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Abstract—Therangeofoperatingconditionsforaseries-
parallelnetworkofvariablelinearresistors,voltagesources,
andcurrentsourcescanberepresentedasaconvexpolygon
inaTheveninorNortonhalfplane.Foranetworkwithk
variableelements,thesepolygonshaveatmost2kvertices.
Byintroducingaclassofinfinitepoints,wecanalsorepre-
sentcircuitswithpotentiallyinfiniteTheveninresistanceor
Nortonconductance.

1.Introduction

Inanalyzingacircuitunderarangeofoperatingconditions
orparametricvariations,threeapproachesarecommonlyfol-
lowed.First,onecancharacterizethenominalbehaviorand
expresstheeffectofvariationsassensitivities[2,3].Such
anapproachisappropriateonlywhenthevariationsaresmall.
Second,onecanemployMonteCarlomethodstostatistically
characterizetheeffectsofvariations.Finally,onecandevelop
boundingtechniquesthatsuccinctlycharacterizethepotential
rangeofbehaviors[8].Boundingapproacheshavetheadvan-
tagethattheycapturethefullrangeofbehaviorswithasingle
computation,andthattheydonotoverlookanyextreme,al-
thoughstatisticallyimprobable,cases.

Thispaperconsidersmethodstoboundtherangeofbehav-
iorsofvariableresistornetworks.Thisproblemariseswhen
modelingMOScircuitsbylinearswitch-levelsimulation[6].In
thismodel,transistorsaremodeledasswitched,linearresistors,
whilenodevoltagesareapproximatedbylogicvalues{0,1,X},
whereXindicatesanunknownorpotentiallynondigitalvolt-
age.WhenatransistorgatenodehasvalueX,thetransistor
isassumedtohaveanarbitraryresistancegreaterthanorequal
toitsvaluewhenfullyon.Thesimulatormustthencompute
therangesofpossiblesteadystatevoltagesonthenodesforall
possiblevariationsoftheresistancestodeterminethenewnode
states.

Mostlinearswitch-levelsimulatorsusesimplisticmethods
tocomputethepossiblevoltageranges[1,6].Attimesthey
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canproduceresultsthatareoverlypessimistic,computinga
largerrangethanisactuallyachievable,whileatothertimesthey
produceresultsthatareoverlyoptimistic,computingasmaller
range.Infact,existingprogramscanevenfailtocomputethe
correctresultforfixedresistancenetworks.

Inearlierwork,wehaveshownthatcomputingtheprecise
rangeofvoltagesinanarbitrarynetworkofvariable,linear
resistorsisNP-complete[5].Thus,itisunlikelythataneffi-
cientalgorithmforthistaskexists.Instead,wemustlookfor
algorithmsthateitherworkunderrestrictedconditions,orfor
efficientalgorithmsthatattimeserronthesideofpessimism.
Thispaperdescribesanefficientmethodforcomputingexact
boundsontheoperatingconditionsofseries-parallelnetworks.
Themethodhandlesnetworksofindependent,variablelinear
elements:resistors,voltagesources,andcurrentsources.Ar-
bitrary,nonnegativeresistancevaluesareallowed,including
infiniteones.Themethodderivesexactresultsforanyphys-
icallyrealizableseries-parallelnetwork.Inparticular,itfails
onlyunderconditionswheretwovoltagesourcesofpotentially
differingvoltageareconnectedinparallelorwheretwocurrent
sourcesofpotentiallydifferingcurrentareconnectedinseries.

2.SummaryofMethod

Ourmethodoperatesbytakingageometricviewoftheset
ofpossiblenetworkoperatingpoints.ThepossibleThevenin
orNortonequivalentcircuitsforthenetworkareviewedas
pointsinahalfplane.Theveninequivalentshavingfinitere-
sistancearerepresentedbypointsoftheform〈R,V〉,while
Nortonequivalentshavingfiniteconductancearerepresented
bypointsoftheform〈G,I〉.Wealsointroduceaclassofin-
finite“Omega”pointstorepresentinfiniteresistancesandcon-
ductances.Thatis,theTheveninequivalentofacurrentsource
isgivenbyOmegapoint〈〈I〉〉,whiletheNortonequivalentof
avoltagesourceisgivenbyOmegapoint〈〈V〉〉.Weextend
conventionalEuclideangeometrytoincludeOmegapointsina
straightforwardway.

OurmainresultistoshowthattheTheveninorNortonequiv-
alentofaseries-parallelnetworkcontainingkvariableelements
canberepresentedasaconvexpolygonofdegree(i.e.,number
ofvertices)lessthanorequalto2k.Furthermore,ifthenet-
workcontainsatotalofnelements,thispolygoncanbecom-
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Figure1:VariableCircuitElementsandtheirRepresentations

Circuits
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Figure2:TwoElementCircuitsandtheirRepresentations
putedintimeO(nk).Givensuchapolygon,onecaneasily
determinetherangesofpossiblesteadystatevoltages,currents,
resistances,orconductances.

3.TheveninandNortonRepresentationsofCircuits

Wewillrefertothetwocoordinatesystemsforrepresenting
acircuitastheTheveninandNortonhalfplanes.Figure1
illustratestherepresentationsoftheallowedcircuitelements.
ObserveinthisfigurethattheXaxis(resistanceintheThevenin
planeandconductanceintheNorton)extendsindefinitelyfarto
theright.WeshowthesetofOmegapointsalongaseparately
axistotherightofallrealpoints;conceptuallythesepointscor-
respondtoinfinitevaluesofresistanceorconductance.Note
thattheverticalscaleforOmegapointswillgenerallydiffer
fromthatforrealpoints.Avoltagesourcevaryingoverthe
voltageinterval[Vmin,Vmax](circuitA)isrepresentedinthe
TheveninplaneasalinesegmentalongtheYaxishavingend
points〈0,Vmin〉and〈0,Vmax〉indicatingthatitsTheveninre-
sistanceis0.ThesamesourceisrepresentedintheNorton
planeasalinesegmentalongtheOmegaaxishavingendpoints
〈〈Vmin〉〉and〈〈Vmax〉〉,indicatingthatithasinfiniteNortoncon-
ductance.Therepresentationsofacurrentsource(circuitB)are
thedualsofthoseforavoltagesource—eitherasegmentalong
theOmegaaxisintheTheveninplaneorasegmentalongthe

YaxisintheNortonplane.
Aresistorvaryingoverthe(finite,nonzero)resistanceinter-

val[Rmin,Rmax](circuitC)isrepresentedinbothThevenin
andNortonplanesasahorizontallinesegmentalongtheXaxis.
IntheTheveninplanethissegmenthasendpoints〈Rmin,0〉
and〈Rmax,0〉,whileintheNortonplaneithasendpoints
〈1/Rmax,0〉and〈1/Rmin,0〉.ForaresistorwithRmax=∞
(i.e.,anopencircuit),theTheveninrepresentationwouldstill
beasegment,buttherighthandendpointwouldbetheOmega
point〈〈0〉〉andthesegmentwouldcontainallrealpoints〈R,0〉
forRgreaterorequaltoRmin.Similarly,foraresistorwith
Rmin=0(i.e.,aperfectconductor),theNortonrepresentation
wouldbeasegmentwithrighthandendpoint〈〈0〉〉.

Figure2illustratestheTheveninandNortonrepresentations
ofcircuitsconsistingofasinglevariablesourceandasin-
glevariableresistorvaryingoverallpossibleresistances(i.e.,
from0to∞).ObservethattheTheveninrepresentationof
voltagesourcerangingovertheinterval[Vmin,Vmax]plusse-
riesresistor(circuitD)isarectangle—thesourcevoltageand
theTheveninresistanceareindependent,plustheOmegapoint
〈〈0〉〉indicatingthatwhentheresistancebecomesinfinite,the
Theveninrepresentationisthatofanopencircuit.TheNorton
representationofthiscircuitismoresubtle.Whentheconduc-
tanceisinfinite,thecircuitbehavesasavariablevoltagesource,
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Figure3:ParallelCombinationofNetworks
representedbyasegmentalongtheOmegaaxis.Astheconduc-
tanceisdecreased,theNortonconductancebecomesfinitewith
thecurrentrangeboundedbytwolineswithslopesVminand
Vmax.Astheconductanceapproacheszero,theNortonrep-
resentationisthatofanopencircuit,i.e.,therealpoint〈0,0〉.
Thedualcaseoccursforavariablecurrentsourceinparallel
withavariableresistance(circuitE).

Figure3illustratestheeffectofcombiningseveralsmaller
networksofvariableelements.BothnetworksNAandNB
consistofvoltagesourcesandseriesresistances.Hencetheir
Theveninrepresentationsarerectangular.However,whenthese
networksarecombinedinparalleltoformnetworkNtheoverall
rangeofpossibleTheveninequivalentsisgivenbyahexagon.
Amethodforderivingthispolygonwillbedescribedinthe
nextsection.Itinvolvestransformingthetworectanglesinthe
TheveninplaneintothetrapezoidsshownintheNortonplane.
Thesetrapezoidsarethen“summed”givingahexagondescrib-
ingtherangeofNortonequivalentsfornetworkN.Thispolygon
isthentransformedbacktotheTheveninplane.

4.ComputationalMethod

Eachnetworkelementisrepresentedaseitherapoint(fora
fixedelement)oralinesegment(foravariableelement).Fol-
lowingtheseries-parallelstructureofthenetworkweconstruct
polygonalrepresentationsofeachsubnetwork,convertingtoa
NortonformforparallelconnectionsandtoaTheveninformfor
seriesconnections.AsillustratedinFigure4,apolygonisrep-
resentedbyitsupperandlowercontours,consistingoftheset
ofverticesalongtheupperorlowerboundaryofthepolygon.
Asthisexampleillustrates,thefinalpointinacontourmaybean
Omegapoint〈〈m〉〉(m=−0.25inthesecases).Suchapoint
definesapolygonedgeextendingfromtheprecedingpointof
thecontourinfinitelytotherightandhavingslope〈〈m〉〉.

Wedefineatransformoperationτthatconvertsbetweenthe
TheveninandNortonrepresentationsofasubnetworkasfol-
lows:

1.Forrealpoint〈x,y〉withx>0:τ
(
〈x,y〉

)
=

〈1/x,y/x〉.

Figure4:ContourRepresentationofaPolygon
2.Forrealpoint〈0,y〉:τ

(
〈0,y〉

)
=〈〈y〉〉.

3.Foromegapoint〈〈m〉〉:τ
(
〈〈m〉〉

)
=〈0,m〉.

Thisoperatorhasthepropertiesthatitpreservesconvexityand
servesasitsowninverse.Infact,thetransformofaconvexpoly-
gonisitselfaconvexpolygonhavingasverticesthetransformed
verticesoftheoriginalpolygon.Furthermore,sincethetrans-
formpreservesverticalorderingsofpoints,thetransformed
verticesoftheupper(respectively,lower)contourbecomethe
upper(resp.,lower)contourofthetransformedpolygon.The
lefttorightorderingofthepointsinthetwocontoursisreversed,
however.

Wecombinepolygonsbypointwiseaddition,yieldingei-
thertheNortonrepresentationoftwosubnetworksconnected
inparallelortheTheveninrepresentationoftwosubnetworks
connectedinseries.AdditionofarealpointwithanOmega
pointyieldstheOmegapoint,correspondingtotheproperty
thattheparallelcombinationofavoltagesourcewithacir-
cuithavingfiniteconductanceyieldsthevoltagesource,and
similarlyfortheseriescombinationofacurrentsourcewith
acircuithavingfiniteresistance.Additionoftwoidentical
Omegapointsyieldsthesamepoint.Thiscorrespondstothe
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Figure5:ContourAdditionbySegmentMerging

casewherematchingvoltage(resp.,current)sourcesarecon-
nectedinparallel(resp.,series).Ontheotherhand,thesumof
twodistinctOmegapointsisundefined,correspondingtoone
oftheerrorconditionsdescribedearlier.

Giventheupperandlowercontoursoftwopolygons,onecan
easilybecomputetheupperandlowercontoursoftheirsum.
ThisprocessisillustratedinFigure5fortwouppercontours.
Theorderedlistofverticesinacontourdefineanorderedset
oflinesegments,asshowninthelowerpartofthefigure,each
havingtheslopeandlengthofanedgeofthepolygon.Foran
uppercontour,theslopesofthesegmentswillbeindescreasing
order.Asthisfigureillustrates,thefinalsegmentofacontour
mayincludeanOmegapoint.TosumtwocontoursCAand
CB,westartbymergingthetwosegmentlistsintoasingle
listindescendingslopeorder.Wherethetwolistscontain
linesegmentsofmatchingslope,wecombinetheseintosingle
segmentsasshownbythecaselabeled“merge”inthefigure.
Wealsoeliminateanysegmentstotherightofonecontaining
anOmegapoint.Theresultinglistthenbecomesthesetof
segmentsinthesum.TheuppercontourCA+CBhasasleftmost
vertexthesumoftheleftmostverticesofCAandCB.The
remainingverticesarecomputedbyaddingtheoffsetfromthe
precedingvertexdefinedbythenextsegmentinthelist.A

similarprocessisusedforsumminglowercontours,except
thatthesegmentlistsareinascendingslopeorder.

Itcanbeshownthatthesumoftwoconvexpolygonsof
degreesk1andk2isaconvexpolygonofdegreelessthanor
equaltok1+k2.ComputingthissumhascomplexityO(k1+
k2).Thus,foranetworkofkvariableelements,theThevenin
andNortonpolygonswillhavedegreeatmost2k.

5.Conclusions

WehaveanalyzedanumberofuniversityandindustrialMOS
circuitdesignstodeterminehowoftenaseries-parallelnet-
worksolutiontechniquecouldbeemployed[4].Evenassuming
worstcaseconditionswhereallofthetransistorsarepotentially
conducting,wedeterminedthatover90%ofthenodevoltages
couldbecomputedbythismeans.Undermorerealisticoperat-
ingconditions,wewouldexpectthetechniquetobeapplicable
formanyoftheremaining10%.

For(two-port)networksthatarenotseries-parallel,itcanbe
shownbynetworktearing[7]thattherangeofTheveninand
Nortonequivalentsarealsobegivenaspolygons.However,
thesepolygonsmaybeconcaveanditappearstheymayhave
degreeexponentialinthenumberofvariableelements.
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