sense, denote it by n; then define ¢ as
b0 + k1¢0 4+ o+ kp— 1¢ n—1) . The coefficients ki, ..., kn are chosen
such that the roots of 1 +kis+...+kp_18"" L—0all he on the negative
real line.



B. Online Learning and Prediction of Humans' Dynamics

In order to learn human behavior and make predictions, the
nonlinear continuous time dynamic equation of the human
agent &y = f5; (.) is linearized and discretized:

#(k+1) = Ag (k)z (k) + B (k)uj (k) + wi; (k) (10)
o (k)]Tz. IR is the estimate
of the robot state from a state estimator (i.e. Kalman Filter).
Ap(k), Bp(k) are time varying parameters. wj (k) is a
noise term assumed to be zero-mean Gaussian and white.
Assume that the robot’s measurement of the human is:

where u$i (k) = [2r(k|k)T, G,

yi (k) = zg (k) +vg (k) (11)

Equations (10) and (11) form a linear time varying (LTV)
Gaussian system with unknown parameters. A parameter
adaptation algorithm (PAA) is developed to identify the
system online. The notations for the PAA is shown in Table
I. Define Ay (k), By (k) to be the estimates of the matrices
given the information up to the k-th time step.

1) State Estimation: At k + 1-th time step, Zp is first
updated according to the closed loop dynamics in (12).
Then the measurement information is incorporated in the a
posteriori estimate in (13). A constant update gain o € (0, 1)
is chosen to ensure that the measurement information is
always incorporated.

u (k+1|k) = Ay (k) &u (k|k) + B (k) ush (k) (12)

ak+1k+1) =010 —-a)iy (k+1|k) +ayf (k+1)
13)
2) Parameter Estimation: The closed loop matrices are
estimated using recursive least square (RLS) PAA as shown

in (14):

[An (k+1), Ba (6 +1)] = [Ag (k) By (b)
G (b + 1k + 1) — a1 (& + 1)) o (k)T (k+1()14)

T
where (k) = { Zp (kE)T usk(k)T } . F'is the learning
gain with the update equation:

F (k) o(k)e" (k)F (k)
A+ (k) F(k)g (k)

% {F (k) -

Fk+1)= } (15)

where )\ € (0,1) is a forgetting factor.

C. A Projection to the Set of Safe Control

Suppose there is a baseline control law u (¢) for the
robot R, which drives the robot to its goal without safety
considerations. Then u% () is mapped to the set of safe
control UZ () according to the following cost function

1
ufp = min Jg (ugr) = 3 (UR—U%)TQ(UR_U(J)%) (16)

uREUR

2Methods for inferring G (k) are discussed in [9]. In this paper, we
assume it is known.

where () is positive definite. Solving (16), the safe control
law u¥, (¢) is in the following form

Q'L()"
e 2V
Lt)Q'L(t)"
where ¢ = min,cyrgy [L () (uw —uf (¢))] [6].

a7

IV. THE SAFE EXPLORATION ALGORITHM (SEA)

One of the limitation of SSA is that the bound for the
uncertainties (i.e. )\%SA) is a constant. However, the mean
squared estimation error (MSEE) of the human’s state is
changing from time to time. A larger bound is needed if the
MSEE is larger. To capture this property, the safe exploration
algorithm (SEA) is introduced, where the control strategy
changes for different levels of uncertainties.

A. The Belief Space

A belief space [3] is introduced in the safe exploration
algorithm, where Vj € H, the state estimate of x; is no
longer a point in the Euclidean space, but a distribution, i.e.
N (2, X;), where X is the covariance. All the distributions
are assumed to be Gaussian. Since z; ~ N (Z;,X;), the
covariance can be written as

X; = B (w5 — ;) (05— ;)" |

which is the mean squared estimation error (MSEE).

The definition of the a priori and a posteriori estimates,
estimation errors and MSEEs are shown in Table I, where
Zj (k+ 1]k). At the k-th time step, the best prediction for
xj (k + 1) has the following distribution

N (&5 (k+1|k), X; (k + 1|k))

(18)

19)

B. The Safe Set in the Belief Space

As discussed in section III-A, the safe control at time
step t = kT, needs to satisfy (6-8) where ZjeH %ij ~
T Djen (%i [j (k+1) —z; (k)]. In the belief space,
since the prediction of x; (k 4 1) is unbounded, the inequal-
ity in (6) is ill-defined. Indeed, a probability constraint is
needed, i.e.

P({x; (k+1): L(k)ur < S(k)}) > 1—e€,Vj € H (20)

where ¢ > 0 is a small number. When (20) holds, (6)
is satisfied almost surely (e cannot be 0 since the noises
are unbounded in Gaussian distributions). Moreover, (20) is
equivalent to the following optimization problem

L(k)ug < S5FA(k) = {S(k)} (@1

min
zj(k+1)€l;(k),VjeH

TABLE I: Definitions of Notations in State Estimation

State Estimate | Estimation Error MSEE
a posteriori z; (k[k) z; (k[k) X; (klk)
a priori z; (k+ 1]k) z; (k + 1]k) X; (k+1]k)




where T'; (k) is a set of possible z; such that the probability
density of x; ¢ I';(k) is small and P (T'; (k)) > 1 —e.

For a Gaussian distribution, the probability mass lying
within the 3o deviation is 0.997. Set ¢ = 0.003, and define

T (k) = {xj ACTX (k+ k) Az < 9} 22)

where Ax; = x; — &; (k+ 1|k). By (8), the RHS of (21)
can be decoupled as a sequence of optimization problems,
ie.Vje H,

minxj(k+1) %J}](lﬁ' + 1)

s.t. zj(k+1) eT;(k) (23)

By Lagrangian method?, the optimal solution wi (kb +1),
Vj € H is obtained as

3X; (k + 1[k) (a—d’)T

[(g;;) X, k10 (22)"

(17)

5 (k1) = & (k + 1/k)+

Using (27), SSE4(k) can be expressed as

SSFA(k) = —nr—AF"A (k Z o fo (28)
J
96 96\ T 3
SEA 2 o
AZEA (k) = T Z [(ax) ; (k+1]k) <axj> +2%
(29

where ; = M ,Vj € H, and % € RY is
the bound for other uncertalntles All other equations follow
from the safe set algorithm except for the learning and
prediction part, where new methods are needed to estimate
X, (k + 1|k) online.

V. LEARNING IN THE BELIEF SPACE

In this section, the MSEE propagation algorithm in param-
eter adaptation will be proposed, followed by the discussion
of its application to human motion prediction.

A. Propagation of a priori MSEE in PAA
Suppose the LTV system is
z(k+1)=Ak)x (k) + B(k)u(k)+w (k) (30)
where z (k) € R", u(k) € R™ and w(k) is the dy-
namic noise assumed to be zero-mean, Gaussian and white

3The objective function is linear while the constraint function defines an
ellipsoid. The optimal solution must lie on the boundary of the ellipsoid.
Let « be a Lagrange multiplier. Define the new cost function as:

d
Ji = ﬁzj(k + 1)+ [9 — Azl X; (k+1]k) ™ Az]-] 24)
J
The optimal solution satisfies % anw =0, i.e.
(—) — 29X, (k+1]k) Az, = 0 25)
Ox;
9—-AzTX; (k+1]k)" ' Az; = 0 (26)

Then (27) follows from (25-26).
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Fig. 3: Simulation of the MSEE Propagation Algorithm

with covariance W. It is assumed that the state x (k)
is fully known. A(k), B(k) are the unknown parameters
that need to be estimated online. Define the parameter
matrix C (k) = [A(k),B (k) € R™ ™+ the data
vector ¢ (k) = [z7 (k) ,u” (k:)]T € R™*™_ Since random
matrices are hard to deal with, transform matrix C' (k)
to a vector 6 (k). Suppose the row vectors in C (k) are
Cy (k),Ca(k),...,Cp (k) € RP>*(+m) Define

0 (k) =[Cy (k),Cy (k),....Cq (k)" € Rrvtm)x1 (37
Define a new data matrix @ (k) as
o (k) 0 . 0
0 ol (k) - 0
d (lﬂ) — ) ) c Rnxn(n+m)
0 0 " (k)
(32)
Using ®(k), 0(k), the system dynamics can be written as
z(k+1)= (k)0 (k) +w (k) (33)
Let 0 (k) be the estimate of 6 (k) and 8 (k) = 6 (k) —0 (k)

be the estimation error.
1) State estimation: The a priori estimate of the state and
the estimation error is

Fk+1k) = ®(k)6(k) (34)
Z(k+1|k) D (k)0 (k) +w (k) (35)
1)-th

Since 6 (k ( ) only contains information up to the (k —
time step, 0 (k) is independent of w (k). Thus the a priori

MSEE Xz; (k + 1[k) = E[a:(k+1|k) (k+1|k)}

Xiz (E+1|k) =

where X;; (k) = FE {é (k)6 (k)T} is the mean squared error
of the parameter estimation.
2) Parameter estimation: In the standard PAA, the pa-
rameter is estimated as
Ok+1)=0k) +Fk+1)7 (k)& (k+1]k) (37
where F (k+ 1) is the learning gain in (15) with ¢ (k)
replaced by ®7 (k). The parameter estimation error is
O(k+1)=0(k)— F(k+1)0T (k) (k+1|k) + A8 (k)
(38)

@ (k) Xg5 (k) @1 (k) + W (36)



where A6 (k) = 6(k+1) — 6 (k). Since the system is
time varying, the estimated parameter is biased and the
expectation of the error can be expressed as

E (é (k + 1))
[[—F(k+1)07 (k)& (k)] E (é (k)) + A0 (k)

E ok
ST T-Fa+1@" (5)@(i)] A6 (n) (39)
n=01i=n+1
The mean squared error of parameter estimation follows
from (38) and (39):

X@é(/ﬂ-l-l)
= (k+1)<I>T(k)Xx (k+1|k)® (k) F (k+1)
—Xgg (k) @" (k) ® (k) F (k+ 1)

—F(k+1)<I>T(k)<I>( ) Xg4 ()
- T
E [e(kﬂ)} AOT (k) + A6 (k) E [e(kﬂ)}
—A6 (k) A0 (k)" + X5 (k) (40)

Since A6 (k) is unknown in (39) and (40), it is set to an
average time varying rate df.

Fig.3 shows the simulation result of a first order system
with a noise covariance W = 0.0052. A forgetting factor
A = 0.98 is used. The solid and dashed blue lines in
the upper figure are A (k) and A (k), while the solid and
dashed green lines are B(k) and the constant parameter
B respectively. As observed in the figure, the time varying
parameter A(k) is well approximated by A(k), while B(k)
converges to B. In the lower figure, the blue curve is the
one step prediction error z (k) — & (k|k —1). The green
curves are the 30 bound (¢ = /Xzz(k|lk — 1)). The black
dashed line is the statistical standard deviation of the data
x (k) — & (klk —1) from k = 1 to & = 1000. As shown
in the figure, the 30 value offers a good bound for the
prediction errors as all measured errors lie between the green
curves. Moreover, the MSEE is larger when the parameter
is changing faster, which captures the time varying property
of the system. On the other hand, the statistical standard
deviation of the data x (k) — 2 (k|k — 1) does not give a
good description of the data in real time.

B. Estimation of Human Behavior

In section III-B, a RLS-PAA algorithm is adopted in
learning the closed loop behavior of the humans. In the safe
exploration algorithm, the MSEE of &;(k + 1|k), Vj € H
also needs to be estimated. The system follows from (10)
and (11), which is different from (30) in that the state is
not exactly known. But it is assumed that the measurement
noise is small, thus can be neglected. So the system is
approximated by

yir (k+1) = A (k)ygi (k) + Br (k)ugy (k) +wi (k) (41
This is equivalent to setting o = 1 in (13). The prediction
algorithm then follows from (34-40). In the implementation,

the covariance of the noise W, the time varying rate df and
the initial values are hand-tuned.

(a) The Vehicle Model (b) The Measurement

Fig. 4: Model of the Autonomous Vehicle

VI. A COMPARATIVE STUDY BETWEEN SSA AND SEA

In this section, a comparative study between SSA and
SEA is performed on an autonomous vehicle model shown
in Fig.4a. The vehicle’s state is denoted by zp =
[Ry, Ry, vr,0r])T where R, is the x-position of the vehicle,
R, the y-position, vr the speed and O the direction. The
control input of the vehicle is ug = [Ur, 0r]" (saturations
apply |UR| S Amazx and |9R‘ S Wmazxs Where Amazy Wmax
are positive constants). The state equation is

ir = [re(Tr) + Bug (42)
vRrcosfp 0 0
VR sin 6 0 0
where f5,(zr) = R 0 R, B= 1 0
0 0 1

The vehicle can measure its own state directly. It can also
measure the relative distance d,..; and the relative direction
0,-¢; towards the nearby human as illustrated in F1g 4b. The
human’s state is defined as vy = [H,, H,, JH,, H |7 where
H,,H, are the x,y positions and Hgg7 Hy are the z,y
velocities. The human’s states are calculated based on the
measurements and the robot state.

A. The Baseline Control

Suppose that the goal point of the robot is [G,, G,]. The
baseline control law is designed as:

Op = — [(Ry — Gg)cosbr + (R, — Gy)sinbgr| — k,vr
43)
Op =k tan —L——Y — ¢ 44
R earcanRziGI R (44)
where k,, kg € RT are constants®.
B. The Safe Control
The safety index is designed as ¢ = D* —d?— k¢d [6], [9]

where D* € RT, d = d,.; is the relative distance between
the human and the vehicle and ks € R is a constant
coefficient. $554 and SSE4 follows from (9) and (28), and

0

L(t) = iB = k¢ [COS Grel, —UR sin 97,61} (45)
In SSA, D* is chosen as d2 ,,, + nrTs +A3°ATy; In SEA,

D~ is chosen as d2,;,, +nrTs + 3P4 (k)Ts. The final control

follows from (17).

4This control law is deslgned according to the Lyapunov function V' =
(Rz —Gqz)?+ (Ry —Gy)? +v%. The designed control law implies vV <o.
Since {V = 0} does not contain any trajectory of the system, the vehicle’s
state will converge to the goal point asymptotically.
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(a) Simulation with SEA (b) Simulation with SSA

Fig. 5: Simulation of Human Vehicle Interaction under SEA
and SSA

C. Simulation Results

Figure 5 shows the vehicle trajectory under SSA and SEA.
The vehicle needed to approach (0,5) from (-5,-5) while the
human went from (0,-3) to (-5,5). Five time steps are shown
in the plots: k£ = 3,52,102, 206,302 from the lightest to
the darkest. The solid circles represent the human, which
was controlled by a human subject through a multi-touch
trackpad in real time (notice there was overshoot as the
control was not perfect). The triangles represent the vehicle.
The transparent circles in Fig.5a represent the set I'(k) in
(22) mapped in 2D, which is shrinking gradually due to the
reduction of uncertainties as an effect of learning. In Fig.5b,
the transparent circles represent the equivalent uncertainty
levels introduced by )\%SA, thus the radius remain constant
throughout the time.

Figure 6 shows the distance profiles and the vehicle
velocity profiles under SSA and SEA. Due to large initial
uncertainties, the vehicle only started to accelerate after
k = 50 (when the relative distance is large) in SEA.
However, in SSA, the vehicle tried to accelerate in the very
beginning, then decelerated when the relative distance to the
human decreased. The velocity profile in SSA is serrated,
while the one in SEA is much smoother. Meanwhile, in
both algorithms, the relative distance is always greater than
dmin = 3. However, before k = 150, the relative distance is
kept larger in SEA than in SSA, since the vehicle was more
conservative in SEA due to large uncertainty.

Fig.7 shows that the a priori MSEE provides a perfect
bound for the prediction error.

In conclusion, the behavior in SSA is: move and modify;
while in SEA, it is: move only if confident. The behavior
under SEA is better for a new comer, while the behavior
under SSA is better if the robot is already very familiar with
the environment, i.e. with low uncertainty levels.

VII. CONCLUSION

Inspired by human’s uncertainty reduction behavior during
social interactions, the paper presented a control strategy that
can handle different uncertainty levels during HRI. Based on
the safe set algorithm (SSA), the safe exploration algorithm
(SEA) was proposed. The constant uncertainty bound in SSA
was replaced with a dynamic uncertainty bound in SEA.
The learning and prediction method in the belief space was
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(a) The relative distance profiles in SEA and SSA
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(b) The velocity profiles of the vehicle in SEA and SSA

Fig. 6: Comparison between SEA and SSA
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Fig. 7: Performance of the a priori MSEE as a Bound of the
State Prediction Error

discussed. The simulation results confirmed the effectiveness
of the algorithm. In particular, SEA is better than SSA when
the uncertainty levels change from time to time, especially
in the early stages of human robot interactions.

In the future, experiments with mobile robots will be
conducted to further validate the algorithm.
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